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Vancomycin Grafted Polydopamine Coated Silver
Nanoparticles for Enhanced Antibacterial Action Against
Vancomycin-Resistant Bacteria E. Faecalis.
Khushbu Patel[a] and Rajender Kumar*[a, b]

A wide variety of pathogens causing nosocomial infections
have emerged, showing resistance towards commonly used
antimicrobial agents. Nosocomial infections are rapidly emerg-
ing as a severe threat leading to high morbidity and mortality.
In this study, we have introduced Vancomycin grafted polydop-
amine(pDA) coated silver nanoparticles (AgNPs) to combat
vancomycin-resistant bacterial species Enterococci faecalis (
E.faecalis). The prepared nanoparticles were characterized by
High Resolution -Transmission Electron Microscopy (HR-TEM),

Energy Dispersive X-ray Spectroscopy (EDS), Ultraviolet (UV)
Visible spectroscopy and Attenuated Total Reflection-Fourier
Transform Infrared spectroscopy (ATR-FTIR). The nanoparticles
were 33 nm in size as revealed by HR-TEM. Antimicrobial assays
were conducted to investigate the antimicrobial activity of
vancomycin-pDA@AgNPs against E. faecalis by a zone of
inhibition method. The vancomycin-pDA@AgNPs exhibited
good bactericidal activity against vancomycin-resistant E.
faecalis.

Additionally, pDA@AgNPs also show strong antibacterial activ-
ity against resistant bacteria, even in the absence of Vancomy-
cin. A small concentration of Vancomycin on pDA@AgNPS led
to significant antibacterial action reducing the need for a
higher level of the drug. Thus, the one-step synthesis of
pDA@AgNPs grafted with Vancomycin serves as a potent
antimicrobial agent against antibiotic-resistant E. faecalis.

1 Introduction

Antibiotic-resistant and multidrug-resistant bacteria are grow-
ing at an alarming rate despite advances in the clinical
treatment of bacterial-caused diseases. The large scale use of
the antibiotics and blindly following the antibiotics regime
even for minor healthcare issues is one of the leading causes
for the increase in the strains of antibiotic-resistant bacteria
leading to serious mortality rates and nosocomial infections.[1]

Among the various types of bacteria, Enterococci, which initially
were considered harmless to the human population, have very
rapidly developed into the highly virulent strains and resistant
towards generally prescribed antibiotics.[2] Due to their resist-
ance developing tendency, the Enterococci bacteria are often
treated either with a more massive dose of antibiotics or

requires a regime of more than two antibiotics for effective
treatment. The most commonly used antibiotics to treat
Enterococci infections are ciprofloxacin,[3] ampicillin,[4]

Teicoplanin,[5] cephalosporins,[6] gentamicin,[7] and Vancomycin,
etc. Vancomycin is one of the most effective antibiotics
prescribed worldwide against several different types of bacte-
rial infections.[8]

Vancomycin, have been effective against methicillin-resist-
ant staphylococci and other gram-positive bacteria.[9] For several
years there is no significant resistance was reported against this
antibiotic.[10] However, recently vancomycin-resistant Enterococ-
ci have been reported, which is an alarming situation
considering the use of Vancomycin in treating a host of
bacterial diseases. Uttley et al.[11] described Enterococcus faecalis
(E. faecalis) as vancomycin-resistant. Thus, the emergence of
entirely vancomycin-resistant Enterococci strain and lack of
alternative treatment regimes can lead to catastrophic con-
sequences to humans. The way forward is to minimize the use
of all antibiotics in general and Vancomycin in particular and to
develop other therapeutic regimes free of antibiotic use.

The antibiotic-free regime has seen some success with the
use of silver NPs as active antibacterial agents.[12] Most of the
bacterial strains fail to develop the resistance against AgNPs,
thus making them the right candidate for an antibiotic-free
alternate treatment regime.[13] Also, AgNPs based materials
have been successively studied as potent broad-spectrum
antimicrobial agents.[14]

However, for enterococci bacteria, it has been reported that
even the use of AgNPs alone is not effective alternate, and
treatment still depends on the use of the NPs in conjunction
with the antibiotics. AgNPs functionalized with antibiotics have
gained a great interest in their enhanced antibacterial activity
against antibiotic-resistant bacteria.[15]
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Hemolysis tendency of anticancer nanoparticles changes with type of blood
group antigen: An insight into blood nanoparticle interactions

Nimisha Singh, Suban K. Sahoo, Rajender Kumar⁎,1

Department of Applied Chemistry, S.V. National Institute of Technology, Surat 395007, Gujarat, India

A R T I C L E I N F O

Keywords:
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Anticancer

A B S T R A C T

Different blood groups of ABO system have specific antigen which bestows them with different biochemical
properties and hence they can show different hemolytic activity. In this report, hemolytic activity of thiol-
functionalized Fe3O4-Au nanoparticles were studied in presence and absence of doxorubicin and the effect of
various thiol coatings were correlated towards their hemolysis tendency. The nanoparticles were functionalized
with four different amino thiols, cysteamine (CEA), cystamine (CA), cysteine (Cys) and cystine (Cyt) to form
Fe3O4-Au CEA, Fe3O4-Au CA, Fe3O4-Au Cys and Fe3O4-Au Cyt nanoparticles which were loaded with anticancer
drug, doxorubicin. The functionalization was characterized using ATR-FTIR, HR-TEM, XPS and other spectro-
scopic methods. Maximum drug encapsulation efficiency of 83% was observed with Fe3O4-Au CA nanoparticles.
In-vitro experiments were performed on HeLa cells to check the cellular uptake and cytotoxicity using MTT assay.
Hemolytic activity was then analyzed with all the blood groups (positive and negative). The amino acid func-
tionalized, Fe3O4-Au Cys and Fe3O4-Au Cyt nanoparticles, shows lesser hemolysis compared to amino thiol
functionalized Fe3O4-Au CEA, and Fe3O4-Au CA nanoparticles. In positive blood groups, the Fe3O4-Au CA na-
noparticles shows the highest rate of hemolysis followed by Fe3O4-Au CEA, while the lowest hemolysis rate was
observed for Fe3O4-Au Cyt nanoparticles. For negative blood groups, the thiol coated nanoparticles show more
abrupt hemolysis rate depending upon the type of antigen.

1. Introduction

Nanomaterials are known to possess unique optical and magnetic
properties and have the potential to store therapeutic and imaging
agents for effective cancer theranostics. Several nanoparticles have
been employed as targeted drug delivery vehicles that can improve the
current cancer detection and therapies [1,2]. Liposome – Doxil, loaded
with doxorubicin (DOX) is one of the examples that have been suc-
cessfully shown to increase the blood half-life and reduces the cardio-
toxicity when compared to the standard DOX treatment [3]. Thus, it is
very important to advance the study of cancer nanomedicine to expand
its role as intended and overcome its limited therapeutic efficacy. One
of the major areas which remain largely unexplored, is a study of the
biotoxicity and biodistribution of the nanoparticles. It has been re-
ported that only 10% of the nanocarrier accumulates in the tumor cells
[4]. Consequently, the number of nanoparticles to actually hit the
target cells is even smaller. Thus, to achieve the maximum biodis-
tribution, it is important to study the actual interaction of intravenously

injected nanoparticles and blood. Such interactions may prove pivotal
in improving the transport and targeting ability of the nanoparticles
besides reducing the biotoxicity [5,6].

Nanoparticles when entered into the body, formation of protein
corona takes place due to the adsorption of blood protein on the surface
of nanoparticles [7]. This results into the change in size and surface
charge of the nanoparticles [8,9] causing the unexpected alteration in
cellular interaction, biodistribution, and cellular uptake [10,11].

Also, intravenous administration of the nanoparticles can results
into producing high local concentration in the circulating blood, which
makes it mandatory to evaluate its biological safety [12]. Several he-
molytic studies were carried out on the impact of nanoparticles (silica
nanoparticles [13], carbon nanotubes [14], silver nanoparticles [15],
iron oxide [16] and Au nanoparticles [17]) on erythrocytes in the
blood. It is also known that hemolytic activity differs for bare and
coated nanoparticles as its interaction depends on surface, size or
nature of the particles too [18].

Thus, hemolysis falls among one of the fundamental tests in
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Taurine-Conjugated Mussel-Inspired Iron Oxide Nanoparticles with
an Elongated Shape for Effective Delivery of Doxorubicin into the
Tumor Cells
Nimisha Singh, Nadine Millot,* Lionel Maurizi, Geŕard Lizard, and Rajender Kumar*
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ABSTRACT: Multifunctional iron oxide magnetic nanoparticles,
among them nanorods, were prepared with a mussel-inspired
polydopamine (pDA) surface coating agent for cancer therapeu-
tics. Taurine, a free sulfur-containing ß amino acid, was grafted on
the pDA at the iron oxide nanoparticle surface to enhance its
biocompatibility and targeted delivery action. Doxorubicin (DOX),
an anticancer drug, was loaded on the prepared nanovehicles with
an entrapment efficiency of 70.1%. Drug release kinetics were then
analyzed using UV−vis and fluorescence spectroscopies, suggesting
the pH-responsive behavior of the developed nanovehicle. The
developed system was then tested on PC-3 cell lines to check its
cellular response. Confocal microscopy observations and (3-(4,5-dimethylthiazol-2-yl)-5-(3-carboxymethoxyphenyl)-2-(4-
sulfophenyl)-2H-tetrazolium) and Annexin V-FITC assays used to evaluate cell toxicity and apoptosis reveal a dose-dependent
nature of nanorods and can overcome the side effects of using free DOX with a targeted action.

1. INTRODUCTION

Cancer remains the leading cause of fatality in the developed
world because of several inducing factors such as environ-
mental pollution and unhealthy living habits.1,2 Current
therapies require intrusive processes such as surgery to remove
a tumor, followed by chemotherapy and/or radiation therapy.
These treatments often kill healthy cells and lead to acute
toxicity in the patients.3 Scientists have made several efforts to
improve chemotherapy over 25 years, but an effective regime
for cancer treatment is still a distant dream.4 One of the
essential requirements for the improvement in cancer treat-
ment is drug targeting either by molecular or by physical
targeting.5 Molecular drug targeting although promising suffers
from inherent high cost, immune system activation, and
reduced blood residence time. The high blood residence time
requires conjugating the drug carrier with polymers, chemical
agents, and so forth, which have strong antibiofouling
properties, thus preventing the protein carrier interactions
and autoimmune response.6,7 The physical targeting treatment
involves the use of magnetic nanocarriers which increase
permeability and provide magnetic targeting.8 Several magnetic
drug carriers based on iron oxide nanoparticles (IONPs) are in
use for the cancer drug carriers.9 These drug carriers are
biocompatible in nature, induce magnetic hyperthermia, and
thus reduce the drug resistance of tumor cells.10,11 The IONPs
thus provide several properties such as magnetic targeting, high
blood-residence time, and effective payload of the drug.12 The
ideal drug carrier which encompasses the above properties

besides providing strong anti-biofouling properties and delivers
the required payload of the drug at tumor tissue remains a
challenge.13

Along with surface chemistry, the shapes of these
nanostructures play a vital role in deciding the applicability
of the developed nanohybrids.14−16 A nanostructure dimension
within a decided geometrical frame carries a strong
determinant of the total cellular uptake. Among different
shapes, the rod-shaped nanostructure offers larger uptake than
spherical-shaped particles,16,17 as it offers two different
orientations (long and short axes) that result in providing a
different level of control in presenting the drug to targeted
sites.18 Even the blood half-life also depends on the shape and
size of the nanostructure, as shown by rod-shaped micelles
having 10 times longer circulation time than that of the
spherical micelles.19 Research efforts have always been made to
achieve small, uniform, and highly dispersed particles.
However, recent studies have realized the importance of
shape, and thus, one-dimensional structures such as nanorods
and nanotubes have come into the picture.20,21 Because of
their unique properties, we attempt to develop iron oxide
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Study of Anticancer Drugs Interaction with Hemoglobin by
Electrochemical Methods and Molecular Docking:
Implications towards Anticancer Treatment
Jyotsnamayee Nayak,[b] Suban K. Sahoo,[b] and Rajender Kumar*[a]

Chemotherapeutic drugs tend to cause hemolysis; however,
hemoglobin‘s mode of action is still less explored. In the
present study, we used electrochemical methods and molecular
docking approach to study anticancer drugs and hemoglobin
interaction. For this purpose, we prepared self-assembled
monolayers (SAMs) of thiolated hemoglobin on the gold
substrate. Electrochemically active chemo drugs, i. e., doxorubi-
cin, withaferin-a, and 5-fluorouracil, are selected and allowed to
interact with SAMs of hemoglobin at the physiological
condition to study the redox activity and impedimetric
behavior. Doxorubicin and withaferin-a show similar behavior
in cyclic voltammetry and impedance spectroscopic, i. e., redox

process due to hydroquinone/quinone/ketone ring, and faster
interfacial electro-transfer kinetics and decreasing in electron-
transfer resistance with increasing concentration. In contrast, 5-
fluorouracil shows only the oxidation reaction. The molecular
docking studies were in good agreement with the electro-
chemical study. All selected anticancer drugs are found to bind
hemoglobin, with doxorubicin showing maximum binding
efficiency and 5-fluorouracil showing the least. Doxorubicin’s
highest binding sites contain Tyr 145, which may be involved
in the electron transport pathway between doxorubicin and
hemoglobin, while Tyr35 in withaferin-a, but absent in case of
5-fluorouracil.

Introduction

Cancer is one of the deadliest disease worldwide, resulting in
approximately 10 million deaths every year.[1] With the
advancement of science and technology, several methods to
treat cancer, like surgical removal of cancerous tissue, radio-
therapy, and chemotherapy, have been developed, resulting in
significant improvement in patient outcomes. Chemotherapy is
regarded as the most accepted method of early cancer treat-
ment as it interferes quite differently with cellular and
molecular processes.[2] However, chemotherapy‘s major draw-
back is an unspecific mode of action towards healthy and
tumor cells, limiting its use.[3] Chemotherapeutic agent attacks
the cancerous cells and unspecific targets and destroys the
healthy cells. However, the advent of nanotechnology and the
discovery of more and more target-specific nano-drug delivery
vehicles[4] have been successful to a small extent in reducing
the side effects of chemotherapy. Reports shows, decrease in
hemoglobin (Hb) while chemotherapy leading to anemia. There
are several reasons for anemia as bone marrow suppression

due to chemotherapy, erythropoietin deficiency nephrotoxicity
induced by chemotherapy, hemolysis, etc.[5]

Nevertheless, completely eradicating the side-effects of
chemotherapy requires a multi-angle approach, including but
not restricted to the development of target-specific drug
delivery vehicles. One of the significant areas in eliminating
chemotherapy‘s side effects is the effect of anticancer drugs on
the Hb. Since most of the chemotherapeutic drugs are given
intravenously, their first site of interaction is Hb leading to
numerous interactions with the protein Hb.[6] There are a few
reports which have studied the detailed interaction of anti-
cancer drugs with the blood Hb. Although the anticancer
drugs’ hemolysis tendency is being reported, drug-Hb inter-
action‘s mechanism and fate are still poorly understood.[6b,7] In
our recent report, we have found that hemolysis tendency
varies mostly with the type of blood groups when treated with
anticancer nanoparticles carrying doxorubicin.[8]

Hb is a supreme tetrameric protein component in the
erythrocyte. It can reversibly bind several endogenous and
exogenous agents like flavonoids,[9] alkaloids,[10] herbicides„[11]

and different food colorants.[12] Several reported works explain
the interaction of the various compounds with Hb. Such as
oxali-palladium,[13] Pt(II) complex,[14] etc., anion exchange inhib-
itor, e. g., DIDS & antiseptic drug, e. g., DNP.[5a] Nevertheless,
there are few reports which study the interaction between Hb
and anticancer drug directly.[7c,d]

Herein, we studied Hb interaction with three different
anticancer drugs (doxorubicin, 5-fluorouracil, and withaferin-a)
through electrochemical impedance spectroscopy and cyclic
voltammetry supplemented with molecular docking. For the
electrochemical approach, we prepared SAMs of Hb on the
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Lysine and α‑Aminoisobutyric Acid Conjugated Bioinspired
Polydopamine Surfaces for the Enhanced Antibacterial Performance
of the Foley Catheter
Khushbu Patel,† Prem Kushwaha,‡ Shashank Kumar,‡ and Rajender Kumar*,†,#

†Department of Applied Chemistry, S.V. National Institute of Technology, Surat-395007, Gujarat, India
‡Centre for Biochemistry and Microbial Science, School of Basic and Applied Sciences, Central University of Punjab,
Bathinda-151001, Punjab, India

ABSTRACT: Microbial adhesion onto implanted devices
was reduced by the immobilization of amino acid lysine and
α-aminoisobutyric acid to polydopamine functionalized PET
films and Foley catheters. The polydopamine functionalized
film was prepared by a dip coating method followed by
incorporation of biocompatible amino acids to prepared films.
The purpose of development of the modified pDA film is to
improve the anti-biofouling and antibacterial activity of the
film which can be successfully applied for medical devices.
The characterization of modification was done using different
techniques such as contact angle measurement, ATR-FTIR,
FE-SEM, AFM, and XPS analysis. ATR-FTIR spectroscopy
and XPS confirmed the successful amino modification of film. The anti-biofouling and antimicrobial behavior of the prepared
surfaces were evaluated using the bacterial attachment and death assay. The resulting coatings repelled bacterial cell attachment
and killed clinically applicable Gram-negative and Gram-positive strains. The developed coatings were applied to the Foley
catheters to study the antibacterial activity by the log reduction method. The results demonstrate that tested amino acid-
modified film increases the antibacterial activity of the catheters and can significantly help in reduction of nosocomial infections.

KEYWORDS: anti-biofouling, antibacterial coating, polydopamine, amino acids, bacterial attachment and death assay,
Foley catheters, log reduction method

■ INTRODUCTION

The revolution in the state of art in medical devices has
tremendously improved life expectancy and saved numerous
people from untimely deaths and health issues.1 However,
despite development in the fields of medical devices such as
biodegradable sutures, contact lenses, implant devices, and
catheters, there remains the serious problem of biofouling and
microbial infestation in to humans through the route of these
devices.2 Besides causing microbial device infection and
diseases, the biofouling also denigrates the devices and
increases the cost of medical devices. Thus, the design of
such biocompatible surfaces which resist the microbial
adhesion and biofouling is a hot topic of research. The devices
required should be able to prevent the secondary microbial
infection to humans by preventing the initial microbial
adhesions or by killing microorganisms as they come in close
contact with the devices.3,4 Many studies have focused on the
development of antibacterial surfaces to inhibit biofilm
formation by functionalizing the surface with different
antimicrobial agents like silver, quaternary ammonium groups,
and chitosan which are considered good candidates for
reducing microbial adhesion and colonization.5−7 Several
anti-biotic-based surfaces have also been developed. However,

the excessive use of anti-biotics leads to the development of
anti-biotic-resistant bacterial strains8 thus posing the even
more serious problem of anti-biotic-tolerant bacteria.
The antibacterial biomolecules such as proteins, natural

polymers, and biomolecules have strong potential to prevent or
inhibit microbial adhesion, besides also controlling bacterial
resistance toward them.9 In a recent report, Kandiyote et al.
have generated an excellent antifouling surface by grafting
antimicrobial peptide magainin-2 to the surface.10 The
immobilization of biomolecules onto the surfaces of medical
devices is an important research area in many biotechnological
applications such as medical diagnostics, tissue engineering,
and bioprocess engineering.11 The immobilization of bio-
molecules to surfaces is done by either covalent or noncovalent
approaches.12 However, despite all advances, there are several
gaps in terms of bonding efficiency, conjugation, the resulting
activity of the functionalized surface, and so forth. The
efficiency of surface bioconjugation decreases, as the reactions
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Mimicking biological process to detect alkaline phosphatase activity using
the vitamin B6 cofactor conjugated bovine serum albumin capped CdS
quantum dots

Yachana Upadhyaya, Shilpa Bothraa, Rajender Kumara, Ashok Kumar SKb, Suban K Sahooa,*
a Department of Applied Chemistry, SV National Institute of Technology (SVNIT), Surat, 395007, India
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A R T I C L E I N F O

Keywords:
Alkaline phosphatase
Fluorescent sensor
Vitamin B6 cofactors
Quantum dots

A B S T R A C T

This manuscript presents a novel bioanalytical approach for the selective ratiometric fluorescent sensing of
enzymatic activity of the alkaline phosphatase (ALP) in the biological samples. The probe was designed by
conjugating the pyridoxal 5′-phosphate (PLP) over the surface of bovine serum albumin (BSA) stabilized CdS
quantum dots (QDs) through the interaction of free amine present in BSA with the aldehyde group of PLP. The
conjugation of PLP quenched the emission of QDs. Upon addition of the ALP, the emission of QDs was restored
due to the dephosphorylation and the conversion of the functionalized PLP in to pyridoxal. With this probe, the
ALP activity can be detected down to 0.05 U/L and also successfully applied for the detection of ALP activity in
biological samples such as human serum and plasma.

1. Introduction

Alkaline phosphatase (ALP) is one of the vastly assayed enzyme due
to its ubiquitous roles in numerous biological processes in human
health [1]. ALP is found mainly in the intestine, liver, bone, kidney and
placenta of human body. ALP mainly catalyzes the hydrolysis and
transphosphorylation of phosphomonoesters [2]. The detection of ALP
as biomarker had provided inexhaustible opportunities to diagnose a
number of diseases associated with the human body, such as osteo-
blastic bone cancer, breast cancer, ovarian cancer, prostate cancers and
liver tumors. Also, the ALP quantification is done for some other dis-
eases like diabetes, hepatitis, osteomalacia, Paget's disease, heart
failure, obstructive jaundice and rickets [3–5]. Therefore, there is
burgeoning interest among the chemists to develop convenient and
reliable assay to monitor the ALP activity in biological samples for the
disease diagnosis, biomedical research and other relevant applications
[6,7].

Analytical techniques such as chromatography, isotope label, col-
orimetric, chemiluminescence, fluorometric, surface-enhanced Raman
scattering (SERS) and electrochemical etc. have been utilized for the
monitoring of ALP activity [8–12]. Except the fluorometric methods,
most of the other analytical approaches require complicated pre-treat-
ment, sophisticated instruments and also lack high selectivity, specifi-
city and sensitivity. Therefore, recent research was devoted to

developing ALP selective fluorometric assays using the suitably derived
organic dyes, functionalized nanoparticles, quantum dots and noble
metal nanoclusters with the added analytical advantages of high sen-
sitivity, selectivity, simplicity, less sample consumption and cost-ef-
fectiveness [13]. Most of the recent reports on ALP selective fluorescent
assays were designed by using non-natural monophosphates as sub-
strate which upon catalytic hydrolysis with ALP generates analytically
useful optical response for the ALP detection and quantification.
However, very less effort is made to use the naturally occurring
monophosphates like pyridoxal 5′-phosphate (PLP) to develop an ALP
selective assay [14]. The vitamin B6 PLP serves as a cofactor for more
than 140 enzymes in our body and participates in various kinds of
enzymatic reactions like transamination, racemization and decarbox-
ylation. Importantly, there is a unique relation between the PLP and
ALP in the biological processes. The albumin-bound PLP present in the
blood can’t cross the cell membranes directly; instead, this complex acts
as a reservoir of pyridoxal. Before entering into cells, ALP converts PLP
into pyridoxal which can cross the cell membranes. Therefore, PLP can
be used as a natural substrate for the designing of chemosensors for the
sensing of ALP.

There is potential applications of water-soluble semiconductor
quantum dots (QDs) in the field of sensing and biosensing due to their
attractive optical properties of high Stokes shifts, high fluorescence
quantum yields, stability against photobleaching and longer
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ABSTRACT: In this work, lysozyme-stabilized fluorescent gold nano-
clusters (Lyso-AuNCs) and pyridoxal 5′-phosphate (PLP) as a
monophosphate ester substrate were used to develop a highly selective
and cost-effective bioassay for the detection of alkaline phosphatase
(ALP) activity. The vitamin B6 cofactor, PLP, was conjugated with the
red-emitting nanoclusters to obtain a probe, PLP_Lyso-AuNCs, via
forming a Schiff base linkage between the free amino group of lysozyme
and the aldehyde group of PLP. At pH = 10.08, addition of ALP to the
yellow-emitting PLP_Lyso-AuNCs solution catalyzed the hydrolysis of
PLP and converted it into pyridoxal, which produced a distinct
ratiometric fluorescence response and the fluorescent color turned pale
white. Using the probe, PLP_Lyso-AuNCs, the ALP activity could be
detected down to 0.002 U/L. Further, the changes in the fluorescent
color intensity (red, blue, and green) of PLP_Lyso-AuNCs were recorded with the back camera of a smartphone to quantify the ALP
activity. Both the fluorimetric and smartphone approaches gave satisfactory recovery percentage, when the practical utility of
PLP_Lyso-AuNCs was applied to quantify the ALP activity in environmental and biological samples, such as river and lab tap water,
blood plasma, and serum. Finally, a pure white light-emitting nano-assembly was developed by conjugating optimized amounts of
both PLP and pyridoxal over the surface of Lyso-AuNCs.
KEYWORDS: fluorescent gold nanoclusters, vitamin B6 cofactors, ALP activity detection, smartphone, white light emission

■ INTRODUCTION

The enzyme alkaline phosphatase (ALP) catalyzes the
dephosphorylation of a variety of monophosphate ester
substrates, such as ascorbic acid-2-phosphate, phenyl phos-
phate, p-nitrophenyl phosphate, adenosine triphosphate
(ATP), amifostine, 5-bromo-4-chloro-3-indolyl-phosphate,
etc., and also promotes the transphosphorylation of many
phosphoric acid monoesters in various metabolic processes.1,2

ALP is found throughout the body with higher concentrations
in the cells of bones and liver. ALP has been extensively
studied as a biomarker in clinical practice for the diagnosis of
diseases such as diabetes, prostate cancer, Paget’s disease, bone
cancer, osteomalacia and osteoblastic damage, liver dysfunc-
tion, and hepatic and coronary artery diseases.3−7 It is often
utilized in the enzyme-linked immunosorbent assay (ELISA)
and histochemical assay.8 Also, the human placental ALP is
used as an important labeling enzyme and a genetic marker to
track cartilage and bone cells and western blotting in clinical
experiments.9−11 Therefore, development of facile analytical
approaches with high selectivity and sensitivity to quantify

levels of serum ALP is a scientific goal of current research
interest in the fields of drug screening and clinical diagnostics.
Different analytical approaches, such as isotopic labeling,

fluorescence, chemiluminescence, chromatography, colorim-
etry, electrochemistry, surface-enhanced resonance Raman
scattering, etc., were developed to assay the ALP activity.12−19

However, there is burgeoning interest in the designing of
fluorescence-based sensors and biosensors because of their
simplicity, low cost, high selectivity, sensitivity, and real-time
detection.20 A survey of recent literature revealed that most of
the reported ALP-selective fluorescent sensors are mainly
based on organic fluorescent dyes, nanomaterials, semi-
conductor quantum dots (QDs), and conjugated polyelec-
trolytes.21−27 The reported approaches can detect ALP activity
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A B S T R A C T

The red-emitting ovalbumin-stabilized gold nanoclusters (OVA@AuNCs) was prepared and applied for the se-
lective detection of vitamin B6 cofactors. The addition of pyridoxal 5′-phosphate (PLP) and pyridoxal perturbed
the fluorescence profile of OVA@AuNCs, and showed new emission band respectively at 532 nm and 437 nm due
to the formation of Schiff base linkage between the aldehyde group of the cofactors and the free amine groups
present in the OVA. Using OVA@AuNCs, the cofactors PLP and pyridoxal can be detected down to
6.14 × 10−7 M and 5.47 × 10−7 M, respectively. Also, the OVA@AuNCs can be mixed with optimized amount
of pyridoxal to generate pure white-light emission. Further, considering the catalytic role of the alkaline
phosphatase (ALP) in dephosphorylation, the PLP conjugated OVA@AuNCs was applied as a probe to detect ALP
activity. The yellow-emitting PLP_OVA@AuNCs turned to pale-white emitting nanoclusters due to the ALP di-
rected catalytic conversion of PLP into pyridoxal. With PLP_OVA@AuNCs, the ALP activity can be detected down
to 3.9 U/L. In addition, the fluorescent color changes of PLP_OVA@AuNCs in the presence of varying amounts of
the ALP were integrated with smartphone to develop a simple and cost-effective approach for the on-site de-
tection of ALP activity. Finally, the practical utilities of both the fluorimetric and smartphone approaches were
validated by quantifying ALP in various environmental and biological samples.

1. Introduction

Alkaline phosphatase (ALP), a crucial enzyme that catalyzes the
dephosphorylation of many molecules like proteins, nucleotides, alka-
loids etc. in the biological processes [1]. In the human body, the ALP
exists predominantly in the intestine, bone, liver, placenta and kidney
with the normal serum ALP ranges from 20 U/L to 140 U/L [2]. In
clinical assay, the quantification of ALP activity in the serum has been
of significant interest, and conceived as a diagnostic biomarker for
various bone diseases (Paget's disease, osteomalacia and osteoblastic
bone cancer), dysfunction of liver, prostatic cancer, bile duct blockage
[3–7]. Moreover, ALP serves as a useful tool in the molecular biology
for keeping the DNA molecules linear for various genetic modifications
[8]. Therefore, there is a growing interest for the designing of highly
selective and sensitive, cost-effective and facile bioassay for the in-
stantaneous detection of ALP activity in the real biological samples.

The literature survey revealed that several approaches based on

chemiluminescence, surface enhanced Raman spectroscopy, electro-
chemical, colorimetric, fluorimetric etc. were reported for the quanti-
fication of ALP activity [9–14]. Among the reported methods, the
fluorescence based ALP detection gained considerable attention due to
their high sensitivity, low-cost, easy operation and real-time detection
without the need of highly skilled analyst. The reported ALP selective
fluorescent probes are mainly used either the organic dyes or the
functionalized nanomaterials as the light-emitting units, and the
monophosphates like p-nitrophenylphosphate, 5-bromo-4-chloro-3-in-
dolyl-phosphate, adenosine triphosphate and ascorbic acid-2-phosphate
as substrate that can undergo catalytic hydrolysis in the presence of ALP
to produce analytically useful optical responses for the monitoring of
ALP activity [15–20]. However, with some analytical advantages in
detecting ALP activity, most of the reported fluorescent sensing ap-
proaches have their own disadvantages of poor photo-stability, in-
solubility in aqueous medium, small Stokes shift, complicated synthesis
process and lack of biocompatibility [21]. Therefore, there is need of
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                 Phytoremediation a technology is used from last decade or two to solve the 

problem of eradication of harmful metal ions in sustainable, environment friendly way. 

Rapid increase of industrialization, modernization and various other factors such as 

agricultural activities and due to man’s greed, the excessive use of fertilizers, untreated 

waste, untreated laboratory effluents lead to degradation of soil as well as environment. 

Therefore, it become our foremost duty towards sustainable development goals to 

eradicate the toxic harmful metal ions. Certain physical and chemical technologies are 

used to eradicate such toxins but due to certain limitations natural method is preferred 

which is use of plants for eradication of toxins from soil. Phytoremediation is a technique 

which help in eradication of heavy metal ions through plants metabolic pathway. The 

plants which are used as phytoremediator are generally hyperaccumulators, that can 

accumulate metal ions in concentration of more than 1000ppm. Plant that act as 

phytoremediator must have certain properties such as branched root system, less 

biomass, easy harvestable, and many more. Besides the benefits there are certain 

limitations of this technique. This review will focus on heavy metal stress, its sources and 

various technologies to eradicates heavy metal or metal toxin from soil through various 

processes and public and regulatory acceptance. 
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Abstract

The outbreak of Covid-19 pandemic forced us not only to think but also to pause, and
objectively reflect how to deal with the situation that has arisen and how to develop well-
being and resilience strategies for the welfare of humanity at large. It has also forced us to
see the various issues of life concerning education, poor medical facilities, unemployment,
and conservation of wildlife along with environmental degradation. The pandemic brought
a global economic shock of enormous magnitude in most of the countries as health
systems failed, and education came to a grinding halt initially but was later put back on the
track through online modes of teaching and counseling. Policymakers across the globe
today have been facing alarming situations and unpredictable challenges as they try to find
solutions to problems in health sector, at macroeconomic levels, and in socio�cultural
arena. People in developing countries like India are concerned more with earning
livelihood and supporting their families and therefore social distancing is impossible to
achieve as people have to travel through public transportation system. At times, they do
not have the money to buy tickets and it results in their movement in groups from one
place to another. This paper deals with how in such a scenario, developing well-being and
resilience strategies may really help us overcome challenges of diverse sorts. Key words:
Well-being, Resilience, Covid-19, Strategies of well�being / resilience
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Abstract

The COVID-19 has affected physical and
psychological well-being adversely. Besides causing
large-scale damage to peoples’ livelihoods, the
pandemic has caused grievous injury to people’s
psyche as well as psychosocial well-being. Sheer
magnitude and intensity of devastation caused by
the pandemic forces us to reflect seriously on how
crucial psychosocial well-being from the viewpoint
of coming to terms with the havoc caused by
COVID-19. This chapter proposes to unravel varied
facets of psychosocial well-being by first developing
a conceptual understanding of it, and then analyze
issues and challenges that people have been facing
in India and elsewhere in the world during post-
pandemic times. In common parlance, psychosocial
well-being implies a blend of mental and social
health. Whereas the former signifies psychological
wellness, the latter points toward how well and
meaningfully we can relate to people in the society
at large. If we share a good rapport with them, we
feel happy, nice and cared for; in case we cannot
get along well with people in our community or
society, we may remain peeved, anxious and
irritated. Psychosocial wellness therefore depends
on diverse range of real-life experiences,
interpersonal behavior, happiness and satisfaction.
COVID-19 pandemic has caused so much damage
that it has caused deep harm to our physical,
emotional, social, spiritual and psychological health.
Being conceptual in nature, this chapter employs
qualitative method of research by analyzing data
from secondary sources such as websites, reports,
and other sources to build our perspective. The
insights arrived at conceptually shall be discussed
in the last part of the chapter where we have
suggested a way ahead via suggesting strategies
that may have meaningful implications if visualized,
planned and executed properly.
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An Identity-Based Authentication Framework for Big Data
Security
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Abstract

Big data raises a robust need for a network structure with the ability to support

information retrieval and sharing. Many companies start to supply of big data services

for Internet users and at the same time, these services also bring sever all security

issues. Presently, the great part of big data set provides digital identity for users to use

their services. At the moment, most of these systems use asymmetric and conventional

public key cryptography (PKC) to give mutual authentication data security. However,

existing authentication schemes trust commonly on the centralized servers to offer

record and facilitation facilities for information retrieval. Pairing-free identity-based

cryptography has some pull characteristics that gives the idea to healthy requirements

in that scenario. The presented scheme is carried out in three phases and are as follows:

initialization phase, registration phase and mutual authentication, and session key

agreement phase. Detailed security analyzes have been made to authenticate big data

server and user. Further, the paper has the resistance to possible attacks in this

environment.
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Abstract

Using a combination of analytical and numerical techniques, we study the formation

and time evolution of collapsing shells, spherically symmetric marginally trapped tubes,

as well as the event horizon. Depending on the mass function, density, and the velocity

profile, there can be situations where these marginally trapped surfaces becomes space-

like, time-like, or null.
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Orientation effects in the fusion of 28Si+28Si system using SEDF

Atul Choudhary∗ and Dalip Singh Verma†
Department of Physics and Astronomical Science,

Central University of Himachal Pradesh, Dharamshala,
District Kangra,(H.P)-176215, INDIA

Introduction

The study of orientation effects is significant as
it gives the most favourable configuration for the
nuclei to fuse. For this, we have extended the
semiclassical extended Thomas-Fermi approach of
Skryme energy density formalism (SEDF) for de-
formed and oriented nuclei, although quadrupole
deformation only. The orientation and deforma-
tions dependence in SEDF is included through the
nuclear density. Here, two parameter Fermi den-
sity is used as nuclear density and is extended to
deformed nuclei by using deformed nuclear radius
and surface diffuseness of ref. [1]. These parame-
ters for spherical nuclei are taken from the earlier
work of one of us [2]. The nuclear proximity poten-
tial is obtained in slab approximation and overlap
of density distribution is considered in sudden ap-
proximation. The total interaction potential is ob-
tained by adding deformed Coulomb and centrifu-
gal terms explicitly to the proximity part. We fixed
the orientation of the one of the interacting nucleus
and varied the orientation of the other in steps of
15◦ so as to obtain the maximum barrier height
and the minimum interaction radius, a configura-
tion favoured for hot fusion [3]. The characteris-
tic properties of the total interaction potential ob-
tained for this configuration is used in Hill-Wheeler
approximation, an alternate to the one dimensional
solution to the Schrödinger wave equation with ap-
propriate boundary conditions, for a given partial
wave. The transmission probability is obtained in
parabolic approximation and the total fusion cross-
section is calculated by adding partial waves up to
certain maximum value `max.
For comparing our results, we have chosen
28Si+28Si system for which fusion evaporation
residues were measured in a recent experiment
[4] over center of mass-energy (Ecm) range ' 31-
39 MeV and coupled channel (CC) calculations
were implemented to reproduce the observed fusion
data. In an another experiment [5] of same group

∗Present address: G.C. Banjar, Kullu (H.P.)-175123
†Electronic address: dsverma@cuhimachal.ac.in

(a year ago) over Ecm ' 22− 30 MeV, the CC cal-
culations were done by adjusting the parameters of
the interaction potential. Similarly, for some other
older experiments [6–8] over Ecm range (' 30−220
MeV), Esbensen, et al. [9] has calibrated the po-
tential parameters within the CC calculation. Now,
with these above mentioned experiments the fusion
cross-section data for 28Si+28Si system is available
for over a wide range of energy both well below
and quite above the barrier but there is no unique
choice of interaction potential available in literature
for the calculations of fusion cross-section. So, here
we have achieved suitable interaction potential for
the fusion process by varying nuclear orientations.

Methodology

The nuclear potential, VN (R) in semiclassical
extended Thomas-Fermi approach of SEDF using
slab approximation (see Ref. [2]) is,

VN (R) = 2πR̄

∫ ∞
s0

[
H(ρ, τ, ~J)−

2∑
i=1

Hi(ρi, τi, ~Ji)

]
dz

where R̄ is the mean curvature radius for deformed
nuclei, H(ρ, τ, ~J) is Skyrme Hamiltonian density

and ρ(=
∑

i ρi), τ(=
∑

i τi),
~J(=

∑
i
~Ji), are nu-

clear, kinetic energy and spin-orbit densities re-
spectively for composite system, i = 1, 2 for the
two interacting nuclei. The two parameter Fermi
density distribution in slab approximation for axi-
ally symmetric deformed and oriented nuclei is

ρi(zi, αi, T ) = ρ0i(T )

[
1 + exp

(
zi −Ri(αi, T )

ai(αi, T )

)]−1
(1)

where Ri(αi, T ) and ai(αi, T ) are nuclear radii and
surface diffuseness parameters for deformed, ori-
ented and coplanar nuclei of [1], respectively. The
angle αi is the angle between nuclear symmetry
axis and radius vector, and are uniquely defined for
each nuclei after satisfying the minimisation con-
dition [3] for the separation between the interact-
ing surfaces, for a fixed orientation. The nuclear
radii and surface diffuseness parametersR0i(T ) and
ai0(T) are taken from the earlier work of one of us
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[2] and λ(=2) for axially symmetric quadrupole de-
formation. The total interaction potential VT (R)
is obtained by adding Coulomb VC(R) and cen-
trifugal terms V`(R)(= ~2`(`+ 1)/2µR2) to nu-
clear proximity VN (R). The characteristic proper-
ties of this potential is used in Hill-Wheeler approx-
imation [10] to calculate the fusion cross-section, as

σHW = =
π~2

2µEcm

`max∑
`=0

(2`+ 1)
ex

1 + ex
(2)

where x = 2π{VB(`) − Ecm}/~ω`, VB` is barrier
height, RB` is barrier position and µ is the reduced
mass of interacting nuclei and `max = 38~ [9].

Calculations and results

The total interaction potential is obtained by
taking various orientation of target and projectile
at ` = 0. The orientations of projectile and tar-
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FIG. 1: The interaction potential barrier VB as a func-
tion projectile orientation angle θ1 at different target
orientations angle θ2.

get are varied in steps of 15◦ to obtained an ori-
entation which gives maximum barrier height at
` = 0. Fig. 1 shows this variation of VB with pro-
jectile orientation θ1 for fixed orientation of target
θ2, at different target orientations θ2. This figure
clearly shows that the VB first increase, become
maximum and then decreases when θ1 → 90◦. Out
of all possible orientations, the orientation (θ1, θ2
=30◦, 30◦) gives maximum VB and minimum value
of RB , a favourable configuration for the fusion re-
action. This is also clear from the Table I, where
the orientation effect on other potential character-
istics (VB , RB , ~ω0) is given. The characteristic
properties of the potential for (30◦, 30◦) configura-
tion are used to calculate fusion cross-section with
HW approximation and partial waves are consid-
ered up to 38~ as per ref. [9]. Fig. 2, shows the

Orientations:(θ1, θ2) VB(MeV) RB(fm) ~ω0(MeV)
Spherical 28.23 9.05 2.87

(0◦, 30◦), (180◦, 30◦) 27.77 9.14 2.90
(15◦, 30◦), (165◦, 30◦) 28.82 8.76 2.85
(30◦, 30◦), (150◦, 30◦) 28.98 8.73 2.81
(45◦, 30◦), (135◦, 30◦) 28.87 8.81 2.78
(60◦, 30◦), (120◦, 30◦) 28.68 8.90 2.75
(75◦, 30◦), (105◦, 30◦) 28.52 8.98 2.75
(90◦, 30◦),(90◦, 30◦) 28.46 9.01 2.72

TABLE I: The characteristic properties of the total in-
teraction potential for various orientations of projectile
at fixed target θ2 = 30◦ for ` = 0.

calculated fusion excitation function for 28Si+28Si
system over Ecm ' 22− 229 MeV at (30◦, 30◦) ori-
entation and is compared with the observed data
[4–8]. It clear from the figure that (30◦, 30◦) config-
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FIG. 2: Fusion excitation function for 28Si+28Si system
for most favour configuration for hot fusion compared
with experimental data [4–8] over a wide Ecm range.

uration is the favoured configuration for the fusion
process and the number of partial waves required
to be included is 38~.
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Introduction

One of the importance of studying the nu-
clear reaction is to study the effects of isospin
degree of freedom on reaction mechanism that
is the effect of the incoming channel N/Z ratio
on the outgoing fragments in a given chan-
nel. The effect of N/Z ratio of the com-
pound nucleus is studied here by considering
118,122,134Ba∗ isotopes formed in the reaction
of 78,82,86Kr+40,40,48Ca at centre of mass en-
ergies, Ecm =264.41, 268.85 and 308.06 MeV,
which corresponds to 10 MeV/nucleon energy
[1]. The study is done by using dynamical
cluster decay model, DCM ([2] and references
there in), where ∆R is the only parameter of
the model and is fixed arbitrarily at 1.01 fm
for all isotopes of barium. Out of all possible
fragments combination, the outgoing channel
contains only the energetically favoured com-
bination. In the calculations of decay cross-
sections, the number of partial waves to be
included are obtained by plotting the prefor-
mation probability P0 or σ as a function of
angular momentum ℓ and from the plot it is
found that at a particular value of ℓ, below
critical angular momentum ℓc, the P0 →0 or
σ → 0. This angular momentum is called ℓmax

and gives the number of partial waves to be in-
cluded in the decay cross-section. It is well es-
tablished that the compound nucleus formed
carries large angular momentum and is in ex-
cited state. The de-excitation of the CN takes
place with the emission of both light particles
(LPs: Z≤ 2) and intermediate mass fragments
(IMFs: 2 < Z ≤ 15, here). Here, in this work
we have calculated the decay cross-section for

∗
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both LPs and IMFs and a comparison is made
between the three isotopes of Ba under study.

Formalism

The decay cross-section defined by DCM
([2] and references there in) is,

σ(Ecm, ℓ) =
π~2

2µEcm

ℓc
∑

ℓ=0

(2ℓ+ 1)P0P (1)

where, P0 is the preformation probability re-
lated to η-motion and is obtained from the
solution of stationary Schrödinger equation
in η-coordinate with temperature dependent
collective fragmentation potentials (which in-
clude sum of binding energies, proximity [3],
Coulomb and centrifugal potential terms) at a
fixed R = Ra = Ct(η, T ) + ∆R(T ), given as

P0(Ai) = |ψ(η(Ai))|
2
√

Bηη

(

2

A

)

(2)

where (Ct =
∑

Ci, the Süssman central radii)
i = 1, 2 for two out going fragments, the pen-
etrability P, referring to R-motion, is WKB
integral solved analytically with Ra and Rb as
the first and second turning point, satisfying
V (Ra) = V (Rb) = Qeff , the effective Q-value
for outgoing fragments, given as

P = exp

[

−
2

~

∫ Rb

Ra

{2µ[V (R)−Qeff ]}
1/2dR

]

(3)
The critical angular momentum ℓc in terms of
incident energy Ecm, reduced mass µ and the
first turning point Ra of the entrance channel
ηin is given by

ℓc =
Ra

~

√

2µ(Ecm − V (Ra, ηin, ℓ = 0)) (4)
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with µ as the reduced mass and ηin as the
entrance channel mass asymmetry.

Calculations and results

Barium isotopes considered for the study of
isospin effects are 118,122,134Ba∗ andP0, P and
decay cross-section are the quantities on ef-
fects have been observed. The calculations
have been done at fixed ∆R =1.01 fm and
the ℓc-values to the corresponding center of
mass energies Ecm =264.41, 268.85 and 308.06
MeV are 153, 158 and 191~. But, the cross-
sections have been added up to the respective
ℓmax values i.e up to 76, 90 and 168 ~, because
beyond ℓmax the decay cross-section drops to
zero. The Qin-values are shown in Fig.2.
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FIG. 1: The P0 (shown by line plus symbol type)
and P (shown by line types) are calculated by us-
ing DCM for the energetically favoured LPs and
IMFs emitted from the decay of hot and rotat-
ing compound systems 118,122,134

Ba
∗ at centre of

mass energies, Ecm =264.41, 268.85 and 308.06
MeV at ∆R =1.01 fm.

Fig. 1, shows the P0 and P for particles of
mass A2 = 1 - 31, which correspond to Z up
to 15, emitted from the isotope of Ba∗ com-
pound system. From Fig. 1, we observe the
following: (i) the P0 for outgoing fragments
from 118,122Ba∗ below mass A2 ≤ 14 is large
compared to fragments of A2 > 14 and (ii)
both the P0 and P increases with increase in
N/Z ratio. (iii) the relative change for frag-
ments of A2 > 14 is more then for the frag-

ments of A2 ≤ 14. As N/Z→ 1.39286, the
P0 for all the fragments comes almost with in
an order of 2. In other words, the two win-
dows of (A2 = 1 − 14 and A2 = 15 − 31)
observed in case of 118,122Ba∗ almost disap-
pears for 134Ba∗ (iv) the magnitude of P for
A2 = 1 − 2 is large by one order compare to
the fragments of A2 > 2 and hence the de-
cay cross-section for A2 = 1 − 2 is compara-
tively large (see Fig. 2) and for other obser-
vations for the decays cross-sections remains
same as for P0, see Fig. 2. Also, Figs.1 and 2,
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FIG. 2: Same as Fig.1, but for cross section σ.

shows that the magnitude as well as structure
of P0(A2) and σ(A2) does not change much
up to A2 = 14, while for fragments A2 > 14
there is considerable change with increase in
N/Z ratio. So, we conclude that the two win-
dows observed for 118,122Ba∗ disappear for
134Ba∗ which is equivalent to the fact that
with increase in N/Z-ratio there is compara-
tively large increase in the decay probabilities
of mass range A2 = 15 − 31 than for masses
A2 ≤ 15.
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Abstract

Technological advancement has greatly increased the
demand for newer lithium-ion batteries (LIBs) due to the
more use of advanced energy storage devices like
electric vehicles, consumer electronics, renewable energy
storage, backup power, medical devices. The existing
methods for metal recovery from LIB recycling involved:
(i) aqueous stream-based limited recycling using the
liquid stream mixed with soda ash with the hammer mill
and shaker table (ii) supercritical CO2-based recycling of
cathode and anode (iii) pyro- and hydrometallurgical
processes. Microbial participation for the recovery of
metals from waste (LIBs) was found to be an attractive
method due to its environmental-friendly approaches.
Lysinibacillus, Micrococcus, Sporosarcina, Empedobacter,
Barrientosiimonas, Lysinibacillus, Paenibacillus, Bacillus,
Acidithiobacillus are among the species involved in the
recycling of metal form LIB.
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Abstract

Bioremediation or microbial cooperation can improve the
e-waste management process in a greener way. Every
management strategy is concentrated upon the organic
and inorganic portion of the e-waste. Organic part
consists of variety of thermo and thermosetting plastic
with the presence of halogenated material. Microbes are
involved in the process of dehalogenation in many ways.
Microbes can manage the leaching of inorganic portion of
e-waste which consists of both metallic and nonmetallic
components.
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Definitions

The energy that can meet the demand of all sections of society and that can be

available for present and future generations can be considered as sustainable energy.

This energy is thus to fulfill our present demand without harming our environment, and

the same will continue for the future without being depleted while contributing to the

survival of all species (Jain and Jain 2020; Rinkesh 2020; Lund 2010). This is the energy

which is very much aligned with SDG 7 and basically comes from biomass, solar, wind,

water, and geothermal (Kutscher et al. 2018) (see Fig. 1). However, there are numerous

challenges to face in order to transit from dirty energy to sustainable energy. This entry

discusses all such challenges in realizing Sustainable Development Goal 7 (SDG7), which

ensures sustainable energy that is affordable, reliable, modern, and clean for all (UN

2018).
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Abstract

Transitioning to renewable and sustainable energy has been considered as one of the

major drivers of keeping the global mean temperature rise well below 2 °C above the

pre-industrial level as per the Paris agreement. Thus, energy policies of most of the

countries at large have been aligned to sustainable energy with the objective of

providing affordable and clean energy to all citizens along with decarbonizing the

energy systems. Despite lots of effort put by global communities for cost-effective and

environmentally friendly generation, distribution, and access to sustainable energy,

there are many challenges to the realization of environmental sustainability and green

energy. Therefore, analysis of economics and policies of energy and environment is of

utmost importance before bringing any reforms to policies of sustainable development.

In view of this, the book investigates the economics and policy aspects of both energy

and environmental sustainability and interactions between them through many channels

and suggests course of actions to help policymakers design effective policies for their

respective countries. The current chapter is the snapshot of what the effort has been

made in this book for the global policymakers and concerned stakeholders.
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Abstract

Renewable energy has already been proved to be the most reliable, affordable and

green energy so far as its evolvement over the past decades is. Most of the countries in

the world have realized its importance in addressing and mitigating the climate change

impact and thus formulated policy framework to harvest sustainable energy. Over the

past decades, there was a tremendous growth in renewable energy, which has given the

hope to provide a sustainable energy supply to the entire globe. However, the

sustainable supply of renewable energy depends upon policy effectiveness. Therefore,

using the Driving Forces–Pressure–State–Impact–Response (DPSIR) framework, this

study investigates the drivers, pressures, state, impact and policy responses that will

help policymakers to not only introduce new policies but also help them to bring

reforms in the existing policies for global sustainable energy security. Identifying the

drivers of climate change, studying its observed impact and investigating the policy

responses to the observed impact of climate change the study found that renewable

energy policy brings sustainable energy security for the entire globe.
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Notes

1. Feed-in policies like Feed-in tariffs are mechanism to promote renewable energy

production. Under this, the producer receives a minimum guaranteed price per unit-
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This book presents an assessment of endeavors towards Financial Inclusion and its role in
Sustainable development. An attractive feature is that it deals with almost all the
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Abstract
Entrepreneurs are regarded as the leaders of socio-economic, industrial, and business development. They are important pillars of any economy. They are
the employment generators and contribute to economic growth. In the current scenario caused by the COVID-19 pandemic, we witnessed people across
the world losing their jobs. An inclination towards entrepreneurial activities has been observed in 2020. People have started communicating how
entrepreneurial activities are the only solution for economies in crises. The role of social media platforms cannot be under-emphasized, and therefore, an
entrepreneur today has to be a master of various media of communication. This chapter aims at exploring the concept of entrepreneurship with special
reference to communication. It highlights challenges and issues in the post-pandemic world with reference to entrepreneurship and the role effective
communication can play in handling them. It also attempts to examine the use of the term ‘entrepreneurship' by general public on social media such as
Twitter in particular with a view to work out its implications.

Chapter Preview

Introduction
In today’s fast changing business environment, key developmental strategies and planning done by the policy makers require a combination of vision,
mission, value creation, resource organization and sustainable development of various businesses. Such businesses/ business ventures are initiated based
on the risk-taking abilities of entrepreneurs. According to Joseph Alios Schumpter, it is the entrepreneur who shackles and disturbs the equilibrium in
business cycles and contributes toward economic development. Schumpter (2000) further observes that the entrepreneurial spirit of entrepreneurs
contributes directly towards creativity and innovation. All the technological changes which are brought in the economy are the result of innovation only
which leads to prosperity and welfare of the state (Audretsch, 2007). Entrepreneurs are regarded as the leaders of industrial development (Davis, 1968).
They are important pillars of any economy. They are basically the employment generators and primarily contribute to the economic growth (Mitra, 2019).
Entrepreneurship is often explained as the process of starting and running one’s own business. Entrepreneurs are the key drivers of fostering production
process in the economy by setting up small, medium or large-scale enterprises (Vogel et al., 2014).

Entrepreneurship also contributes toward structural changes in the society (Gries & Naudé 2010). The structural transformation of the society helps in
moving towards equitable distribution of income and greater opportunities leading to prosperity. Entrepreneurial activities foster the development of new
projects and ventures by encouraging creativity and innovation (Autio et al., 2014). When new capital is invested in the economy it helps create additional
capacities in existing and new product lines. This creates new demand and helps in the growth of the economy due to contribution of consumers who
ultimately spend and buy these products. Entrepreneurs take risks and try to grab opportunities (Brockhaus 1980). They help discover new ideas, create
knowledge by thinking creatively, innovate and solve various problems pertaining to capital formation, resource utilization, and resource allocation for
starting new ventures. Entrepreneurs are often visionary (Allen 1997). They basically carry the trait of “having the ability to see the unseen”. Quite often it
has been seen that they dream big. Most of the entrepreneurs carry the intrinsic ability of visualizing the unseen things. They spend a lot of time in
interpersonal communication with various stakeholders.

Various dimensions of communication play crucial part in the successful realization of entrepreneurial vision. Entrepreneurs can undoubtedly be charismatic
but most of the things that they do and envision can be learnt through experience. Considerable degree of persistence towards working in a single direction
to actualize a dream/vision is their passion. We all dream and most of the times visualize several ventures/endeavors, but we lack that risk-taking ability to
make our dreams come true. This trait of converting dreams into reality is inherent in entrepreneurs and they have the capacity to work passionately and
with sincerity (Murmann & Sardana). The ability of an entrepreneur and his inner drive to chase his passion, to achieve something unseen is what makes
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Abstract

Certificateless aggregate signature scheme is a very effective technique for ad hoc

networks such as vehicular ad hoc network. An aggregate scheme aggregates the

individual signature, which reduces the computational overhead and useful in the areas,

where bandwidth limitation is a major issue. Recently, Malhi and Batra proposed a

certificateless aggregate signature scheme for vehicular ad hoc networks and proved

the scheme mathematically secure against possible types of security attacks. In this

paper, we present the cryptanalysis of the scheme while applying some concrete attack

“honest but curious”. The additional contribution to this paper is an improvement of the

certificateless aggregated signature scheme.
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Abstract
It would be erroneous to assume that language can only be used in positive sense and that it cannot be misused to cause instability and unrest in our
professional as well as personal lives. On the contrary, language can be weaponised to cause irreparable harm/damage to vulnerable communities,
ethnicities, marginalized populations, and deprived chunks of humanity. Language has innumerable forms such as genuine and authentic language,
truthful and honest language, ingenuine and false language, and fake and deceptive language. Be that negative or positive aspect of language, it can
be tilted either way as per one's will and choice; nevertheless, inauthentic and manipulative language can seldom have acceptability among the
masses. The term ‘post-truth' stems from fabrication of truth and it has a deep connection with politics. Post-truth may be understood as a situation
wherein the objective facts are less influential in shaping opinion, and emotions and personal beliefs are important to connect people. In this chapter,
the authors have analyzed language in the age of post-truth.

Chapter Preview

Introduction
The origin of language, a great extent, could be attributed to the survival needs of Homo sapiens as they had to struggle hard to get food and stay safe
from the harsh surroundings. Ever since man could use language, he had an advantage over other species not only from survival perspective but also
from the viewpoint of his need to interact with others (Bryant). Not that communication has been impossible without language; we have ample
evidence to the contrary as birds and animals communicate nonverbally without language. Nevertheless, humans are different from members of other
species majorly because of their ability to use words to articulate and vocalize our thoughts. In common parlance, language is a means of
communication in a non-verbal, verbal or written manner. One tends to make use of words while s/he uses language be that in a spoken or written
manner. The term ‘language’ also implies a ‘system of communication’ practiced by a particular community. Language can also be viewed as “a
system of conventional spoken, manual (signed), or written symbols by means of which human beings, as members of a social group and participants
in its culture, express themselves” (Robins and Crystal). Besides communication, it is also a means to express our identity, imagination, ideas,
emotions and feelings. Since time immemorial, man has been using language in the form of signs, signals and gestures. Prior to the advent of the
word, man has been using various nonverbal signs to express his desires and needs. Language as we see it today is an evolved form of self-
expression and exchange of ideas.

Language as Communication
As the story of civilization developed, human’s narration skills also improved considerably. Language as communication in its highly evolved form has
been a serious cause of concern across humanities and social sciences. Language as means to communicate one’s inner-self has been core area of
concern for linguists and writers. Interestingly, language can be used, misused, abused, over-used and under-used as per volition and choice of the
user. In this sense, language can be viewed as a weapon to achieve desired results.
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Abstract
The way by which the communication is done depends upon the purpose of the communication. The complex technology-driven environment is affected
by a syndrome called post-truth. Post-truth scenario is marred with a situation where there are spread of lies, rumors, propaganda, and deceit. Human
perception is distorted by the spread of lies and fake news. We struggle hard to decide whether any communication which we read, or listen to, or share
is true or untrue. The strategic advancements aspired by any company are based more or less on the marketing tactics of the product or service. Many
strategies of the organisations are based on the communicative interactions of the corporate world with the consumers. The era of post-truth is based on
emotions, opinions, and distorted facts. False advertising tactics are hitting the emotions and sentiments of the public at large. Many social media players
in the move to curb the menace of false news, misinformation, and false advertisements have opted for a voluntary code of ethics.This chapter analyses
the marketing communication in the era of post-truth.

Chapter Preview

Communication, Technology, And Post- Truth
Communication: a process of creating, exchanging and receiving information, messages, and ideas, etc in order to influence or get a response from
someone. Communication Technologies include all equipment and programs that are used to process and communicate information Every
communication channel or each communication we do in our daily lives has its own dimensions and on different occasions, we require different types of
communication. The way by which communication is done depends upon the purpose of the communication. It can be done verbally or non-verbally also.
Firstly, we need to decide what will we communicate? We can communicate through various languages, expressions of languages, a mix of languages, of
course, smiley’s these days, jargons, local dialects, and buzzwords but how well the words are used plays an important role in it. Therefore, the choice
and use of appropriate words in a particular situation determine the efficiency of the individual and the effectiveness of the communication. Gone are the
days when sender and receiver were identified, and few types of identified noise played a role in distorting the communication.

Key Terms in this Chapter
Fake News (/dictionary/fake-news/51885): Refers to nontruthful information, false news, hoax news, false information, or propaganda published under
the guise of being authentic news and mostly spread out using a range of media including social media with some ulterior motives and sometimes for the
sake of fun, or influencing others opinions.

Digital Platforms (/dictionary/digital-platforms/78668): Are internet and web-based virtual spaces that are based on some kind of unique business models
in order to exchange, information, knowledge, goods, ideas, or services, etc, either with financial or nonfinancial returns, Eg Google search engine,
Facebook, Spotify, Youtube, Apple store, Amazon market place, Uber, Apple/Google Pay, etc.

Advertisements (/dictionary/advertisements/78718): A paid form of communication that employees a range of media channels to send out an open, non-
personal message to inform, persuade, and influence users of a product, idea, service, or place or person.

Post-Truth (/dictionary/post-truth/63377): It relates or demonstrates those circumstances where the objective facts are not important or worth enough for
shaping public opinion and appeals to emotion or personal beliefs play an important role than the objective analysis.
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Abstract

We have constructed Leptonic Unitarity Quadrangle (LUQ) in order to investigate CP

violation in the leptonic sector. We have obtained, probability distribution plots for

independent geometric parameters of LUQ consistent with the current experimental

data on neutrino mixing parameters. We have, also, obtained CP asymmetry 

 for both long baseline (LBL) and short baseline (SBL) experiments, in

term of independent parameters of the LUQ.
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ABSTRACT:  

Analytical investigation for study of the thermal instability of Oldroydian visco-elastic 

nanofluid in a porous medium with realistic boundary condition is presented. For porous 

medium the Brinkman model is considered. The used model incorporates the effect of 

Brownian diffusion and thermophoresis. The eigen value problem is solved by employing the 

Galerkin weighted residuals method. The influence of the Lewis number, Brinkman-Darcy 

number, nanoparticle Rayleigh number, modified diffusivity ratio and porosity parameter on 

the stationary convection studied analytically and found that Lewis number, modified 

diffusivity ratio and nanoparticles Rayleigh number destabilizes while Brinkman-Darcy 

number and porosity parameter stabilize the stationary convection.  

1. INTRODUCTION 

Thermal instability of nanofluids in a porous medium is an important phenomenon because 

of its importance in many fields of modern science, engineering and technology, chemical 

and nuclear industries and bio-mechanics. The natural convection for flow in a porous 

medium based upon Buongiorno’s model [Buongiorno (2006)] was studied by Nield and 

Kuznetsov (2009) using the Darcy model. The extension to the Brinkman model was made 

by Kuznetsov and Nield (2010, 2011) and Chand and Rana (2012a). In studying these 

convective instability problems, the volume fraction of nanoparticles was prescribed at the 

boundaries. Nield and Kuznetsov (2014) suggested that the value of the temperature can be 

imposed on the boundaries, but the nanoparticle fraction adjusts so that the nanoparticle flux 

is zero on the boundaries. With these new boundary conditions, Chand and Rana (2014, 

2015a, 2015b) and Yadav et al. (2016) studied thermal instability in a layer of nanofluid 

based upon Buongiorno’s model. The above literature deals with the study of nanofluids as 

Newtonian fluids. The onset of convection in a horizontal layer of nanofluid as Newtonian 

fluids uniformly heated from below (Bénard convection) has been extensively investigated 

but a little attention has been made to study the thermal convection of non-Newtonian fluids. 

With the growing importance of non-Newtonian fluids in technology and industries, the 

investigations of such fluids are desirable. In the category of non- Newtonian fluids 

Oldroydian nanofluids have distinct features and well represented by the Oldroydian 

constitutive model as given by Oldroyd (1958). The Oldroydian constitutive model is 

adopted widely to examine the influence of elasticity on thermal convective instability. 

Thermal convection in a layer of Oldroydian visco-elastic fluid saturated by Brinkman–

mailto:rameshnahan@yahoo.com
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Darcy porous medium was investigated by Chand (2015) and found that Brinkman stabilize 

the fluid layer. Thermal instability problems in non-Newtonian nanofluid problems were 

investigated theoretically by Sheu (2011), Shivakumara et al. (2015), Rana and Chand 

(2015),  Chand and Rana (2012b) by taking different type of non-Newtonian fluid as base 

fluid.  

Due to importance of Oldroydian visco-elastic nanofluids in porous medium an attempt has 

been made to study the thermal instability of a horizontal layer of Oldroydian visco-elastic 

nanofluids for more realistic boundary conditions in Brinkman porous medium.  

 

2. MATHEMATICAL FORMULATIONS OF THE PROBLEM 

Consider an infinite horizontal layer of Oldroydian visco-elastic nanofluid of thickness ‘d’ 

bounded by horizontal boundaries z = 0 and z = d. Fluid layer is acted upon by a gravity 

force g(0,0,-g) and is heated from below in such a way that horizontal boundaries z = 0 and  

z = d respectively maintained at a uniform temperature T0 and T1 (T0 > T1) as shown is Fig.1. 

The normal component of the nanoparticles flux has to vanish at an impermeable boundaries 

and the reference scale for temperature and nanoparticles fraction is taken to be T1 and φ0 

respectively. 

                            

           

                             

 

              

 

                     Heated from below 

Fig.1 Physical configuration of the problem 

 

The equation of continuity and motion for Oldroydian visco-elastic nanofluid in Brinkman 

porous medium under the Boussinesq approximation are  

0 = q ,                         (1) 

( ) ( )( ) ( )( ) qg
q
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t
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ε

ρ

t
λ1 , (2)  

where q(u, v, w) is the Darcy velocity vector, p is the hydrostatic pressure, μ is viscosity, μ ̃ 

effective viscosity, α is the coefficient of thermal expansion, λ the relaxation time, λ0 the 

retardation time, T the temperature of the nanofluid, φ is the volume fraction  of the 

nanoparticles, ρp  density of nanoparticles, ρf density of base fluid and ( )+



= q

ε

1

tdt

d
 is  

stands for convection derivative. 

 The equation of energy for Oldroydian visco-elastic nanofluid in porous medium is
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where (ρc)m is effective heat capacity of  fluid, (ρc)p is heat capacity of  nanoparticles, Q0 is 

the overall uniformly distributed effective volumetric internal heat source, T1 is the 

temperature of the fluid layer at z = d and  km is effective thermal conductivity of the porous 

medium. 

The continuity equation for the nanoparticles is 

T
T

D
φDφ

ε

1

t

φ 2

1

T2

B +=+



q ,                                                                         (4) 

where DB  is the Brownian diffusion coefficient, given by Einstein-Stokes equation and DT  

is the  thermoporetic diffusion coefficient of the nanoparticles.
 We assume that the temperature is constant and nanoparticles flux is zero on the boundaries. 

Thus boundary conditions [Chandrasekhar (1981), Nield and Kuznetsov (2014)] are 

0zat   0  
z

T
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D

z
D   ,TT 0,w

0
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B0 ==
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==

 

and d.zat     0  
z

T
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z
D   ,TT 0,w

1

T
B1 ==
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==

     

(5)              
                                                

Introducing non-dimensional variables as  
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d
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m
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κ =  is  thermal diffusivity of the fluid.  

Equations (1) - (5) in non-dimensional form can be written as  

0,= q                                                  (6)  
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q                                                                     (9) 

Here the non-dimensional parameters are given as 

BD

κ
eL = is the Lewis number, 




=Pr is the Prandtl number, 

2

1

d

k
Da =  is the Darcy number,  

2

1

d

k~
aD

~




=

 

is  the Brinkman-Darcy number,  
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( )
  

-TTk

dQ
Hs

10m

2

0= is the dimensionless constant of heat source strength, 

Da

Pr
Va


=

 

is  the Prandtl-Darcy  number,

  

2d
F


=

 

is  the stress relaxation parameter,

  

2

0
0

d
F


=

 

is  the  strain retardation parameter,  

( )
 

μκ

TTgραdk
Ra 101 −

= is the Rayleigh Darcy number,  

( )( )
μκ

gdkφ-1ρφρ
Rm

100p +
=  is the density Rayleigh Darcy number, 

( )
  

μκ

gdkφρρ
Rn

10p −
= is the nanoparticles Rayleigh Darcy number,  

( )
 

φTD

T-TD
N

01B

10T

A = is the modified diffusivity ratio,  

( )

( )
 

ρc

φρc
N

f

0p

B =

 

is the modified particle-density increment,  

ez is the unit vector along z-axis.

 

 

In spirit of Oberbeck-Boussinesq approximation, equation (7) has been linearized by the 

neglect of a term proportional to the product of 0φ and T. This approximation is valid in the 

case of small temperature gradients in a dilute suspension of nanoparticles. 

The dimensionless boundary conditions are 

0zat      0 
z

T
N

z
   ,1T    0,w A ==
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==

 
and 1.zat    0

z

T
N

z
   ,0T  0,w A ==
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==          (10)   

2.3 THE BASIC STATE AND ITS SOLUTIONS

 

The basic state was assumed to be quiescent and is given by 

( )   0,w,v,u =q (z),pp b= (z),TT b= (z)φφ b= ,                                                             (11) 

Equations (6) – (9) reduce to 

,RnφRaTRm-
zd

dp
0 bb

b −+


−=
   

                                                  (12) 

,0Hs
zd

dT

 Le

NN

zd

dT

zd

dφ

 Le

N

zd

Td
2

bBAbbB

2

b

2

=+









+


+


                                                                  (13) 

 
0

zd

Td
N

zd

φd
2

b

2

A2

b

2

=


+


.
  

                                                                                                        (14) 

Using boundary conditions in (10), equation (14) gives  
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.NTNφ A0bAb ++−=                                                                                                         (15) 

On substituting the value of the φb from equation (15) in equation (13), we get 

( )
.0Hs
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=++                                                                                      (16) 

On integrating equation (16) with respect to z and using boundary conditions (10), we get 
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(18) 

According to Buongiorno ( 2006), for most nanofluid investigated so far Le is large, is of 

order 102-103, while NA is no greater than about 10, NB is of order 10-4 to 10-2. Then, the 

exponents 
( )

Le

NN1 BA−−
in equations (17)– (18) are very small. By expanding the exponential 

function into the power series and retaining up to the first order is negligible and so to a good 

approximation for the solution of basic state is given by 

( )2

b Hsz-Hszz22
2

1
T +−=                                                                                  

and  

.
2

Hsz

2

Hsz
zNφ

2

A0b 







+−+=                                                                             

In the absence of internal heat generation i.e. Hs = 0, then basic flow distributions for 

temperature and nanoparticles volume fraction are: 

z1Tb −= and  

z.Nφ A0b +=
                                                                                                                        

(19)
 

 
Fig.10.2 Basic state temperature and basic state nanoparticles 

volumetric distributions for different values of internal heat source 

strength parameter Hs 
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To see the effect of internal heat source strength Hs on the criterion for the onset of thermal 

convection in nanofluids, the distributions of dimensionless basic temperature and basic 

nanoparticles volumetric fraction are drawn in the Fig. 10.2 for different values of Hs. The 

discrete values of Hs are purposely taken to see the behavior of both distributions. This plot 

shows the behavior of basic temperature distribution which is parabolic in positive direction 

and same behavior in negative direction for the basic nanoparticles distribution as internal 

heat source strength Hs increases. That is increase in the internal heat source strength Hs 

amounts to increase in energy supply to the system. This gives large deviations in these 

distributions which in turn improve the disturbances in the layer and thus system is more 

unstable.  

 

2.3. PERTURBATION EQUATIONS 

Let the initial basic state described by (11) is slightly perturbed so that perturbed state is 

given by   

( ) ( ),w,v,u0w,v,u += qq  ,TTT b
+=  ,φφφ b

+=  ,ppp b
+=

                    
(20)

 

where ,z1Tb
−= zNφ A0b

+=  and ( ),w,v,u    ,T   φ and p  respectively the 

perturbations in initial velocity, temperature, volume fraction  of the nanoparticles and 

pressure.  

By substituting (20) in equations (6) – (9) and linearize by neglecting the product of the 

prime quantities, we obtained following equations 
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Boundary conditions for the infinitesimal perturbation are given by  

,1. 0zat   0 
z
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   ,0T 0,w A ==




+




==

 
                                                                  (25) 

[Dashes ( '' ) have been suppressed for convenience] 

Applying Curl operator twice to the equation (22) under the assumption of linear theory, the 

resulting equations are given by  
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(26)

 
where 2

H  is two-dimensional Laplacian operator. 
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4. NORMAL MODES ANALYSIS 
 

Analyzing the disturbances into the normal modes and assuming that the perturbed quantities 

are of the form  

    ( )ntyikxikexpΦ(z)Θ(z),W(z),φT,w, yx ++= ,                                                                (27) 

where kx, ky are wave numbers in x and y direction and n is growth rate of disturbances. 

Using equation (27), equations (26), (23) and (24) become 
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                                                                           (30) 

where 
dz

d
D    and 

2

y

2

x kka +=
 
 is the dimensionless resultant wave number. 

The boundary conditions of the problem in view of normal mode analysis are 

0,1.zat      0DND 0,Θ0,WD 0,W A

2 ==+===                                                              (31)    

5. METHOD OF SOLUTION 

The Galerkin weighted residuals method is used to obtain an approximate solution to the 

system of equations (28) – (30) with boundary conditions (31). In this method, the test 

functions are the same as the base (trial) functions. Accordingly W, Θ and Φ are taken as 

,CΦ,B ,WAW
N

1p

pp

N

1p

pp

N

1p

pp 
===

===                                                                         (32) 

where zpsinN,zpsin W Appp −=== , Ap, Bp and Cp are unknown coefficients, p = 1, 

2, 3, ..., N and the base functions Wp, Θp, and Φp satisfying  the boundary conditions (31). 

Using expression for W, Θ and Φ in equations (28) – (30)  and multiplying the first equation 

by Wp the second equation by Θp and third equation by Φp and then integrating in the limits 

from zero to unity, we obtain a set of 3N linear homogeneous equations with 3N unknown 

Ap, Bp and Cp; p = 1, 2, 3, ..., N. For existing of nontrivial solution, the vanishing of the 

determinant of coefficients produces the characteristics equation of the system in term of 

Rayleigh number Ra. 

6. LINEAR STABILITY ANALYSIS 

For the present formulation, we have considered the which system of equations (28) – (30)  

together with the boundary conditions (31) constitute a linear eigen value  problem  with  

variable  coefficient  for  the  growth  rate  of disturbance  n of  the  system. Substituting 

equation (32 into the system of equations (28) – (30) and multiplying the first equation by 
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Wp the second equation by Θp and third equation by Φp and then integrating in the limits 

from zero to unity and performing some integration by parts, one obtains the following 

matrix equation 

( ) ( ) ( )( )
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The non-trivial solution of the above matrix requires that  
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 (26) 

The growth rate n is in general a complex quantity such that n = ωr + iω, the system with ωr < 

0 is always stable, while for ωr > 0 it will become unstable. For neutral stability, the real part 

of n is zero, thus on putting n = iω, (where ω is real and is a dimensionless frequency) in 

equation (26), we have  

21 iRa += ,                                                    (27) 
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and  
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Since Ra is a physical quantity, so it must be real. Hence, it follows from the equation (27) 

that either ω = 0 (exchange of stability, steady state) or Δ2 = 0 (ω ≠ 0 overstability or 

oscillatory onset). 

7. STATIONARY CONVECTION  

For the case of stationary convection ω = 0, equation (27) reduces to  

( )
( ) ( )
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1

Hsz
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aaaD
~

Ra A
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s
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+++
=                                           (30) 

We find that for the stationary convection, the stress relaxation time parameter F and strain 

retardation time parameter F0 vanishes with n and the Oldroydian visco-elastic nanofluid 

behaves like an ordinary Newtonian nanofluid.  

It is observed that stationary Rayleigh number Ra is function of the Lewis number, the 

modified diffusivity ratio, Brinkman-Darcy number, nanoparticles Rayleigh and porosity 

parameter but independent of the stress relaxation time parameter F and strain retardation 

time parameter F0, Vadasz number Va and modified particle- density increment NB. Thus 

Oldroydian nanofluid behaves like an ordinary Newtonian nanofluid and instability is purely 

a phenomenon due to buoyancy coupled with the conservation of nanoparticles. 

( )
( ) ( )

.RnN
Le

1
a

aaaD
~

Ra A2

222322

s 









+−

+++
=                                                               (30) 

If aD
~

 = 0 then the critical value of the wave number is attained at ac = π and corresponding 

critical Rayleigh number given by  
 

  

( ) RnN
Le

14Ra A

2

c 









+−= .                                                                                                (31)

                            

In the absence of nanoparticles (Rn = Le = NA = 0) i.e. for ordinary Newtonian fluid, one 

recovers the well-known results that the critical Rayleigh-Darcy number is equal 

to ( ) 2

c 4Ra = . 

This is good agreement of the result obtained by Nield and Kuznetsov (2009). 

If aD
~

is very large as compared to the unity, then critical value of wave number is attained at 

a = π/√2, critical value of the Rayleigh Darcy number is 
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( ) RnN
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1
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27π
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+−= .                                                                                              (32) 

In the absence of nanoparticles (Rn = Le = NA = 0), one recovers the well- known results that 

the critical Rayleigh-Darcy number is equal to ( )
4

27π
Ra

4

c = . 

8. RESULTS AND DISCUSSION  

To study the effect of Lewis number Le, Brinkman-Darcy number D̃a, nanoparticles 

Rayleigh Rn, modified diffusivity ratio NA and porosity parameter ɛ on stationary 

convection, we examine the behavior of  
( ) ( ) ( ) ( ) ( )



















 s

A

ssss aR
 and

N

aR
,

Rn

aR
,

aD
~
aR

,
Le

aR
 

analytically.  

( )
( ) ( )

.RnN

Hsz
2

Hs
1

Le
1

Hsz
2

Hs
1a

aaaD
~

Ra A
2

222322

s



























+−

+−









+−

+++
=  

From equation (30), we have  

(i) ( )
0

Le

aR s 



, 

(ii) 
( )

0
aD

~
aR s 




 

(iii) ( )
0

Rn

aR
 s 



, 

(iv) ( )
0

N

aR

A

s 



, 

(v) 
( )

0
aR

 s 



. 

These inequalities shows that Lewis number Le, modified diffusivity ratio NA and 

nanoparticles Rayleigh number Rn  have destabilizing effect while Brinkman-Darcy 

number aD
~

 and porosity parameter ɛ have stabilizing effect on the stationary convection. 

9. CONCLUSIONS 

Thermal instability in a horizontal layer of Oldroydian visco- elastic nanofluid in a porous 

medium is investigated theoretically. Brinkman model is used for porous medium. The flux 

of volume fraction of nanoparticles is taken to be zero on the isothermal boundaries and the 

eigen value problem is solved using the Galerkin residual method. The results have been 

obtained analytically. 

The main conclusions derived from the present analysis are as follows: 

(i) The instability purely phenomenon due to buoyancy coupled with the conservation of 

nanoparticle and is independent of the contribution of Brownian motion and 

thermophoresis. 

(ii) For stationary convection Oldroydian visco- elastic nanofluid behaves like an 

ordinary Newtonian nanofluid. 
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(iii) Lewis number Le, modified diffusivity ratio NA and nanoparticles Rayleigh number 

Rn destabilizes while Brinkman-Darcy number aD
~

 and porosity parameter ɛ 

stabilizes the stationary convection. 
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Abstract 

In the present paper, an attempt is made to investigate the propagation of Rayleigh waves in a 

semi-infinite homogeneous isotropic porous generalized thermoelastic medium underlying a 

homogeneous inviscid liquid half-space in the context of Lord Shulman theory. Helmholtz 

decomposition technique is employed to simplify the problem. The governing equations are 

derived and solved to show the existence of four waves in a generalized thermoelastic porous 

solid half-space and one wave in the liquid half-space. By invoking appropriate boundary 

conditions at the interface, secular equations are derived for stress-free isothermal 

( )0H → and stress-free insulated ( )H → porous thermoelastic medium. The secular 

equation is also obtained in the context of uncoupled thermoelasticity. The frequency 

equation is found to agree with the standard result. Some special cases are also discussed in 

the paper. The study may find various applications in the field of acoustics and seismology. 

INTRODUCTION  

The theory of thermoelasticity has become very important due to its practical and theoretical 

relevance. Beneath the earth's surface are lying many valuable materials like oils, minerals, 

water, hydrocarbons, etc. To know the exact nature of the layers under the Earth's surface, we 

need to consider many appropriate models for the theoretical investigation. These models 

help in the exploration of valuable materials as well as provides better information regarding 

the internal composition of the earth. Surface waves provide a lot of information about the 

crust of the earth and dispersion analysis of surface waves is concerning with the phase 

velocity and wave number. 

Rayleigh waves are a type of surface acoustic wave that travels along the surface of solids. 

They include both longitudinal and transverse motions that decrease exponentially in 

amplitude as the distance from the surface increases. In isotropic solids, these waves cause 

the surface particles to move in ellipses. Surfaces wave propagation in an elastic medium is 

of great practical importance. To detect deposits of oil and other valuable organic and 

inorganic material under the earth's surface, the most economic technique is wave 

propagation as it is a difficult and tedious process to drill randomly. 

For the present paper, the previous works of Cowin and Nunziato [4] is found helpful. They 

developed a theory of linear elastic material with voids and discussed several applications 

like response to homogeneous deformation. Puri and Cowin [8] studied the behavior of plane 

harmonic waves in linear elastic material with voids. They derived two dilatational waves in 

the paper. Both waves are found to attenuate in the direction of their propagation, to be 

dissipative and dispersive. The nature of surface waves in an elastic half-space with voids is 

studied by Chandrasekharaiah [3]. Iesan [6] gave a theory of thermoelastic material with 

mailto:pallvijsh@gmail.com
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voids. He studied acceleration waves and some problems of equilibrium. Rayleigh surface 

waves problem in linear thermoviscoelasticity with voids is studied by Bucur [2]. In his 

paper the dissipative character of the porous thermoviscoelastic model was taken into 

consideration and dampness in time wave solutions was studied. 

Biot [1] studied the interaction of Stoneley and Rayleigh waves in the ocean bottom. They 

developed a theory for the two-dimensional unattenuated waves. Kumar and Kumar [7] 

studied the wave motion in transversely isotropic elastic material with voids under an 

inviscid liquid layer. The paper found useful in studying geophysical problems. 

Thermoelastic Lamb waves in a homogeneous isotropic plate bordered with layers of inviscid 

liquid discussed by Sharma and Pathania [9].  Also, Rayleigh waves in rotating thermoelastic 

solids with voids were studied by Sharma and Kaur [10]. They observed a significant effect 

of voids, thermal relaxation, and rotation in certain ranges of frequency. 

In the present investigation, we consider a semi-infinite isotropic thermoelastic material with 

voids in contact with inviscid liquid half-space which helps in exploring geophysical 

problems like explosions and earthquakes. The secular equations in mathematical form for 

Rayleigh wave propagation are derived for stress-free insulated and isothermal boundaries, 

for the thermoelastic solid half-space, elastic half-space with voids in contact with inviscid 

liquid.  

FORMULATION OF THE PROBLEM 

We consider a homogeneous, isotropic, thermoelastic solid half-space with voids lying under 

a homogeneous inviscid liquid half-space. The surface is assumed to be stress-free, thermally 

insulated boundaries with no fractional change across the boundary. The z-axis is taken 

vertically downwards and the direction of the propagation of the wave is along the x-axis so 

that all the particles on a line parallel to the y-axis are equally displaced. Therefore all the 

field quantities will be independent of the y-axis. Further, the disturbance is assumed to be 

confined to the neighborhood of the free surface 0z = and hence vanishes as z → . 

 
Figure 1: Geometry of the problem 



Proceeding of International Conference on Mathematics in Space and Applied Sciences  

(ICMSAS-2019) 

Published by Knowledge and Research Publisher, Nagpur India                  ISBN-978-81-942641-8-7 
 

15 

 

The basic governing equations for stress-free thermoelastic solid with voids in contact with 

inviscid liquid half-space in the absence of body forces, equilibrated forces and heat sources 

following Iesan [6] and Sharma and Pathania [9] are given as: 
2 ( ) .u u T b u      + +  −  +  =                                                (1) 

( ) ( ) ( )2

0 0 0 0 0.eK T C T t T T u t u mT t    − + =  + + +                                                         (2)

 
2

1 2 .b u mT       − − −  + =                                                                           (3)
 

. L
L L

L

u u



 =                                                                                                                         (4)

 

where ( , , ) ( ,0, )u x z t u w= and ( ,0, )L L Lu u w= are the displacement vectors in the solid half-

space and liquid half-space respectively, ( , , )x z t  is the volume fractional change, ( , , )T x z t  

is the temperature change in the medium, and   are Lame’s parameter,  and L are 

densities for solid and liquid half-space, eC is the specific heat at constant strain, K is the 

thermal conductivity,  b m
1 2  are material parameters due to the presence of voids, 

0t is thermal relaxation time and ( )3 2 T   = + , T being coefficient of linear thermal 

expansion. Defining the dimensionless quantities as 
*

1

,
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x
c

 =
*

1

,
z

z
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 =
*

1

0

,
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u
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 =

*
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 =

2*
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c

 
  =

*
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2 2

2 2 2
* * 0 01 1 1
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e

T T bc b cT
t t t t T a a a

T T c cT

    
   

      
  = = = = = = = =

+

( )
3

4
*0 1

4 5 *

2
, , ,

eCmT mc
a a

KK

 


 

+
= = =

                             

(5)

  

Introducing equation (5) and suppressing the primes, the equations (1)-(4) are obtained as: 

( )2 2

, , , , 1 ,1xx xz zz x xu w u T a u  + − + − + =        (6) 

( )2 2

, , , , 1 ,1 xz xx zz z zu w w T a w  − + + − + =        (7) 

( ) ( ) ( ) ( ) ( ), , 0 , , 0 , , 5 0 0xx zz T x z x zT T T t T u w t u w a t   + − + − + + + − + = 
   (8)

 

( ) ( ), , 2 , , 3 4 2

1

( )xx zz x za u w a a T


   


+ − + − + + =       (9) 

, , 2

1
xx xzL L L

L

u w u


+ =                     (10) 

where
( )22 2

2 2 * 2 2 2 2 232 2
1 1 2 32 2 2

1 1 1 1

2
, , , , , , , .L L

L L

L

cc c
c c c c

c c c

   
    

    

+
= = = = = = = =  
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Here 
*

 is the characteristic frequency of solid half-space, T  is the thermoelastic coupling 

parameter, Lc  is the velocity of sound in the liquid, L  is the bulk modulus, 1 2 3, , and c c c are 

velocities of longitudinal, transverse and volume fractional fields respectively.The 

coefficient  and equilibrated inertia  must be positive and satisfy the dissipation inequality 

resulting from the second law of thermodynamics. The comma denotes the spatial derivatives 

and superposed dot is used for time differentiation.  

 

FORMAL SOLUTION OF THE PROBLEM 

Introducing the scalar point function ,G LG and vector point function  through the relations: 

, , ,x zu G = + ,
, , ,z xw G = − , ,,L L x L L zu G w G= =      (11) 

where G , LG  and  represent the displacement potentials of longitudinal and transverse 

waves respectively for solid and liquid half-spaces. Substituting the values from equation 

(11) in equations (6)-(10), the equations become 

, , 1xx zzG G T a G+ − + =         (12) 

2 2

, ,xx zz    + =          (13) 

( ) ( ) ( ) ( ) ( ), , 0 , , 0 , , 5 0 0xx zz T xx zz xx zzT T T t T G G t G G a t   + − + − + + + − + =
 

  (14) 

( ) ( ) ( )2 , , , , 3 4 2

1

xx zz xx zza G G a a T


   


 − + + + − + + =
 

                                            (15)

 

, , 2

1
G +G G 0L xx L zz L

L
− =         (16) 

It can be seen that equations (12), (14) and (15) are coupled through the quantities ,G  and 

T while (13) and (16) are uncoupled in potentials  and LG respectively. 

BOUNDARY CONDITIONS 

The boundary conditions at the solid–liquid interface 0z = to be satisfied are as follows: 

(i) ( ) .zz zz L
 =  

(ii). ( ) .xz xz L
 =  

(iii) .Lw w=
 

(iv)
, 0.z =  

(v)
, + =0,zT HT where H is the Biot’s heat transfer coefficient. 

SOLUTION OF THE PROBLEM  

To discuss the wave propagation in a linear homogeneous thermoelastic material with voids 

of infinite extent underlying over an inviscid liquid, consider the form of plane waves 

traveling in the positive direction of x -axis, which are given by  

( )   ( ) , , , , 1, , , , expLG T G V W S R U ik x ct rz  = − −     (17)           
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where k is the wavenumber,  is the angular frequency of the plane wave propagating in 

x z− plane. The phase velocity c  is connected with angular frequency  and wavenumber 

k through the relation .c
k


= U is the scalar constant and , , ,V W S R are amplitude ratios. 

Invoking equation (17) in equations (12)-(16), we have 
2 2

1 1( ) 0r aW S− + − =         (18) 

( )2 2

1 0r V− =          (19) 

( ) ( )2 2 2 2 2 2 2

0 5 0 01 0T r k a W r k c S      − + + − − =
 

    (20) 

( ) ( )2 2 2 2

2 4 0a r k r W a S− − + − + =        (21) 

2 2

2( ) 0r R− =          (22)                                

where  

( )
2 2

2 2 2 2 2 2 2 1

1 1 2 0 0 02 2
1 , 1 , 1 , , 1 ,

L

c c
k c k k t i i      

 

−  
= − = − = − = + = −  

   
 

2 2 2 3 0

2 2

1

1
1 .

a
k c




 

  
= − −  

  
                               (23) 

For the requirement of non-trivial solution of the system of equations (18)-(22) the 

determinant of their coefficients vanish. On simplifying the determinant, after some algebraic 

manipulations which leads to the determination of characteristics roots as 
 

( )2 2 2 21 ; 1,2,3,4,5j jr k c j= − =        (24) 

where, 
2 ; 1,2,3,4,5j j =  are the roots of the polynomial. 

( )
2

2 3
1 0 2 2

1

1
1 1 ,

b

T o

T

a  
   

  

 
= + + + − −  

 
  

( )
( )  ( ) 002 2 3

1 2 0 02 2

1

1 1
1 1 2 ,
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o T T b T b

T

a   
         

  

+ +  
= + − + + + − + 

 


 

( )2 2 2 2 23
1 2 3 0 4 52 2 2 2

1

1 1 1
, , .o

L

a
       

   

 
= − + = = 

 
                                                  (25) 

where 4 5 2 4 1

3 4 3

, ,
b

b

T

a a a a a

a a a





 
 


= = =                                                                     (26) 

Dealing with surface wave motion must be confined to the free surface 0z = of the half-

space. Consequently, the formal solutions which satisfy the radiations condition ( )Re 0jr   

is given by 

( ) ( ) ( ) 
5

1

, , , , 1, , , , expL k k k k k k

k

G T G V W S R U ik x ct r z 
=

= − −                                        (27)

 
where the amplitude ratios are given as 
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0 , 1,2,3,5
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, 4
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( )2 2

11 , 1,2,3

0 , 4,5
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a W k
S

k

  − + =
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=

 

( ) 2
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1
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, 1,2,3

1
,

0 , 4,5

b k

b
k k o

T
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W
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  − +  =
 

= − + −  
 

 =

0, 1,2,3,4
R

, 5
k

k

k

=
= 

 =
             (28) 

PARTICULAR CASES OF FORMAL SOLUTIONS 

The particular cases in the absence of inviscid liquid half-space are discussed below. 

(i) Thermoelasticity without voids 

In the absence of voids 0b = which leads to 0b = = one can obtain the characteristic 

roots (25) and amplitude ratios (28) as 

( )2 2

1 3 01 1 ,T   + = + +
2 3
2 2 2

1

1
,oa 


 

= −
2 2

1 3 0 ,  = 2

4 2

1



=

               
(29) 

1 , 2
,

0 , 1,3
k

k
W

k

=
= 

=

( )2 21 , 1,3

0 , 2

k

k

k
S

k

  − =
= 

=

                                                        (30)

 
 (ii) Elasticity with voids 

 

If we neglect the thermal effect, then the elastic field and thermal field are independent of 

each other 0m = =   which implies that
4 5 0T a a = = = = . The characteristic roots (25) 

and amplitude ratios (28) are thus reduced to 

2 2 2 2 2 23 0 3 01 2
1 2 1 2 3 0 42 2 2 2 2 2

1 1

1 1 1
1 , , ,

a aa a 
      

     
+ = + − + = − = =            (31) 
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=


− += 
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0 , 1,2

1 , 3
k

k
S

k

=
= 

=
                                                    (32)

 

(iii) Elasticity without voids

 

The characteristic roots (25) and the amplitude ratios (28), in the absence of voids and 

thermomechanical coupling parameters, 0m b = = = lead to 0T b  = = = and are 

obtained as 

2

1 1, =
2 3
2 2 2

1

1
,oa 


 

= −

 

2 2

3 0 4 2

1
,  


= =

                                                                      
(33) 

1 , 2
,

0 , 1,3
k

k
W

k

=
= 

=

0 , 1,2

1 , 3
k

k
S

k

=
= 

=
                                                                             (34)              

 
The above results are verified and same as obtained by Sharma and Kaur [10]. 
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DERIVATION OF THE SECULAR EQUATIONS

 

Invoking the boundary conditions and equation (27) at the stress-free surface i.e. 0,z =  the 

equations of Rayleigh waves for insulated and isothermal surface of solid half-space in 

contact with inviscid liquid half-space are obtained as 
 

1 MR ,k k kQV r+ = 0,k kV Qr− = 0,k kW r = ,k k k kr ikV R r+ = 0,kS = 0.k kS r =                   (35)
 

where 

22
2

2 2

2 1
, 2 , Lik c

Q P k M
P P

 

 

 
= = − = 

                                                                              

(36) 

The system ofequations (35)  have a non-trivial solution if the determinant of the coefficients  

vanishes and it leads to following secular equations for insulated and isothermal surface 

respectively. 

1 1 1 2 2 2 3 3 3 4 4 4 5 5 5 1 1 2 2 3 3 4 4 5 50, 0.r S F r S F r S F r S F r S F S F S F S F S F S F− + − − = − + − + =
               

(37)
 

where 

2 2 3 3 4 4 5 5

2 2 3 3 4 4 5 5

1

2 2 3 3 4 4 5 5

2 2 2 2 3 3 3 3 4 4 4 4 5 5 5 5

1 1 1 1QV MR QV MR QV MR QV MR

V Qr V Qr V Qr V Qr
F

W r W r W r W r

r ikV R r r ikV R r r ikV R r r ikV R r

+ − + − + − + −

− − − −
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+ − + − + − + −
 

1 1 3 3 4 4 5 5

1 1 3 3 4 4 5 5
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1 1 3 3 4 4 5 5
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− − − −
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=

+ − + − + − + −

                           (38) 

 

The complete information regarding wave number, phase velocity and attenuation coefficient 

of Rayleigh waves in the considered medium in case of thermally insulated and stress-free, 
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isothermal boundaries, can be obtained from equations (37). In the absence of voids, inviscid 

liquid and thermomechanical coupling,both the secular equations (37) with the help of 

equation (33) lead to 
2

2 2
2

2 2
2 4 1 1

c c
c

 

 
− = − − 

 
                                                                              (39) 

Equation (39) represents the classical Rayleigh wave velocity equation in an elastic solid 

half-space which is the same as given by Graff [5], Kumar and Kumar [7], Sharma and 

Pathania [9] and Sharma and Kaur [10]. 

 

CONCLUSIONS 

The propagation of thermoelastic waves in a semi-infinite homogeneous isotropic 

thermoelastic material with voids in contact with inviscid liquid half-space is investigated 

and the results concluded from the above analysis can be summarized as: 

1. There exist four waves in a generalized thermoelastic porous solid and one wave in 

inviscid liquid half-space. In the solid half-space, one of the waves is a transverse wave 

and the remaining three are set of coupled longitudinal waves. 

2. Each set of longitudinal waves is found to be influenced by void volume fraction and the 

thermal properties. 

3. The transverse wave remains independent of the presence of voids and thermal properties 

of the medium. 

4. The Rayleigh wave propagation has importance in geophysical problems as this field 

studies the propagation of progressive elastic waves. The surface wave propagation in a 

thermoelastic material containing voids finds many applications in the industrial world in 

the manufacturing of resonators, filters, and sensors, detectors, electronic components, etc. 

5. The study may find applications in the development and designs of surface acoustic wave 

devices. 
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ABSTRACT:  

The free convection three dimensional steady viscous incompressible flow in porous medium 

is investigated. The effect of transverse magnetic on three dimensional flow and mass 

transfer in the viscous dissipative heat when porous plate is subjected to a slightly sinusoidal 

transverse suction velocity distribution. The aim of this study is to know the effect of 

periodic permeability on the flow in the presence of magnetic field and heat transfer. The 

effect of magnetic field, Schmidt and Grashof number and Reynolds number on velocity, 

concentration and temperature explained with the help of graphs. The governing equations 

are solved numerically with finite difference method.    

 

KEYWORDS: Free Convection, Periodic Permeability, Grashof number, magnetic field 

porous medium. 

 

1. INTRODUCTION: 

Magneto-Hydrodynamics (MHD) is the branch of continuum mechanics deals with the study 

of magnetic properties and behaviour of electrically conducting fluids. Many engineering 

problems and natural phenomenon are based upon the concept of magneto-hydrodynamics. 

MHD is related to engineering problems such as plasma confinement, liquid metal cooling 

into nuclear reactors and electromagnetic casting. The concept of MHD is used in Geo-

physics to study the flow pattern in the core of the earth. Some examples of magneto fluids 

are plasma, salt water, electrolytes and liquid metals. Hannes Alfen in 1942 introduced the 

concept of Magneto-hydrodynamics for which he received the Nobel prize in 1970. The word 

Magneto-Hydrodynamics is derived from the word ‘magnet’ which means magnetic field , 

‘hydro’ means liquid and ‘dynamics’ means in motion.  

 

The movement of conducting fluid in magnetic field produces an induced electric current in 

fluid. The magnetic field exerts a force known as Lorentz force. The set of equations for 

MHD are combination of Navier-Stokes equations for fluid dynamics and Maxwell’s 

equations for electromagnetism. An ideal MHD, assumes that the fluid has very low 

resistivity that it can be treated as perfect conductor. The problems of MHD laminar flow 

through a porous medium have become very important in recent years due to its applications 

in many branches of Science and Technology. 

 

Free convection flows have number of industrial applications such as fibre, granular 

insulation and geo-thermal energy recover, oil extraction and flow through filtering devices. 

Soundalgekar (1981) studied MHD effects on impulsively started vertical infinite plate with 

variable temperature in the presence of transverse magnetic field. Bejan & Khaair (1985) 

discussed heat and mass transfer by natural convection. Hossain & Mandal (1985) have 
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investigated the effects of magnetic field on natural convection flow past a vertical surface. 

Hydromagnetic free convective flow past a porous plate studied by Singh (1991). Singh, 

Chand & Rana(1993) studied the effect of heat transfer in three dimensional flow past a 

porous plate. Later on Gupta & Johari (2000) have investigated the MHD three dimensional   

flow past a porous plate. Singh & Sharma (2002) have discussed three dimensional free 

convective flow and heat transfer in rotating elastic-viscous fluid past an infinite vertical 

porous flat plate with constant suction. Cookey et.al. (2003) have studied the problems which 

includes thermal radiation, heat source, thermal diffusion on unsteady MHD free convection 

flows past an infinite heated vertical plate in porous medium with time-dependent suction. A 

numerical solution of unsteady free convection and mass transfer flow is presented by Alam 

& Rahman (2005). Sharma & Yadav (2006) have discussed steady MHD boundary layer 

flow and heat transfer between two long vertical wavy walls. R.C.Choudhary & Arpita Jain 

(2010) investigated an exact solution of MHD convection flow past an accelerated surface 

embedded in porous. S. Siviach et.al. (2012) have studied finite element analysis of chemical 

reaction and radiation effects on isothermal vertical oscillating plate with variable mass 

diffusion. Ravi kumar & Raju ( 2012) have discussed MHD three dimensional couette flow 

past a porous plate with heat transfer.     

 

Ahmed, Batin & Chamkha (2013) have investigated finite difference approach in porous 

media transport modelling for MHD unsteady flow over a vertical plate using Darcian 

Model. Finite difference solutions of MHD free convective flow with constant suction and 

variable thermal conductivity in a Darcy- Forchheimer porous medium studied by Uwanta & 

Usman (2015). Reddy & Raju (2018) have studied MHD free convective flow past a porous 

plate. 

 

In this paper, we have investigated the MHD free convection flow through a highly porous 

medium. Due to three dimensional flow the permeability of the porous medium is considered 

to be periodic. The flow is moving sinusoidal with variable suction velocity. The governing 

partial differential equations are transformed into a set of ordinary equations and solved 

numerically by finite difference method. We discussed the effect of parameter involved on 

the flow; computed skin friction and rate of heat transfer. 

 

2. MATHEMATICAL FORMULATION: 

Consider the flow of electrical conducting and incompressible viscous fluid with heat and 

mass transfer along an infinite vertical non-conducting porous plate with variable suction 

velocity. The plate is lying vertically on x' -z' plane with x'-axis is taken along the plate in the 

upward direction. The y'-axis is taken normal to the plate and directed along the fluid with 

free stream velocity U . All physical quantities will be independent of x', flow remains three 

dimensional due to variable suction. The sinusoidal suction velocity at plate is considered to 

be of the form 

                   v' (z') = - V 






 
+

L

z
 cos1        (1) 

which consists of basic steady distribution V > 0 superimposed with a very weak 

transversally direction 
L

z 
 cos  . Here L is half wave length of periodic suction velocity. 

The negative sign in (1) indicates that suction is towards the plate. The magnetic field B0 is 

applied along y'-axis. The permeability of the porous medium is assumed to be of the form 
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                   k' (z') = 








 
+



L

z

K


 cos1

0         (2) 

where K'0 is the mean permeability of the porous medium.  The ε (<<1) is amplitude of 

permeability variation. For the flow problem under consideration the following assumptions 

are made: 

(i) The flow is steady, laminar and applied magnetic field B0 perpendicular to the plate. 

(ii) Molecular transport properties are constant. 

(iii)The fluid under consideration is incompressible and viscous. 

(iv) The density variation due to temperature and concentration are approximated by 

Boussinesq approximation.   

(v) Hall effect, polarization and chemical reactions are neglected. 

 

Denoting velocities components u', v', w' in the direction of x', y', z' respectively and 

temperature T' and concentration C', the flow through highly porous medium is governed by 

the following equations: 

 

Continuity Equation 

0=



+




z

w

y

v
           (3) 

Momentum Equations 
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Energy Equation 
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Concentration Equation 
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D

z

C
w

y

C
v

       (8) 

where g- acceleration due to gravity, β- coefficient of volume expansion, β'- coefficient of 

mass expansion, p'- pressure, ρ- density, ν- kinematic viscosity, μ- dynamic viscosity, k- 

thermal conductivity, cp- specific heat at constant pressure, σ- electrical conductivity and D- 

concentration diffusivity. 

The boundary conditions are  
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y' = 0    ;  u' = 0 , w' = 0  ,T' =  T'w , C' = C'w    v' = -V 






 
+

L

z
 cos1

   (9)

 

y'→ ∞    ;       u' = U ,  w' = 0 ,  T' = T'∞ , p' = p*∞   , v' = -V, C' = C'∞ 

 

The subscripts ‘ w’ and  ‘∞’  denote  the physical quantities at the wall and in free stream 

respectively.   

Introducing the following non-dimensional quantities 
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With the help of above (10) non-dimensional variables equations (3) to (8) reduces: 
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Where  

2

)(

VU

TTg
Gr w 

−
=



 - Grashof number ,  
2

)(

VU

CCg
Gm w 

−
=



  - Modified Grashof number 



UL
R =                  -  Reynolds number ,  

k

c p
=Pr                  - Prandlt number 

2

0

L

K
K


=      - Permeability parameter,  

D
Sc


=      - Schmidt number    

LBM 0

2/1









=




- Hartmann number or magnetic parameter and 

U

V
=    -Suction parameter 

The corresponding boundary conditions become: 

y = 0;      u = 0, v = - α(1 + cos πz), w = 0, T = 1 and C = 1 

y→∞:      u = 1, w = 0 , p = p∞, T = 0 and C = 0.                (17) 

3. Method of Solution 

We assume that the solutions of following form because ε(<<1) amplitude permeability 

variation is very small. 

     u (y, z) = u0(y) + ε u1(y, z) + ε2 u2(y, z) + .................................. 
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    v (y, z) = v0(y) + ε v1(y, z) + ε2 v2(y, z) + .................................. 

    w (y, z) = w0(y) + ε w1(y, z) + ε2 w2(y, z) + .................................. 

    p (y, z) = p0(y) + ε p1(y, z) + ε2 p2(y, z) + .................................. 

 

    T (y, z) = T0(y) + ε T1(y, z) + ε2 T2(y, z) + .................................. 

    C (y, z) = C0(y) + ε C1(y, z) + ε2 C2(y, z) +                 (18) 

When ε = 0, the using equations (18) into equations (11) – (16), we get the following 

equations. 

00 =
dy

dv
                     (19) 
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Td

                   (21) 

00

02

0 =−
dy

dC
RScv

dy

dC

                   (22) 

The corresponding boundary conditions are: 

 

y = 0;      u0= 0, v0 = - α, w0 = 0, T0 = 1 and C0 = 1 

y→∞:      u0 = 1, w0 = 0, p0 = p∞, T0 = 0 and C0 = 0.                (23) 

 

The solutions of equations (19) – (22) with boundary conditions (23) are 

v0 = - α                      (24) 

( ) RScyyRy eGmeGreGmGru   1

Pr

0100 11 −−−++=                 (25) 

T0 = e -αRPry                      (26) 

C0 = e -αRScy                       (27) 

with v0 = - α, w0 = 0 and p0 = p∞,                   (28) 

where  2
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When є ≠ 0, the periodic permeability enters the equations (11) – (16) and comparing the 

coefficients of like power of є and neglecting higher power of є2, we get the following with 

equations using equation (28): 
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The corresponding boundary conditions are: 

y = 0;      u1= 0, v1 = - α cos πz, w1 = 0, T1 = 0 and C1 = 0 

y→∞:      u1 = 0, w1 = 0, p1 = 0, T1 = 0 and C1 = 0.                 (35) 

 

The equations (29) – (34) are the linear partial differential equations, which describes free 

convective, three dimensional flow. We assume the solution of equations (29) – (34) of the 

form: 

v1(y, z) = v11(y) cos πz                   (36) 

w1(y, z)=


1
− v'11(y)sin πz                   (37) 

p1(y, z)  = p11(y) cos πz                   (38) 

u1(y, z) = u11(y) cos πz                   (39) 

T1(y, z)  = T11(y) cos πz                   (40) 

C1(y, z) = C11(y) cos πz                   (41) 

Where prime in v'11(y) denotes the differentiation with respect to y. Expressions for v1(y, z) 

and w1(y, z) are chosen in such a way that equation of continuity (29) is satisfied. 

Substituting the expressions (36)-(38) into equations (31)-(32) we have 
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Eliminating the terms p11and p'
11 in equations (42) and (43), we get the following, 
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The corresponding boundary conditions are: 

y = 0 ;   v11 = - α,  v'11 = 0 

y→∞;    v11 = 0                    (45) 
 

Substituting the equations (39), (40) and (41) in equations (30), (33) and (34), we get 

following: 
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01111

2

1111 Pr TvRTTRprT −=−+                    (47) 

01111

2

1111 CRScvCCRScC −=−+                    (48) 

The corresponding boundary conditions are: 

y = 0 ;   u11 = 0,  T11 = 0, C11 = 0 

y→∞;    u11 → 0, T11 →0 ,  C11 → 0                  (49) 

Using Finite difference formulae                                                          
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Equation (44) using finite difference form (50) becomes 
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 Similarly solving equations (46), (47) and (48) using (50), we get the following: 
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Equations (51) – (54)  have been solved by Gauss-Seidal iteration method for velocity and 

temperature. To prove the convergence of finite difference scheme, the calculations are 

carried out slightly changed value of h .Smaller change is observed in the value of velocity 

and temperture.Thus, it is concluded that finite difference scheme is convergent and stable. 

 

5.4 Skin –friction coefficient: 

We know discuss the skin friction components in the x' – direction in the non- dimensional 

form. 
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5.5 Nusselt number  

The rate of heat transfer i.e heat flux at the surface in terms of Nusselt number(Nu) is given 

by 
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(56) 

5.6 Results and discussion 

In view of physical nature of the problem, numerical calculations are carried out for different 

parameters such as Grashof number(Gr), Modified Grashof number(Gm), Hartmann 

number(M) , Suction velocity(α), Permeability(K) , Reynolds number(R), Prandtl number 

(Pr) and Schmidt number(Sc) are studied.  

 

Figure 1 depicts the effect of suction parameter(α) on velocity field when  R=10, K=1, 

M=2,ϵ=0.1 and z=0. As the suction parameter increases there is increase in velocity of the 

fluid. 
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Figure 1. Effect of suction parameter (α) on velocity field when R = 10,  

K=1, M=2,ϵ=0.1 and z=0. 

 

Figure 2 shows the effect of  Hartmann number(M) on velocity field when α = 0.2, R= 10, 

K=1, ϵ= 0.1 and z=0. This indicates that as magnetic parameter increases there is decrease in 

velocity field. 

 

 
Figure 2. Effect of magnetic parameter (M) on velocity field when α =0.2,R = 10, 

K=1,,ϵ=0.1 and z=0.  
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Figure 3. Effect of Reynolds number (R) on velocity field when α=0.2,  

K=1, M=2,ϵ=0.1 and z=0. 

Figures 3 and 4 depicts the Reynolds number and permeability effect on velocity field.  

 
Figure 4. Effect of Permeability parameter (K) on velocity field when α=0.2, R=1, 

M=2,ϵ=0.1 and z=0. 
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ABSTRACT: 

The influence of viscosity, viscoelasticity, medium permeability and medium porosity on the 

stability of a stratified elastic-viscous fluid is examined for viscoelastic polymeric solutions 

in the simultaneous presence of a variable horizontal magnetic field ( )( ) 0,0,  0 zHH  and 

uniform horizontal rotation ( )0,0, ΩΩ  in porous medium. These solutions are known as 

Walters’ (model B ) fluid and their rheology is approximated by the Walters’ (model B ) fluid 

constitutive relations, proposed by Walters’. The effects of coriolis force on the stability are 

chosen along the direction of the magnetic field and transverse to that of the gravitational 

field ( )g−,0,0 g . Assuming the exponential stratifications in density, viscosity and 

viscoelasticity, the appropriate solution for the case of free boundaries is obtained using a 

linearized stability theory and normal mode analysis method. The dispersion relation is 

obtained and the behaviour of growth rates with respect to kinematic viscosity, kinematic 

viscoelasticity, medium permeability and medium porosity is examined numerically using 

Newton-Raphson method through the software Fortran-90 and Mathcad. In contrast to the 

Newtonian fluids, the system is found to be unstable, for stable stratifications, for small 

wavelength perturbations. It is found that the magnetic field stabilizes the certain wave 

number band, for unstable stratification in the presence of rotation and this wave number 

range increases with the increase in magnetic field and decreases with the increase in 

kinematic viscoelasticity implying thereby the stabilizing effect of magnetic field and 

kinematic viscoelasticity and the kinematic viscosity has a stabilizing effect on the system for 

the low wave number range. The medium permeability has enhancing effect on the growth 

rates with its increase for a fixed wave number. These results are shown graphically. 

 

KEY WORDS: Walters’ (model B ) fluid; magnetic field; rotation; viscosity; viscoelasticity,  

medium permeability,  medium porosity. 

 

1. INTRODUCTION: 

The flow through porous medium has been of considerable interest in recent years 

particularly among geophysical fluid dynamics. When we consider flow in porous medium,  

some additional complexities arise which are due to the interaction between the fluids and the 

porous medium. Here we consider those fluid flows for which Darcy’s law is applicable. This 

law is empirical in nature and is usually considered valid for creeping flows where the 

Reynolds’s number as defined for a porous medium is less than one. Darcy’s law states that 

the gross effect,  as the fluid slowly percolated through the pores of rock,  is that usual 

viscous term in the equation of elastic-viscous fluid motion will be replaced by the resistance 
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terms 



















− q

t


1k

1
- ,  where   and are the coefficients of viscosity and 

viscoelasticity,  of Walters’ (model B’) fluid,   1k  is the medium permeability and q  is the 

Darcian (filter) velocity (seepage) of the fluid. The stability of flow of a single component 

fluid through porous medium taking into account the Darcy’s resistance has been studied by 

Lapwood  [1] and Wooding [2]. The effect of the Earth’s magnetic field on the stability of 

such a flow is of interest in geophysics particularly in the study of Earth’s core where the 

Earth’s mantle, which consists of conducting fluid, behaves like a porous medium which can 

become convectively unstable as a result of differential diffusion. The physical properties of 

comets and meteorites strongly suggest importance of porosity in astrophysical context 

(McDonnell [3]). 

 

The stability derived from the character of the equilibrium of an incompressible heavy fluid 

of variable density (i.e. of a heterogeneous fluid) was investigated by Rayleigh [4]. He 

demonstrated that the system is stable or unstable according as the density decreases 

everywhere or increases everywhere. An experimental demonstration of the development of 

the Rayleigh–Taylor instability was performed by Taylor [5].  The effect of a vertical 

magnetic field on the development of Rayleigh–Taylor instability was considered by Hide[6]. 

Reid [7] studied the effect of surface tension and viscosity on the stability of two superposed 

fluids. The Rayleigh–Taylor instability of a Newtonian fluid has been studied by several 

authors accepting varying assumptions of hydrodynamics and hydromagnetics and 

Chandrasekhar [8] in his celebrated monograph has given a detailed account of these 

investigations. Bellman and Pennington [9] further investigated in detail illustrating the 

combined effects of viscosity and surface tension. Gupta [10] again studied the stability of a 

horizontal layer of a perfectly conducting fluid with continuous density and viscosity 

stratifications in the presence of a horizontal magnetic field. The Rayleigh–Taylor instability 

problems arise in oceanography, limnology and engineering.  

 

Generally, the magnetic field has a stabilizing effect on the instability, but there are a few 

exceptions also. For example, Kent [11] has studied the effect of a horizontal magnetic field 

which varies in the vertical direction on the stability of parallel flows and has shown that the 

system is unstable under certain conditions, while in the absence of magnetic field the system 

is known to be stable. In stellar atmospheres and interiors, the magnetic field may be (and 

quite often is) variable and may altogether alter the nature of the instability. Coriolis force 

also plays an important role on the stability of the system. In all the above studies the fluid 

has been assumed to be Newtonian.  

 

With the growing importance of non–Newtonian fluids in modern technology and industries, 

the investigations of such fluids are desirable. Fredricksen [12] has given a good review of 

non–Newtonian fluids whereas Joseph [13] has also considered the stability of viscoelastic 

fluids. There are many viscoelastic fluids which cannot be characterized either by Maxwell’s 

constitutive relations or by Oldroyd’s constitutive relations. One of such viscoelastic fluids is 

Walters’ (model B ) fluid. Walters’ [14] has proposed a constitutive equation for such type of 

elastico–viscous fluids. Many other research workers have paid their attention towards the 

study of Walters’ (model B ) fluid. The mixture of polymethyl  methacrylate and pyridine at 

25°C containing 30.5 grams of polymers per litre behaves very nearly as the Walters’ 

(model B ) viscoelastic fluid and which is proposed by Walters’[15]. This class of fluids is 

used in the manufacture of parts of space cafts, aeroplane, tyres, beltconveyors, rops, 
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cushions, seats, foams, plastics, engineering equipments etc. Sharma and Kumar [16] have 

studied the steady flow and heat transfer of Walters’ fluid (model B ) through a porous pipe 

of uniform circular–cross section with small suction. Sharma and Kumar [17] have studied 

the stability of two superposed Walters’ (model B ) viscoelastic fluid. The magnetic field 

stabilizes the system. The viscoelasticity of the medium has damping effects on the growth 

rates but has enhancing effects for certain ranges of the wave-numbers. Sharma et al. [18] 

have studied the stability of stratified Walters’ (model B ) fluid in the presence of horizontal 

magnetic field and rotation in porous medium. Yadav and Sharma [19] have studied the 

effects of porous medium on MHD fluid flow along a stretching cylinder. Sharma and 

Gupta[20] have also studied the stability of stratified elastico–viscous  Walters’ (model B ) 

fluid  in the presence of variable magnetic field and rotation. 

 

Keeping  in  mind  the  importance  of  non–Newtonian  fluids,  medium permeability  in  

modern  technology and  their various  applications  mentioned  above,  the  present  paper is 

devoted  to consider the  stability of  rotating  stratified elastico–viscous Walters’ (model B ) 

fluid  in the presence of variable magnetic field and rotation in porous medium. 

 

2. MATHEMATICAL FORMULATION OF THE PROBLEM: 

The initial stationary state whose stability we wish to examine is that of an incompressible,  

heterogeneous infinitely extending and conducting ( )→  elastico–viscous Walters’ 

(model B ) fluid of thickness d  bounded by the planes dz ,0= and   of variable density,  

kinematic viscosity and viscoelasticity,  arranged in horizontal strata in a porous medium of 

variable porosity  and medium permeability so that the free surface is almost horizontal and 

the electrical conductivity 



e4

1
=  is zero.  The fluid is acted on by gravity force 

( )g−,0,0 g ,  a uniform horizontal rotation ( )0,0, ΩΩ  and a  variable horizontal magnetic field 

( )( ) 0,0,  0 zHH .The character of the equilibrium of this stationary state is determined by 

supposing that the system is slightly disturbed and then,  following its further evolution.. 

 

The equations expressing conservation of momentum, mass, incompressibility and 

Maxwell’s equations for the elastico–viscous Walters’ (model B ) fluid are 
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( )Hq
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t 
,            (5) 

where e ,  the medium permeability,  is assumed to be constant. Equation (3) represents the 

fact that the density of a particle remains unchanged as we follow it with its motion.   

 

Let ( ) ,,       , wvuδp,  q  and ( ) ,,  zyx hhhh  denote, respectively, the perturbations in 

density ( )z , pressure ( )zp ,  velocity v ( )0,0,0  and horizontal magnetic field ( )0 ,0 , HH . 

Then the equations (1)–(5) after perturbations in the cartesian form become  
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Analyzing the disturbances into normal modes, we seek solutions whose dependence on  

zyx  , ,  and time t  is given by 

( )ntyikxikzf yx ++ exp)( ,                    (24) 

where )(zf  is the some function of z –only; xk ,  yk  are the wave-numbers in the x – and 

y –directions,  respectively,  ( ) 2
1

22

yx kkk +=  is the resultant wave-number and n  is the 

growth rate of the disturbance which is,  in general,  a complex constant. 
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Equations (15)–(23) using expression (24) become 
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0=+  wDn ,                                           (29) 

0=++ zyyxx Dhhikhik ,                                           (30) 

00   DHwuHiknh xx −= ,                    (31) 

vHiknh xy 0= ,                     (32) 

wHiknh xz 0= ,                                (33) 

Now substituting the values of yx hh    ,  and zh  from equations (31)–(33) in equations (25)–

(27),  we get 

( )( ) vΩDH
n

wHik
ukDn

k
δpikun xe

x  
2

4
 

1
 0

022

1










+








+−−−−=


,             (34)  

( )( ) +−−−−=


vkDn
k

δpikvn y  
1

  22

1




0
4

He




uΩ

n

DHwik

n

Hik yzx  
2 00 




−












+ ,             (35) 

 

( )( ) 











−−−


+−−−−=

 n

DHw

n

uHik
D

n

wHkH
wkDn

k
δpDwn xxe 000

2

022

1

  
 

4

1
   








( )


+











−−

wDg

H

DH

n

DHw

n

uHikx    

0

000  ,  (36)  

where  uikvik yxz −= ,   is  the z –component of vorticity. 

Multiplying equations (34) and (35) by yik−  and xik ,  respectively,  and then adding we get 
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 where  
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A =   (square of the Alfvén’s velocity).    

Substituting the value of z  in equation (35),  we get 
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Multiplying equations (34) and (36) by xik−  and yik− ,  respectively,  and then adding and 

using (28),  we obtain 
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Eliminating  u , v  and p from equations (35)–(39) using equations (29),   after little 

algebra,  we get 
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Equation (40) is the general equation formulating the effect of variable magnetic field and 

uniform rotation on the stability of stratified Walters’ (model B ) fluid saturating porous 

medium. 

 

3. THE CASE OF EXPONENTIALLY VARYING STRATIFICATIONS: 

In order to obtain the solution of the stability problem of a layer of Walters’ (model B ) fluid, 

we suppose that the density  , viscosity  , viscoelasticity   medium porosity  and 

medium permeability   vary exponentially along the vertical direction i.e.  
zzzzz

ekkeeee 11111
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  =====               (41) 
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are constant everywhere.  

Using the stratifications of the form (41),  equation (40) transforms to 
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Considering the case of two free boundaries,  we must have 

02 == wDw   at 0=z  and dz = .               (43) 

The appropriate solution of equation (42) satisfying the above boundary condition is 

d
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sin0


= ,                (44) 

where  m  is an integer and 0A  is a constant. 

Substituting the value of w  from equation (44) in equation (42) we obtain dispersion relation 
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where   
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 . 

Equation (45) is biquadratic in n  and is the dispersion relation governing the effects of 

uniform rotation, variable horizontal magnetic field, viscosity, viscoelasticity medium 
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permeability and medium porosity on the stability of stratified Walters’ (model B ) fluid. 

 

4. RESULTS AND DISCUSSIONS: 

(a) Case of stable stratifications (i.e. 1 0 ) and ( )ovk  010 4 ,   Equation (45) does not 

admit any positive real root or complex root with positive real part using Routh–Hurwitz 

criterion; therefore,  the system is always stable for disturbances of all wave-number.  

(b) Case of unstable stratifications (i.e. 1 0 ) and ( )ovk  010 4 ,  If 1 0 ,   

g
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− ,  the constant term in the equation (45) is negative and therefore has at 

least one root with positive real part using Routh–Hurwitz criterion; so the system is unstable 

for all wave-numbers satisfying the inequality  
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where   is the angle between xk  and k i.e. ( )coskk x = .  
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 , equation (45) does not admit 

of any positive real root or complex root with positive real part,  therefore,  the system is 

stable. The system is clearly unstable in the absence of magnetic field,  rotation and for non–

viscoelastic fluid. 
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(47) 

 

For 1 0 , the constant term in the equation (45) is negative and therefore has at least one 

root with positive real part therefore the system is clearly unstable. The magnetic field, 

therefore, stabilizes potentially unstable stratifications for small wave-length perturbations  

( )
22

2

1

22

1

222

12 sec 

dV

dmVgd
k

A

A  −−
 .            (48) 

Also, it is clear that the wave-number range, for which the potentially unstable system gets 

stabilized, increases with the increase in magnetic field and decreases with the increase in 

kinematic viscoelasticity. All long wave-length perturbations satisfying equation (48) remain 

unstable and are not stabilized by magnetic field.  
 

The behaviour of growth rates with respect to kinematic viscosity 0 , kinematic 

viscoelasticity 0   and square of the Alfvén velocity 2

AV  satisfying equation (45) has been 

examined numerically using Newton–Raphson method through the software Mathcad. Figure 

(1) shows the variation of growth rate rn  (positive real value of n ) with respect to the wave-

number k  for fixed permissible value 

of   ,cm 6   ,1,6,5.0   ,2 11001 ===== dmk 1=Ω revolution/minute, 10 = , 

55  ,45cos  ,cm/s980 202 === Ax Vkkg  for three values of =0 2,  3 and 4 respectively. These 

values are the permissible values for the respective parameters and are in good agreement 

with the corresponding values used by Chandrasekhar [8] while describing various 

hydrodynamic and hydromagnetic stability problems. The graph shows that for fixed wave-

numbers, the growth rate increases for certain wave number with the increase in kinematic 

viscoelasticity 0  , which indicates the destabilizing effect of viscoelasticity whereas the 
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growth rate decreases for certain wave numbers  implying thereby the stabilizing effect of 

kinematic viscoelasticity on the system in the presence of medium permeability  and medium 

porosity for low wave numbers range. 
 

Figure (2) shows the variation of growth rate rn  (positive real value of n ) with respect to the 

wave-number k for fixed permissible values of   ,cm 6   ,1   ,2 11 === dm 1=Ω  

revolution/minute, 10 = ,  ,6,5.0 ,55  ,45cos  ,cm/s980 100

202 ===== kVkkg Ax
 for three 

values of =0 2,  4 and 6 respectively. The graph shows that for fixed wave-numbers,  the 

growth rate increases for certain wave number with the increase in kinematic viscosity 0  

which indicates the destabilizing influence of kinematic viscosity,  whereas the growth rate 

decreases for certain wave numbers,  implying thereby the stabilizing effect of kinematic 

viscosity on the system in the presence of medium permeability and medium porosity. 

Figure (3) shows the variation of growth rate rn  (positive real value of n ) with respect to 

wave-number k for fixed permissible values of ,cm 6  ,1  ,2 11 === dm 1=Ω  

revolution/minute, =0 4, 2 0 = ,  6,5.0 ,45cos  ,cm/s 980 100

02 ==== kkkg x
  for two 

values of  =2

AV 15 and 55 respectively. The graph shows that for fixed wave-numbers,  the 

growth rate increases with the increase in the square of the Alfvén velocity 2

AV  for certain 

wave number which indicates the destabilizing influence of the square of the Alfvén velocity,  

whereas growth rate decreases for certain wave numbers,  implying thereby the stabilizing 

effect of the square of the Alfvén velocity on the system in the presence of medium 

permeability and medium porosity.  
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Figure 1: The variation of  

rn with  wave-number k   for three values of  4,3,20 = .  
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Figure 2: The variation of 

rn with wave-number k  for three values of  6 ,4 ,20 = .    
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Figure 3: The variation of  

rn  with wave-number k  for two values of 55 ,152 =AV .  

 

5. REFERENCES: 

1. E.R. Lapwood, Convection of fluid in a porous medium. Proc. Camb. Phil. Soc. 45(1948) 

508. 

2. R. A.Wooding, Rayleigh instability of a thermal boundary layer in flow through a porous 

medium. J. Fluid Mech. 9 (1960)183. 

3. J. A. M. McDonnel, Cosmic Dust. John Wiley and Sons, Toronto, (1978) 330. 

4. Lord Rayleigh, Proc. London Math. Soc., 14 (1883) 170. 

5. G. I. Taylor, The instability of liquid surfaces when accelerated in direction perpendicular 

to their planes. Proc. Roy. Soc. (Lon.) A 201 (1950) 192.  

6. R. Hide, Waves in a heavy, viscous, incompressible, electrically conducting fluid of a 

variable density in the presence of a magnetic field. Proc. Roy. Soc. (London, ) A233 

(1955) 376. 

7. W. H. Reid, The effect of surface tension and viscosity on the stability of two superposed 

fluids. Proc. Camb. Phil. Soc. 57 (1960) 415. 

8. S. Chandrasekhar, Hydrodynamic and hydromagnetic stability. Dover Publication, New 

York (1961). 

9. R. Bellman and R. H. Pennington, Effect of surface tension and viscosity on Taylor 

Instability. Quart. Appl. Math., 12(1954) 151–162. 

10. A. S. Gupta, Rayleigh–Taylor instability of a viscous electrically conducting fluid in the 

presence of a horizontal magnetic field. J. Phys Soc. Japan, 18 (1963) 1073. 

11. A. Kent, Instability of laminar flow of a magnetofluid. Phys. Fluids, 9(1966) 1286. 

12. A.G. Fredricksen, Principles and applications of Rheology, Prentice–Hall Inc., New 

Jersey., (1964).   

13. D.D. Joseph, Stability of fluid motion II, Springer–Verlag, New York.(1976). 



Proceeding of International Conference on Mathematics in Space and Applied Sciences  

(ICMSAS-2019) 

Published by Knowledge and Research Publisher, Nagpur India                  ISBN-978-81-942641-8-7 
 

 

 43 

14. K. Walters, The motion of an elastico–viscous liquid contained between concentric 

spheres, Quart. J. Mech. Applied Math., 13(1960) 325.  

15. K. Walters, Non–Newtonian effects in some elastico–viscous liquids whose behaviour at 

small rates of shear is characterized by a general linear equation of state, Quart. J. Mech. 

Applied. Math., 15 (1962)63.Also Proc. I. U.T.A.M. Symposium (Haifa, Israel, 1962).  

16. P. R. Sharma and H. Kumar, Proc. Nat. Acad. Sci. India, 65(A) (1995) I 75.   

17. R. C. Sharma, and P. Kumar, Study of the stability of two superposed Walters’ 

(model B ) viscoelastic liquids, Czechoslovak Journal of Physics, 47 (1997 ) II 197.  

18. V. Sharma, Dutt Suneel and U. Gupta, Stability of stratified elastico– viscous Walters’ 

(model B ) fluid in presence of uniform horizontal magnetic field and rotation. Arch. 

Mech., 58 (2) (2006) 187–197, Warszawa.   

19. R.S. Yadav and P.R. Sharma, Effects of porous medium on MHD fluid flow along a 

stretching cylinder, Annals of Pure and Appl. Math., 6(1) (2014) 104-113. 

20. V. Sharma and S. Gupta, Stability of Stratified Elastico-viscous Walters’ (Model B ) 

Fluid in the Presence of Variable Magnetic Field and Rotation. Annals of Pure and 

Applied Mathematics, 12(1) (2016) 31-40. 



Proceeding of International Conference on Mathematics in Space and Applied Sciences  

(ICMSAS-2019) 

Published by Knowledge and Research Publisher, Nagpur India                  ISBN-978-81-942641-8-7 
 
 

44 
 

ON TRIPLY DIFFUSIVE CONVECTION IN A DENSELY PACKED 

POROUS MEDIUM: DARCY MODEL 
Pankaj Kumar*1, Kaka Ram2, Jitender Kumar3, Vinod Kumar4 and Jyoti Prakash5 

 

1,2,3,5Department of Mathematics and Statistics, H.P.U., Summer Hill, Shimla(H. P.)-171005, 

India 
4Department of Physics, M. L. S. M. College, Sundernagar, Mandi (H. P.)-175018, India 

*Corresponding Author E-mail: pankajthakur28.85@gmail.com 

 

ABSTRACT:  

It is mathematically established that thetriply diffusive convection in a densely packed 

porous medium with one of the components as heat, with diffusivity κ, cannot manifest itself 

as oscillatory motions of growing amplitude in an initially bottom heavy configuration if the 

two concentration Rayleigh numbers R1 and R2, the Lewis numbers τ1 and τ2 for the two 

concentrations with diffusivities κ1 and κ2 respectively(with no loss of generality κ > κ1 >

κ2), the porous parameterA and a constant P1satisfy the inequality R1 + R2 ≤
4π2

𝑃1[1+𝐴(𝜏1+𝜏2)]
. 

The result thus obtained is uniformly valid for any combination of rigid and free boundaries. 

 

KEYWORDS: Triply diffusive convection, Rayleigh number, Concentration Rayleigh 

number, Porous medium, Darcy Model. 

 

INTRODUCTION: 

Thermohaline convection has received much attention during some decades. It has 

outstanding applications in various fields of modern science like chemical engineering, 

nuclear engineering, astrophysics, oceanography, geophysics etc. The conditions under 

which thermohaline convection occurs has been extensively studied by Brandt and 

Fernando[1], Turner [2], Lapwood [3], Nield and Bejan [4], Radko [5], Wooding [6], Vafai 

[7], Abdullah and Alkazmi [8], Straughan [9] etc. 

 

Later it is observed thatthere are many situations in nature wherein density of fluid systems 

depends upon more than two independently stratifying agencies having different 

diffusivities.Examples of such triply diffusive fluid systems include the Earth’s molten core, 

solidification of molten alloys, ocean water, geothermally heated lakes etc. Various 

researchers have contributed towards the theoretical as well as analyticalstudy of the onset of 

convection in triply diffusive fluid systems. For a broad view of the subject one may referred 

to Griffiths [10], Pearlstein et al. [11], Terrones [12], Lopez et al. [13], Rionero [14], Prakash 

et al. [15,16,17], Ghalambaz et al. [18] etc. 

 

Banerjee et al. [19] derived a characterization theorem for thermohaline convection problem 

which proves the non-existence of oscillatory motions of growing amplitude in an initially 

bottom heavy configuration in a certain parameter regime and paved the way for further 

theoretical and experimental investigations in this field of enquiry. Later, Prakash et al. 

[20,21] further extended these results of Banerjee et al. [19] to more general triply diffusive 

configurations in the domain of astrophysics, wherein liquid concern has the property of 

magnetic field and rotation prevalent. As a further step, in the present paper, we have derived 
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such characterization theorem for the triply diffusive convection in a densely packed porous 

medium. 

 

MATHEMATICAL FORMULATION: 

Consider an infinite horizontal densely packed porous layer filled with a  viscous and 

Boussinesq fluid, statically confined between two horizontal boundaries z = 0 and z = d 

which are respectively maintained at uniform temperatures T0 and T1(< T0) and uniform 

concentrations S10, S20 and S11(< S10), S21(< S20) in the force field of gravity (seeFig.1). It 

is assumed that the porous medium is of constant porosity. The Darcy model has been 

utilized to study the triply diffusive convection in a densely packed porous medium. 

 
                                       Fig.1. Physical configuration 

 

The governing hydrodynamic equations and boundary conditions for the present problem in 

their non-dimensional form, are given by (Wankat and Schowalter [22], Vafai [7] and 

Prakash et al. [23]): 

(
p

σ
+

1

P1
) (D2 − a2)w = −R a2θ + R1a

2ϕ1 + R2a
2ϕ2,     (1) 

(D2 − a2 − Ap)θ = −w ,         (2) 

(D2 − a2 −
 p

τ1
)ϕ1 = − 

w

τ1
 ,         (3) 

(D2 − a2 −
 p

τ2
)ϕ2 =  − 

w

τ2
 ,                                                                                     (4)  

The Eqs. (1) -(4) are to be solved by using the following boundary conditions: 

 w =  0 = θ = ϕ1 = ϕ2 = Dw at z =  0 and at z = 1,  

(when both the boundaries are rigid)                (5) 

orw = 0 =  θ =  ϕ1 = ϕ2 = D2w at z = 0 and at z = 1,  

(when both the boundaries are free)          (6) 

 

where z is the real independent variable such that 0 ≤  z  ≤ 1, D is the differentiation w.r.t. z,  

a2 is square of the wave number, σ > 0 is the Prandtl number,τ1, τ2
> 0 are the Lewis 

numbers for two concentration components respectively, R > 0 is the Rayleigh number, R1 >
0 and R2 > 0 are the two concentration Rayleigh numbers,w is the vertical velocity, θ is the 

temperature, ϕ1 and ϕ2 are the two concentrations,p =  pr +  ipi is the complex growth rate 

where  pr and  pi are the real constants and as a consequence the dependent variables w(z) =
wr(z) + iwi(z), θ(z) = θr(z) + iθi(z), ϕ1(z) = ϕ1r(z) + iϕ1i(z) and ϕ2(z) = ϕ2r(z) +
iϕ2i(z)are complex valued functions of the real variable z. The governing equations also 

d 

𝑋 

Z 

g⃗ (0,0, −g) 

T1 

T0(> T1) 

) 

S11 

S20(> S21) 

) 

S10(> S11) 

) 

S21 

porous medium 

 

Y 

𝑜 

𝑧 = 0 

𝑧 = 𝑑 
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involve two more positive constants namelyP1 =
k1

ϵd2
 and A = 1 +

ρscs

ρ0c0

(1−ϵ)

ϵ
, wherek1 is the 

permeability,ϵ is the porosity of the porous medium, d is the depth of the fluid layer;ρ
s
is the 

solid density, cs is the heat capacity of the solid. The suffix  ′0′ denotes the values of various 

parameters involved in the governing equations at some properly chosen reference 

temperature T0. 
 

It may further be noted that the Eqs.(1) -(6) describe an eigen value problem for p and govern 

triply diffusive convectionin a densely packed porous medium with constant porosity for any 

combination of rigid and free boundaries. 

 

MATHEMATICAL ANALYSIS: 

Now we prove the following theorem: 

Theorem 1: If R > 0, R1 > 0, R2 > 0, pr ≥ 0, pi ≠ 0, andRs = R1 + R2 ≤
4π2

𝑃1[1+𝐴(𝜏1+𝜏2)]
then 

a necessary condition for the existence of non-trivial solution (w, θ, ϕ1, ϕ2, p) of Eqs.(1)-(4) 

together with boundary conditions (5) or (6) is thatRs = R1 + R2 < 𝑅. 
Proof:Multiplying Eq. (1) by w* (the superscript * henceforth denotes complex conjugation) 

on both sides and integrating over vertical range of z, we obtain 

(
p

σ
+

1

P1
)∫ w∗1

0
(D2 − a2)w dz = −R a2 ∫ w∗1

0
θ dz + R1a

2 ∫ w∗1

0
ϕ1 dz +

R2a
2 ∫ w∗1

0
ϕ2 dz.(7) 

Using Eqs. (2)-(4) and the fact, that w(0) = 0 = w(1), we can write 

R a2 ∫ w∗1

0
θ dz = −Ra2 ∫ θ

1

0
(D2 − a2 −  Ap∗)θ

∗dz,      (8) 

R1a
2 ∫ w∗1

0
ϕ1dz = −R1a

2τ1 ∫ ϕ1
1

0
(D2 − a2 − 

 p∗

τ1
)ϕ1

∗dz, (9) 

R2a
2 ∫ w∗1

0
ϕ2dz = −R2a

2τ2 ∫ ϕ2
1

0
(D2 − a2 − 

p∗

τ2
)ϕ2

∗dz.     

 (10) 

Combining Eqs. (7) -(10), we obtain 

(
p

σ
+

1

P1
)∫w∗

1

0

(D2 − a2)w dz = Ra2 ∫ θ

1

0

(D2 − a2 −   Ap∗)θ
∗dz 

−R1a
2τ1 ∫ ϕ1

1

0
(D2 − a2 − 

 p∗

τ1
)ϕ1

∗dz−R2a
2τ2 ∫ ϕ2

1

0
(D2 − a2 − 

p∗

τ2
)ϕ2

∗dz 

 (11)Integrating various terms of Eq. (11), by parts, for an appropriate number of times 

and making use of either of the boundary conditions (5)-(6), it follows that 

(
p

σ
+

1

P1
)∫ (|Dw|2 + a2|w|2)

1

0
dz = Ra2 ∫ (|Dθ|2 + a2|θ|2 +

1

0

Ap∗|θ|2) dz− R1a
2τ1 ∫ (|Dϕ1|

2 + a2|ϕ1|
2 +

p∗

τ1
|ϕ1|

2) dz
1

0
− R2a

2τ2 ∫ (|Dϕ2|
2 +

1

0

 a2|ϕ2|
2 + 

p∗

τ2
|ϕ2|

2)dz    (12) 

Equating the real and imaginary parts of both sides of Eq. (12) and cancelling pi (≠
0)throughout from the imaginary part, we get 
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(
pr

σ
+

1

P1
)∫ (|Dw|2 + a2|w|2)

1

0
dz = Ra2 ∫ (|Dθ|2 + a2|θ|2 + Apr|θ|

2)
1

0
dz −

R1a
2τ1 ∫ (|Dϕ1|

2 + a2|ϕ1|
2 +

pr

τ1
|ϕ1|

2)
1

0
dz − R2a

2τ2 ∫ (|Dϕ2|
2 + a2|ϕ2|

2 +
1

0

pr

τ2
|ϕ2|

2) dz      v            (13) 

and 

∫ (|Dw|2 + a2|w|2)dz = −Ra2Aσ ∫ |θ|2dz + R1a
2σ ∫ |ϕ1|

21

0

1

0

1

0
dz + R2a

2σ ∫ |ϕ2|
21

0
dz        

(14) 

We write Eq. (13) in an alternative form as 

pr ∫ (|Dw|2 + a2|w|2)
1

0

dz +
σ

P1
∫ (|Dw|2 + a2|w|2)

1

0

dz

= Ra2σ ∫ (|Dθ|2 + a2|θ|2)dz −
1

0

R1a
2στ1 ∫ (|Dϕ1|

2 + a2|ϕ1|
2)

1

0

dz

− R2a
2στ2 ∫ (|Dϕ2|

2 + a2|ϕ2|
2)dz

1

0

 

+pr [Ra2Aσ ∫ |θ|2dz − R1a
2σ ∫ |ϕ1|

2dz − R2a
2σ ∫ |ϕ2|

21

0
dz

1

0

1

0
]       

(15) 

and derive the desired result from the resulting inequality obtained by replacing each term of 

this equation by its appropriate estimate. 

We first note that since w, θ, ϕ1 ,andϕ2satisfyw(0) = 0 = w(1), θ(0) = 0 = θ(1),ϕ1(0) =
0 = ϕ1(1) andϕ2(0) = 0 = ϕ2(1), we have by Rayleigh-Ritz inequality (Schultz[24]) 

∫ |Dw|2dz ≥ π2 ∫ |w|2dz,
1

0

1

0
             

(16)  

∫ |Dθ|2dz ≥ π2 ∫ |θ|2dz,
1

0

1

0
              

(17)  

∫ |Dϕ1|
2dz ≥ π2 ∫ |ϕ1|

2dz
1

0

1

0
,             

(18) 

∫ |Dϕ2|
2dz ≥ π2 ∫ |ϕ2|

2dz
1

0

1

0
,                             (19) Further, since pr ≥ 0, we note that 

pr ∫ (|Dw|2 + a2|w|2)dz
1

0
≥ 0.           (20) 

 

Now multiplying Eq. (2) by θ
∗
 and integrating the various terms on the left hand side of the 

resulting equation by parts for an appropriate number of times by making use of the 

boundary conditions on θ, namelyθ(0) = 0 = θ(1), we have from the real part of the final 

equation 

∫ (|Dθ|2 + a2|θ|2 + Apr|θ|
2)dz

1

0
= Real part of ∫ θ

∗wdz
1

0
, 

≤ |∫ θ
∗wdz

1

0
|, 

≤ ∫ |θ∗w|dz
1

0
, 

≤ (∫ |θ|2dz
1

0
)
1/2

(∫ |w|2dz
1

0
)
1/2

(using Schwartz inequality).       (21) 

 

Combining the above inequality with inequality(17) and the fact that pr ≥ 0, we have 
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(π2 + a2)∫ |θ|2dz ≤ (∫ |θ|2dz
1

0

)

1/2

(∫ |w|2dz
1

0

)

1/2

,
1

0

 

which gives that  

(∫ |θ|2dz
1

0

)

1/2

≤
1

(π2 + a2)
(∫ |w|2dz

1

0

)

1/2

, 

and thus inequality (21) gives 

∫ (|Dθ|2 + a2|θ|2)dz
1

0
≤

1

(π2+a2)
∫ |w|2dz.

1

0
(22) Further, combining the above inequality with 

inequality(17), we get 

∫ |θ|2dz
1

0
≤

1

(π2+a2)2
∫ |w|2dz 

1

0
.(23) 

Now using inequalities (18) and (19) it follows that 

R1a
2στ1 ∫ (|Dϕ1|

2 + a2|ϕ1|
2)

1

0

dz + R2a
2στ2 ∫ (|Dϕ2|

2 + a2|ϕ2|
2)dz

1

0

 

≥ (π2 + a2) (R1a
2στ1 ∫ |ϕ1|

2dz +
1

0

R2a
2στ2 ∫ |ϕ2|

2dz
1

0

) 

≥ (π2 + a2) {τ1 ∫ (|Dw|2+a2|w|2)dz − R2a
2στ1 ∫ |ϕ2|

2dz
1

0
+ τ2 ∫ (|Dw|2+a2|w|2)dz −

1

0

1

0

R1a
2στ2 ∫ |ϕ1|

2dz
1

0
} (utilizing Eq. (14))                 (24) 

and thus 

−R1a
2στ1 ∫ (|Dϕ1|

2 + a2|ϕ1|
2)

1

0

dz − R2a
2στ2 ∫ (|Dϕ2|

2 + a2|ϕ2|
2)dz

1

0

 

≤ (π2 + a2) [R1a
2στ2 ∫ |ϕ1|

2dz
1

0
+ R2a

2στ1 ∫ |ϕ2|
2dz

1

0
] − (π2 + a2)(τ1 +

τ2) ∫ (|Dw|2+a2|w|2)dz
1

0
.                  (25) 

Again, using Eq.(14), we obtain 

R1a
2στ2 ∫ |ϕ1|

2dz
1

0
≤ τ2 ∫ (|Dw|2+a2|w|2)dz

1

0
+ Ra2Aστ2 ∫ |θ|2dz

1

0
,             (26) 

and 

R2a
2στ1 ∫ |ϕ2|

2dz
1

0
≤ τ1 ∫ (|Dw|2+a2|w|2)dz

1

0
+ Ra2Aστ1 ∫ |θ|2dz

1

0
.                     (27) 

Now using inequalities (26) and (27), we can write 

R1a
2στ2 ∫ |ϕ1|

2dz
1

0
+ R2a

2στ1 ∫ |ϕ2|
2dz

1

0
≤ (τ1 + τ2) ∫ (|Dw|2+a2|w|2)dz

1

0
+ Ra2Aσ(τ1 +

τ2) ∫ |θ|2dz
1

0
.                      (28) 

Using this inequality (28) in inequality (25), we get 

−R1a
2στ1 ∫ (|Dϕ1|

2 + a2|ϕ1|
2)

1

0

dz − R2a
2στ2 ∫ (|Dϕ2|

2 + a2|ϕ2|
2)dz

1

0

 

≤ (π2 + a2)Ra2Aσ(τ1 + τ2) ∫ |θ|2dz
1

0
, 

≤
Ra2Aσ

(π2+a2)
(τ1 + τ2) ∫ |w|2dz

1

0
.           (using inequality (23))                (29) 

Also from Eq. (14) and the fact thatpr ≥ 0, we obtain 

pr [Ra2Aσ ∫ |θ|2dz − R1a
2σ ∫ |ϕ1|

2dz − R2a
2σ ∫ |ϕ2|

21

0
dz

1

0

1

0
] ˂0              (30) 

Now, if permissible, let Rs = R1 + R2 ≥ R. Then, in that case, we derive from Eq. (15) and 

the inequalities(16), (20),(22), (29)and (30) that 
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[
σ(π2+a2)

P1
−

Rsa
2σ

(π2+a2)
(1 + A(τ1 + τ2))] ∫ |w|2d𝑧

1

0
< 0 ,                   (31) 

which clearly implies that  

Rs >

1

P1
[
(π2+a2)

2

a2 ]

[1+𝐴(𝜏1+𝜏2)]
 , 

so that we necessarily have 

Rs >
4π2

P1[1+𝐴(𝜏1+𝜏2)]
,      (32) 

since the minimum value of 
(π2+a2)

2

a2
 (for a2 = π2) is 4π2.  

Hence ifRs = R1 + R2 ≤
4π2

P1[1+𝐴(𝜏1+𝜏2)]
 ,then we must have 

Rs = R1 + R2 < 𝑅.                                                                                                              (33) 

 

This establishes the theorem. 

The essential content of the theorem from the physical point of view are that the triply 

diffusive convection in porous medium with one of the components as heat with diffusivity κ 

cannot manifest as oscillatory motions of growing amplitude in an initially bottom heavy 

configuration if the two concentration Rayleigh numbers R1 and R2, the Lewis numbers τ1 

and τ2 for the two concentrations with diffusivitiesκ1 and κ2 respectively (with no loss of 

generality κ > κ1 > κ2),the Porous parameterA and a constant P1satisfy the inequality R1 +

R2 ≤
4π2

𝑃1[1+𝐴(𝜏1+𝜏2)]
. It is further established that this result is uniformly valid for the quite 

general nature of the bounding surfaces. 

 

CONCLUSION: 

The linear stability theory and Darcy model is used to characterize the onset of triply 

diffusive convection in a densely packed porous medium. The layer is considered to be 

heated and soluted from below. The porous medium is taken as isotropic and homogeneous. 

A mathematical theorem is derived which provides a classification of the neutral or unstable 

triply diffusive configuration into two classes namely the bottom-heavy class and the top-

heavy class and then strikes a distinction between them by means of a characterization 

theorem which disallow the existence of oscillatory instability in the former class. It is 

further established that this result is uniformly valid for the quite general nature of the 

bounding surfaces. 
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ABSTRACT:  

In the Present paper, it has been mathematically established that the magnetohydrodynamic 

triply diffusive convection in a densely packed porous medium with one of the components 

as heat, with diffusivity κ, cannot manifest itself as oscillatory motions of growing amplitude 

in an initially bottom heavy configuration if the two concentration Rayleigh numbers R1 and 

R2, the Lewis numbers τ1 and τ2 for the two concentrations with diffusivities κ1 and κ2 

respectively, the Porous parameter A and a constant P1 satisfy the inequality R1 + R2 ≤
4π2

P1(1+A(τ1+τ2))
 . It is further proved that the above result is uniformly valid for any 

combination of rigid and free boundaries. 

 

KEYWORDS: Triply diffusive convection, Oscillatory motions,the Lewis numbers, 

Concentration Rayleigh number, Porous medium, Darcy Model. 

 

INTRODUCTION: 

The problem of thermohaline instability in porous medium has been extensively studied in 

the recent past by many researchers on account of its importance in geophysics, in the fields 

of oceanography, chemical process industry, food processing industry, solidification, in the 

prediction of ground water movement in aquifers, in assessing the effectiveness of fibrous 

insulations, in the energy extraction process from the geothermal reservoirs, in nuclear 

engineering and due to influence of porous material (like fibre materials used for insulating 

purposes or metallic foams in heat transfer devices) on human life (Abdullah et al. [1], 

Deepika and Narayana [4], Lapwood [8], Nield and Bejan [11], Radko [18], Straughan 

[23],Taunton et al.[24], Vafai [25], Wooding [26], Yadav et al. [27]). 

 

These researchers have studied the physical configurations in whichthe density depends on 

two stratifying agencies having different diffusivities.  However, it has been found later that 

there are many physical configurations, in whichthe density depends on three or more 

stratifying agencies having different diffusivities. For example,the Earth’s core, saline waters 

of geothermally heated lakes, sea and the oceans which contain many salts having 

concentrations less than a few percent of the sodium chloride concentration. For a broad view 

of the subject one may referred to Ghalambaz et al.[5], Griffiths [6, 7], Lopez [9], 

Moroz[10], Prakash et al. [15,16, 17], Rionero[19], Rudraiah and Vortmeyer [20], Ryzhkov 

and Shevtsova [21] andZhao et al. [28]. These researchers have theoretically studied the 

onset of convection in a triply diffusive fluid layer (in porous and non porous medium, where 

density depends on three independently diffusing agencies with different diffusivities). 
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Banerjee et al. [2] derived a mathematical theorem in thermohaline convection for the 

nonexistence of oscillatory motions of growing amplitude in an initially bottom heavy 

configuration of the Veronis type and brought a fresh outlook to the subject matter of double 

diffusive convection which pave the way for further theoretical and experimental 

investigations in this field of enquiry. Later Prakash and Kumar [14] extended their result to 

thermohaline convection configuration in porous medium.The work of Banerjee et al. [2] 

have been further extended to double and triply diffusive convection configurations in a 

porous and non porous medium in the presence of magnetic field by Prakash et al. [12,13]. 

As a further step in the present problem an analogous mathematical theorem for the certain 

parameter regime, is derived for magnetohydrodynamic triply diffusive convection in 

densely packed porous medium which states that oscillatory motions (neutral or unstable) of 

growing amplitude cannot manifest in an initially bottom heavy configurations of 

magnetohydrodynamic triply diffusive convection whenever the sum of the concentration 

Rayleigh numbers is less than a critical value. 

 

MATHEMATICAL FORMULATION: 

Let us consider an infinite horizontal densely packed porous layer filled with a  viscous and 

Boussinesq fluid, statically confined between two horizontal boundaries z = 0 and z = d 

which are respectively maintained at uniform temperatures T0 and T1(< T0) and uniform 

concentrations S10,  S20 and S11(< S10),  S21(< S20) in the force field of gravity and in the 

presence of uniform vertical magnetic field, H⃗⃗ . (seeFig.1). It is assumed that the saturating 

fluid and the porous layer are incompressible and that the porous medium is a constant 

porosity medium. The Darcy’s [3] modelhas been utilized to study themagnetohydrodynamic 

triply diffusive convection in a densely packed porous medium. 

 
Fig.1. Physical configuration. 
 

The equations that govern the motion of magnetohydrodynamictriply diffusive fluid layer in 

a densely packed porous medium (Darcy Model), in the non-dimensional form,are given by 

(Rudraiah and Vortmeyer [20], Prakash et al.[12,16,17]): 

(
p

σ
+

1

P1
) (D2 − a2)w = −R a2θ + R1a

2ϕ1 + R2a
2ϕ2 + Q D(D2 − a2)hz,    (1) 

(D2 − a2 − Ap)θ = −w ,         (2) 

(D2 − a2 −
 p

τ1
)ϕ1 = − 

w

τ1
 ,         (3) 

(D2 − a2 −
 p

τ2
)ϕ2 =  − 

w

τ2
 ,          (4)  

d 

𝑋 

Z 

g⃗ (0,0,−g) 

T1 

T0(> T1) 

) 

S11 

S20(> S21) 

) 

S10(> S11) 

) 

S21 

porous medium 

 

Y 

H⃗⃗  
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(D2 − a2 −
pσ1

σ
) hz =  − Dw,         (5) 

The Eqs. (1)-(5) are to be solved by using the following boundary conditions: 

w = 0 =  θ =  ϕ1 = ϕ2 = D2w = hz at z = 0 and at z = 1,  

(when both the boundaries are free and perfectly conducting)       (6) 

or w =  0 = θ = ϕ1 = ϕ2 = Dw = hz at z =  0 and at z = 1,  

(when both the boundaries are rigid and perfectly conducting)    (7) 
 

where z is the real independent variable such that 0 ≤  z  ≤ 1, D is the differentiation w.r.t. z,  

a2 is square of the wave number, σ > 0 is the Prandtl number,σ1 > 0 is the magnetic Prandtl 

number, τ1, τ
2
> 0 are the Lewis numbers for two components respectively, R > 0 is the 

Rayleigh number, R1 > 0 and R2 > 0 are the two concentration Rayleigh numbers, Q > 0 is 

the Chandrasekhar number, w is the vertical velocity, θ is the temperature, ϕ1 and ϕ2 are the 

two concentrations,hz is the vertical component of the perturbation in the initially external 

imposed magnetic field,p =  pr +  ipi is the complex growth rate where  pr and  pi are the 

real constants and as a consequence the dependent variables w(z) = wr(z) + iwi(z), θ(z) =
θr(z) + iθi(z), ϕ1(z) = ϕ1r(z) + iϕ1i(z),ϕ2(z) = ϕ2r(z) + iϕ2i(z) and hz(z) = hz,r(z) +
ihz,i(z) are complex valued functions of the real variable z.The governing equations also 

involve two more positive constants namelyP1 =
k1

ϵd2 and A = 1 +
ρscs

ρ0c0

(1−ϵ)

ϵ
, wherek1 is the 

permeability,ϵ is the porosity of the porous medium, d is the depth of the fluid layer;ρ
s
is the 

solid density, cs is the heat capacity of the solid. The suffix ‘0’ denotes the values of various 

parameters involved in the governing equations at some properly chosen reference 

temperature T0. 
 

It may further be noted that Eqs.(1)-(7) describe an eigen value problem for p and govern 

magnetohydrodynamic triply diffusive convectionin a densely packed porous mediumfor any 

combination of dynamically free and rigid perfectly conducting boundaries. 
 

MATHEMATICAL ANALYSIS: 

Now we prove the following theorem: 

Theorem: If R > 0, R1 > 0, R2 > 0,Q > 0,pr ≥ 0, pi ≠ 0, andRs = R1 + R2 ≤
4π2

P1(1+A(τ1+τ2))
then a necessary condition for the existence of nontrivial solution 

(w, θ, ϕ1, ϕ2, hz, p) ofEqs.(1)-(5) together with boundary conditions (6) or (7) is thatRs =
R1 + R2 < 𝑅. 
Proof:Multiplying Eq. (1) by w* (the superscript * henceforth denotes complex conjugation) 

on both sides and integrating over vertical range of z, we obtain 

(
p

σ
+

1

P1
)∫w∗

1

0

(D2 − a2)w dz = −R a2 ∫w∗

1

0

θ dz + R1a
2 ∫w∗

1

0

ϕ1 dz + R2a
2 ∫w∗

1

0

ϕ2 dz 

+Q∫ w∗D
1

0
(D2 − a2)hzdz.         (8) 

Using Eqs. (2)-(5) and the fact, that w(0) = 0 = w(1), we can write 

R a2 ∫ w∗1

0
θ dz = −Ra2 ∫ θ

1

0
(D2 − a2 −  Ap∗)θ

∗dz,      (9) 

R1a
2 ∫ w∗1

0
ϕ1dz = −R1a

2τ1 ∫ ϕ1
1

0
(D2 − a2 − 

 p∗

τ1
)ϕ1

∗dz, (10) 

R2a
2 ∫ w∗1

0
ϕ2dz = −R2a

2τ2 ∫ ϕ2
1

0
(D2 − a2 − 

p∗

τ2
)ϕ2

∗dz,(11)  
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Q∫ w∗D
1

0
(D2 − a2)hzdz = −Q∫ Dw∗1

0
(D2 − a2)hzdz = 

                                                         Q ∫ (D2 − a2 −
p∗σ1

σ
) hz

∗1

0
(D2 − a2)hzdz.  (12) 

Making use of Eqs. (9) – (12), from Eq. (8)we obtain 

(
p

σ
+

1

P1
)∫w∗

1

0

(D2 − a2)w dz = Ra2 ∫ θ

1

0

(D2 − a2 −   Ap∗)θ
∗dz 

−R1a
2τ1 ∫ϕ1

1

0

(D2 − a2 − 
 p∗

τ1
)ϕ1

∗dz−R2a
2τ2 ∫ϕ2

1

0

(D2 − a2 − 
p∗

τ2
)ϕ2

∗dz 

+Q∫ (D2 − a2 −
p∗σ1

σ
) hz

∗1

0
(D2 − a2)hzdz.      (13) 

Integrating various terms of Eq. (13), by parts, for a suitable number of times and making use 

of either of the boundary conditions (6)-(7), it follows that 

(
p

σ
+

1

P1
)∫(|Dw|2 + a2|w|2)

1

0

dz = Ra2 ∫(|Dθ|2 + a2|θ|2 + Ap∗|θ|2)

1

0

dz 

− R1a
2τ1 ∫(|Dϕ1|

2 + a2|ϕ1|
2 +

p∗

τ1
|ϕ1|

2) dz

1

0

− R2a
2τ2 ∫(|Dϕ2|

2 + a2|ϕ2|
2

1

0

+ 
p∗

τ2

|ϕ2|
2)dz 

−Q∫ |(D2 − a2)hz|
2dz

1

0
− Q

p∗σ1

σ
∫ (|Dhz|

2 + a2|hz|
2)dz

1

0
.     (14)  

Equating the real and imaginary parts of Eq. (14) form both sides and cancelling the term 

pi (≠ 0) throughout from the imaginary part, we get 

(
pr

σ
+

1

P1
)∫(|Dw|2 + a2|w|2)

1

0

dz = Ra2 ∫ (|Dθ|2 + a2|θ|2 + Apr|θ|
2)

1

0

dz 

−R1a
2τ1 ∫ (|Dϕ1|

2 + a2|ϕ1|
2 +

pr

τ1
|ϕ1|

2)
1

0

dz

− R2a
2τ2 ∫ (|Dϕ2|

2 + a2|ϕ2|
2 +

pr

τ2

|ϕ2|
2)dz

1

0

 

−Q∫ |(D2 − a2)hz|
2dz

1

0
− Q

prσ1

σ
∫ (|Dhz|

2 + a2|hz|
2)dz

1

0
,     (15) 

and 

∫ (|Dw|2 + a2|w|2)dz = −Ra2Aσ ∫ |θ|2dz + R1a
2σ ∫ |ϕ1|

21

0

1

0

1

0
dz + R2a

2σ ∫ |ϕ2|
21

0
dz +

Qσ1 ∫ (|Dhz|
2 + a2|hz|

2)dz
1

0
.        (16) 

Alternatively Eq. (15) can be written as  

pr ∫ (|Dw|2 + a2|w|2)
1

0

dz +
σ

P1
∫ (|Dw|2 + a2|w|2)

1

0

dz = 

Ra2σ ∫ (|Dθ|2 + a2|θ|2)dz −
1

0

R1a
2στ1 ∫ (|Dϕ1|

2 + a2|ϕ1|
2)

1

0

dz 

−R2a
2στ2 ∫ (|Dϕ2|

2 + a2|ϕ2|
2)dz

1

0
− Qσ ∫ |(D2 − a2)hz|

2dz
1

0
+ pr [Ra2Aσ ∫ |θ|2dz −

1

0
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R1a
2σ ∫ |ϕ1|

2dz − R2a
2σ ∫ |ϕ2|

21

0
dz −

1

0
Qσ1 ∫ (|Dhz|

2 + a2|hz|
2)dz

1

0
],  (17) 

andderive the desired result from the resulting inequality obtained by replacing each  terms of 

this equation by its appropriate estimate. 

As w, θ, ϕ1 ,ϕ2 and hzsatisfyw(0) = 0 = w(1), θ(0) = 0 = θ(1),ϕ1(0) = 0 =
ϕ1(1),ϕ2(0) = 0 = ϕ2(1)and hz(0) = 0 = hz(1),therefore, we haveby Rayleigh-Ritz 

inequality (Schultz[22]) 

∫ |Dw|2dz ≥ π2 ∫ |w|2dz,
1

0

1

0
        (18)  

∫ |Dθ|2dz ≥ π2 ∫ |θ|2dz,
1

0

1

0
        (19)  

∫ |Dϕ1|
2dz ≥ π2 ∫ |ϕ1|

2dz
1

0

1

0
,        (20) 

∫ |Dϕ2|
2dz ≥ π2 ∫ |ϕ2|

2dz
1

0

1

0
,(21) 

∫ |Dhz|
2dz ≥ π2 ∫ |hz|

2dz.
1

0

1

0
        (22) 

Since pr ≥ 0, thus we can write 

pr ∫ (|Dw|2 + a2|w|2)dz
1

0
≥ 0.       (23) 

 

Now multiplying Eq. (2) by θ
∗
 and integrating the various terms on the left hand side of the 

resulting equation by parts for an appropriate number of times by making use of the 

boundary conditions on θ, namelyθ(0) = 0 = θ(1), we have from the real part of the final 

equation 

∫ (|Dθ|2 + a2|θ|2 + Apr|θ|
2)dz

1

0
= Real part of ∫ θ

∗wdz
1

0
, 

≤ |∫ θ
∗wdz

1

0
|, 

≤ ∫ |θ∗w|dz
1

0
, 

≤ (∫ |θ|2dz
1

0
)
1/2

(∫ |w|2dz
1

0
)
1/2

(using Schwartz inequality) .   (24) 

 

Making use of inequality (19) and the fact that pr ≥ 0, the above inequality (24) reduces to 

(π2 + a2) ∫ |θ|2dz ≤ (∫ |θ|2dz
1

0
)
1/2

(∫ |w|2dz
1

0
)
1/21

0
, 

which gives that  

(∫ |θ|2dz
1

0
)
1/2

≤
1

(π2+a2)
(∫ |w|2dz

1

0
)
1/2

, 

and thus inequality (24) gives 

∫ (|Dθ|2 + a2|θ|2)dz
1

0
≤

1

(π2+a2)
∫ |w|2dz.

1

0
(25) Further, combining the above inequality with 

inequality(19), we get 

∫ |θ|2dz
1

0
≤

1

(π2+a2)2
∫ |w|2dz 

1

0
.       (26) 

Now using inequalities (20) and (21) it follows that 

R1a
2στ1 ∫ (|Dϕ1|

2 + a2|ϕ1|
2)

1

0

dz + R2a
2στ2 ∫ (|Dϕ2|

2 + a2|ϕ2|
2)dz

1

0

 

≥ (π2 + a2) (R1a
2στ1 ∫ |ϕ1|

2dz +
1

0

R2a
2στ2 ∫ |ϕ2|

2dz
1

0

) 

≥ (π2 + a2) {τ1 ∫ (|Dw|2+a2|w|2)dz − R2a
2στ1 ∫ |ϕ2|

2dz − Qσ1τ1 ∫ (|Dhz|
2 +

1

0

1

0

1

0

a2|hz|
2)dz + τ2 ∫ (|Dw|2+a2|w|2)dz − R1a

2στ2 ∫ |ϕ1|
2dz

1

0

1

0
− Qσ1τ2 ∫ (|Dhz|

2 +
1

0
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a2|hz|
2)dz},  (utilizing Eq. (16))       (27) 

and thus 

−R1a
2στ1 ∫ (|Dϕ1|

2 + a2|ϕ1|
2)

1

0

dz − R2a
2στ2 ∫ (|Dϕ2|

2 + a2|ϕ2|
2)dz

1

0

 

≤ (π2 + a2) [R1a
2στ2 ∫ |ϕ1|

2dz
1

0
+ R2a

2στ1 ∫ |ϕ2|
2dz

1

0
] + (π2 + a2)Qσ1(τ1 +

τ2) ∫ (|Dhz|
2 + a2|hz|

2)dz
1

0
− (π2 + a2)(τ1 + τ2) ∫ (|Dw|2+a2|w|2)dz

1

0
. (28)Further, using 

Eq.(16), we obtain 

R1a
2στ2 ∫ |ϕ1|

2dz
1

0
≤ τ2 ∫ (|Dw|2+a2|w|2)dz

1

0
+ Ra2Aστ2 ∫ |θ|2dz − Qσ1τ2 ∫ (|Dhz|

2 +
1

0

1

0

a2|hz|
2)dz, (29) 

and 

R2a
2στ1 ∫ |ϕ2|

2dz
1

0
≤ τ1 ∫ (|Dw|2+a2|w|2)dz

1

0
+ Ra2Aστ1 ∫ |θ|2dz − Qσ1τ1 ∫ (|Dhz|

2 +
1

0

1

0

a2|hz|
2)dz.           (30) 

Combining inequalities (29) and (30), we have 

R1a
2στ2 ∫ |ϕ1|

2dz
1

0
+ R2a

2στ1 ∫ |ϕ2|
2dz

1

0
≤ (τ1 + τ2) ∫ (|Dw|2+a2|w|2)dz

1

0
+ Ra2Aσ(τ1 +

τ2) ∫ |θ|2dz − Qσ1(τ1 + τ2) ∫ (|Dhz|
2 + a2|hz|

2)dz
1

0

1

0
,  (31) 

and thus utilizing the above inequality (31) in inequality (28), we obtain 

−R1a
2στ1 ∫ (|Dϕ1|

2 + a2|ϕ1|
2)

1

0

dz − R2a
2στ2 ∫ (|Dϕ2|

2 + a2|ϕ2|
2)dz

1

0

 

≤ (π2 + a2)Ra2Aσ(τ1 + τ2) ∫ |θ|2dz
1

0
, 

≤
Ra2Aσ

(π2+a2)
(τ1 + τ2) ∫ |w|2dz

1

0
.           (using inequality (26))     (32) 

Further, using the fact thatpr ≥ 0,we can writefrom Eq. (16) as 

pr [Ra2Aσ ∫ |θ|2dz − R1a
2σ ∫ |ϕ1|

2dz − R2a
2σ ∫ |ϕ2|

21

0
dz −

1

0

1

0
Qσ1 ∫ (|Dhz|

2 + a2|hz|
2)dz

1

0
] < 0.  

(33) 

Now, if permissible, let Rs = R1 + R2 ≥ R. Then, in that case, we derive from Eq. (17) and 

the inequalities(18), (23),(25), (32)and (33) that 

[
σ(π2+a2)

P1
−

Rsa
2σ

(π2+a2)
(1 + A(τ1 + τ2))] ∫ |w|2d𝑧 + Qσ ∫ |(D2 − a2)hz|

2dz
1

0

1

0
< 0 ,     (34) 

which clearly implies that  

Rs >
(
(π2+a2)

2

a2 )

P1(1+A(τ1+τ2)
 , 

so that we necessarily have 

Rs >
4π2

P1(1+A(τ1+τ2))
 ,          (35) 

sincethe minimum value of 
(π2+a2)

2

a2  (for a2 = π2) is 4π2.  

Hence ifRs = R1 + R2 ≤
4π2

P1(1+A(τ1+τ2))
,then we must have 

Rs = R1 + R2 < 𝑅.                                                                                                     (36) 

This establishes the theorem. 
 

The essential content of the theorem from the physical point of view are that magneto 

hydrodynamic triply diffusive convection in densely packed porous medium with one of the 
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components as heat with diffusivity κ cannot manifest as oscillatory motions of growing 

amplitude in an initially bottom heavy configuration if the two concentration Rayleigh 

numbers R1 and R2, the Lewis numbers τ1 and τ2 for the two concentrations with 

diffusivitiesκ1 and κ2 respectively (with no loss of generality κ > κ1 > κ2),the Porous 

parameterA and a constant P1satisfy the inequality R1 + R2 ≤
4π2

P1(1+A(τ1+τ2))
 . It is further 

established that this result is uniformly valid for any combination of free and/or rigid 

perfectly boundaries.  
 

CONCLUSION: 

The onset of magnetohydrodynamic triply diffusive convectionin a horizontal layer of fluid 

heated and soluted from below is investigated usinglinear stability analysis. The Darcy model 

has been utilized to derive amathematical theorem which disapprove the existence of 

oscillatory motions of growing amplitude in an initially bottom heavymagnetohydrodynamic 

triply diffusive configurations in a densely packed porous medium.The work done in the 

present paper will certainly pave the way for further theoretical and experimental 

investigations in this field of enquiry.   
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ABSTRACT: 

The eigenvalue problem governing the Veronis type thermohaline convection in a viscoelastic 

fluid layer in the presence of uniform rotation is mathematically investigated for both linear and 

nonlinear stability. The expressions for Rayleigh numbers are derived for various orders of 

stability problems using linear and nonlinear stability analysis, for the cases of infinite and finite 

amplitude of disturbances, respectively. The effects of various parameters namely; rotation, 

stress relaxation time, strain retardation time and concentration gradient on steady and 

oscillatory thermal Rayleigh numbers have been discussed numerically for infinite amplitude of 

distubances and the results are depicted graphically. It is observed that the stress relaxation time 

has destabilizing effect, however the strain retardation time, concentration gradient and rotation 

have stabilizing effect on the onset of oscillatory thermohaline convection in a viscoelastic fluid. 

Also, it is observed from expression for Rayleigh number for steady second order nonlinear 

stability problem for finite disturbances that the viscoelastic parameters have no effects on the 

onset of instability. However, the concentration gradient and rotation reinforce each other and 

have destabilizing effect on the onset of instability.  

 

KEYWORDS: Thermohaline convection; Oscillatory convection; Viscoelastic fluid; Rotation; 

Finite amplitude; Critical Rayleigh number. 

 

1. INTRODUCTION: 

Thermohaline convection or, more generally, double diffusive convection is an important 

phenomenon that involves the motions driven by two different density gradients diffusing at 

different rates, namely; thermal and concentration gradients. Thermohaline convection has its 

importance in the fields of oceanography, modelling of solar ponds, geophysics, astrophysics, 

chemical engineering, atmospheric pollution, etc. and various applications of the problem have 

aroused the interest of many research workers in this subject. 

 

Stern [1] was the first to study the thermohaline (double diffusive) convection in the context of 

ocean by considering stable temperature and unstable concentration gradients, now known as 

Stern’s type configuration and derived some results concerning the instability of this 

configuration. He found that both steady as well as oscillatory motions of growing amplitudes 

occur in this configuration and steady motion is preferred one. Veronis [2] also studied the 

thermohaline configuration heated from below and salted from above creating destabilizing 

temperature gradient and stabilizing concentration gradient and derived the expressions for 

Rayleigh numbers for both stationary as well as oscillatory convection, when disturbances are 

infinitesimal small. This configuration is known as Veronis’ type configuration. The 
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thermohaline convection problems of Stern and Veronis types have been revisited by Gupta et 

al[3] in the context of initially bottom/top heavy configurations and derived certain conditions 

for the stability and the bounds for the growth rate of oscillatory convection for both bottom/top 

heavy configurations, which are valid for all combinations of dynamically free rigid boundaries. 

 

Veronis [2] in his analysis also discussed the two dimensional convective rolls in thermohaline 

convection by considering finite amplitude disturbances and predicted that the system becomes 

unstable to finite amplitude steady disturbances before it becomes unstable to disturbances of 

infinitesimal amplitude. Gupta and Gupta [4] extended the analysis of Veronis to include the 

effect of uniform rotation on thermohaline convective rolls and studied the effect of Taylor’s 

number on the onset of steady as well as oscillatory convection with both finite and infinite 

disturbances. 

 

For a broad view of the thermohaline convection, one may be referred to Turner and 

Stommel[5], Bains and Gill [6], Turner [7], Huppert and Turner [8], Brandt and Fernando [9], 

Radko[10]. 

 

Fluids are classified as Newtonian or non-Newtonian on the basis of the linear or non-linear 

relation between shearing stress to the rate of strain, respectively. A non-Newtonian fluid may 

not have well defined viscosity, therefore it is inadequate to describe the behaviour of the non-

Newtonian fluids and is best studied through other rheological properties. Viscoelastic fluids fall 

in the category of non-Newtonian fluids. Idealized viscoelastic fluids are those fluids whose 

behaviour at sufficiently small variable shear stresses can be characterized by three constants i.e. 

coefficient of viscosity, relaxation time and retardation time. A non-linear theory of class of 

isotropic incompressible viscoelastic fluid with the stress relaxation time (λ̅1) and strain 

retardation time (λ̅2) are known as Oldroydian fluid (Oldroyd [11, 12]) and the viscoelastic fluid 

is termed as Maxwellian fluid when strain retardation time in the constitutive relation is absent 

(i. e.  λ̅2 = 0). However, when both stress relaxation time and strain retardation time are zero 

(i. e.  λ̅1 = λ̅2 = 0), the above constitutive relation reduced to a relation applicable for 

Newtonian viscous fluid. Industrial fluid are basically non-Newtonian; in particular viscoelastic 

fluids have been relevance in industrial applications. The characteristics of heat transfer in a 

viscoelastic fluid layer are important in chemical processing industries. Viscosity and elasticity 

of the fluid have certain effects on the heat transfer rate and thus can alter the instability of the 

system in comparison to Newtonian fluid (cf. Basu and Layek [13]). 

 

The present study is motivated by the above analysis of Veronis [2] and Gupta and Gupta [4] for 

thermohaline convection for Newtonian fluids. Many authors including Chandrasekhar [14], 

Gupta and Gupta [4] and Murthy and Ram [15] have shown that the uniform rotation have 

stabilizing effect on the onset of convection for Newtonian fluids. Also viscosity  and the elastic 

properties of non-Newtonian fluids together have destabilizing effect on the stability (Rosenblat 

[16]). So, our aim is to study the combined effect of rotation and concentration gradient on 

thermohaline convection on the Oldroydian viscoelastic fluid layer heated from below. Linear 

stability analysis for infinitesimal amplitude disturbances and weakly non-linear stability 



Proceeding of International Conference on Mathematics in Space and Applied Sciences  

(ICMSAS-2019) 

Published by Knowledge and Research Publisher, Nagpur India                  ISBN-978-81-942641-8-7 
 
 

61 
 

analysis for finite amplitude disturbances are carried out and the effects of various parameters on 

the convection have been computed numerically. 

 

2. Mathematical Formulation of the Physical Problem 

An infinite horizontal layer of viscoelastic incompressible fluid is statically confined between 

two horizontal boundaries in the force field of gravity, which are respectively maintained at 

uniform temperatures 𝑇0 and  𝑇0 − ∆𝑇 and uniform concentrations 𝑆0 and 𝑆0 − ∆𝑆 in the 

presence of uniform rotation with angular velocity �⃗�  along vertical z-axis. We consider two-

dimensional rolls, so that all the physical quantities are independent of the y-coordinate. The 

boundaries are taken to be isothermal and dynamically free (on which tangential stresses vanish). 

 
Figure 1. Schematic representation of the physical problem 

 

The basic hydrodynamical equations governing the thermohaline convection problem in rotating 

viscoelastic fluid, in view of Boussinesq approximation, representing equation of continuity, 

equations of motion, equations of heat and mass transfer and equation of state, are respectively 

given by (cf. Veronis [2], Gupta and Gupta [4] and Sengupta and Kumar [17]);  

∇. 𝑣 = 0 (1) 

(1 + �̅�1
𝜕

𝜕𝑡
) (

𝜕�⃗� 

𝜕𝑡
+ 𝑣 . ∇𝑣 ) = −(1 + �̅�1

𝜕

𝜕𝑡
) ∇ (

𝑃

𝜌0
−
1

2
|�⃗� × 𝑟 |

2
) + (1 + �̅�1

𝜕

𝜕𝑡
)
𝜌

𝜌0
𝑔 −

(1 + �̅�1
𝜕

𝜕𝑡
) (2�⃗� × 𝑣 ) + (1 + �̅�2

𝜕

𝜕𝑡
) 𝜈∇2𝑣  (2) 

𝜕𝑇

𝜕𝑡
+ 𝑣 . ∇𝑇 = 𝜅𝑇∇

2𝑇 (3) 

𝜕𝑆

𝜕𝑡
+ 𝑣 . ∇𝑆 = 𝜅𝑠∇

2𝑆 (4) 

and 𝜌 =  𝜌0[1 − 𝛼(𝑇 − 𝑇0) + 𝛼
′(𝑆 − 𝑆0)] (5) 

 

In the above equations; 𝜌 is density, 𝑔 = (0,0, −𝑔) is the external force, 𝑣 = (𝑢, 𝑣, 𝑤) are the 

components of velocity, 𝑇 and 𝑆 are respectively the temperature and the concentration at any 

point on the layer, 𝑃 is the pressure, 𝜈 is the kinematic viscosity, 𝑐𝑣 is the specific heat at 

constant volume, 𝜅𝑇 (=
𝐾0

𝜌0𝐶𝑣0
) is the thermometric diffusivity, 𝜅𝑠 is the coefficient of salt 

diffusion, �̅�1 is stress relaxation time, �̅�2 is strain retardation time, 𝛼 and 𝛼 ′ are respectively the 

thermal and solutal coefficients of volume expansion, 𝜌0  is the reference density of the fluid at 

𝑂 

 

𝑥 
𝑇0, 𝑆0 

) 𝑦 

𝑧 = 0 

 

𝑧 = 𝑑 

 

𝑧 

𝑇 = 𝑇0 − ∆𝑇, 𝑆 = 𝑆0 − ∆𝑆 

𝑔 = (0,0,−𝑔) 𝜌 =  𝜌0[1 − 𝛼(𝑇 − 𝑇0) + 𝛼
′(𝑆 − 𝑆0)] 

�⃗�  
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lower boundary. 

Initially, when there are no motions, the basic state is assumed to be quiescent state. So, the 

initial state is represented by; 

𝑣 ≡ 0,              𝑇 ≡ 𝑇(𝑧),              𝑆 ≡ 𝑆(𝑧),               𝜌 ≡ 𝜌(𝑧),           𝑃 ≡ 𝑃(𝑧) (6) 

and hence the initial stationary state solutions are given by; 

𝑣 = (𝑢, 𝑣, 𝑤) = (0, 0, 0),        𝑇 =  𝑇0 − 𝛽𝑧,       𝑆 =  𝑆0 − 𝛽′𝑧,        𝜌 =  𝜌0[1 + 𝛼𝛽𝑧 − 𝛼′𝛽′𝑧],  

𝑃 = 𝑃0 –𝑔 𝜌0  [𝑧 + (𝛼𝛽 − 𝛼′𝛽′)
𝑧2

2
], (7) 

where, 𝑃0 is the pressure at the lower boundary, 𝛽 =
∆𝑇

𝑑
 and 𝛽′ =

∆𝑆

𝑑
 are respectively the 

maintained uniform adverse temperature gradient and the non-adverse concentration gradient. 

Imparting the infinite amplitude perturbations in the basic state, the perturbed state is given by; 

�⃗� = 0 + 𝑣 ′⃗⃗⃗  ,                                        𝑆̅ =  𝑆0 − 𝛽′𝑧 + 𝜙′,                                �̅� =  𝑇0 − 𝛽𝑧 + 𝜃′, 

𝑃 = 𝑃0 –𝑔 [𝑧 + (𝛼𝛽 − 𝛼′𝛽′)
𝑧2

2
] + 𝛿𝑃′,       𝜌 =  𝜌0[1 +  𝛼(𝑇0 − 𝑇 − 𝜃′)– 𝛼′(𝑆0 − 𝑆 − 𝜙′)] (8) 

where, 𝑣′⃗⃗⃗  , 𝜙′, 𝜃′ and 𝛿𝑃′ are perturbed variables. 
 

Now, substituting the perturbed quantities given by (8) in equations (1)-(4), using the basic state 

solution given by equations (7) and using the stream function 𝜓 (for two dimensional flow) 

defined by 𝑢′ = 𝜕𝜓 𝜕𝑧⁄ , 𝑤′ = −𝜕𝜓 𝜕𝑥⁄ , and then non-dimensionalizing the resulting equations 

upon using the following non-dimensional quantities; 

𝜓 = 𝜅𝑇�̂�,          𝑡 =
𝑑2

𝜅𝑇
�̂�,         (𝑥, 𝑦, 𝑧) = 𝑑(�̂�, �̂�, �̂�),          𝜃 ′ = Δ𝑇. 𝜃,         𝜙′ = Δ𝑆. �̂�,  

𝛿𝑃′ =
�̂�𝜌0𝜈𝜅𝑇

𝑑2
,                         v =

𝜅𝑇

𝑑
v̂,                       �̂�1 = �̅�1

𝜅𝑇

𝑑2
,                      �̂�2 = �̅�2

𝜅𝑇

𝑑2
,  

we have the following dimensionless system of equations, after eliminating �̂� from the resulting 

equations of motions and dropping the caps for the convenience in writing; 

[
1

𝜎
(1 + 𝜆1

𝜕

𝜕𝑡
)
𝜕

𝜕𝑡
− (1 + 𝜆2

𝜕

𝜕𝑡
) ∇2] ∇2𝜓 = (1 + 𝜆1

𝜕

𝜕𝑡
) [−𝑅

𝜕𝜃

𝜕𝑥
+ 𝑅𝑠

𝜕𝜙

𝜕𝑥
] + 𝑌 (1 + 𝜆1

𝜕

𝜕𝑡
)
𝜕𝑣

𝜕𝑧
+

1

𝜎
(1 + 𝜆1

𝜕

𝜕𝑡
) 𝐽(𝜓, ∇2𝜓) (9) 

[
1

𝜎
(1 + 𝜆1

𝜕

𝜕𝑡
)
𝜕

𝜕𝑡
− (1 + 𝜆2

𝜕

𝜕𝑡
) ∇2] v = −𝑌 (1 + 𝜆1

𝜕

𝜕𝑡
)
𝜕𝜓

𝜕𝑧
+

1

𝜎
(1 + 𝜆1

𝜕

𝜕𝑡
) 𝐽(𝜓, v) (10) 

(
𝜕

𝜕𝑡
− ∇2) 𝜃 = 𝐽(𝜓, 𝜃) −

𝜕𝜓

𝜕𝑥
 (11) 

(
𝜕

𝜕𝑡
− 𝜏∇2)𝜙 = 𝐽(𝜓, 𝜙) −

𝜕𝜓

𝜕𝑥
 (12) 

where, 𝜏 =
𝜅𝑠

𝜅𝑇
, 𝜎 =

𝜈

𝜅𝑇
, 𝑅 =

𝑔𝛼Δ𝑇𝑑3

𝜈𝜅𝑇
, 𝑅𝑠 =

𝑔𝛼′Δ𝑆𝑑3

𝜈𝜅𝑇
 are respectively, the Lewis number, the 

Prandtl number, the thermal Rayleigh number and the salinity Rayleigh number. Also 𝑌2 =

4Ω
2d4 𝜈2⁄  is the Taylor number and v is the azimuthal component of velocity induced by 

rotation and 𝐽(. , . ) are the Jacobians which represent the nonlinear terms. 

 

The above system of equations is to be solved under the following stress free and isothermal 

non-dimensional boundary conditions; 

𝜓 =
𝜕2𝜓

𝜕𝑧2
= 𝜙 = 𝜃 =

𝜕v

𝜕𝑧
= 0 at 𝑧 = 0 and 1.  (13) 
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3. Linearized Stability Analysis: 

In order to study the effects of various parameters on the onset of convection; when the 

disturbances are infinite, we use the linear stability analysis theory. So, linearizing the system of 

equations (9)-(12) by dropping the nonlinear terms, we have the following linearized 

perturbation equations governing the problem; 

[
1

𝜎
(1 + 𝜆1

𝜕

𝜕𝑡
)
𝜕

𝜕𝑡
− (1 + 𝜆2

𝜕

𝜕𝑡
) ∇2] ∇2𝜓 = (1 + 𝜆1

𝜕

𝜕𝑡
) [−𝑅

𝜕𝜃

𝜕𝑥
+ 𝑅𝑠

𝜕𝜙

𝜕𝑥
] + 𝑌 (1 + 𝜆1

𝜕

𝜕𝑡
)
𝜕𝑣

𝜕𝑧
 (14) 

[
1

𝜎
(1 + 𝜆1

𝜕

𝜕𝑡
)
𝜕

𝜕𝑡
− (1 + 𝜆2

𝜕

𝜕𝑡
) ∇2] v = −𝑌 (1 + 𝜆1

𝜕

𝜕𝑡
)
𝜕𝜓

𝜕𝑧
 (15) 

(
𝜕

𝜕𝑡
− ∇2) 𝜃 = −

𝜕𝜓

𝜕𝑥
 (16) 

(
𝜕

𝜕𝑡
− 𝜏∇2)𝜙 = −

𝜕𝜓

𝜕𝑥
 (17) 

Consider the solutions of the above linearized equations (14)-(17) satisfying the boundary 

conditions (13) of the following form; 

𝜓 = 𝐴𝑒𝑝𝑡 sin 𝜋𝑎𝑥 sin 𝑛𝜋𝑧,           𝜙 = 𝐵𝑒𝑝𝑡 cos 𝜋𝑎𝑥 sin 𝑛𝜋𝑧 ,

v = 𝐶𝑒𝑝𝑡 sin 𝜋𝑎𝑥 cos 𝑛𝜋𝑧,            𝜃 = 𝐷𝑒𝑝𝑡 cos 𝜋𝑎𝑥 sin 𝑛𝜋𝑧 .
} (18) 

where, 𝑎 is the wave number, 𝑝 = 𝑝𝑟 + 𝑖𝑝𝑖 is the complex constant, 𝑛 is an integer and 

𝐴, 𝐵, 𝐶, 𝐷 are real constants. 

 

Substituting the above periodic solutions in equations (14)-(17), eliminating the constants 𝐴, 𝐵, 𝐶 

and  𝐷 amongst the resulting equations after taking 𝑝 = 0 for the steady marginal state solution, 

we have the following equation; 

𝜎𝜋3(𝑛2 + 𝑎2)2 +
𝜎𝑎2𝑅𝑠

𝜏𝜋(𝑛2+𝑎2)
+

𝑛2𝜎𝑌2

𝜋(𝑛2+𝑎2)
−

𝜎𝑎2𝑅

𝜋(𝑛2+𝑎2)
= 0 (19) 

For the lowest mode, 𝑛 = 1, we have the following expression for the Rayleigh number for 

steady convection; 

𝑅𝑆𝑡𝑒𝑎𝑑𝑦 =
𝜋4(1+𝑎2)

3

𝑎2
+
𝑅𝑠

𝜏
+
𝑌2

𝑎2
. (20) 

 

The critical value of above Rayleigh number for corresponding minimum value of 𝛼 for steady 

case can be easily obtained following (Chandrasekhar [14]);  

𝑅𝑐
𝑆𝑡𝑒𝑎𝑑𝑦

= 3𝜋4 (
𝑌2

2𝜋4
)

2

3
+
𝑅𝑠

𝜏
 (21) 

and 𝑎𝑚𝑖𝑛 = (
1

2
𝜋2𝑌2)

1

6
. (22) 

 

When 𝑅𝑠 = 0, the value of critical Rayleigh number 𝑅𝑐
𝑆𝑡𝑒𝑎𝑑𝑦

 coincides with the value of critical 

Rayleigh number obtained by Chandrasekhar [14] for rotatory thermal convection. 
 

Further, for the case when marginal state is oscillatory, we have 𝑝 = 𝑖𝑝𝑖, 𝑝𝑖being real. 

Substituting solutions (18) in equations (14)-(17) with 𝑝 = 𝑖𝑝𝑖 and eliminating constants 𝐴, 𝐵, 𝐶 

and  𝐷 amongst the resulting equations, we obtain a single expression, the real and imaginary 

parts of which for 𝑛 = 1 (the lowest mode), respectively yield the following expressions for the 

thermal Rayleigh number for overstable case and for frequency of oscillations; 
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𝑅𝑂𝑣 = (
1+𝑎2

𝜎𝑎2
)
[𝜎𝜋2(1+𝑎2){𝜋2(1+𝑎2)(1+𝜆1𝜆2𝑝𝑖

2)−𝑝𝑖
2(𝜆2−𝜆1)}−𝑝𝑖

2(1+𝜆1
2𝑝𝑖

2)]

(1+𝜆1
2𝑝𝑖

2)
+ 𝑅𝑠

[𝜏𝜋4(1+𝑎2)
2
+𝑝𝑖

2]

[𝜏2𝜋4(1+𝑎2)2+𝑝𝑖
2]
+

(
𝜎𝑌2

𝑎2
)
[{𝜎𝜋4(1+𝑎2)

2
−𝜆1𝜋

2(1+𝑎2)𝑝𝑖
2(1+𝜎)+𝜆1

2𝑝𝑖
4}+𝑝𝑖

2{1+𝜆1𝜆2𝜎𝜋
4(1+𝑎2)

2
+𝜆1𝜋

2(1+𝑎2)+𝜆2𝜎𝜋
2(1+𝑎2)}]

[{𝜎𝜋2(1+𝑎2)−𝜆1𝑝𝑖
2}
2
+𝑝𝑖

2{1+𝜆2𝜎𝜋2(1+𝑎2)}2]
 (23) 

and      𝐸𝑥4 + 𝐹𝑥3 + 𝐺𝑥2 + 𝐻𝑥 + 𝐼 = 0 (24) 

where, 𝑥 = 𝑝𝑖
2 is the square of frequency, and the constants occurring in (24) are given by;  

𝐸 = [𝜆1
2(1 + 𝑎2){𝜋2𝜆1

2(1 + 𝑎2) + 𝐵1𝜆1𝜆2}], (25) 

𝐹 = [{(1 + 𝜆2𝐵1)
2 − 2𝜆1𝐵1}{𝜆1

2𝜋2(1 + 𝛼2) + 𝜆1𝜆2𝐵1}(1 + 𝑎
2) + 𝜆1

2𝜋2(1 + 𝑎2)2 +
𝜆1
2𝐵1{1 + (𝜆2 − 𝜆1)(1 + 𝑎

2)𝜋2}(1 + 𝑎2) + 𝐴1
2𝜆1
2{𝜆1

2𝜋2(1 + 𝑎2) + 𝜆1𝜆2𝐵1}(1 + 𝑎
2) +

𝜎2𝑌2𝜆1
2{𝜆1𝜆2𝐵1 − 𝜆1

2𝜋2(1 + 𝑎2)} + 𝑅𝑠(𝜏 − 1)𝐵1𝑎
2𝜆1
4],  (26) 

𝐺 = 𝐵1
2{𝜋2𝜆1

2(1 + 𝑎2) + 𝐵1𝜆1𝜆2}(1 + 𝑎
2) + {(1 + 𝜆2𝐵1)

2 − 2𝜆1𝐵1}𝜋
2(1 + 𝑎2)2 +

𝐵1{(1 + 𝜆2𝐵1)
2 − 2𝜆1𝐵1}{1 + (𝜆2 − 𝜆1)(1 + 𝑎

2)𝜋2}(1 + 𝑎2) + 𝐴1
2{(1 + 𝜆2𝐵1)

2 −
2𝜆1𝐵1}{𝜆1

2𝜋2(1 + 𝑎2) + 𝐵1𝜆1𝜆2}(1 + 𝑎
2) + 𝐴1

2𝜆1
2𝜋2(1 + 𝑎2)2 + 𝐴1

2𝐵1𝜆1
2{1 + (𝜆2 − 𝜆1)(1 +

𝑎2)𝜋2}(1 + 𝑎2) + 𝜎2𝑌2𝜆1
2{𝐵1 + 𝜆1𝜋

2(1 + 𝑎2)𝐵1 − 𝜋
2(1 + 𝑎2) − 𝜋2𝜆2(1 + 𝑎

2)𝐵1} +
𝜎2𝑌2(1 + 𝐴1

2𝜆1
2){𝜆1𝜆2𝐵1 − 𝜆1

2𝜋2(1 + 𝑎2)} + 𝑅𝑠(𝜏 − 1)𝐵1𝑎
2𝜆1
2{1 + (1 + 𝜆2𝐵1)

2 − 2𝜆1𝐵1}, (27)  

𝐻 = 𝐵1
2𝜋2(1 + 𝑎2)2 + 𝐵1

3{1 + (𝜆2 − 𝜆1)(1 + 𝑎
2)𝜋2}(1 + 𝑎2) + 𝐴1

2𝐵1
2{𝜆1

2𝜋2(1 + 𝑎2) +
𝐵1𝜆1𝜆2}(1 + 𝑎

2) + 𝐴1
2𝜋2(1 + 𝑎2)2{(1 + 𝜆2𝐵1)

2 − 2𝜆1𝐵1} + 𝐴1
2𝐵1{(1 + 𝜆2𝐵1)

2 − 2𝜆1𝐵1}{1 +
(𝜆2 − 𝜆1)(1 + 𝑎

2)𝜋2}(1 + 𝑎2) + 𝜎2𝑌2(1 + 𝐴1
2𝜆1
2){𝐵1 + 𝜆1𝜋

2(1 + 𝑎2)𝐵1 − 𝜋
2(1 + 𝑎2) −

𝜋2𝜆2(1 + 𝑎
2)𝐵1} + 𝜎

2𝑌2𝐴1
2{𝜆1𝜆2𝐵1 − 𝜆1

2𝜋2(1 + 𝑎2)} + 𝑅𝑠(𝜏 − 1)𝐵1𝑎
2{(1 + 𝜆2𝐵1)

2 −

2𝜆1𝐵1 + 𝐵1
2𝜆1
2}, (28) 

𝐼 = [𝐴1
2𝐵1

2𝜋2(1 + 𝑎2)2 + 𝐴1
2𝐵1

3{1 + (𝜆2 − 𝜆1)(1 + 𝑎
2)𝜋2}(1 + 𝑎2) + 𝜎𝑌2𝐴1

2{𝐵1 +

𝜆1𝜋
2(1 + 𝑎2)𝐵1 − 𝜋

2(1 + 𝑎2) − 𝜋2𝜆2(1 + 𝑎
2)𝐵1} + 𝑅𝑠(𝜏 − 1)𝐵1

3𝑎2 ]  (29) 

𝐴1 = 𝜏𝜋
2(1 + 𝑎2)        and     𝐵1 = 𝜎𝜋

2(1 + 𝑎2) (30) 

 

4. Weakly Nonlinear Stability Analysis 

Following Veronis [2] and Gupta and Gupta [4], for the steady convection (with 𝜕 𝜕𝑡⁄ = 0), 

when the disturbances are of finite amplitude, expressing all dependent variables in powers of 

small perturbation parameter 𝜀 subjected to boundary conditions (13), we have; 

𝑓 = 𝜀𝑓0 + 𝜀
2𝑓1 + 𝜀

3𝑓2 +⋯,                                 where    𝑓 ≡ (𝜓, v, 𝜙, 𝑅). 
Substituting these expansions for 𝜓, v, 𝜃, 𝜙 and 𝑅 in governing equations (9)-(12), we obtain the 

following equations; 

(−∇4𝜓0)𝜀 + (−∇
4𝜓1)𝜀

2 + (−∇4𝜓2)𝜀
3 = [𝑅𝑠

𝜕𝜙0

𝜕𝑥
− 𝑅0

𝜕𝜃0

𝜕𝑥
+ 𝑌

𝜕v0

𝜕𝑧
]𝜀 + [𝑅𝑠

𝜕𝜙1

𝜕𝑥
− 𝑅0

𝜕𝜃1

𝜕𝑥
−

𝑅1
𝜕𝜃0

𝜕𝑥
+ 𝑌

𝜕v1

𝜕𝑧
+

1

𝜎
𝐽(𝜓0, ∇

2𝜓0)]𝜀
2 + [𝑅𝑠

𝜕𝜙2

𝜕𝑥
− 𝑅0

𝜕𝜃2

𝜕𝑥
− 𝑅1

𝜕𝜃1

𝜕𝑥
− 𝑅2

𝜕𝜃0

𝜕𝑥
+ 𝑌

𝜕v2

𝜕𝑧
+

1

𝜎
{𝐽(𝜓0, ∇

2𝜓1) + 𝐽(𝜓1, ∇
2𝜓0)}]𝜀

3  (31) 

(−∇2v0)𝜀 + (−∇
2v1)𝜀

2 + (−∇2v2)𝜀
3 = [−𝑌

𝜕𝜓0

𝜕𝑧
]𝜀 + [−𝑌

𝜕𝜓1

𝜕𝑧
+

1

𝜎
𝐽(𝜓0, v0)]𝜀

2 + [−𝑌
𝜕𝜓2

𝜕𝑧
+

1

𝜎
{𝐽(𝜓0, v1) + 𝐽(𝜓1, v0)}  ]𝜀

3 (32) 

(−∇2𝜃0)𝜀 + (−∇
2𝜃1)𝜀

2 + (−∇2𝜃2)𝜀
3 = [−

𝜕𝜓0

𝜕𝑥
]𝜀 + [𝐽(𝜓0, 𝜃0) −

𝜕𝜓1

𝜕𝑥
]𝜀2 + [𝐽(𝜓0, 𝜃1) +

𝐽(𝜓1, 𝜃0) −
𝜕𝜓2

𝜕𝑥
]𝜀3 (33) 
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(−𝜏∇2𝜙0)𝜀 + (−𝜏∇
2𝜙1)𝜀

2 + (−𝜏∇2𝜙2)𝜀
3 = [−

𝜕𝜓0

𝜕𝑥
]𝜀 + [𝐽(𝜓0, 𝜙0) −

𝜕𝜓1

𝜕𝑥
]𝜀2 + [𝐽(𝜓0, 𝜙1) +

𝐽(𝜓1, 𝜙0) −
𝜕𝜓2

𝜕𝑥
]𝜀3 (34) 

To obtain the first (lowest), second and third order system of equations, comparing the 

coefficients of 𝜀, 𝜀2 and 𝜀3 respectively, we can have three sets of four equations each.  

Now eliminating v0, 𝜃0, 𝜙0 from the lowest order system obtained from equations (31)-(34), we 

get 

ℒ𝜓0 = −[∇6 + 𝑌2
𝜕2

𝜕𝑧2
+ (

𝑅𝑠

𝜏
− 𝑅0)

𝜕2

𝜕𝑥2
] 𝜓0 = 0.  (35) 

Similarly, eliminating v1, 𝜃1, 𝜙1 from the second order and v2, 𝜃2, 𝜙2 from the third order 

system of equations, we have the following equations; 

ℒ𝜓1 = −𝑅1
𝜕2𝜓0

𝜕𝑥2
−

𝑌

𝜎

𝜕

𝜕𝑧
[𝐽(𝜓0, v0)] + 𝑅0

𝜕

𝜕𝑥
[𝐽(𝜓0, 𝜃0)] −

𝑅𝑠

𝜏

𝜕

𝜕𝑥
[𝐽(𝜓0, 𝜙0)] +

1

𝜎
𝐽(∇2𝜓0, ∇

4𝜓0)(36) 

ℒ𝜓2 = −𝑅2
𝜕2𝜓0

𝜕𝑥2
− 𝑅1

𝜕

𝜕𝑥
[
𝜕𝜓1

𝜕𝑥
− 𝐽(𝜓0, 𝜃0)] + 𝑅0

𝜕

𝜕𝑥
[𝐽(𝜓0, 𝜃1) + 𝐽(𝜓1, 𝜃0)] −

𝑌

𝜎

𝜕

𝜕𝑧
[𝐽(𝜓0, v1) +

𝐽(𝜓1, v0)]  −
𝑅𝑠

𝜏

𝜕

𝜕𝑥
[𝐽(𝜓0, 𝜙1) + 𝐽(𝜓1, 𝜙0)] +

1

𝜎
[𝐽(∇2𝜓0, ∇

4𝜓1) + 𝐽(∇
2𝜓1, ∇

4𝜓0)]  (37) 

Let us consider the following periodic solution of the linearized stability problem governed by 

the above first order system of equations satisfying the boundary conditions (13); 

𝜓0 = −
2

𝜋𝑎
sin 𝜋𝑎𝑥 . sin 𝑛𝜋𝑧, v0 =

2𝑌

𝑎𝜋2(𝑎2+1)
sin 𝜋𝑎𝑥 . cos 𝑛𝜋𝑧, 

𝜃0 =
2

𝜋2(𝑎2+1)
cos 𝜋𝑎𝑥 . sin 𝑛𝜋𝑧, 𝜙0 =

2

𝜏𝜋2(𝑎2+1)
cos 𝜋𝑎𝑥 . sin 𝑛𝜋𝑧. (38) 

Substituting solution (38), with 𝑛 = 1 (for lowest mode), in equation (36), we get  

ℒ𝜓1 = −𝑅1(2𝜋𝑎 sin 𝜋𝑎𝑥 . sin 𝜋𝑧) = 𝜋2𝑎2𝑅1𝜓0 (39) 

where, all the nonlinear terms represented by Jacobians are zero. 

Now, equation (39) implies that 𝑅1 = 0 when 𝑅1 is to be evaluated to cancel the form of 𝜓0 as it 

is a secular term and shall affect the periodicity of the above solution. Therefore, we must have 

ℒ𝜓1 = 0 and its solution which satisfy the boundary conditions (13) is now given by; 

𝜓1 = 0 (40) 

Using the above value of 𝜓1 in the equations obtained for second order system by comparing the 

coefficients of 𝜀2, we can deduce the following solutions satisfying the boundary conditions 

(13); 

v1 =
𝑌

2𝜋3𝑎3𝜎(𝑎2+1)
sin 2𝜋𝑎𝑥

𝜃1 = −
1

2𝜋3(𝑎2+1)
sin 2𝜋𝑧

𝜙1 = −
1

2𝜏2𝜋3(𝑎2+1)
sin 2𝜋𝑧}

 
 

 
 

  (41) 

Hence, using equation (41) in equation (37), we get 

ℒ𝜓2 = [−
𝑌2

𝜋𝑎3𝜎2(𝑎2+1)
+
𝑎𝑅𝑐

𝑆𝑡𝑒𝑎𝑑𝑦

𝜋(𝑎2+1)
− 2𝜋𝑎𝑅2 −

𝑎𝑅𝑠

𝜋𝜏3(𝑎2+1)
] sin 𝜋𝑎𝑥 . sin 𝜋𝑧 +  

𝑌2

𝜋𝑎3𝜎2(𝑎2+1)
sin 3𝜋𝑎𝑥 . sin 𝜋𝑧 + [

𝑎𝑅𝑠

𝜋𝜏3(𝑎2+1)
−

𝑎𝑅0

𝜋(𝑎2+1)
] sin 3𝜋𝑧 . sin 𝜋𝑎𝑥. (42) 

On comparing the value of 𝜓0 given in (38), one observes that the first term on the right hand 

side of (42) is of the form of 𝜓0 and hence must vanish. Therefore, we have 
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𝑅2 =
𝑅𝑐
𝑆𝑡𝑒𝑎𝑑𝑦

2𝜋2(𝑎2+1)
−

𝑌2

2𝜋2𝑎4𝜎2(𝑎2+1)
−

𝑅𝑠

2𝜏3𝜋2(𝑎2+1)
,   (43) 

where 𝑅𝑐
𝑆𝑡𝑒𝑎𝑑𝑦

 is the critical Rayleigh number at the onset of steady convection with respect to 

infinitesimal disturbances. From the above expression for Rayleigh number for second order, we 

observe that viscoelastic parameters have no effects on the finite amplitude steady convection, as 

have also been observed for the infinite amplitude by linear stability analysis for the steady case. 

 

5. RESULTS AND DISCUSSIONS: 

To study the effects of various parameters on the thermal Rayleigh number for steady and 

oscillatory cases, we have carried out the numerical computations of the respective expressions 

given by (20) and (23)  for some fixed values of 𝜏 = 0.01,   𝜎 = 7,  𝑅𝑠 = 10,  𝜆1 = 0.75 and 

𝜆2 = 0.40 (cf. Basu and Layek [13], Chandrasekhar [14], Kiran [18]). 

 

The variations of thermal Rayleigh number for steady case (𝑅𝑆𝑡𝑒𝑎𝑑𝑦) and overstable case (𝑅𝑂𝑣) 

for some fixed values of other parameters given above with respect to square of wave number 

(𝑎2)  is computed numerically and the results are shown in Figure 2. It is observed from the 

figure that oscillatory convection is the preferred mode in the thermohaline convection problem 

for viscoelastic fluids in the presence of rotation, when disturbances are infinite. Also, it is 

evident from the figure that rotation has stabilizing effect on the onset of both steady as well as 

oscillatory convection. Further one can easily note that in the absence of viscoelastic behaviour 

of the Newtonian fluid, the value of critical Rayleigh number for oscillatory case (𝑅𝑐
𝑂𝑣) is higher 

than for non-Newtonian fluid. Hence, we can conclude that viscoelasticity has destabilizing 

effect on the onset of thermohaline instability.  

 

Further, the effect of concentration gradient represented by 𝑅𝑠 on the Rayleigh number for same 

fixed values of other parameters with 𝑌2 = 100, has been studied numerically and is depicted 

graphically in Figure 3 and Figure 4 respectively, for 𝑅𝑆𝑡𝑒𝑎𝑑𝑦 and 𝑅𝑂𝑣. It is clear from the 

figures that non-adverse concentration gradient postpones the onset of steady as well as 

oscillatory convection in viscoelastic fluid layer heated from below. 

 

Figure 5 and Figure 6 show the effects of viscoelastic parameters 𝜆1 (stress relaxation time) and 

𝜆2 (strain retardation time) on the thermal Rayleigh number (𝑅𝑂𝑣) for the above fixed values of 

other parameters and under the condition 𝜆1 < 𝜆2 (cf. Basu and Layek [13]). It is observed from 

the figures that stress relaxation time has destabilizing effect whereas strain retardation time has 

stabilizing effect on the onset of oscillatory thermohaline convection. From Figure 5, we also 

observed that Oldroydian fluid model is more stable than Maxwellian fluid model (𝜆1 > 0, 𝜆2 =
0). 

 

From above analysis, we concluded that the viscoelastic parameters have the same effects on the 

double diffusive convection as that in single diffusive (thermal) convection. Also, we concluded 

that salinity gradient and rotation have usual effects on the onset of convection in viscoelastic 

fluid layer as in the case of thermohaline convection for Newtonian fluid. 
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Figure 2. Variations of Rayleigh number with square of wave number for various values of 

𝒀𝟐 with  𝑹𝒔 = 𝟏𝟎, 𝝉 = 𝟎. 𝟎𝟏 and 𝝈 = 𝟕. 
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Figure 3. Variations of Rayleigh 

number with square of wave number 

for steady convection for various 

values of 𝑹𝒔 with 𝒀𝟐 = 𝟏𝟎𝟎, 𝝉 =
𝟎. 𝟎𝟏 and  𝝈 = 𝟕. 

Figure 4. Variations of Rayleigh 

number with square of wave number 

for oscillatory convection for various 

values of 𝑹𝒔 with 𝒀𝟐 = 𝟏𝟎𝟎, 𝝉 = 𝟎. 𝟎𝟏 

and  𝝈 = 𝟕. 
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6. CONCLUSIONS: 

We have analysed the effects of concentration gradient, stress relaxation time, strain retardation 

time and rotation in thermohaline convection problem by using linear and non-linear stability 

analysis against infinite and finite amplitudes, respectively. Following are the main conclusions; 
 

Using linear stability analysis, when disturbances are of infinite amplitudes, we observed from 

the expressions for Rayleigh numbers for stationary and oscillatory instability in two-

dimensional convective rolls that overstability is preferred mode of instability. This means that 

the onset of instability is through oscillations, before becomes unstable through steady infinite 

disturbances. Also, concentration gradient (𝑅𝑆) has stabilizing effect on the onset of convection. 

This may be due to the enhancement of density of the fluid due to mass concentration, which 

decreases the heat transfer rate. The stress relaxation time  (𝜆1) and strain retardation time (𝜆2) 
has no effect on stationary Rayleigh number, however, for an oscillatory mode of convection, 𝜆1 

has destabilizing effect and 𝜆2 has stabilizing effect on the onset of instability. These behaviour 

of 𝜆1 and 𝜆2 on the onset of convection can be validated from the results obtained by Basu and 

Layek [13] and Kiran [18]. The Taylor number (𝑌), which represents the coriolis force has 

stabilizing effect on the onset of convection, as has also been analysed by Gupta and Gupta [4].  
 

Using non-linear stability analysis, when disturbances are of finite amplitudes, we observed from 

the expression for Rayleigh number for stationary mode of instability in two-dimensional 

convective rolls that the viscoelastic parameters 𝜆1 and 𝜆2 have no effects on the onset of 

instability. This behaviour of the viscoelastic parameters is expected in the lines of linear 

Figure 5. Variations of Rayleigh 

number with square of wave number 

for oscillatory convection for various 

values of 𝝀𝟐 with 𝒀𝟐 = 𝟏𝟎𝟎, 𝑹𝒔 = 𝟏𝟎, 

𝝀𝟏 = 0.75, 𝝉 = 𝟎. 𝟎𝟏 and  𝝈 = 𝟕. 

Figure 6. Variations of Rayleigh 

number with square of wave number 

for oscillatory convection for various 

values of 𝝀𝟏 with 𝒀𝟐 = 𝟏𝟎𝟎, 𝑹𝒔 = 𝟏𝟎, 

𝝀𝟐 = 0.2, 𝝉 = 𝟎. 𝟎𝟏 and  𝝈 = 𝟕. 

 



Proceeding of International Conference on Mathematics in Space and Applied Sciences  

(ICMSAS-2019) 

Published by Knowledge and Research Publisher, Nagpur India                  ISBN-978-81-942641-8-7 
 
 

69 
 

stability analysis with infinite amplitude. Also, the concentration gradient (𝑅𝑆) and rotation (𝑌) 
reinforce each other and have destabilizing effect on the onset of instability. The destabilizing 

behaviour of 𝑅𝑆 contrary to the linear stability case is justified by the reason provided by 

Kiran[18] that the effect of solutal Rayleigh number is to increase Nusselt number, which means 

𝑅𝑆 has destabilizing effect in this case. Though the presence of a stabilizing gradient (solute 

concentration) prevent the onset of convection, the strong finite amplitude motions, which exist 

for large Rayleigh numbers, tend to mix the solute and redistribute it so that the interior layers of 

the fluid are more neutrally stratified. This effect of rotation on instability has also been proved 

by Gupta and Gupta [4] in their analysis. 
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ABSTRACT: 

An analysis of flow of a viscous incompressible and electrically conducting fluid produced 

by harmonically oscillating wall of infinte extent in presence of transvese magnetic field is 

considered. Exact solutions for velocity, induced magnetic field, electrical current density 

and skin friction are obtained when the magnetic pradntl number is unity. The numerical 

results for velocity, induced magnetic field, electrical current density and skin friction for 

different parameters involved in the problem are expressed through graphs. The final results 

are discussed in detail at the last section of the paper.  

 

INTRODUCTION: 

The effect of a transversely applied magnetic field on the flow of an electrically conducting 

viscous fluid has been discussed widely owing to its physical, geophysical and engineering 

application. Literature survey also reveals that in an electrically conducting viscous fluid 

subject to an externally applied magnetic field has also received significant attention. 

Hartmann (1937) analyzed the effect of a transverse uniform magnetic field on the flow of a 

viscous incompressible electrically conducting fluid exiting through parallel stationary plates 

that are insulated. Rassow (1957) considered the impulsive motion of an infinite plate in a 

viscous incompressible magnetic fluid in the presence of an external magnetic field. The flow 

of a magnetic field near an infinite flat wall which oscillates in its own plate has been 

discussed by Ong and Nicholls (1959). Romig (1964) studied the influence of an electric and 

magnetic field on heat transfer to electrical conducting fluids. Soundalgekar (1965) discussed 

the hydromagnetic flow near an accelerated plate in the presence of magnetic field. Cramer 

and Pai (1973) discussed the utility of magneto fluid dynamics for engineers and applied 

physicists. Hydromagnetic flow near an oscillating porous flat plate under the action of body 

force was discussed by Kishan and Sharma (1979). An attempt has been made in this paper 

to study the effect of constant suction and periodic suction in hydromagnetic flow near an 

oscillating wall. The effect of suction consists in the removal of decelerated fluid particles 

from the boundary layer before they are given a chance to cause separation. A new boundary 

layer which is again capable of overcoming a certain adverse pressure gradient is allowed to 

form in the region behind the slit. With a suitable arrangement of the slits and under the 

favorable conditions separations can be prevented completely. 

 

MATHEMATICAL FORMULATION OF THE PROBLEM: 

We take the coordinate origin o, at an arbitrary point on an infinite wall, which is taken to be 

an electrical insulator. Cartesian coordinate system has been used with axis ox and oy along 

and perpendicular to the wall, respectively. The electrostatic system of units has been used 

throughout, and we assume that all physical quantities as functions of the space coordinate y 

and time t only. An attempt has been made in this paper to study the effect of constant 

suction and periodic suction in hydromagnetic flow near an oscillating wall. 
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Figure 4A.1 Geometrical Interpretation of the Problem 

 

Using Bossinesq approximation and following Pande et. al. (1975), a fluid model has been 

developed as follows: 

Case 1: Analysis for constant suction, here we have consider the suction of the type 

 v∗ = −v0, 

The basic equations governing the flows 

Equation of Continuity 
∂v∗

∂y∗ = 0 ⇒ v∗ = −v0    (1) 

Equations of motion 
∂u∗

∂t
− v0

∂u∗

∂y∗ = ν
∂2u∗

∂y∗2 +
μ0

ρ
Hy

∗ ∂Hx
∗

∂y∗   (2) 

Equation of magnetic induction 
∂Hx

∗

∂t
− v0

∂Hx
∗

∂y∗ =
1

σμ0

∂2Hx
∗

∂y∗2 + Hy
∗ ∂u∗

∂y∗  (3) 

The initial and boundary conditions for the velocity field are exactly the same as those given 

by Stokes (1851) for the hydrodynamic case: namely, 
u∗(y∗, 0) = 0,                     for y∗ ≥ 0

u∗(0, t) = U0 cos ωt, u∗(∞, t) → 0
}  (4) 

where ω denotes the frequency of oscillations of the wall and U0 the maximum velocity of 

the wall. 

The appropriate boundary conditions on Hx
∗ are 

Hx
∗(0, t) = 0,     Hy

∗(0, t) = H0

Hx
∗(∞, t) → 0, Hy

∗(∞, t) → H0
}  (5) 

From Maxwell’s equations the components of electrical current density are given by 

Jx = Jy = 0 and Jz = − (
∂Hy

∗

∂y∗
)  (6) 

And the divergence equation for the magnetic field gives 

Hy
∗ = constant = H0  (7) 

where H0 is externally applied transverse magnetic field. 

 

Substituting equation (7) in equation (2), (3) and (6),  and introducing the following non-

𝐱∗ 
𝐎 

−𝐱∗ 

𝐲∗ 

𝐯∗ = −𝐕𝟎 

𝐮∗(𝟎, 𝐭) = 𝐔𝟎 𝐜𝐨𝐬 𝛚𝐭 
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dimensional quantities 

y = y∗ (
ω

2ν
)

1
2⁄

, H = Hx
∗ (

μ0

ρ
)

1
2⁄

, λ =
V0

√2νω
, M = H0 (

μ0

ρ
)

1
2⁄

(2ων)−1
2⁄ , Pm = νρμ

0
,  

α = (σμ
0

)
−1

.    

By using above non-dimensional quantities in equations (2), (3) and (6), we get the following 

non-dimensional set of governing equations, 
∂2u

∂y2
−

2

ω

∂u

∂t
+ 2M

∂H

∂y
+ 2λ

∂u

∂y
= 0   (8) 

1

Pm

∂2H

∂y2 −
2

ω

∂H

∂t
+ 2M

∂u

∂y
+ 2λ

∂H

∂y
= 0  (9) 

Jz = − (
ρω

2μ0υ
)

1
2⁄

∂H

∂y
   (10) 

where  Pm represents the magnetic prandtl number. 

Following  Pande et al. (1976), we seek the solution of the equation (8) and (9) as follows 
u(y, t) = U0cos(ωt)f(y)

H(y, t) = U0os(ωt)g(y)
}  (11) 

with periods 
2π

ω
, substituting (11) into (8) and (9), we find that f(y) and g(y) must satisfy the 

equation 
∂2f

∂y2 − 2if + 2M
∂g

∂y
+ 2λ

∂f

∂y
= 0  (12) 

1

Pm

∂2g

∂y2
− 2ig + 2M

∂f

∂y
+ 2λ

∂g

∂y
= 0  (13) 

which are to be solved under the boundary conditions 
f(0, t) = 1,    g(o, t) = 0

f(∞, t) → 0, g(∞, t) → 0
}  (14) 

If we assume the magnetic Prandtl number Pm = 1, then the appropriate solution of (12) and 

(13) satisfying the boundary conditions (14), are 

f =
1

2
[e−(a+λ+M)ηe−

iy

a + e−(b+λ+M)ηe−
iy

b ]   (15) 

g =
1

2
[e−(a+λ+M)ηe−

iy

a − e−(b+λ+M)ηe−
iy

b ]  (16) 

where 2a2 = (M + λ)2 + {(M + λ)4 + 4}
1

2⁄  and  

2b2 = (M − λ)2 + {(M − λ)4 + 4}
1

2⁄       

Thus the expression for the velocity and induced magnetic field are given by 
u

U0
=

1

2
[e−(a+λ+M)ycos (ωt −

y

a
) + e−(b+λ+M)ycos (ωt −

y

b
)]  (17) 

H

U0
=

1

2
[e−(a+λ+M)y cos (ωt −

y

a
) − e−(b+λ+M)ycos (ωt −

y

b
)]  (18) 

The skin friction in presence of magnetic field 

τ = μ (
∂u

∂η
)

η=0
= −

μU0

2
[(a + b + 2λ) cos ωt − (

1

a
+

1

b
) sin ωt]  (19) 

Ratio of skin friction at the wall in the presence and absence of magnetic field is 

τ

τ0
=

[(a+b+2λ) cos ωt−(
1

a
+

1

b
) sin ωt]

2[(a+λ) cos ωt−
1

a
sin ωt]

   (20) 

where τ and τ0 represents, the skin friction in presence and absence of the magnetic field. 

On substituting the value of H from equation (18) into (10), we get the expression for electric 

current density as 
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Jz

U0
=

1

2
[{(a + M + λ)e−(a+λ+M)y − (b + M + λ)e−(b+λ−M)y} cos (ωt −

y

a
) − {

1

a
e−(a+λ+M)y −

1

b
e−(b+λ−M)y} sin (ωt −

y

b
)]  (21) 

 

Case 2: Analysis for periodic suction, when v = −v0 cos(ωt) , 

If we assume the magnetic Prandtl number Pm = 1, then the appropriate solution of the 

equation (12) and (13)  are 

f =
1

2
[e

−(a+V0cosωt√
2

νω
+M)y

e−
iy

a + e
−(b+V0cosωt√

2

νω
+M)y

e−
iy

b ]  (22) 

g =
1

2
[e

−(a+V0cosωt√
2

νω
+M)y

e−
iy

a − e
−(b+V0cosωt√

2

νω
+M)y

e−
iy

b ]  (23) 

Where 2a2 = (M + V0cosωt√
2

νω
)

2

+ {(M + V0cosωt√
2

νω
)4 + 4}

1
2⁄

 and  

2b2 = (M − V0cosωt√
2

νω
)

2

+ {(M − V0cosωt√
2

νω
λ)4 + 4}

1
2⁄

      

Thus the expression for the velocity and induced magnetic field are given by 

u

U0
=

1

2
[e

−(a+V0cosωt√
2

νω
λ+M)y

cos (ωt −
y

a
) + e

−(b+V0cosωt√
2

νω
+M)y

cos (ωt −
y

b
)]  (24) 

H

U0
=

1

2
[e

−(a+V0cosωt√
2

νω
+M)y

cos (ωt −
y

a
) − e

−(b+V0cosωt√
2

νω
+M)y

cos (ωt −
y

b
)]  (25) 

 

RESULTS AND DISCUSSION: 

The oscillation of the wall will produce wave-like disturbances within the boundary layer. 

The velocity profile has the form of damped harmonic oscillations, i.e., the velocity decays 

exponentially as the distance from the wall increases. In the neighborhood of the wall, its 

amplitude decreases by the presence of the magnetic field. A fluid layer at a distance y has a 

phase lag given by
 y

a⁄ =
y∗ (

ω

2ν
)

1
2⁄

a
⁄

 with respect to the oscillations of the wall; which 

depends on the strength of the applied magnetic field besides the frequency of oscillation and 

the viscosity of the fluid. This phase lag decreases as the strength of the magnetic field 

increases for given ω and ν. Conversely the smaller the strength of the applied magnetic field 

and the viscosity of the fluid and higher the frequency, the faster the rate of decrease of 

velocity with the increase in y, for given U0  . This fact is evident from figure 1 which 

represents the motion for several instant of time.  

The induced magnetic field have phase lags given by
y (

ω

2ν
)

1
2⁄

a
⁄

, similar to the one discussed 

earlier for the case of velocity profile. Also, we observe that near the wall, the velocity 

amplitudes increases with Hartmann number(M). Table 1 shows the periodic variation of the 

velocity.  

 

It is also useful to note that, in the absence of suction parameter (λ = 0), our results become 



Proceeding of International Conference on Mathematics in Space and Applied Sciences  

(ICMSAS-2019) 

Published by Knowledge and Research Publisher, Nagpur India                  ISBN-978-81-942641-8-7 
 
 

74 
 

identical with the results of Pande et al. (1975) as shown in figure 6. 

 

 

 

 
Figure 1. Velocity profiles with 𝐲 for 𝐌 = 𝟎. 𝟓, 𝟏 and 𝛌 = 𝟎. 

 

 

 

 

 

 

 

 
Figure 2. Velocity profiles with 𝐲 for 𝐌 = 𝟎. 𝟓, 𝟏 and 𝛌 = 𝟎. 𝟐. 

 

𝐮 𝐔𝟎⁄  

𝐮 𝐔𝟎⁄  

 



Proceeding of International Conference on Mathematics in Space and Applied Sciences  

(ICMSAS-2019) 

Published by Knowledge and Research Publisher, Nagpur India                  ISBN-978-81-942641-8-7 
 
 

75 
 

 
Figure 3. Velocity profiles for different values of 𝛌 and 𝐌. 

 

 

 

 

 

 

 

 
Figure 4. Induced magnetic field profiles with 𝐲 for 𝐌 = 𝟎. 𝟓, 𝟏 and 𝛌 = 𝟎. 𝟐. 

𝐇 𝐔𝟎⁄  

 

η 

 

𝐮 𝐔𝟎⁄  

 

Curve 𝐌 𝛌 

I 0.5 0 

II 0.5 0.5 

III 1 0.5 

IV 0.5 1 
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Figure 5. Induced magnetic field profiles with 𝐲 for 𝐌 = 𝟎. 𝟓, 𝟏 and 𝛌 = 𝟎. 

 

 

 

 
Figure 6. Velocity profiles with 𝐲 for 𝐌 = 𝟏, 𝛌 = 𝟎 and 𝛌 = 𝟎. 𝟐. 
 

 

 

Table 1. Variation of velocity for different values of 𝐭. 
𝐭/𝐲 0 1 2 3 4 5 

0 0.5 0.1274 -0.01619 -0.0689 -0.00546 -0.01673 

1 0.3535 0.1984 0.08171 -0.01337 -0.05363 -0.04448 

2 0 0.1530 0.07818 -0.00025 -0.04554 0.14776 

 

 

 

𝐇 𝐔𝟎⁄  

 
𝛌 = 𝟎 

𝛌 = 𝟎. 𝟐 
 

𝐮 𝐔𝟎⁄  
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ABSTRACT:  

The onset of Triple-Diffusive convection in Rivlin-Ericksen fluid with varying gravity field 

is studied analytically in the presence of uniform vertical magnetic field in porous medium. 

For the case of stationary convection, the magnetic field, varying gravity field and the stable 

solute gradients have stabilizing effects whereas the medium permeability has destabilizing 

(or stabilizing) effect on the system under certain conditions. A linear stability analysis 

theory and normal mode analysis method have been carried out to study the onset 

convection. The kinematic viscoelasticity has no effect on the stationary convection. The 

solute gradients, magnetic field, varying gravity field, porosity and kinematic viscoelasticity 

introduce oscillatory modes in the system, which were non-existent in their absence. The 

sufficient conditions for the non-existence of overstability are also obtained. The results are 

shown graphically. 

 

KEYWORDS: Rivlin-Ericksen Fluid, Solute Gradients, Triple-Diffusive Convection, 

Varying Gravity Field. 

 

1. INTRODUCTION: 

The theoretical and experimental results of the onset of thermal instability in a fluid layer 

under varying assumptions of hydrodynamics and hydromagnetics have been treated by 

Chandrasekhar[8]. Veronis [5] studied the problem of thermohaline convection in a layer of 

fluid heated and soluted from below. 

 

With the growing importance of non-Newtonian fluids in geophysical fluid dynamics, 

chemical technology and petroleum industry, the investigations on such fluids are desirable. 

The Rivlin-Ericksen fluid [6] is one such fluid. The idealization of uniform gravity field can 

be hardly justified in the presence of large scale convection phenomenon occurring in 

atmosphere, the ocean or the mantle of the earth. 

 

Pradhan et al [4] studied the thermal instability of the fluid layer under variable gravitational 

field.  

 

A comprehensive review of the literature concerning thermosolutal convection in a fluid-

saturated porous medium may be found in the book written by Nield and Bejan [3]. The 

thermosolutal instability in Walters’ B' fluid in the presence of Hall currents in porous 

medium in hydromagnetics has been studied by Kango et al [9]. S. Chand [7] studied triple-

diffusive convection in Walters’ (Model B') fluid in porous medium in hydromagnetics.  

 

The solution behaviour in the double-diffusive convection problem is more interesting than 

that of the single component situation in so much as new instability phenomena may occur 
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which is not present in the classical Benard problem. When temperature and two or more 

agencies, or two different salts, are present, the physical and mathematical situation becomes 

increasingly richer. Very interesting results in triply-diffusive convection have been obtained 

by Pearlstein et al., [1]. They demonstrate that for triple diffusive convection linear instability 

can occur in discrete sections of the Rayleigh number domain with the fluid being linearly 

stable in a region in between the linear instability ones. This is because for certain parameters 

the neutral curve has a finite isolated oscillatory instability curve lying below the usual 

unbounded stationary convection one. Straughan and Walker [2] derive the equation for non-

Boussinesq convection in a multi-component fluid and investigate the situation analogous to 

that of Pearlstein et al., but allowing for a density non-linear in a temperature field. In reality 

the density of a fluid is never a linear function of temperature, and so the work of Straughan 

and Walker applies to the general situation where the equation of state is one of the density 

quadric in temperature. This is important, since they find that departure from the linear 

Boussinesq equation of state changes the perfect symmetry of the heart shaped neutral curve 

of Pearlstein et al. 

 

Keeping in view the recent increase in the number of non iso-thermal situations, our interest, 

in the present paper is to study the triple-diffusive convection in Rivlin-Ericksen Fluid with 

varying gravity field in porous medium. 

 

2. MATHEMATICAL FORMULATION OF THE PROBLEM: 

Consider an infinite, horizontal, incompressible layer of thickness d of an electrically non-

conducting Rivlin-Ericksen fluid heated and salted from below. The temperature T  and 

solute concentrations 1
C  and 2

C  at the bottom and top surfaces 0,z d=  are 

0T and 1T ; 1

0C , 1

1C and 2

0C , 2

1C respectively, and a uniform temperature gradient β (=dT/dz) and 

uniform solute gradients are
1

( dC / dz )  =   and 
2

( dC / dz )  =   are maintained. A uniform 

magnetic field (0,0, )H=H  and the gravity field (0,0, )g= −g , where 0g =g 0( 0)g  is the 

value of g at z=0 and  can be +ve or –ve according to whether gravity increases or decreases 

upwards from its value 0g ; pervades the system. The equations relevant to the problem are: 

0 0 0

1 1 1 1
( . ) ( ) (1 ) ( ) ,

4

ep
t k t


 

    

 
+  = −  + + − + +  

 

   
  

   

q
q q g q H H                          (1) 

. 0, =q                                                                                                                                    (2) 

2
( . ) ,

T
E T T

t



+  = 


q                                                                                                         (3) 

1
1 2 1

( . ) ,
C

E C C
t



 +  = 


q                                                                                                      (4) 

2
2 2 2

( . ) .
C

E C C
t




 +  = 


q                                                                                                      (5) 

The density equation of state is 
1 1 2 2

0 1 ( ) ( ) ( ) ,a a aT T C C C C     = − − + − + −                                                                     (6) 

where 0, , , , , , , , , , ,, t             q g  are the fluid density, reference density, velocity, time, 

gravitational acceleration, the kinematic viscosity, the kinematic viscoelasticity, the thermal 

diffusivity, the solute diffusivities and  , thermal and solvent coefficients of expansion 
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  and respectively. aT is the average temperature given by 0 1( ) / 2aT T T= +  where 0T  and 

1T are the constant average temperatures of the lower and upper surfaces of the layer and 1

aC  

, 2

aC are the average concentrations given by 1 1 1

0 1( ) / 2aC C C= + and 2 2 2

0 1( ) / 2aC C C= + , 

where 1

0C , 1

1C and 2

0C , 2

1C  are the constant average concentrations of the lower and upper 

surfaces of the layer. Maxwell’s equations yield 

2
( . ) ,

t
 


=  + 


H
H q H                                                                                                         (7) 

. 0. =H                                                                                                                                  (8) 

Here 
0

(1 ) s s

i

C
E

C


 


= + − is a constant and E , Eare analogous to E but corresponding to 

solute rather that heat. s , sC and 0 , iC stand for density and heat capacity of solid and fluid 

respectively. The steady state solution is 
1 1 2 2

0 1(0,0,0), , , , ( ) / ,a a aT z T C z C C z C T T d    = = − + = − + = − + = −q  

1 1 2 2

1 0 1 0 0( ) / , ( ) / , 1 ).(C C d C C d z z z             = − = − = + − −                                        (9) 

The change in density , caused by the perturbations  in temperature and ,    in 

concentrations, is given by 

0 ).(         = − − −                                                                                                      (10) 

Then the linearized perturbation equations become 

0

0 0

1 1 1
( ) ) ( ) ,

4
( ( ) ep g

t k t


       

  
 

 
   = −  − − − − + +  

 

q
q h H                           (11) 

. 0, =q                                                                                                                                  (12) 

2
,E w

t


  


= + 


                                                                                                                (13) 

2
,E w

t


  


  = + 


                                                                                                              (14) 

2
,E w

t


  


   = + 


                                                                                                            (15) 

2
( . ) ,

h

t
 


 + 


= H h                                                                                                             (16) 

. 0. =h                                                                                                                                  (17) 

 

3.  DISPERSION RELATION: 

Analyzing the disturbances into normal modes, we assume that the perturbation quantities are 

of the form 

[ , , , , ] [ ( ), ( ), ( ), ( ), ( )]exp ( ),z x yw h W z z K z z z i ik x ik y nt    =    + +                                          (18) 

where ,x yk k are the wave numbers along the x and y directions, respectively and 

2 2

x yk k k= + is the resultant wave number and n is, in general, a complex constant. Eq. (11)-

(17), using (18), in non-dimensional form become  
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2 2
2 2 2 20

0

0

1
1 ( ) 0,

4
[ ( )]( ) ( )

l

Hg a d eF D a W g D a DK
P


    

  




 + + − + −  −  − − =          (19) 

2 2

2( ) ,
Hd

D a p K DW


− − = −
 
 
 

                                                                                       (20) 

2
2 2

1( ) ,
d

D a Ep W





− −  = −
 
 
 

                                                                                         (21) 

2
2 2

1( ) ,
d

D a E q W






− −  = −

 
 

 
                                                                                         (22) 

2
2 2

2( ) ,
d

D a E q W






− −  = −

 
 

 
                                                                                        (23) 

where 1

2
,l

k
P

d
=  is the non-dimensional parameter for medium permeability; 1

1

,p
k


=  is the 

thermal Prandtl number; 

1 2, ,q q
 

 
= =

 
 are the analogous Schmdit numbers accounting for two solutes, 

respectively and
2

, , , .
nd d

a kd z zd D
dz




= = = =  

The appropriate boundary conditions w.r.t. which eqns. (19)-(23) must be solved 

(Chandrasekhar [8]). 
2 0, 0,W D W= =  =  =  =  at 0z = and 1z =  and 0K =  on the perfectly conducting 

boundaries and , ,x y zh h h are continues.                                                                              (24) 

The case of two free boundaries, though little artificial, is the most appropriate for stellar 

atmospheres.Using the above boundary conditions, it can be shown that all the even order 

derivatives of W must vanish for 0z =  and 1z =  and hence the proper solution of 

W characterizing the lowest mode is 

0 sinW W z= , where 0W  is a constant.                                                                               (25) 

Eliminating , , ,K  between equations (19)-(23) and substituting (25), we obtained the 

dispersion relation 

( )

( )

( )

( )
1 1

2 1

1 1 1 11 1
1 1 1 1 1 1

1 1 2 1

1 11 (1 )(1 )
[ 1

(1 ) 1 1

1
(1 ]( ) [ ,..

x iEp x iEpi Qx x x iEp
R iF x iEp S S

x x ipx P x iE q x iE q

  
 

   

+ + + ++ + + +
= + + +

+ +  + + + +
+ − + + (26)

 

where 
4

1 4

g d
R




= , is the Rayleigh number; 

4 4

1 24 4
,

g d g d
S S

   

  

   
= =

 
 are the analogous 

solute Rayleigh numbers; 
2 2

1 2

04

eQ
H d

 
= , is the Chandrasekhar number;

2

2

a
x


= , is the 

dimensionless wave number and
2l

P
P


=  

and 1 2
i





= .  



Proceeding of International Conference on Mathematics in Space and Applied Sciences  

(ICMSAS-2019) 

Published by Knowledge and Research Publisher, Nagpur India                  ISBN-978-81-942641-8-7 
 

 

82 

 

Equation (26) the required dispersion relation studying the effects of magnetic field, variable 

gravity field, medium permeability, kinematic viscoelasticity and stable solute gradients on 

the triple-diffusive convection of Rivlin-Ericksen fluid in porous medium. 

 

4. STATIONARY CONVECTION 

For the case of stationary convection,   = 0 and Equation (26) reduces to 

 
2

1 1 1 2

(1 ) 1
,

x x
R Q S S

xP x 
 

+ +
= ++ +                                                                                        (27) 

which expresses the modified Rayleigh number 1R  as a function of the dimensionless wave 

number x  and the parameters 1Q , 1S ,  2S  and P. For stationary convection the parameter F 

accounting for the kinematic viscoelasticity effect vanishes and thus the Rivlin-Ericksen 

elastico-viscous fluid behaves like an ordinary Newtonian fluid. Equation (27) yields 

1

1

1,
dR

dS
= + 1

2

1,
dR

dS
= +                                                                                                             (28) 

which imply that the stable solute gradients have a stabilizing effect on the system. 

1

1

1
,

x

x

dR

dQ 

+
=                                                                                                                        (29) 

The magnetic field, therefore, has a stabilizing effect on the system when gravity is 

increasingly upwards ( 0  ) and destabilizes the system when gravity is decreasing 

upwards. 
2

1 (1 )
,

x

xP

dR

dP 

+
= −                                                                                                                    (30) 

which is always negative, showing destabilizing effect of medium permeability and for 

constant varying gravity. The dispersion relation (27) is analyzed numerically.  

 

In Fig.1, 1R  is plotted against x for 1 30,Q = 1,P =  2, = 2 100S = & 1 100,200,300S = . The 

stabilizing role of solute gradient is clear from the increase in the Rayleigh number with 

increasing parameter value 1S . 

 

 
Fig. 1 

 

In Fig.2, 1R  is plotted against x for 1 30,Q = 1,P = 2, =  1 100S = & 2 100,200,300S = . The 

stabilizing role of solute gradient is clear from the increase in the Rayleigh number with 
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increasing parameter value 2S . 

  

 
Fig. 2 

 

In Fig.3, 1R  is plotted against x for 1,P =  2, =  1 100,S =  2 100S =  and 1 30,60,90Q = . The 

stabilizing role of magnetic field is clear from the increase in the Rayleigh number with 

increasing parameter value 1Q . 

 

 
Fig. 3 

 

In Fig.4, 1R  is plotted against x for 1 30,Q =  2, =  1 100,S =  2 100S = and 2,4,6P = . The 

destabilizing role of medium permeability is clear from the decrease in the Rayleigh number 

with increasing parameter value 2S . 

 



Proceeding of International Conference on Mathematics in Space and Applied Sciences  

(ICMSAS-2019) 

Published by Knowledge and Research Publisher, Nagpur India                  ISBN-978-81-942641-8-7 
 

 

84 

 

 
Fig. 4  

  

 

5. STABILITY OF THE SYSTEM AND OSCILLATORY MODES: 

Here we examine the possibility of oscillatory modes, if any, in the stability problem due to 

the presence of magnetic field, varying gravity field, kinematic viscoelasticity and stable 

solute gradients. Multiplying Eq. (19) by W*, the complex conjugate of W, integrating over 

the range of z and making use of Eq. (23) - (27) together with the boundary conditions 

(29) and putting r ii  = +  & equating the real and imaginary parts, we obtain 
2 2 2

0 0 0
1 1 3 1 5 2 7 2 9

0

2 2 2

0 0 01
2 4 6 8

0

1
[( ) ( ) ( ) ( ) ]

4

[ ],
4

e
r

l

e

l

g a g a g aF
I Ep I E q I E q I p I

P

g a g a g aI
I I I I

P

      


     

      

    

   
 − − + + +

 

   
= − − + + +

 

       (31) 

2 2 2

0 0 0
1 1 3 1 5 2 7 2 9

0

1
[( ) ( ) ( ) ( ) ] 0,

4

e
i

l

g a g a g aF
I Ep I E q I E q I p I

P

      


     

   
 − + − − − =

 
 (32) 

The integrals 1 9,..........,I I  are all positive definite, where 

( ) ( ) ( )
1 1 1 1 1

2 2 2 2 2 2 2 2 2 2 2

1 2 3 4 5
0 0 0 0 0

| | | | , | | | | , | | , | | | | , | | ,I DW a W dz I D a dz I dz I D a dz I dz= + =  +  =  =  +  =       

( ) ( ) ( )
1 1 1 1

2 2 2 2 2 2 2 2 4 2 2 2 2

6 7 8 9
0 0 0 0

| | | | , | | , | | 2 | | | | , | | | | ,I D a dz I dz I D K a DK a K dz I DK a K dz=  +  =  = + + = +     

It follows from equation (31) that r  may be positive or negative which means that the 

system may be stable or unstable. It is clear from (32) that i  may be zero or non-zero, 

meaning that the modes may be non-oscillatory or oscillatory. The oscillatory modes are 

introduced due to the presence of kinematic viscoelasticity, varying gravity field, magnetic 

field and stable solute gradients which were non-existent in their absence. 

 

6. THE CASE OF OVERSTABILITY 

Here we discuss the possibility of whether instability may occur as overstability. If we equate 

real and imaginary parts of (26) and eliminate 1R  between them, we obtain  
3 2

3 1 2 1 1 1 0 0,A c A c A c A+ + + =                                                                                                      (33) 

where we have put 2

1 1c = , 1b x= +  and 2 2 1
3 1 2

1 1
( ) ( ) [ ( )]

EpF F
A b E q E q b

P P P 
 = − + −           (34) 
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3 3
5 21

0 1 1 1 2 1 2 1 1 22 3 2 2

1
[ ( ) 1)[ ( ) ( )]) ( )] (

Epb F b b
A b b S Ep E q S Ep E q Q Ep p

P P P P P
 


 = − + − + + −+ − −  (35) 

As 1  is real for instability, the four values of ( )2

1 1c =  must be positive. The product of the 

roots of (33) is 0 3/A A− , which is possible if 1 1 1 2 1 2, , 0,Ep E q Ep E q Ep p      and
1F

P 
   (36) 

which implies that , , , 0E E E E E              and 1k



 .                                   (37) 

                                                                               

Thus Equations (37) are, therefore, the necessary conditions for the non-existence of 

overstability, the violation of which does not necessarily imply the occurrence of 

overstability. 
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ABSTRACT: 

The two-dimensional problem of piezothermoelasticity has been considered to investigate the 

disturbance in homogeneous, transversely isotropic (6mm class) generalized cylindrical 

piezothermoelastic continuum subjected to continuous mechanical load acting on thermally 

insulated and electrically shorted surface. Integral transform technique has been adopted, 

namely: Laplace transform for time variable and Hankel transform for space variables. These 

transforms technique have been employed to express the boundary conditions in the 

transformed domain. The formal solutions are employed to obtain the system of simultaneous 

linear algebraic equations. These systems of equations are solved by using Gauss elimination 

process for the unknowns. These values of unknowns are used to find the expressions of 

displacements, temperature change, electric potential, stresses and electric displacement in 

the transformed domain. The inverse transform integrals are evaluated by using numerical 

technique. Temperature, normal stress and shear stress so obtained in the physical domain, 

are computed numerically from the relevant expressions and relations code for PZT-5A 

material. Finally, the illustration of the results for classical and non-classical models of 

thermoelasticity has been presented graphically.  

 

KEYWORDS: Generalized piezothermoelastic; Integral transforms; Relaxation time; Eigen 

value; Electrically shorted. 

 

INTRODUCTION: 

Composite structures can be exposed to variety of fields in the different environment. The 

knowledge of its response to the different loads is necessary to predict its capability to the 

elastodynamical stresses induced by sudden loading, which is essential for the proper and 

safe design. The general solution for transversely isotropic piezothermoelastic materials has 

been used by Hou et al. [1] to construct the three-dimensional solution of a steady point heat 

source acting on the apex of cone. Non-linear transient behavior of a piezothermoelastic 

laminate deviated from equilibrium state has been analyzed by Watanabe et al. [2]. The 

response of a functionally graded, radially polarized hollow cylinder under dynamic 

axisymmetric loadings has been studied by Babaei and Chen [3]. The one-dimensional 

problem of functionally graded medium excited by moving heat source has been investigated 

by Babaei and Chen [4].  

 

Ailawalia and Khurana [5] studied the deformation of transversely isotropic piezoelectric 

medium with an overlying infinite viscous fluid due to moving load acting at the interface of 

both media by applying Fourier transforms. The bending behavior of a circularly curved, 

functionally graded piezoelectric cantilever actuator under an applied electric load and heat 

conduction has been studied by Zaman et al. [6]. Akbarzadeh et al. [7] investigated the 

dynamic response of a functionally graded piezoelectric medium (FGPM) subjected to a 
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moving heat source. The thickness response of a piezothermoelastic panel, which is occupied 

by a material of hexagonal crystal class, has been studied by Montanaro [8] under quasi-

static boundary conditions with one of the bounding surface subjected to prescribed 

temperature.  

 

FORMULATION OF THE MODEL: 

We consider a homogeneous, transversely isotropic, thermally conducting, linear generalized 

piezothermoelastic cylindrical medium. Initially, the medium is assumed to be undisturbed 

and at uniform temperature 0T . The origin of cylindrical co-ordinate system ( )zr ,,  is taken 

at any point on the surface ( )0=z  and −z axis pointing vertically downward into the 

medium. It is assumed that disturbances are caused by continuous point mechanical load 

acting at the surface 0=z . Due to symmetry, all the field quantities are independent of   co-

ordinate. The governing field equations of linear piezothermoelasticity for homogeneous, 

transversely isotropic (6mm class) axisymmetric cylindrical body upon employing Lord and 

Shulman [9] and Green and Lindsay [10] models of thermoelasticity, in the absence of 

charge density, heat sources and body forces; are given by Thakur et al. [11]. This system of 

equations can be expressed in the matrix form as: 

( ) 02 =++ 
ZCBA DD          (1) 

( )ZBAσ
 += D               

where  

 T

zzrzzrr D=
σ              (2) 
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where 
rrr 


+




=

1
2

2
2

1 , 







+




=

rr

1
2        (3) 

 

Initial and Regularity Conditions: 

The initial and regularity conditions are given by:  

 ( ) ( )0,,00,, zruzru == , ( ) ( )0,,00,, zrwzrw == , ( ) ( )0,,00,, zrTzrT == , 

( ) ( )0,,00,, zrzr  == , for  0=t  , 0z , 0r  and                        (4) 

( ) 0,, =tzru , ( ) 0,, =tzrw , ( ) 0,, =tzrT , ( ) 0,, =tzr , for 0t , →+ 22 zr .    (5) 

 

Boundary Conditions:  

The following boundary conditions are to be satisfied in non-dimensional form at the surface 

0=z of the solid half-space. 

( )
( ) ( )

r

tgr
trzz






2
,0, 0



−= , ( ) 0,0, =trzr , ( ) 0,0,, =trT z , ( ) 0,0, =tr    (6) 

where 
01

0
0

T


 =  denotes intensity of the mechanical  load. 
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FORMAL SOLUTION: 

In order to solve the proposed model, we apply Laplace transform (Churchill [12]) with 

respect to time‘ t ’ defined by:  

( ) ( ) dtptexptzrpzr )(,,,,
0

−= 


ZZ , ( ) ( ) dtptexptzrpzr )(,,,,
0

−= 


σσ   (7) 

where the functions ( )pzr ,,Z  and ( )pzr ,,σ  represent the Laplace transforms of column 

vectors ( )tzr ,,Z and ( )tzr ,,σ , respectively.  

We define the Hankel transform with respect to ‘ r ’ as: 

( ) ( ) ( )drqrJpzrrpzq n


=
0

,,,,
~

ZZ , ( ) ( ) ( )drqrJpzrrpzq n,,,,~

0

σσ 


=    (8) 

where 0=n  for ( )pzrw ,, , ( )pzrT ,,  and 1=n  in the case of ( )pzru ,, . Here ( )qrJn  is a Bessel 

function of first kind and of order n . Applying Laplace and Hankel transform from equations 

(7) and (8) to equations (1) and (2), we obtain:  

( ) 0
~~~2 =++ 
ZCBA DD ,                               (9) 

( )ZBAσ
~~~  += D                      (10) 

where 
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where 0

1

0 tp += − , 01

1

0 tp k += −
, ktp 21

1

1  += −
.  

In order to solve the matrix ordinary differential equations (9), we assume its solution as: 

( ) ( ) ( )zmexppqpzq ,,,
~ = XZ                       (12) 

Upon substituting solution (12) in equation (10), we obtain:   

( ) ( ) 0,
~~2 =++  pqmm XCBA                                (13) 

which is a eigenvalue problem. The system of equations (13) has a non-trivial solution if and 

only if: 

( ) 0
~~2 =++ 
CBA mmdet                          (14) 

On simplification this determinantal equation leads to polynomial characteristic equation 

given as: 

04

2

3

4

2

6

1

8 =+−+− fmfmfmfm                                          (15) 
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where  
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.                          (16) 

Quantities F , ka and kA ( )3,2,1=k  used in equation (16) are defined in the Appendix. The 

characteristic equation (15), being biquadratic in 2m provides four pairs of characteristic roots 

given by 

1

2

1 fm = , 2

2

2

2

1 fmm = ,  3

2

3

2

2

2

1 fmmm = ,   4

2

4

2

3

2

2

2

1 fmmmm =       (17) 

The formal solution of equation (12) can be written as:  

( ) ( ) ( ) ( ) ( )
=



++

 +−=
4

1

44 ,,,,
~

k

kkkkkk zmexppqBzmexppqBpzq XXZ          (18)   

where ( )  T

kkkk SWVpq  = 1,X , 4,3,2,1=k ; kmm −=  

         ( )  T

kkkk SWVpq 
+ −−= 1,4X , 4,3,2,1=k ; kmm =        (19)   

where   
( )
( )k

k
k

mQ

mQ
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 = 1 ,   

( )
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k
k

mQ

mQ
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 = 2 ,  

( )
( )k

k
k
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mQ
S




 = 3 ,     4to1=k .      (20)  

 Here, ( ) ( ) ( ) ( ) 22
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4
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     (21) 

The quantities k ( )13to1=k  used in equation (21) are defined in the Appendix. 

The formal solution of equation (12) satisfying the requirement of boundedness is given by: 

( ) ( )
=

−=
4

1

,),,(
~

k

kkk zmexpBpqpzq *
XZ           (22)  

Upon using solution (22) in equation (10), we get: 

( ) ( )
=

−=
4

1

,~

k

kkk zmexpBpq*
XYσ                           (23) 

 

where 
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k ABY      (24) 

This gives the formal solution for piezothermoelastic (6mm class) cylindrical continua.  

 

SOLUTION OF THE PROBLEM: 

Upon applying integral transforms defined by equations (7) and (8) to the boundary 

conditions (6) and using the solution (22) and (23), we get a system of equations with four 
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unknown arbitrary constants kB  (k = 1, 2, 3, 4) as:             

( )pgqBDBDBDBD ~
0414313212111

 −=+++  ,   0424323222121 =+++  BDBDBDBD      

 044332211 =+++ BWBWBWBW , 0444333222111 =+++ BSmBSmBSmBSm         

      (25) 

where ( )  −−−−= kkkkkk SpWmVmcccqD 11231  ,  −−−= kkkk WqeVqcmcD 2222
    

for 4,3,2,1=k . 

On solving equation (25) with the help of Gauss elimination technique, we obtain the value 

of kB  (k = 1, 2, 3, 4  

( ) ( )pg
Θ

Θ
qB kk

k
~1 0 



−=  , 4,3,2,1=k                                     (26)   

where   

432

443322
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DDD
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WWW

SmSmSm
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232221

WWW

SmSmSm
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  −+−= 4321 ΘDΘDΘDΘDΘ 14131211         

   

 

  In this case, the displacements, electric potential, temperature change, stresses and electrical 

displacement are obtained as: 

( ) ( ) ( )
=








−−=
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1

0 ,,,1)1(
~

,
~

,~,~

k

k
k

kkk

k zmexp
Θ

Θ
SWV

p

q
Twu


                     

which provides us the solution for this particular set of boundary conditions. 

 

INVERSION OF THE TRANSFORMS: 

According to Bradie [13], the various quadrature formulae such as Newton-Cotes, Romberg 

and Gaussian quadrature etc. can be used to approximate the value of an improper integral, 

provided the integral exists. However, some changes of variable generally must be made to 

achieve theoretical order of convergence, if required. Due to the existence of damping terms, 

the dependence of characteristic roots km ( )4,3,2,1=k  on p is very complicated and hence the 

inversion of integral transform is quite difficult task analytically. But this can be 

conveniently managed through numerical evaluations of the inversion integrals (Sharma and 

Kumar [14]; Thakur et al. [11]). In order to obtain the solution of the instant problem in the 

physical domain, we have to invert the integral transforms in equations (27) and (28) 

numerically.  

 

NUMERICAL RESULTS AND DISCUSSION: 

The piezothermoelastic material PZT-5A has been chosen for the purpose of numerical 

calculations, physical data for which is given by Thakur et al. [11]. For computation purpose 

the intensity of the mechanical load ( )0  has been considered as unity. The non-dimensional 
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temperature change and stresses has been computed by taking values of thermal relaxation 

times as 5.00 =t  and 3.01 =t  in the context of LS, CT and GL models of thermoelasticity. 

The computations are carried out for two instants of times 1.0=t  and 25.0=t  for thermally 

insulated half-space at 0.1=z . The computer simulated quantities have been plotted in Figs. 

1 to 3.  
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Fig. 1: Variation of non-dimensional            Fig. 2: Variation of non-dimensional normal  

temperature change with radial distance.      stress with radial distance.  

 

Fig. 1 presents the variation of absolute temperature change ( )T  in the context of GL, LS and 

CT models of thermoelasticity due to continuous point mechanical load. The magnitude of 

temperature change ( )T  decreases with radial distance and observes oscillating behavior to 

vanish at a certain value of radial distance ( )0.1r . The oscillating behavior of the 

temperature change is attributed to compression and expansion of the solid.  
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Fig. 3: Variation of non-dimensional shear stress with radial distance 
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From Fig. 2 it is noticed that the magnitude of normal stress ( )zz  is quite large in the 

domain 2.00  r , decreases afterward and finally dies out in an oscillating manner at 

certain value of radial distance ( )0.1r  due to compression and expansion of the solid. Fig. 3 

reveals that the shear stress ( )zr  follows oscillatory behavior with varying amplitude due to 

continuous load. The shear stress has maximum magnitude near the vicinity of the load 

which decreases and ultimately dies out in an oscillating fashion with increasing radial 

distance.  

 

CONCLUDING REMARKS: 

The magnitudes of all the considered field functions have been observed to be quite large 

near the vicinity of point source which follow decreasing trends as we move away from the 

source and are noticed to vanish after certain value of radial distance, which shows the 

existence of wave-fronts. There exists no wave-front of temperature and stress distributions 

in case of coupled (CT) thermoelastic model due to diffusive nature of heat conduction 

equation. The shear stress development is comparatively small as compared to normal stress 

and temperature change. This means major portion of the energy is carried by the normal 

stress and thermal waves and only meager amount propagates in the form of shear stress 

waves as expected. 

 

REFERENCES : 

1. P. F. Hou, Y. T. Andrew and C. P. Chen, Fundamental solution for transversely isotropic 

thermoelastic materials, Int. J. Solids Struct., vol. 45, pp. 392-408, 2008. 

2. Y. Watanabe, I. Masayuki and N. Noda, Non-linear transient behavior of a 

piezothermoelastic laminated beam subjected to mechanical, thermal and electrical load, 

J. Solid Mech. Materials Eng., vol. 3, pp. 758-769, 2009. 

3. M. H. Babaei and Z. T. Chen, The transient coupled thermo-piezoelectric response of a 

functionally graded piezoelectric hollow cylinder to dynamic loadings, Proc. R. Soc. A, 

vol. 466, pp. 1077-1091, 2010. 

4. M. H. Babaei and Z. T. Chen, Transient thermopiezoelectric response of a one 

dimensional functionally graded piezoelectric medium to a moving heat source, Arch. 

Appl. Mech., vol. 80, pp. 803-813, 2010. 

5. P.  Ailawalia and G.  Khurana, Effects of moving load velocity and viscosity in a 

transversely isotropic piezoelectric medium, Int. J. Appl. Math. Mech., vol.  6, pp. 19-33, 

2010. 

6. M. Zaman, Z.  Yan and L. Jiang, Thermal effects on the bending behaviour of curved 

functionally graded piezoelectric actuators, Int. J.  Appl. Mech., vol. 2, pp. 787–805, 

2010. 

7. A. H. Akbarzadeh, M. H. Babaei and Z. T. Chen, Thermopiezoelectric analysis of a 

functionally graded piezoelectric medium, Int. J. Appl. Mech., vol. 3, pp. 47-68, 2011.    

8. A. Montanaro, On piezothermoelastic plates subject to prescribed boundary temperature, 

Meccanica, vol. 46, pp. 383-398, 2011. 

9. H. W. Lord and Y. Shulman, A generalized dynamical theory of thermoelasticity, J. 

Mech. Phys. Solids, vol. 15, pp. 299-309, 1967.   

10. A. E. Green and K. A. Lindsay, Thermoelasticity, J. Elasticity, vol. 2, pp. 1-7, 1972. 

11. Anita D. Thakur, J. N. Sharma and Y. D. Sharma, Disturbance due to point loads in a 

piezothermoelastic continuum, J. Thermal Stresses, vol. 36, pp. 259-283, 2013. 

12. R. V. Churchill, Operational mathematics, third edition-McGraw-Hill Kogakusha Ltd., 



Proceeding of International Conference on Mathematics in Space and Applied Sciences  

(ICMSAS-2019) 

Published by Knowledge and Research Publisher, Nagpur India                  ISBN-978-81-942641-8-7 

 

 94 

New York ,1972. 

13. B. Bradie, A friendly introduction to numerical analysis, Pearson Education, Prentice 

Hall, New Delhi, India, 2007. 

14. J. N. Sharma and V. Kumar, Plane strain problems of transversely isotropic thermoelastic 

media, J. Thermal Stresses, vol. 20, pp. 463-476, 1997. 
 

APPENDIX 

The quantities F , ka  and kA ( )3,2,1=k  used in equation (16) are obtained as:  
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−

−
=





1

2
1

1

c
C ,

−
=

1

2
2

c
C ,





−

−
=





1

3
3

c
C ,





−

+
=





1

11
1

pe
e ,

−
=

1

2
2

e
e , 





−

+
=





1

1 1p
E ,





−

+
=



 

1

1 2

1

1

p
E ,

−
=






1
, 

−
=

1

2
2 p

p ,
2

3

2

21 cccP −+= , 

21 ccJ += , ( )( ) ( )
( )2

2

3

2

2

2

1

1

1





+

+−+++
=



 ccc
P ,

( )
( )



+

+
=





1

2J
J ,   









=

 theory GL for,

theory CT and LSfor ,

0

1

τ

τ

1

               

The quantities k  ( )13to1=k  used in equation (21) are defined as:  

131 p−=  , 112 cp+=  , 313 1  c+= , 3214  −= ep , 2215 ecp  += , 

( )2136 cc +=  , 3117  −= ep , ( ) ( ) ( )  2
133113221238 11 eceececpc ++−−+−+= , 

( )33219  cee += , ( )313221110 cececec −−+=  , 232111 ecce −= ,

2
11132221312 22 ecececcc +−+=  , 22 312213 +−= ceec . 
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ABSTRACT: In the present paper, the stability analysis of double-diffusive convection 

problems (Veronis and Stern Types) with cross-diffusions effects (Soret and Dufour effects) 

have been carried out mathematically in porous medium using Darcy model. The eigen 

values equations governing these problems have been casted into mathematically tractable 

forms for stability analysis using some linear transformations. The stability of the oscillatory 

modes and consequently the bounds for the complex growth rate for arbitrary neutral or 

unstable oscillatory perturbations are derived which are valid for each combinations of rigid 

(slip free) and dynamically free (stress-free) boundaries. Various consequences of the derived 

results are also worked out. 

 

KEYWORDS:  Double-Diffusive Convection;  oscillatory motions; porous medium, Darcy 

model, complex growth rate; eigenvalues problem; Soret effect; Dufour effect; 

 

INTRODUCTION: 

A broader range of dynamical behaviour is observed in the convective motions that may 

occur in a gravitational field containing two components (for example, temperature and 

solute) of different diffusivities that affect the density of the fluid and the phenomenon is 

known as double-diffusive convection. These phenomena of double-diffusive convection 

occur when the temperature and concentration gradients are of comparable magnitude and 

operate on different scales and lead to large scale convection. These kinds of double-

diffusion processes are found in astrophysics (big Helium-stars), the earth core, metal alloy, 

refilling of gas reservoirs, etc. Double-diffusive convection is also of importance in various 

other fields of practical importance such as high quality crystal production oceanography, 

production of pure medication, solidification of molten alloys, limnology and engineering. 

 

The double diffusive process was first recognized by Arons and Stommel [1] through his 

‘thought experiment’ with ocean flow/circulation in mind. Two fundamental configurations 

have been studied in the context of thermohaline instability problem, the first one by 

Stern[2],wherein the temperature gradient is stabilizing and the concentration gradient is 

destabilizing and the second one by Veronis [3], wherein the temperature gradient is 

destabilizing and the concentration gradient is stabilizing. Stern found that the steady motion 

is the preferred mode of onset of instability whereas Veronis observed that oscillatory mode 

of instability is the preferred mode of convective instability.  Since then numerous authors 

have investigated the double diffusive convection problems under varying assumptions of 

hydrodynamics both numerically and analytically. For a broader view of the subject of 
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double-diffusive convection one may refer to Turner [4], Brandt and Fernando [5], Schmitt[6 

] andNield [7]. 

The stability properties of binary fluids are quite different from pure fluids because of Soret 

and Dufour effects[8,9]. An externally imposed temperature gradient produces a chemical 

potential gradient and the phenomenon known as the Soret effect, whereas the analogous 

effect that arises from a concentration gradient which produces a heat flux is called the 

Dufour effect. When considering the isothermal coupled diffusion between a solvent and two 

solutes, we need to include these two cross diffusion effects as each property gradient has a 

significant influence on the flux of the other property.  The stability of Dufour-Soret driven 

double-diffusion convection in a horizontal layer of a fluid subjected to thermal and solutal 

gradients has been investigated theoretically by means of a linear stability analysis by many 

authors including Groot and Mazur [8] and Fitts [9]and McDougall [10]. 
 

Convective instability in porous media has been studied with great interest for more than half 

century. Convection given by buoyancy has found increased applications in underground 

coal gasification, solar energy extraction and many more areas as discussed by Nield and 

Bejan [11], Ingham [12] in industrial application, harmful particles can be filtered from a 

fluid stream by passing it through. 
 

When we consider flow in porous medium, we have to take into consideration some 

additional complexities, which are principally due to the interactions between the fluids and 

the porous material. When a fluid permeates a porous medium, we cannot follow analytically 

the actual path of an individual fluid particle, because of the fluid-rock boundary conditions, 

which must be considered. Thus in aporous medium one generally considered. The fluid 

motion in termsof volume or ensemble average of the motion of individual fluid elements 

over regions of space. This is usually done by famous Darcy’s law and as a result of this the 

viscous term in the equation of fluid motion will be replaced by the resistance term −
𝜇

𝐾1
�⃗� 

where, 𝜇 is the dynamic viscosity of fluid,𝑘1 is the permeability of the medium and �⃗� is the 

seepage velocity of the fluid. A macroscopic equation which describes incompressible 

creeping flow of a Newtonian fluid of viscosity 𝜇 through a macroscopically homogenous 

and isotropic porous medium of permeability is well known Darcy’s equation [13] 

−
𝜇

𝐾1
�⃗� = ∇𝑝 

where, p is interstitially averaged pressure within the porous medium and �⃗�  is the filter 

velocity (or Darcian velocity). 
 

The stability of flow of a fluid through porous medium was studied by Lapwood [14] and 

Wooding [15] and have studied double diffusive convection in porous medium by 

considering the Darcy flow model which is relevant to densely packed, low permeability 

porous medium.  
 

The problem of double diffusive convection in porous medium has been extensibly 

investigated and growing volume of work in this area is well documented by Ingham and 

Pop[12].In this Paper  we  have studied double–diffusive convection  problem in porous 

mediumby considering the Darcy flow model which is relevant to densely packed, low 

permeability porous medium. The aim of the present analysis is to investigate the effect of 
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cross-diffusions terms (Dufour and Soret effects) on the onset of Double Diffusive 

Convective instability. 

 

However, experiments conducted with several combinations of solids and fluids covering 

wide ranges of governing parameters indicate that most of the experimental data do not agree 

with the theoretical predictions based on the Darcy flow model. Hence, non-Darcy effects on 

double diffusive convection in porous media have received a great deal of attention in recent 

years. 
 

PHYSICAL CONFIGURATION AND EIGENVALUE PROBLEM: 

Consider a horizontal layer of viscous fluid saturating a porous medium between two parallel 

boundaries atz = 0 and z = 1,which are heated and salted from below in the force field of 

gravity.  The temperature and concentration difference between the bounding planes are ∆T 

and ∆𝑆, respectively. We assume the Oberback-Bosssinesq approximation is valid and flow 

in porous medium is governed by Darcy’s law. The extra effect we consider here is that of 

the coupled fluxes of the two properties due to irreversible thermodynamic effects. The 

governing equations for the Double Diffusive convection problem with cross-diffusions 

effects in a horizontal fluid saturating a porous medium under Boussinesq approximation are 

given by 
∂ui

∂t
= 0   (1) 

ρ0

ϵ
[

𝜕𝑢𝑖

𝜕𝑡
+

𝑢𝑖

𝜖

𝜕𝑢

𝜕𝑥𝑗
] = −

𝜕𝑝

𝜕𝑥𝑖
+ 𝜌𝑔 −

𝜇

𝜅
𝑢𝑖  (2) 

𝐸′ 𝜕𝑇

𝜕𝑡
+ 𝑢𝑖

𝜕𝑇

𝜕𝑥𝑗
= 𝜅

𝜕2𝑇

𝜕𝑥𝑗
2 + 𝑆1

𝜕2𝑆

𝜕𝑥𝑗
2  (3) 

𝐸" 𝜕𝑆

𝜕𝑡
+ 𝑢𝑖

𝜕𝑆

𝜕𝑥𝑗
= 𝜂𝑠

𝜕2𝑆

𝜕𝑥𝑗
2 + 𝐷1

𝜕2𝑇

𝜕𝑥𝑗
2  (4) 

𝜌 = 𝜌0[1 − 𝛼(𝑇 − 𝑇0) + 𝛼 ′(𝑆 − 𝑆0)]  (5) 

 

Here, 𝑢𝑖 = (𝑢, 𝑣, 𝑤) is the velocity,𝑇 is the temperature, 𝑆is the solute concentration, 𝑝 is the 

pressure,𝜌  is the density,𝑇0,𝑆0  and 𝜌0  are referencetemperature, concentration and density 

respectively, 𝑔is the accerlation due to gravity,𝜇 is the fluid viscosity, 𝜀 𝑖𝑠 the porosity, 𝜅 is 

the effective thermal diffusivity and 𝜂𝑠 is the solute diffusivity. The suffix ‘0’ denotes the 

values of the various parameters at some suitably reference temperature 𝑇0  and concentration 

𝐶0. Further, 

 

𝐸′ = 𝜖 + (1 − 𝜖)
𝜌𝑠𝑐𝑠

𝜌0𝑐𝑓
is a constant related to heat and 𝐸"  is a constant analogous to 

concentration 𝜅1 is the permeability of the porous medium, where 𝜌𝑆 ,𝐶𝑆 𝑎𝑛𝑑  𝜌0, 𝐶𝑓 stand for 

density and heat capacity of the solid (porous matrix) material and fluid, respectively.  

 

Following the usual steps of linear stability theory, the non dimensional linearized 

perturbation equations and boundary conditions governing The aim of the present analysis is 

to investigate the effect of cross-diffusions terms (Dufour and Soret effects) on the onset of 

Double Diffusive Convective instability 
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The  following non-dimensional linearized perturbation equations 

(
𝑝

𝜎𝜀
+

1

𝑃1
) (𝐷2 − 𝑎2)𝑤 = −𝑅𝑇𝑎2𝜃 + 𝑅𝑆𝑎2𝜑                                            (6) 

 [𝐷2 − 𝑎2 − 𝐸′𝑝]𝜃 + 𝐷𝑇[𝐷2 − 𝑎2]𝜑                                                          (7) 

[𝐷2 − 𝑎2 −
𝐸"𝑝

𝜏
] 𝜑 + 𝑆𝑇[𝐷2 − 𝑎2]𝜃 = −

𝑤

𝜏
                                                (8) 

where 

 𝑎∗ = 𝑘𝑑 , 𝜃∗ =
�̂�𝜅

𝛽1𝑑2  , 𝑛 =
𝑝∗𝜅

𝑑2 𝜑∗ =
�̂�𝜅

𝛽2𝑑2  , 𝑤∗ = �̂�, 𝑅𝑇 =
𝑔𝛼𝛽1𝑑4

𝜗𝜅
 , 𝑅𝑆 =

𝑔𝛼′𝛽2𝑑4

𝜈𝜅
, 𝑆𝑇 =

𝑆𝑓𝛽1

𝜏𝜅𝛽2
, 𝐷𝑇 =

𝐷𝑓𝛽2

𝜅𝛽1
 

together with the boundary conditions  

Case1:Both boundaries are dynamically free 

𝑤 = 𝜃 = 𝜑 = 0 = 𝐷2w at z = 0 and z = 1 (9) 

Case2: Both boundaries are  rigid 

𝑤 = 𝜃 = 𝜑 = 0 = 𝐷𝑤 at z = 0 and z = 1 (10) 

Case3:Lower boundary rigid and upper boundary free 

𝑤 = 𝜃 = 𝜑 = 0 = 𝐷𝑤 𝑎𝑡 𝑧 = 0 𝑎𝑛𝑑 𝑤 = 𝜃 = 𝜑 = 0 = 𝐷2𝑤 𝑎𝑡 𝑧 = 1  (11) 

or 

𝑤 = 0 = 𝜃 = 𝜑 = 𝐷𝑤 𝑎𝑡 𝑧 = 0 𝑎𝑛𝑑 𝑤 = 0 = 𝜃 = 𝜑 = 𝐷2𝑤 𝑎𝑡 𝑧 = 1 (12) 

we use the linear transformations to transform the above eigenvalue problem to a 

mathematically tractable form. 

Let us define the linear transformation given by; 

𝑤 ′ = (𝑆𝑇𝐸" + 𝐵𝐸′)𝑤, 𝜃 ′ = 𝐸𝜃 + 𝐹𝜑, 𝜑′ = 𝑆𝑇𝜃 + 𝐵𝜑 (13) 

where, E=(
𝑆𝑇𝐸"+𝐵𝐸′

𝐸′𝐷𝑇+𝐴𝐸") 𝐴 , 𝐹 = (
𝑆𝑇𝐸"+𝐵𝐸′

𝐴𝐸"+𝐸′𝐷𝑇
) 𝐷𝑇 , 𝐵 = −

𝐴𝐸′

𝜏𝐸" 

and A is any positive root of equation  

 𝐴2𝐸" + 𝐴(𝜏𝐸′ − 𝐸") − 𝜏𝑆𝑇𝐷𝑇𝐸′ = 0 

 The system of equations (6)-(8) together with boundary conditions (9)-(12) upon 

using the linear transformation defined by (13) assume the following forms; 

(
𝑝

𝜎𝜀
+

1

𝑃1
) (𝐷2 − 𝑎2)𝑤 = −�̂�𝑇𝑎2𝜃 + �̂�𝑆𝑎2𝜑 (14) 

[�̂�1(𝐷2 − 𝑎2) − 𝐸′𝑝]𝜃 = −𝑤 (15) 

[�̂�2(𝐷2 − 𝑎2) −
𝐸"𝑝

𝜏
] 𝜑 = −

𝑤

𝜏
 (16) 

and boundary conditions  remains the same as described above by(9)-(12). 

 

Here, �̂�1 = 1 +
𝜏𝑆𝑇𝐷𝑇𝐸′

𝐴𝐸′′
 𝑎𝑛𝑑 �̂�2 = 1 +

𝑆𝑇𝐷𝑇𝐸"

𝜏𝐸′𝐵
 are non-negative constant, since 0 ≤

𝑆𝑇𝐷𝑇

𝐴
≤ 1 

as 𝑆𝑇 𝑎𝑛𝑑 𝐷𝑇 > 0are Soret and Dufour numbers and A is a constant as defined earlier. 

 Also, �̂�𝑇 =
(𝐷𝑇𝐸′+𝐴𝐸")(𝑅𝑇𝐵+𝑅𝑆𝑆𝑇)

𝐴𝐵−𝑆𝑇𝐷𝑇
 , �̂�𝑆 =

(𝑆𝑇𝐸"+𝐵𝐸′)(𝑅𝑇𝐷𝑇+𝑅𝑆𝐴)

𝐴𝐵−𝑆𝑇𝐷𝑇
 is the modified thermal 

Rayleigh number and modified concentration Rayleigh number respectively. 

 

Further, the dashes have been dropped in writing the perturbed quantities in the above 

equations for the sake of convenience. 
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Remarks A..We note that system of equations (14)- (16) yields the following non-

dimensional linearized perturbation equations governing; 

(i) Dufour Driven Double-Diffusive Convection(DDDDC) problem with porous media, 

when𝑆𝑇=0.We have  

�̂�𝑇 = 𝑅𝑇 (𝐸" +
𝐷𝑇𝐸′

𝐴
) , �̂�𝑆 = 𝐸′ (𝑅𝑆 +

𝑅𝑇𝐷𝑇

𝐴
) , �̂�1 = 1 �̂�2 = 1 

And equations (14)-(16) reduce to 

 (
𝑝

𝜎𝜀
+

1

𝑃1
) (𝐷2 − 𝑎2)𝑤 = −𝑅𝑇 (𝐸" +

𝐷𝑇𝐸′

𝐴
) 𝑎2𝜃 + 𝐸′ (𝑅𝑆 +

𝑅𝑇𝐷𝑇

𝐴
) 𝑎2𝜑 (17) 

 [(𝐷2 − 𝑎2) − 𝐸′𝑝]𝜃 = −𝑤 (18) 

 [(𝐷2 − 𝑎2) −
𝐸"𝑝

𝜏
] 𝜑 = −

𝑤

𝜏
 (19) 

(ii) Soret Driven Double-Diffusive Convection (SDDDC) problem with porous media, 

when 𝐷𝑇 = 0. We have 

�̂�𝑇 = 𝐸" (𝑅𝑇 +
𝑅𝑆𝑆𝑇

𝐵
) , �̂�𝑆 =

𝑅𝑆

𝐵
(𝑆𝑇𝐸" + 𝐵𝐸′), �̂�1 = 1, �̂�2 = 1 

And equations (14)- (16) reduce to 

 (
𝑝

𝜎𝜖
+

1

𝑃1
) (𝐷2 − 𝑎2)𝑤 = −𝐸" (𝑅𝑇 +

𝑅𝑆𝑆𝑇

𝐵
) 𝑎2𝜃 +

𝑅𝑆

𝐵
(𝑆𝑇𝐸" + 𝐵𝐸′)𝑎2𝜑 (20) 

 [(𝐷2 − 𝑎2) − 𝐸′𝑝]𝜃 = −𝑤 (21) 

 [(𝐷2 − 𝑎2) −
𝐸"𝑝

𝜏
] 𝜑 = −

𝑤

𝜏
 (22) 

(iii) Double-Diffusive Convection (DDC) problem with porous media, When  𝑆𝑇 =
0, 𝐷𝑇 = 0.We have �̂�𝑇 =  𝐸"𝑅𝑇 , �̂�𝑆 = 𝑅𝑆𝐸′,  
 equations (14)- (16) reduces to 

 (
𝑝

𝜎𝜖
+

1

𝑃1
) (𝐷2 − 𝑎2)𝑤 = −𝑅𝑇𝐸"𝑎2𝜃 + 𝑅𝑆𝐸′𝑎2𝜑 (23) 

 [(𝐷2 − 𝑎2) − 𝐸′𝑝]𝜃 = −𝑤 (24) 

 [(𝐷2 − 𝑎2) −
𝐸"𝑝

𝜏
] 𝜑 = −

𝑤

𝜏
 (25) 

 

MATHEMATICAL ANALYSIS: 

On the Stability of Oscillatory modes: 

We shall now investigate the stability of the oscillatory modes for Double-Diffusive 

convection problem with cross-diffusions for Darcy model in porous medium. 

Theorem1.If (𝑝, 𝑤, 𝜃, 𝜑), 𝑝 = 𝑝𝑟 + 𝑖𝑝𝑖, 𝑝𝑖 ≠ 0 , �̂�𝑇 > 0, �̂�𝑆 > 0 is a non-trivial solution of 

equations (14)-(16)together with one of the boundary conditions(9)-(12) and �̂�𝑇 ≤
27𝜋4𝑃1𝜏�̂�2�̂�1+16𝜋2𝜎𝐾1∈𝐸"

4𝜖𝐸"𝜎𝑃1
,then𝑝𝑟 < 0. 

Proof: Multiplying both side of equation (14) by 𝑤∗  and then integrating the resulting 

equation over the range of 𝑧𝜖[0,1], we have 

(
𝑝

𝜎𝜀
+

1

𝑃1
) ∫ 𝑤∗1

0
(𝐷2 − 𝑎2)𝑤𝑑𝑧 = −�̂�𝑇𝑎2 ∫ 𝜃𝑤∗𝑑𝑧 + �̂�𝑆

1

0
𝑎2 ∫ 𝜑𝑤∗1

0
𝑑𝑧 (26) 

 

Taking the complex conjugate of both side of equations (15) and (16) and then using the 

resulting equations in equation (26), we get 
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(
𝑝

𝜎𝜀
+

1

𝑃1
) ∫ 𝑤∗(𝐷2 − 𝑎2)𝑤𝑑𝑧 = �̂�𝑇𝑎21

0
∫ 𝜃[�̂�1(𝐷2 − 𝑎2) − 𝐸′𝑝∗]

1

0
𝜃∗𝑑𝑧 −

�̂�𝑆𝑎2𝜏 ∫ 𝜑 [�̂�2(𝐷2 − 𝑎2) −
𝐸"𝑝∗

𝜏
] 𝜑∗𝑑𝑧

1

0
 (27) 

 

Now, integrating the various terms of equation (27) by parts an appropriate number of times 

and making use of either of boundary conditions (9)-(12), we get 

(
𝑝

𝜎𝜀
+

1

𝑃1
) ∫ [|𝐷𝑤|2 + 𝑎2|𝑤|2]

1

0
𝑑𝑧 − �̂�𝑇𝑎2 ∫ [�̂�1(|𝐷𝜃|2 + 𝑎2|𝜃|2) + 𝐸′𝑝∗|𝜃|2]

1

0
𝑑𝑧 +

�̂�𝑆𝑎2𝜏 ∫ [�̂�2(|𝐷𝜑|2 + 𝑎2|𝜑|2) + 𝐸′𝑝∗|𝜑|2]
1

0
𝑑𝑧 = 0 (28) 

Equating the real and imaginary parts of both side of equation (28)and cancelling𝑝𝑖 ≠
0 throughout from the obtained imaginary part of the equation, wehave 

(
𝑝𝑟

𝜎𝜀
+

1

𝑃1
) ∫ [|𝐷𝑤|2 + 𝑎2|𝑤|2]

1

0
𝑑𝑧 − �̂�𝑇𝑎2 ∫ [�̂�1(|𝐷𝜃|2 + 𝑎2|𝜃|2) + 𝐸′𝑝𝑟|𝜃|2]

1

0
𝑑𝑧 +

�̂�𝑆𝑎2 ∫ [𝜏�̂�2(|𝐷𝜑|2 + 𝑎2|𝜑|2) + 𝐸"𝑝𝑟|𝜑|2]
1

0
𝑑𝑧 = 0 (29) 

and 

[
1

𝜀𝜎
∫ (|𝐷𝑤|2 + 𝑎2|𝑤|2)𝑑𝑧 + �̂�𝑇𝑎2𝐸′ ∫ |𝜃|2𝑑𝑧 −

1

0

1

0
�̂�𝑆𝑎2𝐸" ∫ |𝜑|21

0
𝑑𝑧] = 0 (30) 

 

If permissible,𝑝𝑟 ≥ 0.Multiplying equation (30) by 𝑝𝑟and adding the resulting equation to 

equation (27), we have 

(
2𝑝𝑟

𝜎𝜀
+

1

𝑃1
) ∫ [|𝐷𝑤|2 + 𝑎2|𝑤|2]

1

0
− �̂�𝑇𝑎2 ∫ [�̂�1(|𝐷𝜃|2 + 𝑎2|𝜃|2)]𝑑𝑧 +

1

0
�̂�𝑆𝑎2 ∫ [𝜏�̂�2(|𝐷𝜑|2 +

1

0

𝑎2|𝜑|2)]𝑑𝑧 = 0 (31) 

Equation also (30) implies that 
1

𝜎𝜀
∫ (|𝐷𝑤|2 + 𝑎2|𝑤|2)

1

0
𝑑𝑧 < �̂�𝑆𝑎2𝐸" ∫ |𝜑|21

0
𝑑𝑧 (32) 

 

Since,𝑤, 𝜃, 𝜑 vanish at z = 0 and z = 1,therefore by the use of Rayleigh Ritz inequality, we 

have 

∫ |𝐷𝑤|21

0
𝑑𝑧 ≥ 𝜋2 ∫ |𝑤|2𝑑𝑧

1

0
 (33) 

∫ |𝐷𝜃|21

0
𝑑𝑧 ≥ 𝜋2 ∫ |𝜃|21

0
𝑑𝑧 (34) 

∫ |𝐷𝜑|21

0
𝑑𝑧 ≥ 𝜋2 ∫ |𝜑|21

0
𝑑𝑧 (35) 

Combining inequalities (33) and (34), we get 
(𝜋2+𝑎2)

𝜀𝜎
∫ |𝑤|2𝑑𝑧

1

0
< �̂�𝑆𝑎2𝐸" ∫ |𝜑|21

0
𝑑𝑧 (36) 

Also upon using inequality (35), we can have 

∫ [|𝐷𝜑|2 + 𝑎2|𝜑|2]
1

0
𝑑𝑧 ≥ (𝜋2 + 𝑎2) ∫ |𝜑|21

0
𝑑𝑧 (37) 

Also, upon using inequality (36) and (37) we get 

�̂�𝑆𝑎2𝐸" ∫ [|𝐷𝜑|2 + 𝑎2|𝜑|2]
1

0
𝑑𝑧 ≥

(𝜋2+𝑎2)
2

𝜀𝜎
∫ |𝑤|21

0
𝑑𝑧 (38) 

 

Further, multiplying equation (15) by its complex conjugate and then integrating the resulting 

equation over the range of 𝑧, we get 

∫ [�̂�1(𝐷2 − 𝑎2) − 𝐸′𝑝]
1

0
𝜃𝑑𝑧 ∫ [�̂�1(𝐷2 − 𝑎2) − 𝐸′𝑝∗]𝜃∗𝑑𝑧

1

0
= ∫ 𝑤𝑤∗𝑑𝑧

1

0
 (39) 
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∫ |�̂�1
2

(𝐷2 − 𝑎2)𝜃|
2

𝑑𝑧 + 2𝑝𝑟
1

0
�̂�1𝐸′ ∫ [|𝐷𝜃|2 + 𝑎2|𝜃|2]

1

0
𝑑𝑧 + (𝐸′)2|𝑝|2 ∫ |𝜃|21

0
𝑑𝑧 =

∫ |𝑤|21

0
 𝑑𝑧 (40) 

Since𝑝𝑟 ≥ 0, therefore inequality (40) yields 

∫ |�̂�1
2

(𝐷2 − 𝑎2)𝜃|
21

0
𝑑𝑧 ≤ ∫ |𝑤|2𝑑𝑧

1

0
 (41) 

Now, in view of inequality (34), we can have 

∫ |(𝐷2 − 𝑎2)𝜃|2
1

0

= ∫ [|𝐷2𝜃|2 + 2𝑎2|𝐷𝜃|2 + 𝑎4|𝜃|2]
1

0

𝑑𝑧 ≥ (𝜋2 + 𝑎2)2 ∫ |𝜃|2
1

0

𝑑𝑧 

  (42) 

Using inequality (42) in inequality (41),we have 

�̂�1
2

(𝜋2 + 𝑎2)2 ∫ |𝜃|21

0
𝑑𝑧 ≤ ∫ |𝑤|21

0
𝑑𝑧 (43) 

Also, we know that 

∫ |𝑤|2𝑑𝑧 = ∫ {|𝑤|2}
1

2
1

0

1

0
𝑑𝑧 ∫ {|𝑤|2}

1

2
1

0
𝑑𝑧 (44) 

 

which upon using inequalities(41) and (43) yields 

∫ |𝑤|2𝑑𝑧 ≥
1

0
(𝜋2 + 𝑎2)�̂�1

2
∫ {|(𝐷2 − 𝑎2)𝜃|2}

1

2
1

0
𝑑𝑧 ∫ [|𝜃|2]

1

2
1

0
𝑑𝑧 (45) 

≥ �̂�1
2

(𝜋2 + 𝑎2) ∫ |−𝜃∗(𝐷2 − 𝑎2)𝜃𝑑𝑧|
1

0

 

≥  �̂�1
2

(𝜋2 + 𝑎2) ∫ [|𝐷𝜃|2 + 𝑎2|𝜃|2]
1

0
𝑑𝑧 (46) 

Since,pr ≥ 0 and for given 
pr

ε
 positive,equation (31) can be written as 

1

𝑃1
∫ [|𝐷𝑤|2 + 𝑎2|𝑤|2]

1

0
𝑑𝑧 + �̂�𝑆𝑎2𝜏𝐾2 ∫ [|𝐷𝜑|2 + 𝑎2|𝜑|2] < �̂�𝑇

1

0
𝑎2𝐾1 ∫ [|𝐷𝜃|2 + 𝑎2|𝜃|2]

1

0
dz (47) 

Using inequalities (33), (38), (46) in inequality (47), 

[
�̂�1(𝜋2+𝑎2)

2

𝑎2𝑃1
+

(𝜋2+𝑎2)
3

𝜏�̂�2�̂�1

𝑎2𝜀𝐸"𝜎
− �̂�𝑇] ∫ |𝑤|2𝑑𝑧 < 0

1

0
  (48) 

Since, minimum value of 
(𝜋2+𝑎2)

2

𝑎2 with respect to a2  is 4𝜋2,and 
(𝜋2+𝑎2)

3

𝑎2 is
27𝜋4

4
, therefore 

inequality (48) yields that 

[
𝐾14𝜋2

𝑃1
+

27𝜋4𝜏�̂�2�̂�1

4𝜀𝐸"𝜎
− �̂�𝑇] ∫ |𝑤|21

0
𝑑𝑧 < 0 (49) 

which can be written as 

[
16𝜋2𝐾1𝜀𝐸" + 27𝜋4𝑃1𝜏�̂�2�̂�1

4𝜀𝐸"�̂�𝑇𝑃1

] < 1 

or, we have  

�̂�𝑇 ≥
(16𝜋2�̂�1𝜀𝐸"𝜎+27𝜋4𝑃1𝜏�̂�2�̂�1)

4𝜀𝐸"𝑃1𝜎
 (50) 

This is a contradiction to the hypothesis of the theorem. 

Hence, we must have  𝑝𝑟 < 0. 
This completes the proof. 

 

Using Remark A (i-iii), we have the following corollaries;  

Corollary 1.Under the hypothesis of Theorem1, for DDDDC problem with porous 

medium,if 𝑅𝑇𝐸" +
𝑅𝑇𝐷𝑇𝐸′

𝐴
≤

[27𝜋4𝜏𝑃1+16𝜋2𝜖𝐸"𝜎]

4𝑃1𝜖𝐸"𝜎
, 𝑡ℎ𝑒𝑛 𝑝𝑟 < 0. 
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Corollary 2.Under the hypothesis of Theorem 1, for SDDDC with porous medium𝑅𝑇𝐸" +
𝐸"𝑅𝑆𝑆𝑇

𝐵
≤

[27𝜋4𝜏𝑃1+16𝜋2𝜖𝐸"𝜎]

4𝑃1𝜖𝐸"𝜎
, 𝑝𝑖 ≠ 0, then 𝑝𝑟 < 0. 

Corollary 3.Under the hypothesis of Theorem4,For DDC with porous medium, �̂�𝑇 =

𝑅𝑇𝐸", �̂�𝑆 = 𝑅𝑆𝐸′, 𝑝𝑖 ≠ 0, 𝑅𝑇𝐸" ≤
[27𝜋4𝜏𝑃1+16𝜋2𝜀𝐸"𝜎]

4𝑃1𝜀𝐸"𝜎
, 𝑡ℎ𝑒𝑛 𝑝𝑟 < 0. 

 

It is remarkable to note that when we consider the compliment of the above sufficient 

condition as stated in Theorem above, for the stability of the oscillatory motions i.ewhen 

�̂�𝑇 >
27𝜋4𝑃1𝜏�̂�2�̂�1+16𝜋2�̂�1∈𝐸"𝜎

4𝜖𝐸"𝑃1𝜎
, the oscillatory modes of growing amplitudemay exists. Hence, 

it becomes important to prescribe the bounds for the growth rate of these motions. In the 

following Theorem, we have derived such bounds which arrest the complex growth rate of 

the arbitrary neutral or unstable 𝑝𝑟 ≥ 0 oscillatory motions (𝑝𝑖 ≠ 0). 
 

In the following theorem, we have derived bounds which arrest the complex growth of the 

arbitrary neutral or unstable 𝑝𝑟 ≥ 0 oscillatory motions 𝑝𝑖 ≠ 0. 
 

Bound for the complex Growth Rate: 

Theorem 2. If (𝑝, 𝑤, 𝜃, 𝜑) , 𝑝 = 𝑝𝑟 + 𝑖𝑝𝑖 , 𝑝𝑟 ≥ 0 , 𝑝𝑖 ≠ 0 , �̂�𝑇 > 0, �̂�𝑆 > 0,  is a non-trivial 

solution ofequations(14)-(16) together with one of the boundary conditions(9)-(12)and  for 

𝐻 > 1, then|𝑝| <
�̂�1(𝜋2+𝑎2)√𝐻2−1

𝐸′
, where 

𝐻 =
4�̂�𝑇𝑃1𝜀𝜎𝐸"

[27𝜋4𝜏�̂�2�̂�1+16𝜋2𝑃1𝜀𝐸"�̂�1]
 . 

Proof : Since 𝑝𝑟 ≥ 0, therefore from equation (42), we can have 

∫ |�̂�1
2

(𝐷2 − 𝑎2)𝜃|
2

𝑑𝑧 + (𝐸′)2|𝑝|2 ∫ |𝜃|2𝑑𝑧 < ∫ |𝑤|21

0

1

0

1

0
𝑑𝑧 (51) 

Using inequality (44) in inequality (51), we get 

�̂�1
2

(𝜋2 + 𝑎2)2 [1 +
(𝐸′)

2
|𝑝|2

�̂�1
2

(𝜋2+𝑎2)2
] ∫ |𝜃|21

0
𝑑𝑧 < ∫ |𝑤|2𝑑𝑧

1

0
 (52) 

Since 

∫ [|𝐷𝜃|2 + 𝑎2|𝜃|2]𝑑𝑧
1

0

= |− ∫ 𝜃∗(𝐷2 − 𝑎2)
1

0

𝜃| 𝑑𝑧 ≤ ∫ |𝜃|
1

0

|(𝐷2 − 𝑎2)𝜃|𝑑𝑧 

≤ ∫ {|𝜃|2}
1

2𝑑𝑧 ∫ {|(𝐷2 − 𝑎2)𝜃|2}
1

2
1

0

1

0
𝑑𝑧  (Using Schwartz inequality) 

≤
1

�̂�1
2

(𝜋2+𝑎2)
[1 +

(𝐸′)
2

𝜎2|𝑝|2

�̂�1(𝜋2+𝑎2)
]

−1

2

∫ |𝑤|2𝑑𝑧
1

0
 (53) 

 Making use of inequalities (39), (43) and(53) in equation (47) we get 

(
1

𝑃1
) ∫ [|𝐷𝑤|2 + 𝑎2|𝑤|2]

1

0
𝑑𝑧 + �̂�𝑆𝑎2𝜏�̂�2 ∫ [|𝐷𝜑|2 + 𝑎2|𝜑|2]

1

0
𝑑𝑧 < �̂�𝑇𝑎2�̂�1 ∫ [|𝐷𝜃|2 +

1

0

𝑎2|𝜃|2] 𝑑𝑧 (54) 

which on simplification yields 

[(
1

𝑃1
)

�̂�1(𝜋2+𝑎2)
2

𝑎2
+

𝜏�̂�2(𝜋2+𝑎2)
3

�̂�1

𝜀𝐸"𝜎𝑎2
] [1 +

(𝐸′)
2

|𝑝|2

�̂�1(𝜋2+𝑎2)
]

1

2

< �̂�𝑇 (55) 
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Since, minimum values of 
(𝜋2+𝑎2)

2

𝑎2  and
(𝜋2+𝑎2)

3

𝑎2  with respect to a2 is  4π2 and 
27π4

4
, inequality 

(55) yields that 

[
4𝜋2

𝑃1
+

𝜏�̂�227𝜋4�̂�1

𝜀𝐸"4𝜎
] [1 +

(𝐸′)2|𝑝|2

�̂�1(𝜋2 + 𝑎2)
]

1

2

< �̂�𝑇 

which yields 

|𝑝| <
�̂�1(𝜋2+𝑎2)

𝐸′
√𝐻2 − 1 (56) 

This completes the proof of the theorem. 

Theorem above from point of view of hydrodynamic stability theory may be stated as: 

 

The complex growth rate 𝑝 = 𝑝𝑟 + 𝑖𝑝𝑖  of an arbitrary oscillatory perturbation of growing 

amplitude (𝑝𝑟 ≥ 0) lies inside a semi-circle in the right-half of the 𝑝𝑟𝑝𝑖 −plane whose centre 

is at the origin and whose radius is
�̂�1(𝜋2+𝑎2)

𝐸′
√𝐻2 − 1. 

Using Remarks A. (i-iii),we have the following corollaries  

 

Corollary 4. For DDDDC problem with porous medium, 𝑝𝑖 ≠ 0, the complex growth rate is  

given by, |𝑝| <
(𝜋2+𝑎2)

𝐸′
√𝐻′2 − 1, where, 𝐻′ =

4𝑅𝑇𝑃1𝜖𝐸"𝜎(𝐸"+
𝐷𝑇𝐸′

𝐴
)

[27𝜋4𝜏𝑃1+16𝜋2𝜖𝐸"𝜎]
 

Corollary 5. For SDDDC with porous medium, 𝑝𝑖 ≠ 0, the complex growth rate is given 

by,|𝑝| <
(𝜋2+𝑎2)

𝐸′
√𝐻′′2 − 1, where, 𝐻′′ =

4𝑃1𝜖𝐸"𝜎(𝑅𝑇𝐸"+
𝐸"𝑅𝑆𝑆𝑇

𝐵
)

[27𝜋4𝑃1(𝜏)+16𝜋2𝜖𝐸"𝜎]
 . 

Corollary 6.For DDC with porous medium, 𝑝𝑖 ≠ 0,  the complex growth rate is  given 

by,|𝑝| <
(𝜋2+𝑎2)

𝐸′
√𝐻′′′2 − 1. where, 𝐻′′′ =

4𝑃1𝜖𝐸"𝑅𝑇𝐸′

[27𝜋4𝑃1(𝜏)+16𝜋2𝜖𝐸"]
 . 

 

RESULTS AND CONCLUSIONS: 

We studied the Double-Diffusive Convection problem saturating porous medium (Darcy 

Model) in order to study the effects of cross diffusion terms. For general nature of boundary 

conditions, a sufficient condition for the stability of oscillatory modes is obtained. Moreover, 

when compliment of this condition is supposed to be true, the bounds for growth rate for 

arbitrary perturbations of growing amplitude are obtained and various consequences of these 

results for DDDDC, SDDDC, DDC are obtained in the presence of porous medium. 

However, the presence of porous media  prepones  the onset of convection. 
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ABSTRACT:  

This paper concerns with investigation of propagation of thermoelastic waves in 

homogeneous isotropic plate in context of two temperature generalized theory of 

thermoelasticity. The surfaces of plate are subjected to stress free, rigid insulated and 

isothermal boundary conditions. Secular equations in closed form and isolated mathematical 

conditions for symmetric and skew symmetric wave mode propagation are derived. The 

results for uncoupled, coupled, Lord-Shulman and Green-Lindsay theories of 

thermoelasticity have been obtained as particular cases from the derived secular equations. 

The effect of two temperatures on the propagation of thermoelastic waves is presented 

graphically and the results are compared theoretically as well as numerically with the one 

temperature theory as well as existing previous literature. 

 

Keywords: Generalized Thermoelasticity, Two Temperature, Rayleigh-Lamb waves, Secular 

Equations 

 

1. INTRODUCTION: 

The classical uncoupled theory of thermoelasticity, the heat conduction equation is parabolic 

in nature and hence it predicts infinite speed of propagation for thermal signals and the 

elastic deformation is independent of temperature. Biot [1] introduced the coupled theory of 

thermoelasticity in 1956. Generalized Theories of Thermoelasticity predict finite speed for 

the propagation of thermal signals. The first generalized theory of thermoelasticity has been 

given by introducing one relaxation time in Fourier’s heat conduction law [2]. Another 

generalized theory of thermoelasticity is proposed by improving the classical energy equation 

and the stress-strain temperature relations [3]. Other models of generalized thermoelasticity 

are given in [4-6]. Model proposed in [5] is non-linear and applicable in low temperatures 

such as laser pulse heating. The theory of heat conduction, which depends on two distinct 

temperatures viz the conductive temperature and the thermodynamic temperature has been 

described in [7] and [8]. The difference between two temperatures is proportional to heat 

supply for in case of no heat supply and time independent situations, the two temperatures 

are equal. The wave propagation in the two temperature thermoelasticity theory [9]. 

Harmonic plane waves in two temperature theory have been investigated in [10]. Two 

temperature generalized thermoelasticity theory has been formulated by Youssef [11]. The 

effect of thermal relaxation time on plane wave propagation under two temperature theory 

has also been investigated [12].  
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In this article, Youssef’s model of two temperature generalized thermoelasticity has been 

used to investigate the wave propagation. 

 

2. FORMLATION OF PROBLEM: 

Let us consider an infinite homogeneous, isotropic thermoelastic plate of thickness 2d at 

uniform temperature 0T . The origin of the coordinate system is taken on the middle surface of 

the plate such that z-axis is in thickness direction.  

 

The surfaces z = ±d are assumed to be Stress free insulated or isothermal. We have 

considered the x-z plane as the plane of incident and assume that the solutions are explicitly 

independent of y coordinate, but they depend implicitly so that the transverse component of 

displacement does not vanish.  

 

The field equations in the context of generalized thermoelasticity with two temperatures in 

absence of body forces and heat sources are: 

Equations of motions  
2 2 2 2

2 2 2

u w u u
( 2 ) ( ) (1 )

x z t xx z t

     
 +  +  + + −  +  = 

     
 (1) 

2 2 2 2

2 2 2

w u w w
( ) ( 2 ) (1 )

z x t zx z t

     
 +  +  +  +  −  +  = 

     
 (2) 

 
2 2

2 2

v v
( ) v

x z

 
 + = 
 

   (3) 

Generalized heat conduction equation is  

2 2 2

E 02 2 2

2

0 0 0 2

K( ) C ( )
tx z t

u w
T n

t x zt

      
+ =  +  +

  

     
 +  +        

     (4) 

where   and   are given by  

, 0&ii Ta TT   = −− =    (5) 

Constitutive relations for non-vanishing stresses are  

( 2 ) ( )

2 , 2 ( )

  
= + + − +

  

  
= = +

  

zz

yz xz

w u

z x t

v u w

z z x


      

   

            (6)  

2
zz

w u
(1 2 ) ( ) 0

z x t

  
 = + −  −  +  =
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where 0n  is constant;  ,   are Lame’s parameters, K  is the thermal conductivity; 

 and EC are the density and specific heat at constant strain respectively, 

(3 2 ) ,t t    = + is the linear thermal expansion. Taking 0 0a = = = , one can obtain 

results for coupled thermoelasticity, In case of Lord & Shulman  theory 

0 01, 0, 0, 0n a =  = = and Green & Lindsay theory 0 00, 0, 0, 0n a =   = . 

Introducing non dimensional quantities  

1 1

1 1 0 0

x z u c w c
x , z , u ,w

c c T T

        
   = = = =

   

0 0 tt t, , , (3 2 )    =   =    =    =  +  
 

22
2 0

2
E 0 01

Ta
a ,, , , ,

( 2 ) C ( 2 ) T Tc

    
  =  = =  =  =

 +    + 
           (7) 

where 

2 2 E
1 2

( 2 ) C ( 2 )
c , c ,

K

 +    + 
= =  =

                (8) 

Equations (1), (2) and (4) are obtained as  

2 2 2 2
2 2

2 2 2

u w u u
(1 ) ( )

x z x tx z t

     
+ −  +  −  +  =

                 (9) 

2 2 2 2
2 2

2 2 2

w u w w
(1 ) ( )

x z z tz x t

     
+ −  +  −  +  =

                 (10) 

2 2 2 2

0 0 02 2 2 2

u w
( ) n

t t x zx z t t

            
+ = +  + +  +            

           (11) 

Further, the mechanical boundary conditions at z = ±d in non-dimensional form are given by  

2
zz

w u
(1 2 ) ( ) 0

z x t

  
 = + −  −  +  =

                (12) 

2
xz yz

u w v
( ) 0, 0

z x z

  
 =  + =  = =

  
. 

and the thermal conditions are given as h 0
z


+  =


        (13) 

 where h denotes surface heat transfer coefficient. The limiting case h 0→ corresponds to 

thermally insulated boundaries and h → leads isothermal boundaries. 

 

3. SOLUTION OF THE PROBLEM: 

In order to solve equations (9) to (11), introducing potential functions   and   such that  

  ,
   

= + = −
   

u w
x z z x

              (14) 

and consider the solutions of the form   
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( )  , , ( ), ( ), ( ) exp[ ( )]  = −f z g z h z i x ct              (15)  

where  /=c  is the phase velocity,   is the frequency and  is the wave number. 

Inserting (14) in equations (9) to (11), applying the solution defined by (15) in resulting 

equations and then solving the resulting system of differential equations, the expressions for 

u, v, w and   are obtained as 

3 1 4 1 5 2 6 2

7 8

u(x,z, t) [i (C cosm z C sin m z C cosm z C sin m z)

C sin z C cos z]exp[i (x ct)]

=  + + +

−  +    −
           (16) 

1 3 1 1 4 1 2 5 2

2 6 2 7 8

w(x,z, t) [ m C sin m z m C cos m z m C sin m z

m C cos m z i (C cos z C sin z)]exp[i (x ct)]

= − + − +

−   +   −
           (17) 

3 1 4 1
1

5 2 6 2
2

1
(C cosm z C sin m z)

(x,z, t) exp[i (x ct)]
1

(C cosm z C sin m z)

 
+ + 

  =  −
 

+ 
 

          (18) 

2 2
1

3 1 4 1
1

2 2
2

5 2 6 2
2

{1 a( m )}
(x,z, t) [ (C cosm z C sin m z)

{1 a( m )}
(C cosm z C sin m z)]exp[i (x ct)]

+  +
 = + +



+  +
+  −



          (19) 

where 
2 2 2 2

2 1 2 2
1 22 2 2 2

1 2

i t {1 a( m )} i t {1 a( m )}
,

m m

−  +  + −  +  +
 =  =

 −  −

2 2 2 2
1 2

1 1
m [ (A A 4B)], m [ (A A 4B)]

2 2
= + − = − −

( )( )

( )( )

2 2 2 2 2
0 2 3 1 2 3 1

2
1 2 3

4 4 2 2 2 2 2
0 0 2 3 1 2 3 1

2
1 2 3

2 1 t i t t a t 2i t t 2 t
A ,

1 a (t i t t )

t 1 t i t t a t i t t t
B

1 a (t i t t )

 −  + −  +  +   − 
=

− +  − 

− − +   + −  + − −   + 
=

− +  − 

1 1 1 1
0 0 1 2 3 0 0t i , t 1 i , t i , t n i− − − −=  +  = +  =  +  =  +   

( )
2

2 2 2 2 2

2

c
c 1 , 1

 
 =  −  =  − 

  
. 

 

4. SECULAR EQUATIONS: 

Using the above expressions (16) to (19) and applying boundary conditions (12) and (13), a 

homogeneous system of linear equations in terms of unknowns iC is obtained. The obtained 

system of equations will have non trivial solution iff the determinant of coefficient matrix 

vanishes which gives the secular equations for stress free thermally insulated and isothermal 

boundaries, respectively are obtained as 

 

1 12 2 2 2
1 1 1 2 2

2 2 2 2
3 32 2 1

2 2 2 2 2
1 2 1

2 2 2 2 2 2 2
2 1

tan m d m ( m )(1 a( m )) tan m d

tan m d tan m dm ( m )(1 a( m ))

4 m (m m )(1 a( ))

( ) ( m )(1 a( m )

 
    − +  +

−       − +  +   

  − +  + 
=

 −  − +  +

          (20) 
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1 12 2 2 2
1 2 1 2 2

2 2 2 2
3 31 2 1

2 2 2 2 2 2 2
2 1

2 2 2 2 2
1 2 1

tan m d m ( m )(1 a( m )) tan m d

tan m d tan m dm ( m )(1 a( m ))

( ) (m m )(1 a( ))

4 m ( m )(1 a( m )

 
    − +  +

−       − +  +   

 − − +  + 
=

   − +  +

 

In above secular equations, the superscripts +1 and −1 correspond to skew symmetric and 

symmetric wave modes respectively. 

 

5. NUMERICAL R ESULT AND DISCUSSIONS  

In order to describe theoretical results presented in above equations, numerical results are 

presented. Here, we have chosen copper material for evaluation of numerical results and 

physical data for which is as given below 

10 1 2 10 1 2

3 1 1
E

1 1 5 1
t 0

13 13
0

7.76 10 Kg m s , 3.86 10 Kg m s

0.0168, 8954Kg m ,C 383.1J Kg K

k 386W m K , 1.78 10 K ,T 293K

6.131 10 s, 8.765 10 s,d 1.0

− − − −

− − −

− − − −

− −

 =   = 

 =  = =

=  =  =

 =   =  =

  

The phase velocities of symmetric and skew symmetric modes of wave propagation have 

been computed for various values of wave number from the dispersion relation (20) for stress 

free insulated boundary conditions for Lord and Shulman theory of thermoelasticity.  
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Figure 1: Variation of phase velocity with wave number 

 

Figure 1 presents the variation of non-dimensional phase velocity with wave number for n =0, 

1, 2 in case of skew symmetric mode. Curves with dark circles as markers correspond to two 

temperature theory in both figures. The phase velocity in all the three wave modes has higher 

magnitude in two temperature theory as compared to corresponding one temperature theory 

of thermoelasticity. Similar behavior has been observed for other theories as well. Figure 2 

presents the variation of phase velocity with wave number for symmetric modes of vibrations. 

In symmetric modes of vibration phase velocity in case of two temperature thermoelasticity 

is having smaller magnitude.  
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Figure 2: Variation of phase velocity with wave number  

 

5. CONCLUSIONS:  

The trends of variation of the phase velocity in two and one temperature thermoelasticity are 

similar however in skew symmetric modes magnitude is higher but in symmetric modes it is 

reversed.   
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ABSTRACT: 

In this paper, the gravitational instability of a self-gravitating viscoelastic medium has been 

analyzed in the presence of dissipative effects, using standard Jeans mechanism. A dispersion 

relation is derived for viscoelastic medium from the perturbation equations of the problem, using 

normal mode analysiswhen the bulk viscosity affects the first order dynamics. The instability 

conditions under both strongly (kinetic) and weakly (hydrodynamic) coupling limitsare obtained 

from the dispersion relation.    It is observed for strongly coupled viscoelastic medium, the 

instability criterion gets modified due to the presence of dissipative effect which is represented 

by the Stokes-Kirchoff’s factor and the critical wave number decreases, hence have stabilizing 

effect on the onset of instability. However, for weakly coupledfluid, the Jeans Criterion governs 

the onset of instability.  

 

KEY WORDS: Gravitational instability, Jeans criteria, Dissipation energy. Normal mode 

analysis, viscoelastic medium, wave propagation, Coupling limits. 

 

1. INTRODUCTION: 

Generally accepted theoretical framework for the formation of the solar systems and the other 

planetary systems, in the domain of astrophysics and geophysics, is that of the Gravitational 

Instability(GI). GI is the key idea in explaining the way in which structures evolve in the 

universe. The star formation begins with small density fluctuations in an initially nearly uniform 

medium that are amplified by gravity in process called gravitational instability.During last 

century, the problem of self-gravitational instability has been a broad area of research in 

astrophysics, plasma physics and many other crucial phenomena of the interstellar medium. GI 

is a theory that recognizes the gravity as the only force capable of creating structures by 

accumulating material in space. Whenever the internal pressure of a gas is too weak to balance 

the self-gravitational force of a mass density perturbation, a collapse occurs; such mechanism 

was first studied by Jeans [1, 2] in terms of the wavelengths of a fluctuation. The dynamical 

mechanism responsible behind aggregation of matter and formation of various astrophysical 

structures, such as comets, asteroids, etc., in astro-comic environments are widely described and 

studied by gravitational or Jeans instability. The Jeans instability was later rigorously 

investigated by anumber of other authors including; Eddington [3], Mestel and Spitzer [4] and 

Chandrasekhar [5]. Dhiman and Dadwal [6,7] havealso studied the gravitational instability of a 

stratified homogeneous medium under varying assumptions of hydrodynamic and 

hydromagnetic, however Chandrasekhar [5] has given a detailed account of the Jeans instability 

under the influence of rotation or/and magnetic field and has derived the Jeans criteria for the 

various problems.For more details on gravitational instability, one may refer to Jeans [2]. 
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TheJeans Instability in various kinds of plasma environment, e.g. gaseous plasma, fluid 

plasmaand dusty plasma have been investigated by many authors. In astrophysical domain, there 

are so many objects including interstellar medium which are composed of viscoelastic fluidsand 

possess both viscous and elastic properties. Elastic effects in fluid play an important role similar 

to thermal pressure, which lower the growth rate of gravitational instability. Janaki et al. [8] have 

discussed the Jeans instability of viscoelastic medium and found that the threshold for the onset 

of instability appears at higher wavelength in viscoelastic medium than in the case of ordinary 

gaseous medium. Prajapati and Chhajalni[9] have also investigated the linear self-gravitational 

instability of finitely conducting, magnetized viscoelastic fluid using the modified generalized 

hydrodynamic model.Rosenberg and Shukla [10] used the Generalized Hydrodynamic Model 

(GH) to describe the behavior of viscoelastic fluid and reported that the GH model describes the 

effects of strong correlations through the introduction of viscoelastic coefficients.  Further,Kaw 

and Sen[11] suggested that the viscoelastic properties of the medium are characterized by the 

relaxation time 𝜏which provides a characteristic timescale to distinguish two classes of low 

frequency modes; one when the frequency 𝜎 ≪
1

𝜏
  known as hydrodynamic limit(weakly 

couplinglimit) and the other frequency 𝜎 ≫
1

𝜏
 known as kinetic limit (strongly couplinglimit) 

where 𝜎is the wave frequency and 𝜏 is the viscoelastic relaxation time. Recently, Dhiman and 

Sharma [12] have investigated the effect of rotation on the growth rate of magneto gravitational 

instability of a viscoelastic medium under both of these limits and investigated the growth rate of 

the instability for both longitudinal and transverse modes of wave propagation. 

 

Janaki [8] discussed that a central idea in the study of instability by including various factors is 

to find the ways of arresting the gravitational collapse.Heat in the interstellar medium play 

important role in the gravitational collapse which means dissipation energy effects of 

viscoelastic medium on GI. The viscous coefficients are not constant and we have to express 

their dependence on the state parameters of the fluid. Since we are interested to treat isotropic 

and homogeneous perturbative cosmological models. In fact, in such models there is no 

displacement of matter with respect to each other and this kind of viscosity represents the energy 

dissipation due to this effect(cf.Carlevaro and Montani [13]). 

 

The present paper is motivated by the above discussions and aimed to study the effect of 

dissipative energy on the onset of gravitational instability of the viscoelastic fluid. For this, 

following [13], we shall consider the bulk viscosity expressed (in the first order)in terms of the 

thermo dynamical parameters of the fluid without neglecting the shear viscosity effect.We have 

followed the normal mode analysis to analyze linear perturbation of density in the governing 

equations and have obtained and a general dispersion relation. The stability criteria for both 

strongly and weakly coupled fluids under kinetic and hydrodynamical limitsare obtained from 

the dispersion relation in terms of wave numbers of the self-gravitating system,using the 

Hurwitz Criterion given by Guillemin[14]. 

 

2. Mathematical Formulation of the Problem: 

We have considered the GH model to treat the viscoelastic properties ofan infinite 

homogeneous,self-gravitatingviscoelastic fluid. Under these assumptions, the generalized basic 
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equations of continuity, motion and Poisson equation governing the physical problem (cf. Janaki 

et al. [8] and Dhiman and Sharma [12])are given by: 
𝜕𝜌

𝜕𝑡
+ ∇. (𝜌𝒖) = 0          (1) 

(1 + 𝜏
𝜕

𝜕𝑡
) [𝜌 (

𝜕𝒖

𝜕𝑡
+ (𝒖. ∇)𝒖) − 𝜌∇𝜙 + 𝑐𝑠

2∇𝜌] = 𝜇∇2𝒖 + (𝜁 +
𝜇

3
) ∇(∇. 𝒖)   (2) 

∇2𝜙 = −4𝜋𝐺(𝜌 − 𝜌0)         (3) 

In the above equations;𝒖and 𝒓 represent respectively the velocity and position vectors, 

𝜏, 𝜌, 𝜙, 𝜇, 𝐺 and𝑐𝑠 respectively denote the relaxation time, density of fluid, gravitational 

potential, coefficient of viscosity, the universal gravitational constant and the speed of sound in 

isothermal medium. Further, the term (𝜁 +
𝜇

3
) is the coefficient of bulk viscosity and (1 +

𝜏
𝜕

𝜕𝑡
)denotes the Frenkel’s term or viscoelastic operator which accounts for the relaxation 

effects(cf. Frenkel [15]). 

 

Following Carlevaro and Montani [13], the fundamental hypothesis of Jeans modelfor a static 

and uniform solution for the zeroth-order dynamics are; 

𝑢0 = 0, 𝜌0 = const.  , 𝜙0 = 𝑐𝑜𝑛𝑠𝑡.        (4) 

 

Mathematically, we can say that when the density and pressure of the medium 𝜌0 , 𝑝0 are 

constant, and the mean velocity 𝑣0 is zero, it follows from equation (2) that ∇𝜙0 = 0. On the 

other hand, Poisson equation (3) requires that ∇2𝜙0 = −4𝜋𝐺𝜌0. This assumption contradicts the 

gravitational equation andthese two requirements are inconsistent unless 𝜌0  = 0. This is known 

as Jeans Swindle. Physically, there are no pressure gradients in a homogeneous medium to 

balance gravitational attraction (cf. Larson [16]). Thus, in order to avoid theJeans Swindle, we 

have taken Poisson equation as; 

∇2𝜙 = −4𝜋𝐺(𝜌 − 𝜌0) 

where the density −𝜌0is a repulsion term and may be regarded as a Newtonian analogue of 

Einstein’s cosmological constant (cf.Kiessling [17]). 

 

3.Linearized Perturbation Equations and Dispersion Relation: 

To investigate the instability of the self-gravitating system governed by basic equations (1)-(3), 

let the initial stationary state solution (4) be slightly perturbed by giving infinitesimal small 

perturbations 𝛿𝜌(𝒓, 𝑡), 𝛿𝜙, 𝛿𝒗(𝒓, 𝑡) in the density 𝜌0, gravitational potential 𝜙0, and velocity𝒖, 

respectively. In treating bulk-viscosity perturbations, we use the expansions 

𝜁 = 𝜁0 + 𝛿𝜁, where 𝜁0 = 𝜁(𝜌0) = 𝑧𝜌0
𝑠 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡  and 

 𝛿𝜁 = 𝛿𝜌 (
 𝜕𝜁

𝜕𝜌
) + ⋯  = 𝑧𝑠𝜌0

𝑠−1𝛿𝜌 + ⋯ 

Here,𝜁 = 𝑧𝑒𝑠 defines the intensity of dissipative effects, with 𝑠 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 and 𝑧 is a 

parameterwhich defines the intensity of viscous effects. 

 

Thus, the perturbations are now represented by; 

𝜌 = 𝜌0 + 𝛿𝜌 , 𝜙 = 𝜙0 +  𝛿𝜙 , 𝒖 = 0 +  𝛿𝒗, 𝜁 = 𝜁0 + 𝛿𝜁     (5) 

Using these perturbed quantities in equations (1)-(3) and then linearizing the resulting equations, 

we get the following linearized perturbation equations of continuity, motion and Poisson 
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equation respectively,for the present problem for the case of viscoelastic medium with 

dissipative effects; 
𝜕𝛿𝜌

𝜕𝑡
+ ∇. (𝜌0𝛿𝒗) = 0          (6) 

(1 + 𝜏
𝜕

𝜕𝑡
) [𝜌0 (

𝜕𝛿𝒗

𝜕𝑡
) − 𝜌0∇ 𝛿𝜙 + 𝑐𝑠

2∇𝛿𝜌] = 𝜇∇2𝛿𝒗 + (𝜁0 +
𝜇

3
) ∇(∇. 𝛿𝒗)   (7) 

∇2 𝛿𝜙 = −4𝜋𝐺 𝛿𝜌          (8) 

Using equation (6) in (7), we get  

(1 + 𝜏
𝜕

𝜕𝑡
) [𝜌0 (

𝜕𝛿𝒗

𝜕𝑡
) − 𝜌0∇ 𝛿𝜙 + 𝑐𝑠

2∇𝛿𝜌] = 𝜇∇2𝛿𝒗 −
(𝜁0+

𝜇

3
)

𝜌0
∇ (

𝜕𝛿𝝆

𝜕𝑡
)   (9) 

Taking the divergence of both sides of the above equation and using equation (8), we get 

(1 + 𝜏
𝜕

𝜕𝑡
) [− (

𝜕2𝛿𝜌

𝜕𝑡2 ) + 4𝜋𝐺𝜌0𝛿𝜌 + 𝑐𝑠
2∇2𝛿𝜌] = −

𝜇

𝜌0
∇2 (

𝜕𝛿𝝆

𝜕𝑡
) −

(𝜁0+
𝜇

3
)

𝜌0
∇2 (

𝜕𝛿𝝆

𝜕𝑡
)  (10) 

To study the properties of 𝛿𝜌, we now consider a solution of the form;𝛿𝜌~ exp [−𝑖(𝜔𝑡 − 𝒌. 𝒓)]. 
Here,𝜔 is the frequency and𝒌is the wave vector of the mode under consideration. 

Using the above dependence of  𝛿𝜌 in the above equation, we have 

(1 − 𝑖𝜔𝜏)[𝜔2 + 𝜔𝑗
2 − 𝑘2𝑐𝑠

2] = −𝑖𝜔
𝑘2

𝜌0
(𝜁0 +

4𝜇

3
)      (11) 

Equation (11) can be written as 

(1 + 𝜎𝜏)[−𝜎2 + 𝜔𝑗
2 − 𝑘2𝑐𝑠

2] − 𝜎
𝑘2

𝜌0
(𝜁0 +

4𝜇

3
) = 0     (12) 

where,𝜎 = −𝑖𝜔  is frequency of harmonic disturbance. 

Following Dhiman and Sharma [12], the above equation (12)under strongly coupling limit 

(kinetic limit) 𝜏𝜎 ≫ 1, yields the following dispersion relation 

𝜎2 +
𝑘2

𝜏𝜌0
(𝜁0 +

4𝜇

3
) + 𝑘2𝑐𝑠

2 − 𝜔𝑗
2 = 0        (13) 

where, 𝜔𝑗
2 = 4𝜋𝐺𝜌0 is the Jean’s frequency.  

Equation (13) can be written in the following form 

𝜎2 + 𝑘2 (𝑐𝑠
2 +

𝐷𝑣
2

𝜏
) − 𝜔𝑗

2 = 0         (14) 

This is the required dispersion relation.  

Here, 𝐷𝑣
2 =

(𝜁0+
4𝜇

3
)

𝜌0
  is the square of modified Stokes-Kirchoff’s factor (cf.García-Colín and 

Sandoval-Villalbazo [18]) representing the dissipative effects.  

 

It is to note that the dispersion relation (14) is modified version of the relation obtained by 

Janaki et al. [8]. Now, invoking the Hurwitz criterion as discussed by Guillemin [14] for the sign 

of roots, which implies that if the constant term of equation (14) is negative, we have the 

condition for the onset of gravitationalinstability given as; 

𝑘2 (𝑐𝑠
2 +

𝐷𝑣
2

𝜏
) − 𝜔𝑗

2 < 0         (15) 

The above condition of instability is the modified form of instability criterion given byJanaki et 

al. [8] for the case of viscoelastic medium and now represent the effect of dissipative energy in 

the form of Stokes-Kirchoff’s factor. Thus, the bulk and shear viscosityof the viscoelastic 

medium with dissipative effects modifies this criterion of Jeans instability.  

The expression of critical Jeans wave number is given by; 
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𝑘 < 𝑘𝑗  𝑤ℎ𝑒𝑟𝑒  𝑘𝑗 =
𝜔𝑗

√𝑐𝑠
2 +

𝐷𝑣
2

𝜏

 

It is obvious that as the viscosity with dissipative effects in the viscoelastic fluid increases the 

corresponding critical Jeans wave number decreases. 

Further under weakly coupling limit (hydrodynamic limit)when  𝜏𝜎 ≪ 1, the dispersion relation 

(12) yields the following dispersion relation 

𝜎2 + 𝑘2 𝐷𝑣
2

𝜏
𝜎 + 𝑘2𝑐𝑠

2 − 𝜔𝑗
2 = 0         (16) 

Again, by using Guillemin [14] criterion,we have the following condition for instability given 

by; 

𝑘2𝑐𝑠
2 − 𝜔𝑗

2 < 0          (17) 

which is the same Jeans Criterion as obtained by Chandrasekhar [5] for gaseous medium.  
 

4. RESULTS AND DISCUSSION: 

In the present analysis, the effect of bulk and shear viscosity on the onset of gravitational 

instability have been studied by considering the bulk viscosity as the first-order dynamics via a 

power-law function of the energy density. Here, we have derived a general dispersion relation 

form the linearized perturbation equations using normal mode analysis, under both strongly and 

weakly coupling limits for viscoelastic medium. The instability conditions are derived for both 

of these cases. It is observed that under the strongly coupling limit, the instability criterion 

obtained by Janaki et al. [8] gets modified due to the presence of dissipative effect of viscosity 

and is represented by the Stokes-Kirchoff’s factor. Hence, for the viscoelastic medium the 

dissipative effect of bulk viscosity decreases the critical wave number and hence postpones the 

onset of instability. Further, in case of weakly coupling limit, theJeans Criterion as obtained by 

Chandrasekhar governs the onset of instability. 
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ABSTRACT:  

An endless mysterious numbers are known to exist having various kind of strangeness. 

Kaprekar and Indian mathematician revealed an interesting property of the number 6174, 

which was subsequently named the Kaprekar constant. This number is truly a strange 

numbers. At first glance, it might not seem so obvious, but rearranging the digits of every 

four digit number where the digits are not all the same, also if one or more of the digits is 

zero to make it a four digit number, they must be embedded in the left side of minimum 

number to obtain the largest and smallest numbers from the digits can make. On using 

Kaprekar's operation that is subtracting the smallest number from the largest to obtain a new 

number, and carry on repeating the operation for each new number, reaches 6174 under 

Kaprekar's process, and in at most seven steps. Similarly using Kaprekar's operation for 3-

digit numbers then most sequences (i.e., other than repeated digits such as 111) will 

terminate in the value 495 in at most 6 iterations. In this article Computer Algebra System’s 

new algorithm is being used to demonstrate this operation for any number of digits for 

unlimited number of iterations.  Various properties of the results obtained are discussed and 

compared with the results available in the literature.  Results obtained are also exhibited 

graphically. 

 

1. INTRODUCTION: 

Mathematics, mainly theory of numbers, is no more complicated than any other subject. If 

one’s have the enthusiasm, endurance, and time to work on and do the effort, then number 

theory is worth studying and we will find that this branch of mathematics can be amusing and 

entertaining. Science of numbers is for eternity at the heart of mathematics and has a natural 

attraction from the beginning of to the studentship. Mathematics is the conception and is part 

of the character of the human intelligence; it arises from the individual mind as it comes into 

contact with the world. Every individual demonstrate mathematical inclination and tends to 

guess, desires to identity, quantify, difference, similarity, and summarize, to make classify 

and generalize. A branch of pure mathematics. 

 

Mathematics is not all regarding numbers–higher mathematics such as, real analysis, abstract 

algebra, complex analysis and topology, etc. is scarcely build upon numbers, but on 

definitions and concepts. However, the numbers are the most important component of 

mathematics since the beginning of its history. 

 

Even after nearly seven decades Kaprekar constant continues to fascinate mathematicians, 

mathematics scholar, teachers and recreational mathematics. Kaprekar [1-3] revealed an 

exciting and amazing process, known as Kaprekar’s operation. This process when functional 

to any positive four digit number not all the same i.e. avoiding numbers with four identical 

digits like 9999, converges to the same number 6174 in at most seven iterations. To 

understand the process, choose an four digits integer N (all digits of N are not all equal), and 

arranges its digits in descending and ascending order, subtract them, repeat the above 

procedure certain number of times (at the most 7 times). Thus the Kaprekar process for any 

mailto:klverma@cpuh.edu.in
https://en.wikipedia.org/wiki/495_(number)
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four digit number is remarkable for two reasons. Firstly process converges to the same 

number 6174 and in no more than 7 iterations. Yutaka Nishiyama [4] described that at 

fleeting look, the number 6174 is might not seem so obvious, but it is really a mysterious 

number. Naranan [12] has also discussed this magical number. Patil and Shah [5] have 

derived the Kaprekar numbers and its analog equations. A variation on the two-digit kaprekar 

routine is studied by Anne Ludington Young [8]. Various authors have studied problems and 

intriguing questions linked with the above process. (See [6]-[11].)  

 

In this paper Computer Algebra System’s innovative algorithm is being used to demonstrate 

this operation for a number of any numbers of digits which can be checked for unlimited 

iterations.  Various properties of the results obtained for a number consisting of 2-digitd, 3-

digits ….. n-digits are discussed and compared with the results available in the literature.  

Results obtained are also exhibited graphically that how the results obtain in the process 

converges to constants (2-digitd, and 4-digits) and behaviors of all two digits number. 

 

2. The Kaprekar Process: 

Consider any number where all the digits are different, firstly reshuffle the digits to make the 

largest (arranging the digits in a descending order) and smallest (arranging the digits in a 

ascending order) numbers. Also if you consider say 5, and want to apply Kaprekar operation 

for three 3-digits or 4-digits number, then arrange the number as 005 or 0005 respectively. 

Secondly subtract the smaller number from the larger one For the resulting number, repeat 

the procedure, and keep repeating. 

 

2.1 Four digit number: 

Try N = 2019 (the current year) 

9210-0129 = 9081 

9810-0189 = 9621 

9621-1269 = 8352 

8532-2358 = 6174 

7641-1467 = 6174 

 

Interestingly it took four iterations to converge 6174 and to repeats it i.e after reaching at 

6174 it creates an infinite loop on the constant 6174.  

Let us try N= 2510 

5210 − 0125 = 5085 

8550 − 0558 = 7992 

9972 − 2799 = 7173 

7731 − 1377 = 6354 

6543 − 3456 = 3087 

8730 − 0378 = 8532 

8532 − 2358 = 6174 

7641 − 1467 = 6174 

 

it took seven iterations (maximum) to converge 6174 and to repeats it.   
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Figure 1. Variation of numbers 2019 (a) and 2510 (b) with iteration using Kaprekar’s  

operation for 4-digits numbers. 

 

2.2 Frequency and Number of iterations of 4-digits numbers converges to constant: 

Many researchers have worked on the Kaprekar’s operation by writing algorithm in various 

software and computer algebra systems to work out for all the 4-digits. Yutaka Nishiyama 

[2012] have checked all 4-digits 8991 numbers and found that every four digit number where 

the digits aren't all equal converges to 6174 in at most seven steps under Kaprekar's process 

and consequently concluded that if you do not reach 6174 after using Kaprekar's operation 

seven times, then categorically there is a mistake in the computation and try it again. 

 

Number of iterations 0 1 2 3 4 5 6 7 

Frequency 1 356 5192 2124 1124 1379 1508 1980 

 

2.3 Three digit number: 

On considering any three digit numbers not all the digits are same, the identical phenomenon 

occurs. In this case the process converges to the same number 495 and in no more than 6 

iterations.  

For example applying Kaprekar's operation to the three digit number 753 gives the following:  

                        753→396→594→495 

The number 495 is the unique kernel for the operation on three digit numbers, and all three 

digit numbers reach 495 using the operation. Why don't you check it yourself? 
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Figure 2. Variation of numbers 753 (a) and 110 (b) with iteration using Kaprekar’s  

operation for 3-digits numbers. 

 

2.2  Two digit number: 

In case of four and three digit numbers reach a unique kernel 6174 and 495 respectively.  On 

attempting the process for a two digit number, unlike for three and four digit numbers, there 

is no unique kernel for two digit numbers. Outcome is given in the following table:  

 

2.3  Kaprekar operation on two digits number: 

For all numbers 01-98 except where the digits are same (that is not 11, 22,,...,99).   

 

Table:1 For all numbers 01-98 except where the digits are same (that is not 11, 22,,...,99) 

Kaprekar’s  operation for 2-digits numbers. 

Pattern outcome Number (01-98) except where the digits are same 

{9,81,63,27,45} 01 12 

10 

23 

21 

34 

32 

45 

43 

56 

54 

67 

65 

78 

76 

89 

87 

98 

{18,63,27,45,9,81} 02 13 20,  

24 

31,35 42,46 53.57 64,

68 

75,

79 

86 97 

{27,45,9,81,63} 03 14 25 30,36 41,47 52,58 63,

69 

74 85 96 

{36,7,45,9,81,63 } 04 15 26 ---,37 40,48 51,59 62 73 84 95 

{45,9,81,63,27} 05 16 27 --, 38 ---,49 50,--- 61 72 83 94 

{54,9,81,63,27,45} 06 17 28 --,39 Ä Ä 60 71 82 93 

{63,27,45,9,81} 07     18 29 Ä Ä Ä Ä 70 81 92 

{72,27,45,9,81,63} 08 19 Ä Ä Ä Ä Ä Ä 80 91 

{81,63,27,45,9} 09 Ä Ä Ä Ä Ä Ä Ä Ä 90 
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Figure 3. Variation of numbers 23 (a) and 91 (b) with iteration using Kaprekar’s  

operation for 2-digits numbers. 

 

2.4  Five digits, six and for any digit number... 

Thus there are unique kernel for 3-digit and 4-digit numbers. Algorithm in the computer 

algebra system take no  time to check what happens for six or more digits, and output  

becomes extremely monotonous, and  found that there is no kernel for 2-digits, 5-digits, 7-

digit numbers where as there are two kernels  for 6-digits, 8-digits, 9-digit ……and 10-digit 

numbers having three kernels, which is in agreement with algorithm by  

 
Figure 4. Variation of number 201904 with iteration using Kaprekar’s  operation for 6-

digits numbers. 

 

The computer algebra system (Mathcad) implementation of the method developed here is 

shown below: 

0 2 4 6 8 10 12 14 16 18 20

20

40

60

80

100
Variation with three digit number 23

Iteration 

N
u
m

b
e
r
 a

f
t
e
r 

e
a
c
h

 i
t
e
r
a
t
i
o

n

Fig1 

0 2 4 6 8 10 12 14 16 18 20

20

40

60

80

100
Variation with three digit number 91

Iteration 
N

u
m

b
e
r
 a

f
t
e
r 
e
a
c
h
 i
t
e
r
a
t
i
o
n

Fig1 

0 5 10 15 20 25 30 35 40 45 50
4 10

5

6 10
5

8 10
5

1 10
6

Variation with three digit number 201904

Iteration 

N
um

be
r 

af
te

r 
e
a
ch

 i
te

ra
ti

o
n

Fig1 



Proceeding of International Conference on Mathematics in Space and Applied Sciences  

(ICMSAS-2019) 

Published by Knowledge and Research Publisher, Nagpur India                  ISBN-978-81-942641-8-7 
 

122 
 

 
 

3. RESULTS AND CONCLUSIONS: 

From the algorithm written in computer algebra system for the Kaprekar’s  operation and the 

graphical representation in figures 1-4, of the results obtained it appears that Kaprekar's 

operation every number converges to a unique kernel only for three and four digit numbers.  

 

Whereas for two digits numbers under the Kaprekar’s  operation it   is  observed that Number 

and on reversing the digit of a number has the same representation.  Numbers which are 

congruent to ±2, ±4, ±6, ±8 show extra two digit number in beginning before settling for a 

repeating sequence. First and last two digit numbers and numbers preceding and succeeding 

(11, 22,,...,99) also have same representation. Sequence of each number which is repeating in 

any pattern has sum 9. i.e repeating two digit numbers with digit sum 9 are only {9, 27, 36, 

45, 63, 81} whereas 18, 36, 54 and72 are not repeating. Interestingly non-repeating two digit 

numbers 18, 36, 54 and72 of sequences (congruent to ±2, ±4, ±6, ±8) has property that 20-02 

=18, 40-04=36, 60-06-54 and 80-08=72. Any two digit number, if the sum is not 9 then it is 

not in any repeating sequence. Number of two digits which has representation I to IX has 
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terms in AP are 18,16.,14,…,2. In jth Pattern each number is  ±j (modulo 11),  j =1,2,…9 . 

Every column of the table has 9 numbers. Variation of number  6-digit number 201904 upto 

50 iteration using Kaprekar’s  exhibited in Figure 4.  Various progresses in science and 

mathematics have been driven by ‘mistakes’. Mathematicians, all over the world are still 

working that some great theory of mathematics might lie behind this process also. 
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ABSTRACT:  

In this paper, a review of some general properties of prime numbers has been given. Distance 

between two neighboring prime numbers and simple  distance  between  two  prime numbers 

have been defined and some results about the distance between two prime numbers have 

been presented. All prime numbers have one of the digits 1, 3, 7, 9 at unit place ; a short 

explanation of this concept has been considered, Fermat’s theorems play an important role in 

the study of prime numbers, thus some results have been derived using a Fermat’s theorem 

and application of these results has been given. Idea of Mersin’s numbers has also been 

considered. A study of sum of consecutive prime numbers has also been done. 

 

KEYWORDS:  prime, composite, neighboring, consecutive, odd, even, divisible. 

 

INTRODUCTION:  

Here in this paper, we shall study some simple properties of prime numbers. The natural 

number system has been the main topic of human interest for the beginning of the 

civilization. The natural number system can be considered as the seed of mathematics. Once 

begin to play with natural number system, you will across various interesting results of 

natural numbers. Once dive deeply in the natural number system, you will dive in this system 

again and again because innumerable interesting results attract you greatly.  

 

Among the natural numbers, there exists special type of numbers called prime numbers. A 

prime number is that natural which is divisible by one and itself. 1 is not considered a prime 

number, 2 is the only even prime number and all other primes are odd. Here one thing is note 

worthy that the existence of even numbers is due to the even prime 2 because if there were 

not 2, there won’t have been even natural numbers. We can easily decide that natural 

numbers which are divisible by 2, 3, 5, and 11, because all even numbers are divisible by 2, 

all those numbers, the sum of whose digits is divisible by 3 , are divisible by 3, all those 

natural numbers ending with 5 or 0 are divisible by 5, and all those natural numbers, the 

difference  of the sums of alternating digits of that number, is 0, are divisible by 11. We can 

call them separable prime numbers. There exists innumerable conjectures about prime 

numbers, but there exists no short cut formula for determining that a particular number is a 

prime number, there exist only long and time consuming algorithms for deciding a particular 

natural number to be a prime number. Prime numbers are infinite in numbers and their 

distribution does not follow any rule. Now we study some interesting results regarding prime 

numbers. 

 

SOME GENERAL PROPERTIES OF PRIME NUMBERS: 

First and last even prime number is 2, and all other prime numbers are odd. So we can write 

every odd prime number as 2𝑛 + 1. Further every prime greater than or equal to 5 can be 

expressed as  6𝑛 ± 1 , this can be proved as: 

Consider three consecutive naturals  2𝑛, 2𝑛 + 1, 2𝑛 + 2. If any one of them is prime then that 
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will be 2𝑛 + 1. Any one of three consecutive naturals is divisible by 3. If  2𝑛 + 1 is prime 

then it will not be divisible by 3. Thus if 2𝑛 is divisible by 3, then 𝑛 = 3𝑘 , 𝑘 ∈ 𝑁.  Therefore  

2𝑛 + 1 = 6𝑘 + 1 ∀ 𝑘 ∈ 𝑁  

If 2𝑛 + 2 is divisible by 3, then 𝑛 + 1 = 3𝑘 , 𝑘 ∈ 𝑁 ⇒ 𝑛 = 3𝑘 − 1 , 𝑘 ∈ 𝑁 . 
Therefore  2𝑛 + 1 = 2(3𝑘 − 1) + 1 = 6𝑘 − 2 + 1 = 6𝑘 − 1  ∀ 𝑘 ∈ 𝑁 . 

So we find that every prime number ≥5, can be expressed in the form 6𝑛 ± 1 ∀ 𝑛 ∈ 𝑁 . 

Therefore  if p≥ 5 be a prime number then 𝑝 = 6𝑛 ± 1 ∀ 𝑛 ∈ 𝑁. 

 

Further each prime number ≥ 5 is sum of two consecutive natural numbers such that one of 

them is divisible by 3. This can be easily verified as 6𝑘 + 1 = 3𝑘 + 3𝑘 + 1 ∀ 𝑘 ∈ 𝑁 and 

6𝑘 − 1 = 3𝑘 − 1 + 3𝑘 ∀ 𝑘 ∈ 𝑁. 

Now consider (6𝑛 ± 1)2 = 36𝑛2 ± 12𝑛 + 1. 

                                            = 12𝑛(3𝑛 ± 1) + 1.              (1) 

If 𝑛 is even let 𝑛 = 2𝑘, 𝑘 ∈ 𝑁, then 3𝑛 ± 1 = 6𝑘 ± 1.        (2) 

Using the values given in (2) in (1), we have  

        (6𝑛 ± 1)2 = 24𝑘(6𝑘 ± 1) + 1                                  (3) 

If 𝑛 is odd let 𝑛 = 2𝑘 − 1, 𝑘 ∈ 𝑁, then 3𝑛 ± 1 = 3(2𝑘 − 1) ± 1        

                                                                                = 6𝑘 − 2 𝑜𝑟 6𝑘 − 4 

                                                                                 2(3𝑘 − 1)𝑜𝑟2(3𝑘 − 2)   
∴      if  𝑛 = 2𝑘 − 1, then 3𝑛 ± 1 = 2(3𝑘 − 1𝑜𝑟2)            (4) 

Using the values given in (4) in (1), we have  

(6𝑛 ± 1)2 = 24(2𝑘 − 1)(3𝑘 − 1𝑜𝑟2) + 1                      (5) 

 

From (3) and (5), we conclude that if 𝑝 ≥ 5  be a prime number then 𝑝2 − 1  is always 

divisible by 24. 

 

One interesting property of the natural numbers is that all those naturals which end with 0 or 

2 or4 or 6 or 8 , that are always divisible by 2 and all those naturals which end with 0 or 5 , 

that are always divisible by 5.  We can find associated natural number by placing 0 or 2 or 4 

or 6 or 8 at the end of a prime numbers and dividing the resulting number again and again by 

2 until the obtained number has not factor 2. Similarly we can find associated natural number 

by placing 0 or 5 at the end of a prime numbers and dividing the resulting number again and 

again by 5 until the obtained number has not factor 5.   

 

Consider a prime number 5, place 0 at the end of 5, we get 50, divide 50 by 2, we get 25, 

therefore 25 is the associated natural of prime 5 under the division by 2. Similarly, divide 50 

by 5, we get 10, divide 10 by 5, we get 2, therefore 2 is the associated natural of prime 5 

under the division by 5. 
 

If we get a prime number on subtracting a prime number from a even number then both the 

primes are called complementary primes of the used even number. For example 11 and 13 

are complementary primes of 24. There may be more than one pair of complementary 

primes. For example, 5, 19 and 7, 17 are other complementary primes of 24. 
 

DISTANCE BETWEEN TWO NEIGHBORING PRIME NUMBERS:  

Two prime numbers are called neighboring prime numbers if there exists no other prime 

number between them. For example, 2 and 3, 3 and 5, 5 and 7, 7 and 11 etc are neighboring 
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prime numbers. 

Distance between two neighboring prime numbers, is defined as number of composite 

numbers between them. Distance between neighboring prime numbers 2 and 3 is 0, distance 

between neighboring prime numbers 3 and 5 is 1, distance between neighboring prime 

numbers 5 and 7 is 1, distance between neighboring prime numbers 113 and 127 is 13 and so 

on.  

 

It can be easily seen that if 𝑝1 and 𝑝2 (𝑝1<𝑝2) are two neighboring prime numbers then the 

distance between them is 𝑝2 − 𝑝1 − 1 or |𝑝1 − 𝑝2 | − 1, let  𝑑𝑝(𝑝1, 𝑝2) = |𝑝1 − 𝑝2 | − 1.  

2 and 3 are the only neighboring prime numbers such that distance between them is 0, 

minimum distance between any two odd neighboring prime numbers, is 1, but it is not yet 

known that what is maximum distance between any two odd neighboring prime numbers. 

 

Maximum distance between any two neighboring prime numbers up to 100, is 7,  and 

maximum distance between any two neighboring prime numbers between 100 and 200, is 13 

and it is between two neighboring prime numbers 113 and 127. 

 

It can be proved that the maximum distance between any two neighboring odd primes, is 

finite.  Suppose, if possible, the distance 𝑑 = 𝑑𝑝(𝑝1, 𝑝2) = 𝑝2 − 𝑝1 − 1, between any two  

neighboring odd primes 𝑝1 and 𝑝2 (𝑝1<𝑝2) , is infinite, this implies 𝑝2 − 𝑝1 − 1 = 𝑑 = ∞ 

⇒ 𝑝2 = ∞  ⇒ there exists no prime number after 𝑝1  

 ⇒ there are finite number of prime numbers which is a contradiction as there are infinite 

number of prime numbers. Therefore our supposition that the distance between any two 

neighboring prime numbers is infinite, is wrong and hence the distance between any two 

neighboring prime numbers is finite. 

 

DISTANCE BETWEEN ANY TWO PRIME NUMBERS: 

Distance between any two prime numbers is defined as the number of natural numbers 

occurring between them whether primes or composites. If 𝑝 𝑎𝑛𝑑 𝑞(𝑝 < 𝑞) are two prime 

numbers, then distance between them is denoted by 𝑑𝑝(𝑝, 𝑞) and defined as 𝑑𝑝(𝑝, 𝑞) = 𝑞 −

𝑝 − 1 = |𝑝 − 𝑞| − 1. Distance between prime numbers 7 and 29 is 𝑑𝑝(7, 29) = 29 − 7 −

1 = |7 − 29| − 1 = 21.   
 

𝑑𝑝(3, 5) = 1, 𝑑𝑝(5, 7 ) = 1, thus 3, 5, 7 are equidistant prime numbers and 5 is the central 

prime of 3 and 5. The numbers 5, 11, 17, 23, 29 are equidistant prime numbers as 

𝑑𝑝(5, 11) = 𝑑𝑝(11, 17 ) = 𝑑𝑝(17, 23) = 𝑑𝑝(23, 29 ) = 6  here 17 is the central prime. 

There are infinite equidistant triples of prime numbers such as 3, 5, 7; 3, 7, 11; 3, 11, 19; 3, 

13, 23; 3, 23, 43 etc. are equidistant triples of primes with 3 as first prime. We can call the 

ordered set of equidistant prime numbers as a chain of equidistant prime numbers and 

number of prime numbers in this chain, is called the length of the chain. 
 

SIMPLE DISTANCE BETWEEN ANY TWO PRIMES: 

Simple distance between any two prime number is the difference of the larger and smaller 

primes i.e. if 𝑝 > 𝑞 are two primes then simple distance between them is 𝑑(𝑝, 𝑞) = 𝑝 − 𝑞. 

Equidistant prime numbers remain equidistant under any of the two definitions of distance 

between any two primes. 
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Now a question arises that what will be the maximum length of the equidistant chain of 

prime numbers, it may be 5 because if we assume that first prime of the chain is 6𝑛 − 1  and 

𝑑 is the common difference then equidistant chain of prime numbers will be of the form  

 6𝑛 − 1, 6𝑛 − 1 + 𝑑, 6𝑛 − 1 + 2𝑑, 6𝑛 − 1 + 3𝑑, 6𝑛 − 1 + 4𝑑, 6𝑛 − 1 + 5𝑑 , then one of 

these prime will be divisible by 3 or 5. Thus the maximum length of equidistant chain of 

primes may be 5. 

DIGITS AT THE UNIT PLACE OF THE PRIME NUMBERS: 

1, 3, 7, 9 are the digits which are at unit place in prime numbers, 5 has been excluded from 

odd digits. 13, 17, 37, 79 are prime numbers when their order is reversed; we get primes 31, 

71, 73, 97. Consider all the permutation of 1, 3, 7; which are 137, 173, 317, 371, 713, 731; 

then 137, 173, 317 are primes but 371, 713, 731 are not primes.  Consider now the 

permutations of 1, 3, 9 ; which are 139, 193, 319, 391, 913, 931; then 139, 193, 319 are 

primes but 391, 913, 931 are not primes. .  Consider now the permutations of 1, 7, 9; which 

are 179, 197, 719, 791, 917, 971; then 179, 197, 719, 971 are primes but 791, 917 are not 

primes.  Consider now the permutations of 3, 7, 9; which are 379, 397, 739, 793, 937, 973; 

then 379, 397, 739, 937 are primes but 793, 973 are not primes. Similarly we can check the 

all the permutations of 1, 3, 7, 9 for prime numbers. 

 

RESULTS RELATED TO FERMAT’ S THEOREM:  

There are many results related to prime numbers due to Fermat ‘s theorems (Hardy and 

Wright [1])  one of them is the following theorem stated as: “if p is a prime number and n is 

any positive integer, then 𝑛𝑝 ≡ 𝑛(𝑚𝑜𝑑 𝑝)”. Some more results relating to prime numbers 

can be derived from this theorem. 

 

Theorem-1:  If 𝑚, 𝑛 ∈ 𝑁such that  𝑚 + 𝑛 = 𝑝 (𝑝𝑟𝑖𝑚𝑒), 𝑚𝑝 + 𝑛 ≡ 0(𝑚𝑜𝑑 𝑝). 
Proof: By the Fermat’s theorem as stated above, we have 

𝑚𝑝 ≡ 𝑚(𝑚𝑜𝑑 𝑝) 

⇒ 𝑚𝑝 − 𝑚 = 𝑘𝑝 , 𝑘 ∈ 𝑁                                                            

 ⇒ 𝑚𝑝 − 𝑚 + 𝑚 + 𝑛 = 𝑘𝑝 + 𝑚 + 𝑛 , 𝑘 ∈ 𝑁        

   ⇒ 𝑚𝑝 + 𝑛 = 𝑘𝑝 + 𝑝 , 𝑘 ∈ 𝑁                                                            

     ⇒ 𝑚𝑝 + 𝑛 = (𝑘 + 1)𝑝 , 𝑘 ∈ 𝑁             

      ⇒ 𝑚𝑝 + 𝑛 ≡ 0(𝑚𝑜𝑑 𝑝).                           
Theorem-2:  If 𝑚, 𝑛 ∈ 𝑁such that  𝑚 + 𝑛 = 𝑝 (𝑝𝑟𝑖𝑚𝑒), 𝑛𝑝 + 𝑚 ≡ 0(𝑚𝑜𝑑 𝑝). 
Proof: By the Fermat’s theorem as stated above, we have 

𝑛𝑝 ≡ 𝑛(𝑚𝑜𝑑 𝑝) 

⇒ 𝑛𝑝 − 𝑛 = 𝑘𝑝 , 𝑘 ∈ 𝑁                                                            

 ⇒ 𝑛𝑝 − 𝑛 + 𝑛 + 𝑚 = 𝑘𝑝 + 𝑛 + 𝑚 , 𝑘 ∈ 𝑁        

   ⇒ 𝑛𝑝 + 𝑚 = 𝑘𝑝 + 𝑝 , 𝑘 ∈ 𝑁                                                            

     ⇒ 𝑛𝑝 + 𝑚 = (𝑘 + 1)𝑝 , 𝑘 ∈ 𝑁             

      ⇒ 𝑛𝑝 + 𝑚 ≡ 0(𝑚𝑜𝑑 𝑝).              
 

Above stated Fermat’s theorem can be stated in another way as ““if p is a prime number and 

n is any positive integer, then 𝑛𝑝−1 ≡ 1(𝑚𝑜𝑑 𝑝)”.  From this, we can derive the following 

result. 

Theorem-3: if 𝑘, 𝑙, 𝑚, 𝑛 ∈ 𝑁 𝑎𝑛𝑑 𝑝 be a prime such that 𝑚𝑘 + 𝑛 ≡ 0(𝑚𝑜𝑑 𝑝), then 

𝑚𝑘+𝑙(𝑝−1) + 𝑛 ≡ 0(𝑚𝑜𝑑 𝑝) 
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Proof: Given 𝑚𝑘 + 𝑛 ≡ 0(𝑚𝑜𝑑 𝑝)  

⇒ 𝑚𝑘 + 𝑛 = 𝑟𝑝 , 𝑟 ∈ 𝑁  

⇒ 𝑚𝑘 = 𝑟𝑝 − 𝑛 , 𝑟 ∈ 𝑁                 (6) 

Also       𝑚𝑝−1 ≡ 1(𝑚𝑜𝑑 𝑝) 

⇒  𝑚𝑙(𝑝−1) ≡ 1(𝑚𝑜𝑑 𝑝)  

⇒  𝑚𝑙(𝑝−1) = 1 + 𝑠𝑝, 𝑠 ∈ 𝑁           (7) 

Therefore, by (6) and (7), we get 

𝑚𝑘 𝑚𝑙(𝑝−1) = (𝑟𝑝 − 𝑛 )(1 + 𝑠𝑝)  

⇒ 𝑚𝑘+𝑙(𝑝−1) = 𝑟𝑝 + 𝑟𝑠𝑝2 − 𝑛 − 𝑛𝑠𝑝 

⇒ 𝑚𝑘+𝑙(𝑝−1) + 𝑛 = 𝑟𝑝 + 𝑟𝑠𝑝2 − 𝑛𝑠𝑝 

⇒ 𝑚𝑘+𝑙(𝑝−1) + 𝑛 = 𝑝(𝑟 + 𝑟𝑠𝑝 − 𝑛𝑠) 

⇒ 𝑚𝑘+𝑙(𝑝−1) + 𝑛 ≡ 0(𝑚𝑜𝑑 𝑝)           (8) 

If we take 𝑘 = 𝑙 = 1 𝑖𝑛 (8), we get 𝑚𝑝 + 𝑛 ≡ 0(𝑚𝑜𝑑 𝑝) which is the result of theorem-1 

Application of these results is given below as: 

5 + 2 = 7(𝑎 𝑝𝑟𝑖𝑚𝑒) ⇒ 57 + 2 𝑎𝑛𝑑 27 + 5 are divisible by 7, this can be easily verified. 

By Fermat’s theorem, 10𝑝−1 ≡ 1(𝑚𝑜𝑑 𝑝) 

⇒ a prime number 𝑝 divides a number in which any one of the digit out of the digits 1, 2, 3, 

4, 5, 6, 7, 8, 9; is repeated 𝑝 − 1 times. 

e.g. consider the number 111111 in which digit I is repeated 7 − 1 = 6 times, thus 111111 is 

divisible by 7 and 
111111

7
= 15873  or 15873 × 7 = 111111 

Similarly  
777777777777

13
= 59829059829 

⇒ 59829059829 × 13 = 777777777777 

65359477124183× 17 = 1111111111111111 

It should be noted that if 
𝑝−1

2
+ 1 =

𝑝+1

2
 is again a prime then the prime number 𝑝 divides the 

number in which any one of the digit out of the digits 1, 2, 3, 4, 5, 6, 7, 8, 9; is repeated 
𝑝−1

2
 times. 

e.g. 
13−1

2
+ 1 =

13+1

2
= 7 and 7 is prime therefore 13 divides 111111, 222222,….,999999 

each containing 6 digits. Since 
111111

13
= 8547 

Another example of this type is 𝑝 = 37 such that 
37−1

2
+ 1 =

37+1

2
= 19  and 19 is prime 

therefore 37 divides 111111111111111111, 222222222222222222,…., 

999999999999999999 each containing 18 digits. Since 
111111111111111111

37
=

3003003003003003. In fact 37 divides all numbers of type 111, 111111, 111111111, …. 

Now we express the natural numbers as a geometrical expression which has fixed repetition 

i.e. number of the form 237237237237, 825382538253 etc. 

Now 

       1 + 10𝑘 + 102𝑘 + ⋯ + 10(𝑛−1)𝑘 =
10𝑛𝑘−1

10𝑘−1
 , 𝑝 ≠ 2, 5. 

Therefore  1010101 = 1 + 102 + 104 + 106 =
108−1

102−1
 

Using Fermat’s theorem, we can derive the following result: 

10𝑘(𝑝−1) ≡ 1(𝑚𝑜𝑑 𝑝)  

⇒ 10𝑘(𝑝−1) − 1 ≡ 0(𝑚𝑜𝑑 𝑝) 
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⇒ (10𝑘 − 1) (
10𝑘(𝑝−1)−1

10𝑘−1
) ≡ 0(𝑚𝑜𝑑 𝑝) 

⇒ 𝑝 divides  
10𝑘(𝑝−1)−1

10𝑘−1
                     (9) 

From (9), we find that  
102(7−1)−1

102−1
= 10101010101  is divisible by 7 and 

10101010101

7
=

1443001443. Similarly, that  
102(13−1)−1

102−1
= 10101010101010101010101 is divisible by 13 

and 
10101010101010101010101

13
= 777000777000777000777. 

Similarly 13 divides 1001001001001001 as 
1001001001001001

13
= 77000077000077 

If 𝑝 divides 
10𝑘(𝑝−1)−1

10𝑘−1
, then 𝑝  divides  𝑛 (

10𝑘(𝑝−1)−1

10𝑘−1
) , 𝑛 ∈ 𝑁. 

Therefore 171717171717, 191919191919, 232323232323, 179179179179179179, 

175317531753175317531753 etc. are divisible by 7 and 13. 

Prime numbers of the form 22𝑛
+ 1, 𝑛 ∈ 𝑁 are called Fermat’s numbers and prime numbers 

of the form 2𝑛 − 1 are called Mersin’s numbers (Hardy and Wright [1]). Thus 221
+ 1 =5, 

222
+ 1 =17, 223

+ 1 =257 etc. are Fermat’s numbers. Similarly 22 − 1 =3, 23 − 1 =7, 

25 − 1 = 31,  27 − 1 = 127 etc. are Mersin’s numbers. 

Now consider the numbers of the form 11111, 1111111, 11111111111, ….etc. where 1 is 

repeated as a prime number of times i.e. 5, 7, 11, 13,… times. 

Then 11111=41× 271, here 1 is repeated 5 times and 
41−1

8
= 5, some relation exists among 

11111, 41 and 5.  

Similarly 1111111=239× 4649 

From this it seems that 11111111111=5 digits prime number × 6 digits prime number  
And 1111111111111=6 digits prime  × 7 digits number prime 

There is possibility that 5 digits prime factor of 11111111111 will start from 4 and end with 

1, 6 digits prime factor of 11111111111 will start from 2 and end with 1, 6 digits prime factor 

of 1111111111111 will start from 2 and end with 9, 7 digits prime factor of 1111111111111 

will start from 4 and end with 9.  
 

Also 101010101, 1001001001001,... are divisible by 41 and 271. Similarly 1010101010101, 

1001001001001001001,… are divisible by 239 and 4649. We notice that 41 − 1 = 40 , 

271 − 1 = 270 both are divisible by 5, similarly 239 − 1 = 238, 4649 − 1 = 4648 both 

are divisible by 7. 

 

SUM OF CONSECUTIVE PRIME NUMBERS: 

Let us check the sum of prime numbers from the first prime number 2 to succeeding 

consecutive primes as follows: 

 

Let  𝑆𝑝, denotes sum of all prime numbers from 2 to p so that 

𝑆2 = 2, 𝑆3 = 2 + 3 = 5, 𝑆5 = 2 + 3 + 5 = 10, 𝑆7 = 2 + 3 + 5 + 7 = 17,      𝑆11 = 2 + 3 +
5 + 7 + 11 = 28, 𝑆13 = 2 + 3 + 5 + 7 + 11 + 13 = 41 , 𝑆17 = 2 + 3 + 5 + 7 + 11 + 13 +
17 = 58, 𝑆19 = 2 + 3 + 5 + 7 + 11 + 13 + 17 + 19 = 58,  etc. we prepare table to write 

these sums conveniently as follows 
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Prime 

numbers 

Cumulative 

sum 

Prime 

numbers 

Cumulative 

sum 

Prime 

numbers 

Cumulative 

sum 

2 2=𝑆2 59 440= 𝑆59 137 1988= 𝑆137 

3 5= 𝑆3 61 501= 𝑆61 139 2127= 𝑆139 

5 10= 𝑆5 67 568= 𝑆67 149 2276= 𝑆149 

7 17= 𝑆7 71 639= 𝑆71 151 2427= 𝑆151 

11 28= 𝑆11 73 712= 𝑆73 157 2584= 𝑆157 

13 41= 𝑆13 79 791= 𝑆79 163 2747= 𝑆163 

17 58= 𝑆17 83 874= 𝑆83 167 2914= 𝑆167 

19 77= 𝑆19 89 963= 𝑆89 173 3087= 𝑆173 

23 100= 𝑆23 97 1060= 𝑆97 179 3266= 𝑆179 

29 129= 𝑆29 101 1161= 𝑆101 181 3447= 𝑆181 

31 160= 𝑆31 103 1264= 𝑆103 191 3638= 𝑆191 

37 197= 𝑆37 107 1371= 𝑆107 197 3835= 𝑆197 

41 238= 𝑆41 109 1480= 𝑆109 199 4034= 𝑆199 

43 281= 𝑆43 113 1593= 𝑆113 211 4245= 𝑆211 

47 328= 𝑆47 127 1720= 𝑆127 223 4468= 𝑆223 

53 381= 𝑆53 131 1851= 𝑆131 227 4695= 𝑆227 

 

From this table of sum of all primes from 2 to p(prime), we find some interesting facts e.g. 

10, 100 are sum of consecutive primes; the primes 5, 17, 41, 197, 281 are sum of consecutive 

primes, but it is interesting that there is no prime after 281, which is the sum of the 

consecutive primes up to 𝑆227 or perhaps further, beginning from 2.  

 

CONCLUSION:  

There are innumerable interesting facts, conjectures about natural numbers and prime 

numbers which can be explored. In this paper, there are unsolved problems like maximum 

distance between any two neighboring prime numbers, maximum length of the chain of a 

prime numbers with same common difference (distance). One can try to solve these 

problems. More results on prime numbers can be derived by using the property that if  𝑝 

divides 
10𝑘(𝑝−1)−1

10𝑘−1
, then 𝑝  divides  𝑛 (

10𝑘(𝑝−1)−1

10𝑘−1
) , 𝑘, 𝑛 ∈ 𝑁. Two more problems are that there 

may be no prime of the form 111, 1111, 11111, 111111, 1111111,… and 111, 11111, 

1111111, 11111111111,.. have only two prime factors. 
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Research aim:  

Considering micro structure of modern sensing devices the aim of this present study is to 

analyse the propagation behavior of horizontally polarized shear waves in an elastic layer 

overlying semi-infinite micropolar elastic substrate. Here micropolar theory is preferred 

instead of classical model due to its capability to expound size effects on micro scale. The 

closed form expression of dispersion relation for the existence of horizontally polarized shear 

waves is obtained analytically. Possible particular case has been derived and validated with 

the existing result of the classical Love wave equation. To exemplify the competence of the 

problem numerical computations are executed by considering aluminium-epoxy as a 

micropolar elastic material. The substantial effects of micropolarity and thickness of elastic 

layer have been examined and depicted graphically on the phase velocity profiles of the wave 

for the considered structure. 

 

Brief literature survey:  

Surface wave propagation in a composite structure has numerous applications in geoscience, 

engineering, ocean acoustics, NDE techniques, as well as in designing of surface acoustic 

wave (SAW) devices. Numerous researchers have investigated the propagation behavior of 

SH-waves in layered structure comprising of elastic material (Liu et al., 2001, Sahu et al., 

2014). Detailed investigations have been done on the propagation behavior of SH-waves in 

different materials based on classical model. But due to inadequacy of classical model to 

explain the behaviour of materials viz. aluminium epoxy, cellular solids, platelet composites, 

polymers and many other having complex microstructures, micropolar theory is preferred as 

it has ability to explain size effects on microscale by auditing the additional degree of 

freedom. Certain discrepancies were occurred and unexplained by the classical theory.  In 

order to remove these shortcomings Voigt (1887) introduced the concept of couple stresses in 

elasticity by introducing additional couple vector to explicate particle interactions in a body. 

Eringen and Suhubi (1964) introduced the theory of linear and nonlinear micropolar elastic 

continua and Eringen (1966) generalized the classical theory of elasticity by considering 

three rotational degrees of freedom in addition to three classical displacement degrees of 

freedom. Due to the practical applicability in various fields of science and technology such as 

acoustics, seismology, aerospace and marine structures an extensive study is available on the 

wave propagation phenomenon in micropolar solids.Propagation of Love-type surface waves 

in homogeneous micropolar elastic media were studied by Midya (2004). Tomar (2005) 

investigated wave propagation in a micropolar elastic plate with voids. Kaur et al. (2017) 

examined shear wave propagation in vertically homogeneous viscoelastic layer over a 

micropolar elastic half-space. Kundu et al. (2017) investigated Love wave propagation in 

heterogeneous micropolar media. 
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Problem formulation:  

This paper studies the propagation characteristics of horizontally polarized shear waves in a 

structure comprised of elastic layer perfectly bonded over semi-infinite micropolar elastic 

substrate. Both materials are isotropic in nature. An elastic layer of thickness h overlying 

semi-infinite micropolar elastic substrate is considered. The Cartesian coordinate system is 

considered such that shear wave is propagating in the y-direction and x-axis is positive in 

vertically downward direction as shown in fig. 1. The elastic material is polarized along z-

direction perpendicular to x-y plane. The displacement components will be independent of z-

coordinate. Let �⃗� = (𝑢1, 𝑢2, 𝑢3) and 𝑣 = (𝑣1, 𝑣2, 𝑣3) are the mechanical displacement 

components for an elastic layer and the micropolar substrate respectively.  

 

 

 

             

             

             

             

             

             

       

 

The governing equation for the elastic layer in the absence of body forces is given by: 

𝜕2𝑢3

𝜕𝑥2
+

𝜕2𝑢3

𝜕𝑦2
=

1

𝛼1
2

𝜕2𝑢3

𝜕𝑡2
                                                                                                                 (1) 

 

The governing equations and constitutive relations for micropolar elastic half-space (Eringen, 

1966) in the vector form in the absence of body forces are 

(𝜆 + µ)𝛻(𝛻. 𝑣 ) + (µ + 𝜅)𝛻2𝑣 + 𝜅(𝛻 × �⃗� ) = 𝜌
𝜕²�⃗� 

𝜕𝑡²
,      (4) 

(𝛼 + 𝛽 + 𝛾)𝛻(𝛻. �⃗� ) − 𝛾𝛻 × (𝛻 × �⃗� ) + 𝜅(𝛻 × 𝑣 ) − 2𝜅�⃗� = ɉ𝜌
𝜕²�⃗⃗⃗� 

𝜕𝑡²
,   

 (5) 

𝜎𝑖𝑗 = 𝜆𝑣𝑘,𝑘𝛿𝑖𝑗 + µ(𝑣𝑖,𝑗 + 𝑣𝑗,𝑖) + 𝜅(𝑣𝑗,𝑖 − 𝜖𝑖𝑗𝑘𝜙𝑘),      (6) 

𝑚𝑖𝑗 =  𝛼𝜙𝑘,𝑘𝛿𝑖𝑗 + 𝛽𝜙𝑖,𝑗 + 𝛾𝜙𝑗,𝑖,        (7) 

 

where i, j, k=1, 2, 3.α, β, γ, κ are micropolar material parameters. λ and µ are Lame’s 

constants. ρ is the mass density,  ɉ is micro inertia.𝜎𝑖𝑗and 𝑚𝑖𝑗 are the stress tensor and couple 

stress tensor. 𝛿𝑖𝑗 is kronecker delta. 𝜖𝑖𝑗𝑘 is alternating tensor.�⃗� = (�⃗� 1, �⃗� 2, �⃗� 3) is the 

microrotation vector.  

 

The admissible boundary conditions will be applied and dispersion relation will be obtained 

by taking the determinant of the coefficients of unknown variables equal to zero, for the 

propagation of SH-waves in an elastic layered structure. In the absence of micropolar 

constants the classical Love wave equation (Love, 1911) is obtained from the dispersion 

relation for the sake of validation. 

 

 

Z 

X 

Y O h 

h 

Elastic layer 

Micropolar elastic 

half-space  
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Solution methodology:  

The solutions are obtained analytically by using general differential equations with 

corresponding boundary conditions. 

 

Significant conclusions: 

• Existence of shear waves in the composite structure consisting of an elastic layer bonded 

perfectly to the micropolar elastic material and micropolarity has significant effect on the 

propagation of SH-waves. As micropolarity constant (
𝜅

µ
)increases phase velocity of the 

wave increases. 

• Thickness of elastic layer also has eminent effect on the phase velocity profile of the SH-

wave. As the thickness of elastic layer is increasing, the phase velocity of the wave also 

increases. 
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ABSTRACT:  

In the present paper, the problem of triply diffusive convection in porous medium is studied 

by using Darcy-Brinkman model. Upper bounds for the complex growth rates of an arbitrary 

oscillatory disturbance of growing amplitude, neutral or unstable, are obtained which are 

important especially when both the boundaries are not free so that exact solutions in the 

closed form are not obtainable. It is further proved that the result obtained herein is uniformly 

valid for any combination of rigid and free boundaries.  
 

KEYWORDS: Triply diffusive convection; Porous Medium; Darcy-Brinkman model; 

Rayleigh number; Concentration Rayleigh number. 
 

INTRODUCTION: 

The convective fluid motion under the simultaneous action of a uniform vertical temperature 

gradient and a gravitationally opposite uniform vertical concentration gradient (known as 

double diffusive convection) has been an area of great research activity for the last many 

decades. Double diffusive convection is now well known. For a broad view of the subject 

one may refer to Stern (1960), Veronis (1965), Nield (1967), Baines and Gill (1969), Turner 

(1974),Huppert and Turner (1981),Banerjee et al. (1981, 1993a,b), Gupta et al. (1982, 1983, 

2001), Brandt and Fernado (1996), Basu and Layek (2013), Radko (2013), Kellner and 

Tilgner (2014), Yang et al. (2015,2016), Chen et al. (2016,2017), Safi and Benissaad (2017) 

etc. 
 

The presence of more than two components in a fluid having different diffusive properties, 

can lead to convective instabilities, often well before a fluid system would become statically 

unstable. It is now well established that (Griffiths (1979a), Moroz (1989), Pearlstein et al. 

(1989), Lopez et al. (1990), Terrones (1993), Prakash et al. (2014a,b,c,d,e, 2015a,b,c,d, 

2016a), Patil et al. (2018a,b),etc.) the small concentration of a third component with a 

smaller mass diffusivity can have a significant effect upon the nature of instability; and 

‘diffusive convection’ (oscillatory modes) and direct ‘salt finger’ modes (steady convection) 

may simultaneously exist under a wide range of conditions, even if the over-all density 

distribution is gravitationally stable.  
 

The subject of systems having more than two components in porous medium has also 

attracted many researchers recently due to its importance in the study of geothermally heated 

lakes, earth core, solidification of molten alloys, underground water flow, natural phenomena 

such as contaminant transport, warming of stratosphere and magmas and their laboratory 

models and sea water etc. For the broad view of the subject one may be referred to Vafai 

(2005), Straughan et al. (2008),Rionero (2013), Abdullah et al. (2018),Zhao et al. (2014), 

Ghalambaz et al. (2016), Prakash et al. (2016b,c, 2017), Roy (2017), Hewitt (2017), 

Raghunatha et al. (2018)etc. 
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Since instability in triply diffusive configurations in porous and non-porous media may occur 

in the form of oscillatory motions, the problem of deriving the upper limits for the linear 

growth rate of an arbitrary neutral or unstable oscillatory disturbance of growing amplitude 

in triply diffusive convection has its own importance in fluid dynamics, especially when at 

least one of the boundaries is rigid so that exact solutions in the closed form are not derivable 

as was possible for the cases treated by Griffiths (1979a), Poulikakos (1985) and Rudraiah 

and Vortmeyer (1982).  

 

In the present paper we have studied triply diffusive convection (with heat and one 

concentration component as destabilizing agent and the second concentration component as 

stabilizing agent) in a sparsely distributed porous medium by using Darcy-Brinkman model. 

Darcy flow model is relevant only to densely packed, low permeability porous medium. 

Also, experiments conducted with several combinations of solids and fluids covering wide 

ranges of governing parameters indicate that most of the experimental data do not agree with 

the theoretical predictions based on the Darcy flow model. The Brinkman (1947) extension 

of the Darcy’s law has overcome these difficulties by adding a viscous like term to the 

equations. 

 

Mathematical Formulation and Analysis: 

Consider a viscous finitely heat conducting Boussinesq fluid layer, saturating a sparsely 

distributed porous medium, of infinite horizontal extension statically confined between two 

horizontal boundaries 𝑧 = 0 and 𝑧 = 𝑑 which are respectively maintained at uniform 

temperatures 𝑇0  and 𝑇1(< 𝑇0) and uniform concentrations 𝑆10,𝑆20 and𝑆11(< 𝑆10),𝑆21(>
𝑆20)(see Fig.1.). It is assumed that the saturating fluid is incompressible and the porous 

medium is a constant porosity medium. It is further assumed that the cross-diffusion effects 

of the stratifying agencies can be neglected. The Darcy-Brinkman model has been used to 

investigate the triply diffusive convection in porous medium. 

 

 
Fig.1. Physical configuration. 

 

The basic hydrodynamics equations that govern the motion of a triply diffusive fluid layer in 

porous medium in their non-dimensional form with 𝑅 > 0, 𝑅1 > 0, 𝑅2 < 0 are given(Vafai 

(2005), Prakash et al. (2017)): 

𝛬(𝐷2 − 𝑎2)2𝑤 − (𝑝 + 𝐷𝑎
−1)(𝐷2 − 𝑎2)𝑤 =  𝑅𝑎2𝜃 − 𝑅1𝑎2𝜙1 + |𝑅2|𝑎2𝜙2,         (1) 

(𝐷2 − 𝑎2 − 𝐸𝜎𝑝)𝜃 = −𝑤,          (2) 

(𝐷2 − 𝑎2 −
𝐸1𝜎 𝑝

𝜏1
) 𝜙1 =  − 

𝑤

𝜏1
        (3) 

𝑑 

 

𝒙 

 

𝒛 

 

𝑔 = (0,0, −𝑔) 

 

𝑇1 

 

𝑇0(> 𝑇1) 

) 

 

𝑆11 

 

𝑆20(< 𝑆21) 

) 

 

𝑆10(> 𝑆11) 

) 

 

𝑆21 

 

Porous medium 

 

 

𝒚 

 

𝑜 

 

𝑧 = 𝑑 

𝑧 = 0 
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and 

(𝐷2 − 𝑎2 −
𝐸2𝜎 𝑝

𝜏2
) 𝜙2 =  − 

𝑤

𝜏2
.        (4) 

Equations (1) – (4) are to be solved by using the following boundary conditions 

𝑤 = 𝜃 = 𝜙1 = 𝜙2 = 𝐷𝑤 = 0 at 𝑧 = 0 and 𝑧 = 1(both the boundaries are rigid)  (5) 

Or 𝑤 = 𝜃 = 𝜙1 = 𝜙2 = 𝐷2𝑤 = 0 at 𝑧 = 0 and  𝑧 = 1(both the boundaries are free) (6) 

or
𝑤 =  𝜃 =  𝜙1 = 𝜙2 =  𝐷𝑤 =  0 at 𝑧 =  0   (lower boundary is rigid)

 and 𝑤 =  𝜃 =  𝜙1 = 𝜙2 =  𝐷2𝑤 =  0 at 𝑧 =  1  (upper boundary is free)
}  (7) 

or
𝑤 =  𝜃 =  𝜙1 = 𝜙2 =  𝐷2𝑤 =  0 at 𝑧 =  0 (lower boundary is free)

  and 𝑤 =  𝜃 =  𝜙1 = 𝜙2 = 𝐷𝑤 =  0 at 𝑧 =  1   (upper boundary is rigid)
},  (8) 

 

where 𝑧 is the real independent such that 0 ≤ 𝑧 ≤  1, 𝐷 is the differentiation w.r.t. 𝑧,  𝑎2 is 

square of the wave number, 𝜎 > 0 the Prandtl number, 𝜏1 > 0 and 𝜏2 > 0 are the Lewis 

numbers for two concentration components with mass diffusivity 𝜅1, 𝜅2 respectively, 𝐷𝑎 > 0 

is the Darcy number, 𝑅 > 0 is the Rayleigh number, 𝑅1 > 0 and 𝑅2 < 0 are the two 

concentration Rayleigh numbers, 𝑝 =  𝑝𝑟 +  𝑖𝑝𝑖 is the complex growth rate where  𝑝𝑟 and  𝑝𝑖 

are the real constants, 𝑤 is the vertical velocity, 𝜃 is the temperature, 𝜙1 and 𝜙2 are the 

respective concentrations of the two components, 𝐸1 > 0 and 𝐸2 > 0 are constants.  

 

It may further be noted that equations (1) – (8) describe an eigenvalue problem for 𝑝 and 

govern triply diffusive convection in a porous medium for any combination of dynamically 

free and rigid boundaries. 

 

MATHEMATICAL ANALYSIS: 

Now we derive upper bounds for the complex growth rate in triply diffusive convection in 

porous medium. We prove the following theorem. 

Theorem. If 𝑅 > 0,  𝑅1 > 0, 𝑅2 < 0,  𝜏1 > 𝜏2, 𝐸1 > 0,  𝐸2 > 0, 𝜎 > 0, 𝑝𝑟 ≥ 0, 𝑝𝑖 ≠ 0, then a 

necessary condition for the existence of non-trivial solution (𝑤, 𝜃, 𝜙1, 𝜙2, 𝑝) of equations 

(1) – (4) together with either of the boundary conditions (5) – (8) is that 

|𝑝|2 <
𝑅1

𝐸1𝜎
−

27𝜋4

4

𝜏1
2

𝐸1
2𝜎2. 

Proof: Multiplying equation (1) by 𝑤∗ (the superscript ∗ hence forth denotes the complex 

conjugation) on both sides and integrating over vertical range of 𝑧, we obtain 

𝛬 ∫ 𝑤∗1

0
(𝐷2 − 𝑎2)2𝑤 𝑑𝑧 − (𝑝 + 𝐷𝑎

−1) ∫ 𝑤∗1

0
(𝐷2 − 𝑎2)𝑤 𝑑𝑧 = 𝑅𝑎2 ∫ 𝑤∗1

0
𝜃 𝑑𝑧 −

𝑅1𝑎2 ∫ 𝑤∗1

0
𝜙1 𝑑𝑧 + |𝑅2|𝑎2 ∫ 𝑤∗1

0
𝜙2 𝑑𝑧.    (9) 

 

Making use of equations (2) – (4), and the fact, that 𝑤(0) = 0 = 𝑤(1), we can write 

𝑅𝑎2 ∫ 𝑤∗1

0
𝜃 𝑑𝑧 = −𝑅𝑎2 ∫ 𝜃

1

0
(𝐷2 − 𝑎2 −  𝐸 𝜎 𝑝∗)𝜃∗𝑑𝑧,    (10) 

𝑅1𝑎2 ∫ 𝑤∗1

0
𝜙1𝑑𝑧 = −𝑅1𝑎2𝜏1 ∫ 𝜙1

1

0
(𝐷2 − 𝑎2 −  

𝐸1𝜎 𝑝∗

𝜏1
) 𝜙1

∗𝑑𝑧 `  (11) 

and 

|𝑅2|𝑎2 ∫ 𝑤∗1

0
𝜙2𝑑𝑧 = −|𝑅2|𝑎2𝜏2 ∫ 𝜙2

1

0
(𝐷2 − 𝑎2 −  

𝐸2𝜎 𝑝∗

𝜏2
) 𝜙2

∗𝑑𝑧.   (12) 

Combining equations (9) – (12), we obtain 

𝛬 ∫ 𝑤∗1

0
(𝐷2 − 𝑎2)2𝑤 𝑑𝑧 − (𝑝 + 𝐷𝑎

−1) ∫ 𝑤∗1

0
(𝐷2 − 𝑎2)𝑤 𝑑𝑧 = −𝑅𝑎2 ∫ 𝜃

1

0
(𝐷2 − 𝑎2 −

 𝐸 𝜎 𝑝∗)𝜃∗𝑑𝑧 + 𝑅1𝑎2𝜏1 ∫ 𝜙1
1

0
(𝐷2 − 𝑎2 − 

𝐸1𝜎 𝑝∗

𝜏1
) 𝜙1

∗𝑑𝑧 − |𝑅2|𝑎2𝜏2 ∫ 𝜙2
1

0
(𝐷2 − 𝑎2 −
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𝐸2𝜎 𝑝∗

𝜏2
) 𝜙2

∗𝑑𝑧.          (13) 

Integrating various terms of equation (13), by parts, for an appropriate number of times and 

making use of the boundary conditions (5) – (8) and the equality 

∫ 𝜓∗𝐷2𝑛𝜓𝑑𝑧 = (−1)𝑛 ∫ |𝐷2𝜓|2𝑑𝑧
1

0

1

0
,      (14) 

𝜓 = 𝑤(𝑛 = 1,2) or 𝜓 = 𝜃,  𝜙1, 𝜙2 (𝑛 = 1), 

we may rewrite equation (13) in the form  

𝛬 ∫ (|𝐷2𝑤|2 + 2𝑎2|𝐷𝑤|2 + 𝑎4|𝑤|2)
1

0
𝑑𝑧 + (𝑝 + 𝐷𝑎

−1) ∫ (|𝐷𝑤|2 + 𝑎2|𝑤|2)
1

0
𝑑𝑧 =

𝑅𝑎2 ∫ (|𝐷𝜃|2 + 𝑎2|𝜃|2 + 𝐸𝜎𝑝∗|𝜃|2)
1

0
𝑑𝑧− 𝑅1𝑎2𝜏1 ∫ (|𝐷𝜙1|2 +  𝑎2|𝜙1|2 +

1

0

 
𝐸1𝜎 𝑝∗

𝜏1
|𝜙1|2) 𝑑𝑧 + |𝑅2|𝑎2𝜏2 ∫ (|𝐷𝜙2|2 +  𝑎2|𝜙2|2 +  

𝐸2𝜎 𝑝∗

𝜏2
|𝜙2|2) 𝑑𝑧

1

0
.  (15) 

Equating imaginary parts of both sides of equation (15), and cancelling 𝑝𝑖(≠ 0) throughout, 

we have 

∫ (|𝐷𝑤|2 +  𝑎2|𝑤|2) 𝑑𝑧 = − 
1

0
𝑅𝑎2𝐸𝜎 ∫ |𝜃|2𝑑𝑧

1

0
+ 𝑅1𝑎2𝐸1𝜎 ∫ |𝜙1|2𝑑𝑧

1

0
− |𝑅2|𝑎2𝐸2𝜎 ∫ |𝜙2|2𝑑𝑧

1

0
.

 (16) 

Since 𝑤, 𝜃,  𝜙1, 𝜙2 satisfy 𝑤(0) = 0 = 𝑤(1), 𝜃(0) = 0 = 𝜃(1), 𝜙1(0) = 0 = 𝜙1(1) and 

𝜙2(0) = 0 = 𝜙2(1), by Rayleigh-Ritz Inequality, we have  

∫ |𝐷𝑤|21

0
𝑑𝑧 ≥  𝜋2 ∫ |𝑤|2𝑑𝑧

1

0
,        (17) 

∫ |𝐷𝜃|21

0
𝑑𝑧 ≥  𝜋2 ∫ |𝜃|2𝑑𝑧

1

0
,        (18) 

∫ |𝐷𝜙1|21

0
𝑑𝑧 ≥  𝜋2 ∫ |𝜙1|2𝑑𝑧

1

0
       (19) 

and 

∫ |𝐷𝜙2|21

0
𝑑𝑧 ≥  𝜋2 ∫ |𝜙2|2𝑑𝑧

1

0
.       (20) 

Using inequality (17), we have  

∫ (|𝐷𝑤|2 +  𝑎2|𝑤|2) 𝑑𝑧 
1

0
≥ (𝜋2 + 𝑎2) ∫ |𝑤|2𝑑𝑧.

1

0
     (21) 

Combining equations (16) and (21), we have 

𝑅1𝐸1𝜎𝑎2 ∫ |𝜙1|2𝑑𝑧
1

0
 ≥ (𝜋2 + 𝑎2) ∫ |𝑤|2𝑑𝑧.

1

0
     (22) 

Now, multiplying equation (3) by its complex conjugate and integrating the resulting 

equation for a suitable number of times and using the boundary conditions on 𝜙1, namely, 

𝜙1(0) = 0 = 𝜙1(1), we obtain 

∫ (|𝐷2𝜙1|2 + 2𝑎2|𝐷𝜙1|2 +  𝑎4|𝜙1|2)
1

0
 𝑑𝑧 +

2𝐸1𝜎𝑝𝑟

𝜏1
∫ (|𝐷𝜙1|2 +  𝑎2|𝜙1|2)𝑑𝑧

1

0
+

𝐸1
2𝜎2|𝑝|2

𝜏1
2 ∫ |𝜙1|2𝑑𝑧

1

0
=

1

𝜏1
2 ∫ |𝑤|2𝑑𝑧

1

0
.                            (23) 

 

Now, we have (Banerjee et al (1993b)) 

∫ |𝐷2𝜙1|21

0
𝑑𝑧  ≥  𝜋4 ∫ |𝜙1|21

0
𝑑𝑧.       (24) 

Using (19) and (24), we have 

∫ (|𝐷2𝜙1|2 + 2𝑎2|𝐷𝜙1|2 +  𝑎4|𝜙1|2)
1

0
 𝑑𝑧 ≥ (𝜋2 + 𝑎2)2 ∫ |𝜙1|2𝑑𝑧

1

0
.  (25) 

 

Substituting (25) in (23), we have 

(𝜋2 + 𝑎2)2 ∫ |𝜙1|2𝑑𝑧 +
2𝐸1𝜎𝑝𝑟

𝜏1
∫ (|𝐷𝜙1|2 +  𝑎2|𝜙1|2)𝑑𝑧

1

0
+

𝐸1
2𝜎2|𝑝|2

𝜏1
2 ∫ |𝜙1|2𝑑𝑧

1

0
≤

1

𝜏1
2 ∫ |𝑤|2𝑑𝑧.

1

0

1

0

 (26) 

Since 𝑝𝑟 ≥ 0, it follows from equation (26) that  
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(𝜋2 + 𝑎2)2 ∫ |𝜙1|2𝑑𝑧 +
1

0

𝐸1
2𝜎2|𝑝|2

𝜏1
2 ∫ |𝜙1|2𝑑𝑧

1

0
≤

1

𝜏1
2 ∫ |𝑤|2𝑑𝑧

1

0
    (27)  

which gives 

𝑅1𝐸1𝜎𝑎2 ∫ |𝜙1|2𝑑𝑧 ≤
1

0

𝑅1

𝐸1𝜎

𝑎2

|𝑝|2 ∫ |𝑤|2𝑑𝑧
1

0
−

(𝜋2+𝑎2)2

|𝑝|2

𝜏1
2

𝐸1
2𝜎2 . 𝑅1𝐸1𝜎𝑎2 ∫ |𝜙1|2𝑑𝑧

1

0
. (28) 

Using (22) in (28), we have 

𝑅1𝐸1𝜎𝑎2 ∫ |𝜙1|2𝑑𝑧 ≤
1

0

𝑅1

𝐸1𝜎

𝑎2

|𝑝|2 ∫ |𝑤|2𝑑𝑧
1

0
−

(𝜋2+𝑎2)3

|𝑝|2

𝜏1
2

𝐸1
2𝜎2 ∫ |𝑤|2𝑑𝑧.

1

0
   (29) 

Utilizing (29) in (16), we obtain 

∫ |𝐷𝑤|2𝑑𝑧 +
1

0
𝑅𝑎2𝐸𝜎 ∫ |𝜃|2𝑑𝑧

1

0
+ |𝑅2|𝑎2𝐸2𝜎 ∫ |𝜙2|2𝑑𝑧 + 𝑎21

0
{1 −

𝑅1

𝐸1𝜎

1

|𝑝|2 +

(𝜋2+𝑎2)3

𝑎2

𝜏1
2

|𝑝|2𝐸1
2𝜎2

} ∫ |𝑤|2𝑑𝑧
1

0
≤ 0. (30) 

Since minimum value of  
(𝜋2+𝑎2)3

𝑎2
  is  

27𝜋4

4
 for 𝑎2 =

𝜋2

2
, inequality (30) yields 

∫ |𝐷𝑤|2𝑑𝑧 +
1

0
𝑅𝑎2𝐸𝜎 ∫ |𝜃|2𝑑𝑧

1

0
+ |𝑅2|𝑎2𝐸2𝜎 ∫ |𝜙2|2𝑑𝑧 + 𝑎21

0
{1 −

𝑅1

𝐸1𝜎

1

|𝑝|2
+

27𝜋4

4
.

𝜏1
2

|𝑝|2𝐸1
2𝜎2

} ∫ |𝑤|2𝑑𝑧
1

0
≤ 0.  (31) 

Inequality (31) clearly implies that 

|𝑝|2 <
𝑅1

𝐸1𝜎
−

27𝜋4

4

𝜏1
2

𝐸1
2𝜎2

.        (32) 

This proves the theorem. 

The above theorem states, from the physical point of view that the complex growth rate 
(𝑝𝑟 , 𝑝𝑖) of an arbitrary neutral or unstable oscillatory perturbation of growing amplitude, in a 

triply diffusive fluid layer saturating a porous medium using Darcy-Brinkman model with 

one of the components as heat with diffusivity 𝜅 must lie inside a semicircle in the right half 

of the (𝑝𝑟 , 𝑝𝑖) – plane whose centre is origin and radius equals √
𝑅1

𝐸1𝜎
−

27𝜋4

4

𝜏1
2

𝜎2𝐸1
2 , where 

𝑅1(> 0) and 𝑅2(< 0) are the Rayleigh numbers for the two concentration components with 

diffusivities 𝜅1 and 𝜅2 , 𝜎 is the Prandtl number, 𝐸1 and 𝐸2  are constants. This result is 

uniformly valid for any combinations of rigid or free boundaries. 

 

A general plot showing the region of complex growth rate is given below: 

 

𝑝𝑟  

 

 

𝑝𝑖  

 

 

𝐴 

 

𝑂(0,0) 

 

 
Fig.2. Shaded region shows that the region of complex growth rate 
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(𝑂𝐴)2 <
𝑅1

𝐸1𝜎
−

27𝜋4

4

𝜏1
2

𝜎2𝐸1
2. 

CONCLUSIONS: 

The linear stability theory is used to derive the upper bounds for the complex growth rate in 

triply diffusive convection of a fluid layer in porous medium heated from below. The Darcy-

Brinkman model has been used which is more compatible for the flow through high porosity 

medium. These bounds are important especially when both the boundaries are not free so the 

exact solutions in the closed form are not obtainable. Further, since the result derived herein 

involve only the non-dimensional quantities and are independent of the wave number are, 

thus, of uniform applicability.  

 

REFERENCES: 

1. Abdullah, A.A. and Lindsay, K.A., (2018), Convection in a Porous medium confined 

between vertical boundaries and saturated by nanofluid, J. Porous Media, 21(3), 257-277. 

2. Baines, P.G. and Gill, A.E. (1969), On thermohaline convection with linear gradient, J. 

Fluid Mech., 37(2), 289-306. 

3. Banerjee, M.B., Katoch, D.C., Dube, G.S. and Banerjee, K. (1981), Bounds for growth 

rate of perturbation in thermohaline convection, Proc. Roy. Soc. (London) A, 378, 301–

304. 

4. Banerjee, M.B., Gupta, J.R. and Prakash, J. (1993a), Upper limits to the complex growth 

rate in thermohaline instability, J. Math. Anal. Appl., 167(1), 66-73. 

5. Banerjee, M.B., Gupta, J.R. and Prakash, J. (1993b), On thermohaline convection of the 

Veronis type, J. Math. Anal. Appl., 179(2), 327-334. 

6. Basu, R. and Layek, G.C. (2013), Influences of cross-diffusive coefficients on the onset 

of double diffusive convection in a horizontal fluid layer, Int. J. Appl. Maths. Mech., 

9(6), 86-107. 

7. Brandt, A. and Fernando, H.J.S. (1996), “Double Diffusive Convection”, Am. Geophys. 

Union, Washington. 

8. Brinkman, H.C. (1947), A calculation of the viscous force exerted by a flowing fluid on a 

dense swarm of particles, Appl. Sci. Res., A1, 27–34. 

9. Chen, Y.Q., Yu, H.Z. and Zhu, Q.Y. (2016), A model of coupled thermosolutal 

convection and thermoelasticity in soft rocks with consideration of water vapour 

absorption, Int. J. Heat Mass Transfer, 97, 157–173. 

10. Chen, s., Yang, bb. And Zheng, C. (2017), Simulation of double diffusive convection in 

fluid-saturated a porous media by Lattice Boltzmann method, Int. J. Heat Mass Transfer, 

108 B, 1501-1510. 

11. Ghalambaz, M., Moatter, F., Shermet, A.M. and Pop, I. (2016), Triple diffusive natural 

convection in a square porous cavity, Transp. Porous Media, 111, 59-79. 

12. Griffiths, R.W. (1979a), The influence of a third diffusing component upon the onset of 

convection, J. Fluid Mech., 92, 659–670. 

13. Griffiths, R.W. (1979b), A note on the formulation of salt-finger and diffusive interfaces 

in three-component systems, Int. J. Heat Mass Transfer, 22(12), 1687-1693. 

14. Gupta, J.R., Sood, S.K. and Shandil, R.G. (1982), A semicircle theorem in MHD-

thermohaline convection, J. Math. Phys. Sci., 16(2), 133-139. 

15. Gupta, J.R., Sood, S.K. and Shandil, R.G. (1983), Bounds for the growth of a 

perturbation in some double-diffusive convection problems, J. Aust. Math. Soc. Ser. B, 

25, 276-285. 

16. Gupta, J.R., Dhiman, J.S. and Thakur, J., (2001), Thermohaline convection of Veronis 



Proceeding of International Conference on Mathematics in Space and Applied Sciences  

(ICMSAS-2019) 

Published by Knowledge and Research Publisher, Nagpur India                  ISBN-978-81-942641-8-7 
 

140 
 

and Stern types revisited, J. Math. Anal. Appl., 287, 398-407. 

17. Hewitt, D.R. and Lister, J.R. (2017), Stability of three-dimensional columnar convection 

in a porous medium, J. Fluid Mech., 829, 89-111. 

18. Huppert, H.E. and Turner, J.S. (1981), Double-diffusive convection, J. Fluid Mech., 106, 

299-329. 

19. Kellner, M. and Tilgner, A. (2014), Transition to finger convection in double-diffusive 

convection, Phys. Fluids, 26, 094103(1-10). 

20. Lopez, A.R., Romero, L.A. and Pearlstein, A.J. (1990), Effect of rigid boundaries on the 

onset of convective instability in a triply diffusive fluid layer, Phys. Fluids A, 60, 897–

902. 

21. Moroz, I.M. (1989), Multiple instabilities in a triply diffusive system, Stud. Appl. Math., 

80, 137-164. 

22. Nield, D.A. (1967), The thermohaline Rayleigh-Jeffrey’s problem, J. Fluid Mech., 29, 

545-558. 

23. Patil, P.M., Roy, M., Roy, S. and Momoniat, E., (2018a), Triple diffusive mixed 

convection along a vertically moving surface, Int. J. Heat Mass Transfer, 117, 287-295. 

24. Pearlstein, A.J., Harris, R.M. and Terrones, G. (1989), The onset of convective instability 

in a triply diffusive fluid layer, J. Fluid Mech., 202, 443–465. 

25. Poulikakos, D. (1985), The effect of a third diffusing component on the onset of 

convection in a horizontal porous layer, Phys. Fluids, 28, 3172-3174. 

26. Prakash, J., Vaid, K. and Bala, R. (2014a), Upper limits to the complex growth rates in 

triply diffusive convection, Proc. Indian Nat. Sci. Acad., 80(1), 115-122. 

27. Prakash, J., Vaid, K. and Bala, R. (2014b), On the characterization of nonoscillatory 

motions in triply diffusive convection, Int. J. Fluid Mech. Res., 41(5), 409-416. 

28. Prakash, J., Bala, R. and Vaid, K. (2014c), On the principle of the exchange of stabilities 

in rotatory triply diffusive convection, Proc. Nat. Acad. Sci., Phys. Sci., India, 84(3), 

433–439. 

29. Prakash, J., Vaid, K. and Bala, R. (2014d), On the characterization of non-oscillatory 

motions in magnetorotatory in triply diffusive convection, Proc. Indian Nat. Acad. Sc., 

80(2), 197-209. 

30. Prakash, J., Gupta, S.K., Bala, R. and Vaid, K. (2014e), A semicircle theorem in triply 

diffusive convection, Int. J. Tech., 4(1), 210-213. 

31. Prakash, J., Vaid, K. and Bala, R. (2015a), On arresting the complex growth rates in 

magnetorotatory in triply diffusive convection, Int. J. Fluid Mech. Res., 42(5), 391-403. 

32. Prakash, J., Vaid, K. and Bala, R. (2015b), Upper limits to the complex growth rates in 

magnetorotatory in triply diffusive convection, Proc. Nat. Acad. Sc., 85(2), 87-97. 

33. Prakash, J., Vaid, K. and Bala, R. (2015c), Characterization of rotatory hydrodynamic 

triply diffusive convection, Z. Angew. Math. Phys. (ZAMP), 66, 2665-2675. 

34. Prakash, J., Bala, R. and Vaid, K. (2015d), On the characterization of magneto 

hydrodynamic triply diffusive convection, J. Magn. Mag. Mater., 377, 378-385. 

35. Prakash, J., Bala, R., Vaid, K. and Kumar, V. (2016a), On arresting the complex growth 

rates in rotatory triply diffusive convection, Appl. Appl. Math. An International J., 11(2), 

722-734. 

36. Prakash, J., Singh, V. and Manan, S., (2016b), On rotatory hydrodynamic triply diffusive 

convection in porous medium, Int. J. Tech., 6(2), 113-117. 

37. Prakash, J., Kumari, K. and Kumar, R., (2016c), Triply diffusive convection in a 

Maxwell saturated fluid porous layer: Darcy Brinkman model, J. Porous Media, 19(10), 

871-883. 



Proceeding of International Conference on Mathematics in Space and Applied Sciences  

(ICMSAS-2019) 

Published by Knowledge and Research Publisher, Nagpur India                  ISBN-978-81-942641-8-7 
 

141 
 

38. Prakash, J., Singh, V. and Manan, S., (2017), On the limitations of linear growth rates in 

triply diffusive convection in porous medium, J. Assoc. Arab Univ. Basic and Appl. Sc., 

22(1), 91-97. 

39. Radko, T. (2013), “Double-Diffusive Convection”, Cambridge University Press, New 

York. 

40. Raghunatha, K.R., Shiva Kumara, I.S. and Shankar, B.M. (2018), Weakly non-linear 

stability analysis of triple diffusive convection in a Maxwell fluid saturated porous layer, 

Appl. Math. Mech., 39(2), 153-168. 

41. Rionero, S. (2013), Triple diffusive convection in porous media, Acta Mech., 224, 447–

458. 

42. Roy, N.C. (2017), Theoretical approach to the onset of convection in a porous layer, 

Transp. Porous Media, 118(2), 281-299. 

43. Rudraiah, N. and Vortmeyer, D. (1982), The influence of permeability and of a third 

diffusing component upon the onset of convection in a porous medium, Int. J. Heat Mass 

Transfer, 25, 457-464. 

44. Safi, S. and Benissaad, S., (2017), Double diffusive convection in an anisotropic and 

inclined porous layer with cooperating horizontal gradients of temperature and 

concentrations, Mater. Sc. Engng., 257 

45. Stern, M.E. (1960), The salt fountain and thermohaline convection, Tellus, 12, 172-175. 

46. Straughan, B. (2008), “Stability and Wave Motion in Porous Media”, Springer-Verlag, 

New York. 

47. Terrones, G. (1993), Cross-diffusion effects on the stability criteria in a triply diffusive 

system, Phys. Fluids A, 5, 2172–2182. 

48. Turner, J.S. (1974), Double diffusive phenomena, Ann. Rev. Fluid Mech., 6, 37-56. 

49. Vafai, K. (2005), “Handbook of Porous Media”, Taylor and Francis, New York. 

50. Veronis, G. (1965), On finite amplitude instability in thermohaline convection, J. Mar. 

Res., 23, 1-17. 

51. Yang, Y., Poel, E.P.V.D., Ostilla-Mónico, R., Sun, C., Verzicco, R., Grossmann, S. and 

Lohse, D. (2015), Salinity transfer in bounded double diffusive convection, J. Fluid 

Mech., 768, 476-491. 

52. Yang, Y., Verzicco, R. and Lohse, D. (2016), Vertically bounded double diffusive 

convection in finger regime: comparing no-slip versus free-slip boundary conditions, 

Phys. Rev. Letters, 117, 184501. 

53. Zhao, M., Wang, S., Zhang, Q., (2014), Onset of triply diffusive convection in a Maxwell 

fluid saturated porous layer, Appl. Math. Modell., 38, 2345-2352. 

 



Proceeding of International Conference on Mathematics in Space and Applied Sciences  

(ICMSAS-2019) 

Published by Knowledge and Research Publisher, Nagpur India                  ISBN-978-81-942641-8-7 
 

142 
 

THE MATHEMATICS OF CRYPTOGRAPHY AND NETWORK 

SECURITY 
 

Suresh Kumar 

Lecturer in Mathematics, Govt. Sr. Sec. School Batheri, Distt. Mandi (H.P.), India 

Email: sksklecturer@gmail.com 

 

INTRODUCTION: 

In the current orientation of the world, the technologies have advanced so much that most of 

the individuals prefer using the internet as the primary mean to relegate data from one end to 

another across the world. There are many possible ways to broadcast data using the internet: 

via e-mails, chats, etc. The data transition is made very cinch, fast and accurate using the 

internet. However, one of the main challenge with sending data over the internet is the 

“security threat” it poses i.e. the personal or privy data can be bagged or hacked in many 

ways. Therefore, it becomes very important to take data security into consideration, as it is 

one of the most necessary factors that need attention during the process of data transferring 

[1].  

 

Plain or normal text, which is send over the network, is firstly get transformed into cipher 

text so that only the sender and the recipient can use the information.  

Cipher Text, it is a data that has been encrypted. Cipher text is unreadable until it has been 

converted into Plain text with key.  

Encryption, the process of encoding plain text messages into cipher text messages.  

Decryption, transformation process of cipher text again into plain text.  

 

Decryption is just opposite to encryption. In computer-to-computer communications, the 

computer at sender’s end usually transforms a plain text messages into cipher text messages 

by performing encryption. Then this message is sent to the receiver over the network. The 

receiver’s computer takes the encrypted message and performs the decryption process to 

obtain plain text.  

 

The process of encryption and decryption is known as Cryptography. In general, 

cryptography is the art and science of achieving security by encoding message to make them 

non-readable. It can be used to hide the meaning of information in any form. It can also be 

applied to software, graphics or voice. 

 
Cryptography Process 

 

Cryptography is the art of secret coding. The basic service provided by cryptography is the 

ability to send the information between participants in a way that prevents others reading it. 
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The main purpose of the cryptography is used not only to provide confidentiality, but also to 

provide solutions for other problems like: data integrity, authentication, non-repudiation [2].  

Network Security: 

System and Network Technology is a key technology for a wide variety of applications. It is 

a critical requirement in current situation networks, there is a significant lack of security 

methods that can be easily implemented. There exists a “communication gap” between the 

developers of security technology and developers of networks. Network design is a 

developed process that is depends on the Open Systems Interface (OSI) model. The OSI 

model has several advantages when designing network security. It offers modularity, ease-of-

use, flexibility, and standardization of protocols. The protocols of different layers can be 

easily combined to create stacks, which allow modular development. In contrast to secure 

network, design is not a well- developed process. There is not a methodology to manage the 

complexity of security requirements. When considering about network security, it should be 

emphasized that the complete network is secure. It does not only concern with the security in 

the computers at each end of the communication chain. When transferring from one node to 

another node data the communication channel should not be vulnerable to attack. A hacker 

will target the communication channel, get the data, and decrypt it and reinsert a duplicate 

message. Though securing the network is just as important as securing the computers and 

encrypting the message. While developing a secure network, the following needs to be 

considered [3]. 

 

Network Security Services:  

The classification of security services are as follows: 

Confidentiality: Ensures that the information in a computer system and transmitted 

information are accessible only for reading by authorized parties. e.g. printing, displaying 

and other forms of disclosure. 

Authentication: Ensures that the origin of a message or electronic document is correctly 

identified, with an assurance that the identity is not false. 

Data Integrity: Ensures that only authorized parties are able to modify computer system 

assets and transmitted information. Modification includes writing, changing status, deleting, 

creating and delaying or replaying of transmitted messages. 

Non-repudiation: Requires that neither the sender nor the receiver of a message be able to 

deny the transmission [4].  
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Cryptography is the methods that allow information to be sent in a secure from in such a way 

that the only receiver able to retrieve this information. Presently continuous researches on the 

new cryptographic algorithms are going on. However, it is a very difficult to find out the 

specific algorithm, because we have already known that they must consider many factors like 

security, the features of algorithm, the time complexity and space complexity [2].  

 

Techniques/ Methods/ Types of Cryptography:   

There are two main categories of cryptography depending on the type of security keys used 

to encrypt/decrypt the data. These two categories are asymmetric and Symmetric encryption 

techniques i.e. Symmetric and Asymmetric Encryptions: 

 
1) Symmetric Encryption: 

It is also called as single key cryptography. It uses a single key. In this encryption process the 

receiver and the sender has to agree upon a single secret (shared) key. Given a message 

(called plaintext) and the key, encryption produces unintelligible data, which is about the 

same length as the plaintext was. Decryption is the reverse of encryption, and uses the same 

key as encryption [5]. 

 
 

ADVANTAGES AND DISADVANTAGES OF SYMMETRIC CRYPTOSYSTEM 

ADVANTAGES: 

• A symmetric cryptosystem is faster. 

• In Symmetric Cryptosystems, encrypted data can be transferred on the link even if there 

is a possibility that the data will be intercepted. Since there is no key transmitted with the 

data, the chances of data being decrypted are null.  

• A symmetric cryptosystem uses password authentication to prove the receiver’s identity.  

• A system only, which possesses the secret key, can decrypt a message. 
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DISADVANTAGES: 

• Symmetric cryptosystems have a problem of key transportation. The secret key is to be 

transmitted to the receiving system before the actual message is to be transmitted. Every 

means of electronic communication is insecure as it is impossible to guarantee that no one 

will be able to tap communication channels. Therefore, the only secure way of exchanging 

keys would be exchanging them personally. 

• Cannot provide digital signatures that cannot be repudiated [6].  

 

2) Asymmetric Encryption: 

It is also called as public key cryptography. It uses two keys: public key, which is known to 

the public, used for encryption and private key, which is known only to the user of that key, 

used for decryption. The public and the private keys are related to each other by any 

mathematical means. In other words, data encrypted by one public key can be encrypted only 

by its corresponding private key. Encryption and decryption procedure [5].  

 

 
 

ADVANTAGES AND DISADVANTAGES OF ASYMMETRIC CRYPTOSYSTEM 

ADVANTAGES 

• In asymmetric or public key, cryptography there is no need for exchanging keys, thus 

eliminating the key distribution problem. 

• The primary advantage of public-key cryptography is increased security: the private keys 

do not ever need to be transmitted or revealed to anyone. 

• Can provide digital signatures that can be repudiated.  

 

DISADVANTAGES 

A disadvantage of using public-key cryptography for encryption is speed: there are popular 

secret-key encryption methods which are significantly faster than any currently available 

public-key encryption method [6].  

 

MAJOR TYPES OF ATTACKS 

Many attacks are possible over any ongoing communication within a network.  

Some major types of attacks are explained below: -  

(a) Security Threats: - Security threats are attacks where the system of the user is hampered 

in some manner that leads to loss of confidential data. This includes activities like service 

denying, attacking with viruses, malwares, spywares and Trojan horses. In addition, activities 



Proceeding of International Conference on Mathematics in Space and Applied Sciences  

(ICMSAS-2019) 

Published by Knowledge and Research Publisher, Nagpur India                  ISBN-978-81-942641-8-7 
 

146 
 

like intruding database or accessing Internet without permission.  

(b) Data capturing and cryptanalysis: - This attack is performed while data is travelling in 

communication channels. The confidential data is captured or stolen from the channels and 

cryptanalysis is performed on it to extract the original data.  

(c) Unauthorized Installing of Applications: - Installing unauthorized or uncertified 

applications within the system leads to virus intrusion and security breaching. To avoid it 

only certified applications must be allowed and unwanted applications such as audios, 

videos, games or other Internet applications must be avoided.  

(d) Unauthorized Access: - Intrusion of any unauthorized person within the network 

resources or in data records leads to loss of confidential information. Hence proper 

authentication techniques for user’s identity must be used and only resources must be 

monitored and checked from time-to-time.  

(e) Virus Infection: - When network or resources are attacked with viruses, malware, Trojan 

horses or spywares leads to loss or manipulation of confidential data. It may sometimes 

destroy different resources and components of the network by effecting their source codes or 

hardware. 

 

CYBER SECURITY TECHNIQUES: 

To overcome or undo the attacks on networks different technologies are used these days. 

Some of the major techniques are given below:-  

(a) Authentication: - All data and documents received must be authenticated if they are sent 

by trusted sender or not. They must also be checked for unwanted breaching or alterations 

within data. 

(b) Antivirus: - Antivirus software must be installed and updated on regular time intervals. 

Also network and systems checks must be conducted regularly. 

(c) Firewalls: - This software keeps track of inward and outward traffic of any system. It 

also inform user about unpermitted access and usage. 

(d) Access Control: - Each user must have their particulars like username and passwords so 

that only intended users may log in. 

(e) Cryptography: - It is the technique of encoding plain text into cipher text before 

transmitting it over channel for avoiding stealing of confidential data [7]. 

 

CONCLUSION AND FUTURE WORK: 

With the explosive growth in the Internet, network and data security have become an 

inevitable concern for any organization whose internal private network is connected to the 

Internet. The security for the data has become highly important. User’s data privacy is a 

central question over cloud. With more mathematical tools, cryptographic schemes are 

getting more versatile and often involve multiple keys for a single application.  

 

In this concern, Cryptography plays a vital role in computer science area because the amount 

of work done is only kept secret. There are various techniques and algorithm studied and 

different types of research have been done. This paper further studied that symmetric key 

cryptography are faster than asymmetric systems. However, asymmetric key cryptography 

are more scalable and provide more authentication and non- repudiation easily.  

 

In the future, work can be done on key distribution and management as well as optimal 

cryptography algorithm for data security over clouds. 
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ABSTRACT: 

Linear equations play an important role in Science and Technology, Engineering and various 

social problems.Here in this paper, simple method has been developed to solve the problems 

occurring in the simultaneous linear equations having two or three unknowns. Some 

problems based on simultaneous linear equations have been solved also. 
 

KEYWORDS :- Linear equations, simultaneous equations, co-efficients. 
 

INTRODUCTION :-  

There are so many methods to solve simultaneous linear equations having two or three 

unknowns like Graphical Method, Substitution Method, Elimination Method, Cross 

multiplication Methods, Crammer Rule, Matrix Method, Gauss Jacob’s Method, Gauss 

Jordan Method, Gauss elimination method, Gauss Seidal Method etc. In this paper, we 

introduce a technique to solve simultaneous linear equations having two or three unknowns 

which is the modification of crammer’s rule. 
 

1. Method to solve the simultaneous linear equations having two unknowns 

(Variables). 

Consider two  linear equations having two variables such that  

𝑎1𝑥 + 𝑏1𝑦 =  𝑐1  

𝑎2𝑥 + 𝑏2𝑦 =  𝑐2 
 

Method : 

Write constants which is as follows : 

𝑎1          𝑏1          𝑏1          𝑐1          𝑐1          𝑎1 

𝑏2          𝑎2          𝑐2          𝑏2          𝑎2          𝑐2 
(1) ∆ = 𝑎1𝑏2 − 𝑏1𝑎2    
(2)  ∆1=  𝑏1𝑐2 − 𝑐1𝑏2   

(3) ∆2=  𝑐1𝑎2 − 𝑎1𝑐2 
 

Now to find the value of 𝑥 𝑎𝑛𝑑 𝑦 

 ∴  𝑥 =  −
∆1

∆
 ,     𝑦 = −

∆2

∆
 

 

*Some problems based on two un-knowns: 

Example 1.  Solve the following system of equations : 2𝑥 + 3𝑦 = 9 , 3𝑥 − 2𝑦 = 7. 
Solution : Given system of equations are   2𝑥 + 3𝑦 = 9 , 3𝑥 − 2𝑦 = 7 

Here 𝑎1 = 2   𝑏1 = 3   𝑐1 = 9  and 𝑎2 = 3   𝑏2 = −2   𝑐2 = 7   

Method :  𝑎1          𝑏1          𝑏1          𝑐1          𝑐1          𝑎1 

                   𝑏2          𝑎2          𝑐2          𝑏2          𝑎2         𝑐2 

i.e.            2             3            3           9            9           2 

               −2            3            7         −2           3           7 
 

∆ = 𝑎1𝑏2 − 𝑏1𝑎2 = 2× −2 − 3 × 3 =  −4 − 9 =  −13 
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∆1=  𝑏1𝑐2 − 𝑐1𝑏2= 3× 7 − 9 × −2 = 21 + 18 =    39 

∆2=  𝑐1𝑎2 − 𝑎1𝑐2 = 9× 3 − 2 × 7 = 27 − 14  =   13 

Now to find the value of 𝑥 𝑎𝑛𝑑 𝑦 

∴ 𝑥 =  −
∆1

∆
=  −

39

−13
= 3 

   𝑦 =  −
∆2

∆
=  −

13

−13
= 1 

Hence the solution. 
 

Example 2.  Solve the following system of equations : 𝑥 − 2𝑦 = 4 , −3𝑥 + 5𝑦 = −7. 
Solution : Given system of equations are   𝑥 − 2𝑦 = 4 , −3𝑥 + 5𝑦 = −7 

Here 𝑎1 = 1   𝑏1 = −2   𝑐1 = 4  and 𝑎2 = −3   𝑏2 = 5   𝑐2 = −7   

Method :  𝑎1          𝑏1          𝑏1          𝑐1          𝑐1          𝑎1 

                   𝑏2          𝑎2          𝑐2          𝑏2          𝑎2         𝑐2 

i.e.            1           −2         −2          4             4           1 

                  5           −3         −7          5           −3       −7 

∆ = 𝑎1𝑏2 − 𝑏1𝑎2 = 1× 5 − (−2) × (−3) =  5 − 6 =  −1 

∆1=  𝑏1𝑐2 − 𝑐1𝑏2= −2× −7 − 4 × 5 = 14 − 20 =   −6 

∆2=  𝑐1𝑎2 − 𝑎1𝑐2 = 4× −3 − 1 × −7 = −12 + 7  =  −5 

Now to find the value of 𝑥 𝑎𝑛𝑑 𝑦 

∴ 𝑥 =  −
∆1

∆
=  −

−6

−1
= −6 

   𝑦 =  −
∆2

∆
=  −

−5

−1
= −5 

Hence the solution. 

 

Example 3.  Solve the following system of equations : 3𝑥 − 2𝑦 = 4, 4𝑥 − 3𝑦 = 5. 
Solution : Given system of equations are   3𝑥 − 2𝑦 = 4 , 4𝑥 − 3𝑦 = 5 

Here 𝑎1 = 3   𝑏1 = −2   𝑐1 = 4  and 𝑎2 = 4   𝑏2 = −3   𝑐2 = 5   

Method :  𝑎1          𝑏1          𝑏1          𝑐1          𝑐1          𝑎1 

                   𝑏2          𝑎2          𝑐2          𝑏2          𝑎2         𝑐2 

i.e.            3           −2         −2          4             4           3 

               −3             4             5       −3             4          5 

∆ = 𝑎1𝑏2 − 𝑏1𝑎2   = 3× −3 − (−2) × 4 =  −9 + 8 =  −1 

∆1=  𝑏1𝑐2 − 𝑐1𝑏2  = −2× 5 − 4 × −3 = −10 + 12 =   2 

∆2=  𝑐1𝑎2 − 𝑎1𝑐2  = 4× 4 − 3 × 5 = 16 − 15  =  1 

Now to find the value of 𝑥 𝑎𝑛𝑑 𝑦 

∴ 𝑥 =  −
∆1

∆
=  −

2

−1
= 2 

   𝑦 =  −
∆2

∆
=  −

1

−1
= 1 

Hence the solution. 

 

2. Method to solve the simultaneous linear equations having three unknowns 

(Variables). 

Consider three  linear equations having three variables such that  

        𝑎1𝑥 + 𝑏1𝑦 + 𝑐1𝑧 =  𝑑1  

       𝑎2𝑥 + 𝑏2𝑦 + 𝑐2𝑧 =  𝑑2 

       𝑎3𝑥 + 𝑏3𝑦 + 𝑐3𝑧 =  𝑑3 
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Method : 

(1) First of all Write constants i.e. 𝑎 , 𝑏 , 𝑐  which is as follows : 

𝑎1          𝑎1          𝑏1          𝑏1          𝑐1          𝑐1 

𝑏2          𝑏3          𝑐2          𝑐3          𝑎2          𝑎3 

𝑐3          𝑐2          𝑎3          𝑎2          𝑏3          𝑏2 

 
(1) ∆ = (𝑎1𝑏2𝑐3 − 𝑎1𝑏3𝑐2) + (𝑏1𝑐2𝑎3 − 𝑏1𝑐3𝑎2) + (𝑐1𝑎2𝑏3 − 𝑐1𝑎3𝑏2).   
 

(II)   Write constants i.e. 𝑏 , 𝑐 , 𝑑 which is as follows : 

𝑏1          𝑏1          𝑐1          𝑐1          𝑑1          𝑑1 

𝑐2          𝑐3          𝑑2          𝑑3          𝑏2          𝑏3 

𝑑3          𝑑2          𝑏3          𝑏2          𝑐3          𝑐2 

 

∆1= (𝑏1𝑐2𝑑3 − 𝑏1𝑐3𝑑2) + (𝑐1𝑑2𝑏3 − 𝑐1𝑑3𝑏2) + (𝑑1𝑏2𝑐3 − 𝑑1𝑏3𝑐2).   
 

(III)   Write constants i.e. 𝑐 , 𝑑 , 𝑎 which is as follows : 

𝑐1          𝑐1          𝑑1          𝑑1          𝑎1          𝑎1 

𝑑2          𝑑3          𝑎2          𝑎3          𝑐2          𝑐3 

𝑎3          𝑎2          𝑐3          𝑐2          𝑑3          𝑑2 

 

∆2= (𝑐1𝑑2𝑎3 − 𝑐1𝑑3𝑎2) + (𝑑1𝑎2𝑐3 − 𝑑1𝑎3𝑐2) + (𝑎1𝑐2𝑑3 − 𝑎1𝑐3𝑑2).   
 

(IV)   Write constants i.e. 𝑑 , 𝑎 , 𝑏 which is as follows : 

𝑑1          𝑑1          𝑎1          𝑎1          𝑏1          𝑏1 

𝑎2          𝑎3          𝑏2          𝑏3          𝑑2          𝑑3 

𝑏3          𝑏2          𝑑3          𝑑2          𝑎3          𝑎2 

 

∆3= (𝑑1𝑎2𝑏3 − 𝑑1𝑎3𝑏2) + (𝑎1𝑏2𝑑3 − 𝑎1𝑏3𝑑2) + (𝑏1𝑑2𝑎3 − 𝑏1𝑑3𝑎2).   
Now to find the value of 𝑥 , 𝑦 𝑎𝑛𝑑 𝑧 

∴ 𝑥 =  
∆1

∆
  , 𝑦 =  −

∆2

∆
   ,      𝑧 =  

∆3

∆
. 

 

* Some problems based on three un-knowns: 

 

Example 1.  Solve the following system of equations : 3𝑥 + 2𝑦 − 𝑧 = 4, −𝑥 − 𝑦 + 3𝑧 =
6, 5𝑥 − 3𝑦 + 𝑧 = 2. 
Solution :- Given system of equations are  3𝑥 + 2𝑦 − 𝑧 = 4, −𝑥 − 𝑦 + 3𝑧 = 6, 5𝑥 − 3𝑦 +
𝑧 = 2 

Here 𝑎1 = 3, 𝑏1 = 2, 𝑐1 = −1, 𝑑1 = 4  , 𝑎2 = −1, 𝑏2 = −1, 𝑐2 = 3, 𝑑2 = 6  , 𝑎3 = 5, 𝑏3 =
−3, 𝑐3 =  1, 𝑑3 = 2   

Method 

(I) 

𝑎1          𝑎1          𝑏1          𝑏1          𝑐1          𝑐1 

𝑏2          𝑏3          𝑐2          𝑐3          𝑎2          𝑎3 

𝑐3          𝑐2          𝑎3          𝑎2          𝑏3          𝑏2 

i.e.  

    3          3          2          2          −1          −1 
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 −1          −3          3          1          −1          5 

   1          3          5          −1          −3          −1 

 

∆ = (3 × −1 × 1 − 3 × −3 × 3) + (2 × 3 × 5 − 2 × 1 × −1) + {−1 × −1 × −3 −
(−1) × 5 × −1 }  
   =  (−3 + 27) + (30 + 2) + (−3 − 5) 

   = 24+32-8 

   = 56-8 = 48 

∆=48 

 

(II)  𝑏1          𝑏1          𝑐1          𝑐1          𝑑1          𝑑1 

        𝑐2          𝑐3          𝑑2          𝑑3          𝑏2          𝑏3 

       𝑑3          𝑑2          𝑏3          𝑏2          𝑐3          𝑐2 

i.e.  

2          2          −1          −1          4          4 

3          1          6          2          −1          −3 

2          6          −3          −1          1          3 

 

∆1= (2 × 3 × 2 − 2 × 1 × 6) + {−1 × 6 × −3 − (−1) × 2 × −1} + (4 × −1 × 1 −
4 × −3 × 3)   
    = (12 − 12) + (18 − 2) + (−4 + 36) 

    = 0 + 16 + 32 = 48 

∆1= 48 

 

(III) 𝑐1          𝑐1          𝑑1          𝑑1          𝑎1          𝑎1 

        𝑑2          𝑑3          𝑎2          𝑎3          𝑐2          𝑐3 

        𝑎3          𝑎2          𝑐3          𝑐2          𝑑3          𝑑2 

 

i.e.  

 

−1          −1          4          4          3          3 

  6             2         −1          5          3          1 

  5          −1           1           3          2          6 

 

∆2= {−1 × 6 × 5 − (−1) × 2 × −1} + (4 × −1 × 1 − 4 × 5 × 3) + (3 × 3 × 2 −
3 × 1 × 6) 

    = (−30 − 2) + (−4 − 60) + (18 − 18) 

    = -32-64+0 = -96+0 = -96 

∆2=  −96 

 

(IV) 𝑑1          𝑑1          𝑎1          𝑎1          𝑏1          𝑏1 

         𝑎2          𝑎3          𝑏2          𝑏3          𝑑2          𝑑3 

         𝑏3          𝑏2          𝑑3          𝑑2          𝑎3          𝑎2 

i.e. 

   4          4            3            3            2          2 

−1          5          −1        −3            6          2 

−3          −1          2          6          5          −1 
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∆3= (4 × −1 × −3 − 4 × 5 × −1) + (3 × −1 × 2 − 3 × −3 × 6) + (2 × 6 × 5 −
2 × 2 × −1) 

     = (12 + 20) + (−6 + 54) + (60 + 4) 

     = 32 + 48 + 64 = 144 

∆3= 144 

 

Now to find the value of 𝑥 , 𝑦 𝑎𝑛𝑑 𝑧 

∴ 𝑥 =  
∆1

∆
=  

48

48
= 1 

   𝑦 =  −
∆2

∆
=  −

−96

48
= 2 

  𝑧 =  
∆3

∆
=  

144

48
= 3  

∴ 𝑥 = 1, 𝑦 = 2, 𝑧 = 3 

Hence the solution. 

 

Example 2.  Solve the following system of equations : 6𝑥 − 9𝑦 − 20𝑧 = −4, 4𝑥 − 15𝑦 +
10𝑧 = −1, 2𝑥 − 3𝑦 − 5𝑧 = −1. 
Solution :- Given system of equations are  6𝑥 − 9𝑦 − 20𝑧 = −4, 4𝑥 − 15𝑦 + 10𝑧 =
−1, 2𝑥 − 3𝑦 − 5𝑧 = −1  

Here 𝑎1 = 6, 𝑏1 = −9, 𝑐1 = −20, 𝑑1 = −4  , 𝑎2 = 4, 𝑏2 = −15, 𝑐2 = 10, 𝑑2 = −1  , 𝑎3 =
2, 𝑏3 = −3, 𝑐3 =  −5, 𝑑3 = −1   

Method 

(I) 

𝑎1          𝑎1          𝑏1          𝑏1          𝑐1          𝑐1 

𝑏2          𝑏3          𝑐2          𝑐3          𝑎2          𝑎3 

𝑐3          𝑐2          𝑎3          𝑎2          𝑏3          𝑏2 

i.e.  

    6               6          −9          −9          −20          −20 

 −15          −3          10          −5             4               2 

  −5            10           2             4            −3           −15 

 

∆ = (6 × −15 × −5 − 6 × −3 × 10) + (−9 × 10 × 2 − (−9) × −5 × 4) + {−20 × 4 ×
−3 − (−20) × 2 × −15 }  
   =  (450 + 180) + (−180 − 180) + (240 − 600) 

   =  630 − 360 − 360 

   =  630 − 720 

∆=  −90 

 

(II)  𝑏1          𝑏1          𝑐1          𝑐1          𝑑1          𝑑1 

        𝑐2          𝑐3          𝑑2          𝑑3          𝑏2          𝑏3 

       𝑑3          𝑑2          𝑏3          𝑏2          𝑐3          𝑐2 

i.e.  

−9          −9          −20          −20          −4          −4 

 10          −5          −1             −1          −15          −3 

−1          −1          −3            −15          −5          10 
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∆1= (−9 × 10 × −1 − (−9) × −5 × −1) + {−20 × −1 × −3 − (−20) × −1 × −15} +
 (−4 ×            −15 × −5 − (−4) × −3 × 10)   
    = (90 + 45) + (−60 + 300) + (−300 − 120) 

    = 135 + 240 − 420 = 375 − 420 

∆1= −45 

(III) 𝑐1          𝑐1          𝑑1          𝑑1          𝑎1          𝑎1 

        𝑑2          𝑑3          𝑎2          𝑎3          𝑐2          𝑐3 
        𝑎3          𝑎2          𝑐3          𝑐2          𝑑3          𝑑2 

i.e.  

−20          −20          −4          −4           6             6 

 −1            −1               4             2          10          −5 

   2               4           −5            10          −1          −1 

 

∆2= {−20 × −1 × 2 − (−20) × −1 × 4} + (−4 × 4 × −5 − (−4) × 2 × 10) +
(6 × 10 × −1 − 6 ×            −5 × −1) 

     = (40 − 80) + (80 + 80) + (−60 − 30) 

    =  −40 + 160 − 90 =  −130 + 160 = 30 

∆2=  30 

 

(IV) 𝑑1          𝑑1          𝑎1          𝑎1          𝑏1          𝑏1 

         𝑎2          𝑎3          𝑏2          𝑏3          𝑑2          𝑑3 

         𝑏3          𝑏2          𝑑3          𝑑2          𝑎3          𝑎2 

i.e. 

   −4          −4            6            6            −9          −9 

      4            2          −15        −3           −1          −1 

   −3          −15          −1        −1             2             4 
 

∆3= (−4 × 4 × −3 − (−4) × 2 × −15) + (6 × −15 × −1 − 6 × −3 × −1) + (−9 × −1 ×
2 −          (−9) × −1 × 4) 

     = (48 − 120) + (90 − 18) + (18 − 36) 

     = −72 + 72 − 18 = −18 

∆3= −18 
 

Now to find the value of 𝑥 , 𝑦 𝑎𝑛𝑑 𝑧 

∴ 𝑥 =  
∆1

∆
=  

−45

−90
=  

1

2
 

   𝑦 =  −
∆2

∆
=  −

30

−90
=

1

3
 

  𝑧 =  
∆3

∆
=  

−18

−90
=

1

5
  

∴ 𝑥 =
1

2
 , 𝑦 =

1

3
 , 𝑧 =  

1

5
  

Hence the solution. 
 

Example 3.  Solve the following system of equations : 3𝑥 − 4𝑦 + 5𝑧 = 25, 2𝑥 + 3𝑦 +  𝑧 =
4, 𝑥 −  𝑦 + 2𝑧 = 9. 
Solution :- Given system of equations are  3𝑥 − 4𝑦 + 5𝑧 = 25, 2𝑥 + 3𝑦 +  𝑧 = 4, 𝑥 −  𝑦 +
2𝑧 = 9  
Here 𝑎1 = 3, 𝑏1 = −4, 𝑐1 = 5, 𝑑1 = 25  , 𝑎2 = 2, 𝑏2 = 3, 𝑐2 = 1 , 𝑑2 = 4  , 𝑎3 = 1, 𝑏3 =



Proceeding of International Conference on Mathematics in Space and Applied Sciences  

(ICMSAS-2019) 

Published by Knowledge and Research Publisher, Nagpur India                  ISBN-978-81-942641-8-7 
 

154 
 

−1, 𝑐3 =  2, 𝑑3 = 9   

Method 

(I) 

𝑎1          𝑎1          𝑏1          𝑏1          𝑐1          𝑐1 
𝑏2          𝑏3          𝑐2          𝑐3          𝑎2          𝑎3 

𝑐3          𝑐2          𝑎3          𝑎2          𝑏3          𝑏2 

i.e.  

    3               3          −4          −4            5              5 

    3            −1             1             2             2               1 

   2                1            1              2           −1             3 

 

∆ = (3 × 3 × 2 − 3 × −1 × 1) + (−4 × 1 × 1 − (−4) × 2 × 2) + (5 × 2 × −1 −
5 × 1 × 3 })  
   =  (18 + 3) + (−4 + 16) + (−10 − 15) 

   =  21 + 12 − 25 

   = 33 − 25 

∆=  8 

 

(II)  𝑏1          𝑏1          𝑐1          𝑐1          𝑑1          𝑑1 

        𝑐2          𝑐3          𝑑2          𝑑3          𝑏2          𝑏3 

       𝑑3          𝑑2          𝑏3          𝑏2          𝑐3          𝑐2 
i.e.  

−4          −4           5             5          25          25 

   1             2            4             9          3          −1 

   9            4          −1            3          2             1 

 

∆1= (−4 × 1 × 9 − (−4) × 2 × 4) + (5 × 4 × −1 − 5 × 9 × 3) +  (25 × 3 × 2 −
25 × −1 × 1)   
    = (−36 + 32) + (−20 − 135) + (150 + 25) 

    = −4 − 155 + 175 = −159 + 175 

∆1= 16 

 

(III) 𝑐1          𝑐1          𝑑1          𝑑1          𝑎1          𝑎1 

        𝑑2          𝑑3          𝑎2          𝑎3          𝑐2          𝑐3 
        𝑎3          𝑎2          𝑐3          𝑐2          𝑑3          𝑑2 

i.e.  

  5          5          25          25           3             3 

  4          9           2             1            1             2 

  1         2           2             1            9             4 

 

∆2= (5 × 4 × 1 − 5 × 9 × 2) + (25 × 2 × 2 − 25 × 1 × 1) + (3 × 1 × 9 − 3 × 2 × 4) 

     = (20 − 90) + (100 − 25) + (27 − 24) 

    =  −70 + 75 + 3 =  −70 + 78 = 8 

∆2=  8 

 

(IV) 𝑑1          𝑑1          𝑎1          𝑎1          𝑏1          𝑏1 

         𝑎2          𝑎3          𝑏2          𝑏3          𝑑2          𝑑3 
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         𝑏3          𝑏2          𝑑3          𝑑2          𝑎3          𝑎2 

i.e. 

     25          25            3            3            −4          −4 

      2            1              3        −1              4              9 

   −1            3               9          4               1             2 

 

∆3= (25 × 2 × −1 − 25 × 1 × 3) + (3 × 3 × 9 − 3 × −1 × 4) + (−4 × 4 × 1 −
(−4) × 9 × 2) 

     = (−50 − 75) + (81 + 12) + (−16 + 72) 

     = −125 + 93 + 56 = −125 + 149 

∆3= 24 

 

Now to find the value of 𝑥 , 𝑦 𝑎𝑛𝑑 𝑧 

∴ 𝑥 =  
∆1

∆
=  

16

8
=  2 

   𝑦 =  −
∆2

∆
=  −

8

8
= −1 

  𝑧 =  
∆3

∆
=  

24

8
= 3  

∴ 𝑥 = 2 , 𝑦 = −1 , 𝑧 =  3  
Hence the solution. 

 

CONCLUSION: 

This method is another technique which is helpful to find the solution of the simultaneous 

linear equations of two or three un-knowns or variables as compared to other methods. This 

is also the simplest approach to find the solution of the simultaneous linear equations of two 

or three un-knowns or variables. 
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ABSTRACT: 

The thermosolutal instability of a couple-stress fluid heated from below in a porous medium 

acted upon by uniform vertical magnetic field and rotation is investigated. Following the 

linearized stability theory and normal mode analysis, the paper mathematically established 

the conditions for characterizing the oscillatory motions which may be neutral or unstable for 

rigid boundaries at the top and bottom of the fluid. It is established that all non-decaying  

slow motions starting from rest, in a couple-stress fluid of infinite horizontal extension and 

finite vertical depth, which is acted upon by uniform vertical magnetic field and rotation, and 

a constant vertical adverse temperature gradient,  are necessarily non-oscillatory in the 

regime  

                                                1
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  ,  

where the sR  is the thermosolutal Rayliegh number, AT  is the Taylor number, Q is the 

Chandrasekhar number,  is the porosity, lP  is the dimensionless medium permeability of 

the porous medium and F is the couple-stress parameter. The result is important since it holds 

for all wave numbers and the exact solutions of the problem investigated are not obtainable 

in closed form when both the boundaries are perfectly conducting and rigid. A similar 

characterization theorem is also proved for Stern type of configuration. 

 

KEY WORDS: Thermal convection; Couple-Stress Fluid; Rotation; Magnetic Field; PES; 

Rayleigh number; Chandrasekhar Number; Taylor number. 

MSC 2000 No.: 76A05, 76E06, 76E15; 76E07; 76U05. 

 

1. INTRODUCTION: 

A detailed account of the theoretical and experimental study of the onset of thermal 

instability in Newtonian fluids, under varying assumptions of hydrodynamics and 

hydromagnetics, has been given by Chandrasekhar  1  and the Boussinesq approximation has 

been used throughout, which states that the density changes are disregarded in all other terms 

in the equation of motion, except in the external force term. The formation and derivation of 

the basic equations of a layer of fluid heated from below in a porous medium, using the 

Boussinesq approximation, has been given in a treatise by Joseph  2 . When a fluid permeates 

through an isotropic and homogeneous porous medium, the gross effect is represented by 

Darcy’s law. The study of layer of fluid heated from below in porous media is motivated 

both theoretically and by its practical applications in engineering. Among the applications in 

engineering disciplines one can name the food processing industry, the chemical processing 

industry, solidification, and the centrifugal casting of metals. The development of geothermal 
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power resources has increased general interest in the properties of convection in a porous 

medium. The problem of thermohaline convection in a layer of fluid heated from below and 

subjected to a stable salinity gradient has been considered by Veronis  3 . Double-diffusive 

convection problems arise in oceanography (salt fingers occur in the ocean when hot saline 

water overlies cooler fresher water which believed to play an important role in the mixing of 

properties in several regions of the ocean), limnology and engineering. The migration of 

moisture in fibrous insulation, bio/chemical contaminants transport in environment, 

underground disposal of nuclear wastes, magmas, groundwater, high quality crystal 

production and production of pure medication are some examples where double-diffusive 

convection is involved. Examples of particular interest are provided by ponds built to trap 

solar heat Tabor and Matz  4 and some Antarctic lakes Shirtcliffe  5 . The physics is quite 

similar in the stellar case in that helium acts like salt in raising the density and in diffusing 

more slowly than heat. The conditions under which convective motions are important in 

stellar atmospheres are usually far removed from consideration of a single component fluid 

and rigid boundaries, and therefore it is desirable to consider a fluid acted on by a solute 

gradient and free boundaries. 

 

The flow through porous media is of considerable interest for petroleum engineers, for 

geophysical fluid dynamists and has importance in chemical technology and industry. An 

example in the geophysical context is the recovery of crude oil from the pores of reservoir 

rocks. Among the applications in engineering disciplines one can find the food processing 

industry, chemical processing industry, solidification and centrifugal casting of metals. Such 

flows has shown their great importance in petroleum engineering to study the movement of 

natural gas, oil and water through the oil reservoirs; in chemical engineering for filtration and 

purification processes and in the field of agriculture engineering to study the underground 

water resources, seepage of water in river beds. The problem of thermosolutal convection in 

fluids in a porous medium is of importance in geophysics, soil sciences, ground water 

hydrology and astrophysics. The study of thermosolutal convection in fluid saturated porous 

media has diverse practical applications, including that related to the materials processing 

technology, in particular, the melting and solidification of binary alloys. The development of 

geothermal power resources has increased general interest in the properties of convection in 

porous media. The scientific importance of the field has also increased because hydrothermal 

circulation is the dominant heat-transfer mechanism in young oceanic crust Lister  6 . 

Generally it is accepted that comets consists of a dusty ‘snowball’ of a mixture of frozen 

gases which in the process of their journey changes from solid to gas and vice - versa. The 

physical properties of comets, meteorites and interplanetary dust strongly suggest the 

importance of porosity in the astrophysical context Mc Donnel  7 . The effect of a magnetic 

field on the stability of such a flow is of interest in geophysics, particularly in the study of 

Earth’s core where the Earth’s mantle, which consists of conducting fluid, behaves like a 

porous medium which can become convectively unstable as a result of differential diffusion. 

The other application of the results of flow through a porous medium in the presence of a 

magnetic field is in the study of the stability of a convective flow in the geothermal region. 

Also the magnetic field in double-diffusive convection has its importance in the fields of 

engineering, for example, MHD generators and astrophysics particularly in explaining the 

properties of large stars with a helium rich core. Stommel and Fedorov  8  and Linden  9  

have remarked that the length scales characteristics of double-diffusive convective layers in 

the ocean may be sufficiently large that the Earth’s rotation might be important in their 
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formation. Moreover, the rotation of the Earth distorts the boundaries of a hexagonal 

convection cell in a fluid through a porous medium and the distortion plays an important role 

in the extraction of energy in the geothermal regions. Brakke  10  explained a double - 

diffusive instability that occurs when a solution of a slowly diffusing protein is layered over a 

denser solution of more rapidly diffusing sucrose. Nason et al.  11  found that this instability, 

which is deleterious to certain biochemical separations, can be suppressed by rotation in the 

ultracentrifuge.  

 

The theory of couple-stress fluid has been formulated by Stokes  12 . One of the applications 

of couple-stress fluid is its use to the study of the mechanisms of lubrications of synovial 

joints, which has become the object of scientific research. A human joint is a dynamically 

loaded bearing which has articular cartilage as the bearing and synovial fluid as the lubricant. 

When a fluid film is generated, squeeze - film action is capable of providing considerable 

protection to the cartilage surface. The shoulder, ankle, knee and hip joints are the loaded – 

bearing synovial joints of the human body and these joints have a low friction coefficient and 

negligible wear. Normal synovial fluid is a viscous, non-Newtonian fluid and is clear or 

yellowish. According to the theory of Stokes  12 , couple-stresses appear in noticeable 

magnitudes in fluids with very large molecules. Since the long chain hyaluronic acid 

molecules are found as additives in synovial fluids, Walicki and Walicka  13  modeled the 

synovial fluid as a couple-stress fluid. The synovial fluid is the natural lubricant of joints of 

the vertebrates. The detailed description of the joint lubrication has very important practical 

implications. Practically all diseases of joints are caused by or connected with malfunction of 

the lubrication. The efficiency of the physiological joint lubrication is caused by several 

mechanisms. The synovial fluid is due to its content of the hyaluronic acid, a fluid of high 

viscosity, near to gel. Goel et al.  14   have studied the hydromagnetic stability of an 

unbounded couple-stress binary fluid mixture under rotation with vertical temperature and 

concentration gradients. Sharma et al.  15   have considered a couple - stress fluid with 

suspended particles heated from below. In another study, Sunil et al.  16   have considered a 

couple- stress fluid heated from below in a porous medium in the presence of a magnetic 

field and rotation. Kumar et al.  17   have considered the thermal instability of a layer of 

couple-stress fluid acted on by a uniform rotation, and have found that for stationary 

convection the rotation has a stabilizing effect whereas couple-stress has both stabilizing and 

destabilizing effects. 

 

Pellow and Southwell  18   proved the validity of PES for the classical Rayleigh-Bénard 

convection problem. Banerjee et al  19  gave a new scheme for combining the governing 

equations of thermohaline convection, which is shown to lead to the bounds for the complex 

growth rate of the arbitrary oscillatory perturbations, neutral or unstable for all combinations 

of dynamically rigid or free boundaries and, Banerjee and Banerjee  20  established a 

criterion on characterization of non-oscillatory motions in hydrodynamics which was further 

extended by Gupta et al  21 . However no such result existed for non-Newtonian fluid 

configurations in general and in particular, for Rivlin-Ericksen viscoelastic fluid 

configurations. Banyal  22   have characterized the oscillatory motions in couple-stress fluid.   
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Keeping in mind the importance in geophysics, soil sciences, ground water hydrology, 

astrophysics and various applications mentioned above, the thermosolutal convection in 

couple-stress fluid in porous medium in the presence of uniform rotation and uniform 

magnetic field has been considered in the present paper. It is established that all non-

decaying  slow motions starting from rest, in a couple-stress fluid of infinite horizontal 

extension and finite vertical depth, which is acted upon by uniform vertical magnetic field 

and rotation, and a constant vertical adverse temperature gradient,  are necessarily non-

oscillatory in the regime  

                                      1
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  ,  

where the sR  is the thermosolutal Rayliegh number, AT  is the Taylor number, Q is the 

Chandrasekhar number,  is the porosity, lP  is the dimensionless medium permeability of 

the porous medium and F is the couple-stress parameter. The result is important since it holds 

for all wave numbers and the exact solutions of the problem investigated are not obtainable 

in closed form when both the boundaries are perfectly conducting and rigid. A similar 

characterization theorem is also proved for Stern  23 type of configuration. 

 

2. FORMULATION OF THE PROBLEM AND PERTURBATION EQUATIONS: 

Here we consider an infinite, horizontal, incompressible couple-stress fluid layer of thickness 

d, heated and soluted from below so that, the temperatures, densities and solute 

concentrations at the bottom surface z = 0 are T0, 0 and C0 and at the upper surface z = d are 

Td, d and Cd respectively, and that a uniform temperature gradient  







=

dz

dT
 and a uniform 

solute gradient / 







=

dz

dC
 are maintained. The gravity field )g,0,0(g −


, a uniform vertical 

magnetic field )H,0,0(H


 and a uniform vertical rotation ),0,0( 


 pervade the system. This 

fluid layer is assumed to be flowing through an isotropic and homogeneous porous medium 

of porosity  and medium permeability k1. 

 

Let p, , T, C, , /, g, , e and ),,( wvuq


denote respectively, the fluid pressure, density, 

temperature, solute concentration, thermal coefficient of expansion, an analogous solvent 

coefficient of expansion, gravitational  acceleration, resistivity, magnetic permeability and 

fluid velocity. The equations expressing the conservation of momentum, mass, temperature, 

solute concentration and equation of state of couple-stress fluid (Chandrasekhar  1 ; 

Joseph  2 ; Stokes  12 )   are 
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CCq
t

C
E 2// . =








+



 →

 ,          (4) 

 = 0 [1 -  (T-T0) + / (C-C0)],         (5) 

Where the suffix zero refers to values at the reference level z = 0 and in writing equation (1), 

use has been made of Boussinesq approximation. Here E = 









−+

i

ss

C

C

0

)1(



 is a constant 

and E/ is a constant analogous to E but corresponding to solute rather that heat; s, Cs and o , 

Ci stand for density and heat capacity of solid (porous matrix) material and fluid, 

respectively. The magnetic permeability e, the kinematic viscosity, couple-stress viscosity 

/, the thermal diffusivity   and the solute diffusivity / are all assumed to be constants. 

 The Maxwell’s equations yield 


→→→

→

+







= HqH

dt

Hd 2 ,         (6) 

and ,0=
→

H            (7) 

where +



 − q

tdt

d 1  stands for the convective derivative. 

 The steady state solution is  

=
→

),,( wvuq (0,0,0), T = T0-z, C = C0
  - /z,  

 = 0 (1+ z - //z).            (8) 

Here we use linearized stability theory and normal mode analysis method. Consider a small 

perturbation on the steady state solution, and let p, , ,  ,  ),,( zyx hhhh
→

and ),,( wvuq
→

 

denote, respectively, the perturbations in pressure p, density , temperature T, solute 

concentration C, magnetic field )0,0,0(
→

H and velocity )0,0,0(
→

q . The change in density, 

caused mainly by the perturbations  and  in temperature and concentration, is given by 

 = - 0 (  − / ).            (9) 

Then the linearized perturbation equations become 
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3. NORMAL MODES ANALYSIS: 

Analyzing the disturbances into normal modes, we assume that the perturbation quantities are 

of the form 

  ( ) ( ) )(),(),(),(,,,,,,, zXzZzzKzzWhw z =  exp(ikxx + ikyy + nt),  (16) 

where kx, ky are the wave numbers along the x- and y- directions respectively, k= ( 22
yx kk + ) 

is the resultant wave number and n is the growth rate which is, in general, a complex 

constant. 
y

u

x

v




−




=  and  

y

h

x

h
xy




−




=  stand for the z-components of vorticity and 

current density, respectively. )(),(),(),( zZzzKzW   and )(zX  are the functions of z only. 

Using (16), equations (10)-(15), within the framework of Boussinesq approximations, in the 

non-dimensional form transform to 

( ) ( ) ( )DKaDQDZTaRRaW
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( ) QDXDWZ
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F
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122




,                (18) 

( ) WEpaD −=−− 1
22

,                  (19) 

( ) WpEaD −=−− 3
/22 ,                   (20) 

( ) DWKpaD −=−− 2
22

,                   (21) 

and    

( ) DZXpaD −=−− 2
22

,                   (22) 

Where we have introduced new coordinates ( )',',' zyx  = (x/d, y/d, z/d) in new units of length 

d and '/ dzdD = . For convenience, the dashes are dropped hereafter. Also we have 

substituted ,,
2




nd
kda ==




=1p , is the thermal Prandtl number;, 

'3



=p  is the 

thermosolutal Prandtl number; 



=2p  is the magnetic Prandtl number; 

2

1

d

k
Pl =  is the 

dimensionless medium permeability, 


 )/( 2

0

' d
F = , is the dimensionless couple-stress 

parameter;  


 4dg
R = , is the thermal Rayleigh number; 




'

4'' dg
Rs =  is the 

thermosolutal Rayleigh number; 




0

22

4

dH
Q e= , is the Chandrasekhar number and  

22

424



d
TA


= , is the Taylor number. Also we have Substituted =WW , 

=


 2d
, =

/

2'



 d
, 


= Z

d
Z



2
, 

= K
Hd

K


, 






 








= X

dHd
X



2
 

and dDD = , and dropped ( )  for convenience. 

 

We now consider the cases where the boundaries are rigid-rigid or rigid-free or free-rigid or 

free-free at z = 0 and z = 1 respectively, as the case may be, are perfectly conducting and 
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maintained at constant temperature and solute concentration. Then the perturbations in the 

temperature and solute concentration are zero at the boundaries. The appropriate boundary 

conditions with respect to which equations (17)--(22), must possess a solution are 

     W = 0 =DW =Z=DX =K= = ,           on both the horizontal boundaries,           (23) 

 

Equations (17)-(22), along with boundary conditions (23), pose an eigenvalue problem for   

and we wish to characterize i , when 0r . 

We first note that sinceW , K  and Z  satisfy )1(0)0( WW == , )1(0)0( KK ==  and 

)1(0)0( ZZ == , in addition to satisfying to governing equations and hence we have from the 

Rayleigh-Ritz inequality  24  

  

1
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22

1

0

2
dzWdzDW  ,   

1

0

22

1

0

2
dzKdzDK   ,  

1

0

22

1

0

2
dzZdzDZ  ,                        

 

1

0

22

1

0

2
dzdzD   and  

1

0

22

1

0

2
dzdzD  ,                 (24) 

Further, for )1(0)0( WW == , )1(0)0( KK ==  and )1(0)0( ZZ == , Banerjee et al.  25   have 

shown that 

 

1

0

22

1

0

2
2 dzDWdzWD  ,  

1

0

22

1

0

2
2 dzDKdzKD   and  

1

0

22

1

0

2
2 dzDZdzZD  .    (25) 

 

4. MATHEMATICAL ANALYSIS 

We prove the following lemma: 

Lemma 1:  For any arbitrary oscillatory perturbation, neutral or unstable 

                               

1

0

2

42

1

0

2 1
dzDW

a
dz


  . 

Proof: Multiplying equation (19) by   (the complex conjugate of  ), integrating by parts 

each term of the resulting equation on the right hand side for an appropriate number of times 

and making use of boundary condition on   namely )1(0)0( == , it follows that 

  =++ 
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1

0

222
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0
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1
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  dzWdz ,               (26) 

                                    (Utilizing Cauchy-Schwartz-inequality), 

So that the fact that 0r , we obtain from the above that 
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And thus, we get   

2

1

1

0

2

2

2

1

1

0

2 1


















  dzW
a

dz ,                  (27) 

Since 0r  and 01p , hence inequality (26) on utilizing (27) and (24), gives 

 

1

0

2

42

1

0

2 1
dzDW

a
dz


,               (28) 

This completes the proof of lemma 1. 

Lemma 2:  For any arbitrary oscillatory perturbation, neutral or unstable 

                                

1

0

2

42

1

0

2 1
dzDW

a
dz


 . 

Proof: Multiplying equation (20) by   (the complex conjugate of  ), integrating by parts 

each term of the resulting equation on the right hand side for an appropriate number of times 

and making use of boundary condition on   namely )1(0)0( == , it follows that 
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  dzWdz ,                (29) 

                                    (Utilizing Cauchy-Schwartz-inequality), 

So that, since 0r , we obtain from the above that 

And thus, we get   
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  dzWdz ,                     

 And thus, we get   
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  dzW
a

dz ,                                     (30) 

Since 0r  and 01p , hence inequality (29) on utilizing (30) and (24), gives 
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1
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2 1
dzDW

a
dz


,                      (31) 

This completes the proof of lemma 2. 

 

Lemma 3:  For any arbitrary oscillatory perturbation, neutral or unstable 
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Proof: Multiplying equation (21) by K  (the complex conjugate of K ), integrating by parts 

each term of the resulting equation on the left hand side for an appropriate number of times 

and making use of boundary conditions on K  namely )1(0)0( KK == , it follows that 

  =++ 
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dzDWK ,                (32) 

                                                                                      

This gives that   
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2
dzDK ( ) +

1
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22

2

1
dzDWK ,                                    (33) 

 Inequality (33) on utilizing (24), gives  

 dzDWdzK  −
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2
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1


,                                        (34) 

Since 0r  and 02 p , hence inequality (32) on utilizing (34), give 

 ( )dzKaDK +

1
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222

−


1
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,                                                       (35) 

This completes the proof of lemma 3. 

 

Lemma 4: For any arbitrary oscillatory perturbation, neutral or unstable 
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Proof: Multiplying equation (18) by Z  (the complex conjugate of Z), integrating by parts 

each term of the resulting equation on the left hand side for an appropriate number of times 

on utilizing equation (22) and  appropriate boundary conditions (23), it follows that 
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This gives that   


1
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P
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1
dzDWZ ,                     (37) 

 inequality (36) on utilizing (37), gives  

 dzDW
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P
dzZ

l

l
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1
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2
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1

0

2

)2( 
,                        (38) 

This completes the proof of lemma 4. 

Now we prove the following theorems: 

 

Theorem 1: If  R  0 , 0sR  F  0, 0Q , AT 0, 0lP , 01p , 02 p , 0r  and 0i  then 

the necessary condition for the existence of non-trivial solution  ( )XZKW ,,,,,   of  

equations  (17) – (22), together with boundary conditions (23)  is that 

                           1
)2()12( 22

2
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  .  

 

Proof: Multiplying equation (17) by  W  (the complex conjugate of W) throughout and 

integrating the resulting equation over the vertical range of z, we get 

( ) ( ) −
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2 ,              (39) 

 

Taking complex conjugate on both sides of equation (19), we get 

( )  −=−− WEpaD 1
22

,                 (40) 

Therefore, using (40), we get  

    ( ) 
 −−−=

1

0

1

0

1

22 dzEpaDdzW  ,               (41) 

Taking complex conjugate on both sides of equation (20), we get 

( )  −=−− WpEaD 3
'22 ,                (42) 

Therefore, using (42), we get  
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 −−−=
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Also taking complex conjugate on both sides of equation (18), we get 
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,                (44) 

Therefore, using (44), we get  
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,          

Integrating by parts the third term on left hand side and using equation (22), and appropriate 

boundary condition (23), we get 
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,      (45) 

Also taking complex conjugate on both sides of equation (21), we get 

   −=−− DWKpaD 2
22 ,                        (46) 

Therefore, equation (46), using appropriate boundary condition (23), we get  
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Substituting (41), (43), (45) and (47), in the right hand side of equation (39), we get 
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Integrating the terms on both sides of equation (48) for an appropriate number of times and 

making use of the appropriate boundary conditions (23), we get  
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now equating imaginary parts on both sides of equation (49), and cancelling )0(i  

throughout from imaginary part, we get 
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Now R   0, 0Q 0 02 p  and AT  0, utilizing the inequalities (31), (35) and (38), the 

equation (50) gives,  
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Where   ++=
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, is positive definite. 
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and therefore , we must have 
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Hence, if 

 0r  and 0i , then 1
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  .          (53) 

And this completes the proof of the theorem. Presented otherwise from the point of view of 

existence of instability as stationary convection, the above Theorem 1, can be put in the form 

as follow:- 

 

Corollary 1: The sufficient condition for the onset of instability as a non-oscillatory motions 

of non-growing amplitude in a thermosolutal couple-stress fluid configuration of Veronis 

type in the presence of uniform vertical magnetic field and rotation in a porous medium 

heated from below is that, 1
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  , where sR  is the 

Thermosolutal Rayliegh number, AT  is the Taylor number, Q is the Chandrasekhar number, 

2p  is the magnetic Prandtl number, 3p  is the thermosolutal Prandtl number, lP  is the 

medium permeability,   is the porosity and F is the couple-stress parameter, for rigid 

boundaries at the top and bottom of the fluid  

 

or 

 

The onset of instability in a thermosolutal couple-stress fluid configuration of Veronis type in 

the presence of uniform vertical magnetic field and vertical rotation in a porous medium 

heated from below, cannot manifest itself as oscillatory motions of growing amplitude if the 

Thermosolutal Rayliegh number sR , the Taylor number AT , the Chandrasekhar number Q,  

the magnetic Prandtl number 2p , the thermosolutal Prandtl number 3p ,  the medium 

permeability lP , the porosity  and the couple-stress parameter F, satisfy the inequality 
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  , for rigid boundaries at the top and bottom of 

the fluid  

 

The sufficient condition for the validity of the ‘PES’ can be expressed in the form: 

 

Corollary 2: If ( ),,,,, ZKW  , ir i += , 0r  is a solution  of  equations  (17) – 

(22),  with R  0  and,   
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Then 0=i .  
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In particular, the sufficient condition for the validity of the ‘exchange principle’ i.e., 

00 == ir   if 1
)2()12( 22
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Als
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TPQppER







 . 

In the context of existence of instability in ‘oscillatory modes’ and that of ‘overstability’ in 

the present configuration of Veronis type, we can state the above theorem as follow:- 

 

Corollary 3: The necessary condition for the existence of instability in ‘oscillatory modes’ 

and that of ‘overstability’ in a thermosolutal couple-stress fluid configuration of Veronis type 

in the presence of uniform vertical magnetic field and vertical rotation in a porous medium 

heated from below is that the Thermosolutal Rayliegh number sR , the Taylor number AT , the 

Chandrasekhar number Q, the magnetic Prandtl number 2p , the thermosolutal Prandtl 

number 3p ,  the medium permeability lP , the porosity  and the couple-stress parameter F 

must satisfy the inequality 1
)2()12( 22
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 , for rigid boundaries 

at the top and bottom of the fluid.  

 

Special Cases: It follows from theorem 1 that an arbitrary neutral or unstable mode is non-

oscillatory in character and ‘PES’ is valid for: 

(i). Thermal convection in couple-stress fluid heated from below, i. e. when   AT  = 0 = sR = 

Q.  (Sunil et al  16 ). 

(ii). Magneto-rotatory-thermal convection in couple-stress fluid heated from below ( sR =0), 

if  
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  ,  

(iii) Magneto-thermosolutal convection of Veronis (1965) type in couple-stress fluid heated 

from below  

( AT  = 0), if 
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QppERs  . 

(iv) Rotatory-thermosolutal convection of Veronis (1965) type in couple-stress fluid heated 

from below (Q= 0), if  
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A similar theorem can be proved for thermosolutal convection in couple-stress fluid 

configuration of Stern type in a porous medium as follow:  

 

Theorem 2: If  R  0 , 0sR , F  0, 0lP , 01p , 03 p , 0r  and 0i  then the necessary 

condition for the existence of non-trivial solution ( ),,,, ZW    of  equations  (17) – (22), 

together with boundary conditions (23)  is that 
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                                 1
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 .   

 

Proof: Replacing R and sR  by  R−   and  sR−  , respectively in equations (17) – (22) and 

proceeding exactly as in Theorem 1 and utilizing the inequality (28), we get the desired 

result.   

Presented otherwise from the point of view of existence of instability as stationary 

convection, the above Theorem 2, can be put in the form as follow:- 

 

 

Corollary 4: The sufficient condition for the onset of instability as a non-oscillatory motions 

of non-growing amplitude in a thermosolutal couple-stress fluid configuration of Stern type 

in the presence of uniform vertical magnetic field and vertical rotation in a porous medium is 

that, 1
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  , where R  is the Thermal Rayliegh 

number, the Taylor number AT , Q is the Chandrasekhar number, 2p is the magnetic Prandtl 

number, 1p  is the thermal Prandtl number, lP  is the medium permeability,   is the porosity 

and F is the couple-stress parameter, for rigid boundaries at the top and bottom of the fluid  

 

or 

 

The onset of instability in a thermosolutal couple-stress fluid configuration of Stern type in 

the presence of uniform vertical magnetic field and vertical rotation in a porous medium, 

cannot manifest itself as oscillatory motions of growing amplitude if the Thermal Rayliegh 

number R , the Taylor number AT , the Chandrasekhar number Q, the magnetic Prandtl 

number 2p ,  the thermal Prandtl number 1p ,  the medium permeability lP , the porosity  and 

the couple-stress parameter F, satisfy the inequality 
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  , for rigid boundaries at the top and bottom of 

the fluid  

The sufficient condition for the validity of the ‘PES’ can be expressed in the form: 

 

Corollary 5: If ( ),,,, ZW  , ir i += , 0r  is a solution  of  equations  (17) – (22),  

with R  0  and,   
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    , 

Then 0=i .  

In particular, the sufficient condition for the validity of the ‘exchange principle’ i.e., 

00 == ir   if 1
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In the context of existence of instability in ‘oscillatory modes’ and that of ‘overstability’ in 

the present configuration of Stern’s type, we can state the above theorem as follow:- 

 

Corollary 6: The necessary condition for the existence of instability in ‘oscillatory modes’ 

and that of ‘overstability’ in a thermosolutal couple-stress fluid configuration of Stern type in 

the presence of uniform vertical magnetic field and vertical rotation in a porous medium is 

that the Thermal Rayliegh number R , the Taylor number AT , the Chandrasekhar number Q, 

the magnetic Prandtl number 2p , the thermal Prandtl number 1p ,  the medium 

permeability lP , the porosity  and the couple-stress parameter F must satisfy the 

inequality 1
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 , for rigid boundaries at the top and 

bottom of the fluid.  

 

Special Cases: It follows from theorem 1 that an arbitrary neutral or unstable mode is non-

oscillatory in character and ‘PES’ is valid for: 

(i). Thermal convection in couple-stress fluid i. e. when    AT = 0 =R=Q.  

(ii). Magneto-rotatory thermal convection couple-stress fluid (R=0), if  
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 ,  

(iii). Magneto-thermal convection of Stren (1960) type in couple-stress fluid ( AT  = 0), if 

     1
)12( 2

2

2

4

1












−
+























QpEpR
 . 

(iv). Rotatory-thermal convection of Stren (1960) type in couple-stress fluid (Q= 0), if 
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5. CONCLUSIONS: 

Theorem 1 mathematically established that the onset of instability in a thermosolutal couple-

stress fluid configuration of Veronis (1965) type in the presence of uniform vertical magnetic 

field and vertical rotation in a porous medium, cannot manifest itself as oscillatory motions 

of growing amplitude if the Thermosolutal Rayliegh number sR , the Taylor number AT , the 

Chandrasekhar number Q, the magnetic Prandtl number 2p , the thermosolutal Prandtl 

number 3p ,  the medium permeability lP , the porosity  and the couple-stress parameter F 

satisfy the inequality 1
)2()12( 22
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/
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+
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 , for rigid boundaries at 

the top and bottom of the fluid  

 

The essential content of the theorem 1, from the point of view of linear stability theory is that 

for the thermosolutal configuration of Veronis (1965) type of couple-stress fluid of infinite 

horizontal extension in the presence of uniform vertical rotation in a porous medium, for 

rigid boundaries at the top and bottom of the fluid, an arbitrary neutral or unstable modes of 

the system are definitely non-oscillatory in character 
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if 1
)2()12( 22
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 , and in particular PES is valid.  

 

The similar conclusions can be drawn for the thermosolutal configuration of Stern (1960) 

type of couple-stress fluid of infinite horizontal extension in the presence of uniform vertical 

rotation in a porous medium, for rigid boundaries at the top and bottom of the fluid from 

Theorem 2. 
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ABSTRACT:  

Mathematics is an important part of the most branches of engineering fields. In this paper, 

several examples of application of Numerical Analysis in chemical engineering, mechanical 

engineering, electrical engineering and computer engineering.  Numerical methods in 

chemical engineering deals with a broad range of problems related to quantum mechanical 

calculation of atoms or molecules. In mechanical engineering, numerical method deals with 

problems relating to linearization, finding root of the function, solving system of equation 

and optimization.   Illumination problems in electrical engineering and in computer 

engineering to solve problem by using MATLAB and Mathematica. 

 

KEYWORDS: Numerical methods, illumination, linearization, quantum mechanical. 

 

INTRODUCTION:  

Numerical analysis provide a way to solve problems quickly and easily.Whether the goal is 

integration or solution of complex differential equation. In engineering, application of 

numerical analysis in quantum mechanics of atoms and molecules, in first order irreversible 

series reaction, in illumination problems, in linearization problem and optimization. 
 

Applications of Numerical analysis in chemical engineering:- 

1.   Quantum mechanics of atoms and molecules, Monte Carlo and Dynamics 

Energy of an n-electron can be portioned into energy of one electron moving in the average 

field of (HF-SCF) electrons and nuclei. This is called Hartree-Fock Model. This approach 

allows that two electrons with different spins can found at the same spatial point. In this 

approach, the total Hamiltonian of the system is portioned into two pieces, zeroth order H0 

which is the Hartree-Fock Hamiltonian and a perturbation V. The exact energy is then 

expressed as an infinite sum of contribution of increasing complexity. The energy ER of a 

molecular system is obtained as a solution of the electronic part of Schrodinger for a fixed 

configuration R of a nuclei 

   H(r, R) ψ(r) = ERψR(r) 
 

The n- electron wave function ψR(r) describes the motion of the electron in the nuclei. Due to 

electron-electron interaction term in Hamiltonian, this equation cannot be solved without 

approximations. The Hamiltonian function approximation assumes that n-particles wave 

function     Ψ(r)   can be written as antisymmtrized product of n- electron function Ψi (ri)                              

Ψ1 (r1)  ψ2 (r1) ……..Ψn (r1)  

Ψ (r1,r2  ,r3…rn)  ψ1(r2) ψ2(r2) ……….      Ψn (r2)                                                     

       ⁞               ⁞                         ⁞ 

Ψ1 (rn)ψ2 (rn)…….. Ψn (rn)  
 

Equation (1) is called Slater determinant. The set of orbitals that yield the lowest energy of a 

molecular system in the sense of vibrational principle is given by the following set of H.F. 

integro differential equations 
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F (ri) Ψi (ri) =EiΨi (ri) 
 

The orbitals Ψi(ri)are  called molecular orbitals and F(ri ) is the Fock operator which 

comprises the differential operator of the kinetic  energy  and  the  electron-electron 

interaction term. The expansion of molecularorbitals Ψi (ri) into a finite series of the basic 

function ᵡi(ri)  

 

Ψi(ri) =  ᵡi(ri) Ci  =(ᵡ1(ri), ᵡ2(r2) , ᵡ3(r3) ….....ᵡm(ri)             C1i 

                 C2i 

                   ⁞       

                                                                                                            Cmi 

(2)First order irreversible series reactions: 

Numerical Analysis applied in diffusion/reaction problems. Consider the first order 

irreversible series reactions                  

                                             K1                       K2 

                                             A      →   B   → C 

governing equation for the scheme  are given as       

 

d CA                  =         - K1      CA                       (i) 

d t                    
d CB           = K1  CA - K2   CB                       (ii) 

d t 

 

Where K1and K2 are rate constants and the initial conditions are CA(0) =1 mol /L, 

CB (0) =0,CC(0) = 0. The concentration of species C(t) at any time is given by the material 

balance equation,                       CC      =1 - CA   - CB 

 
Using Maple, the solution of equation (i) and (ii) given by 
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CA      =   e-k
1

t 

CB        =   k (e-k
1

t      -e-k
2
t ) / k2  -k1 

As t approaches infinity, both CA and CB will approaches zero    and CC approaches 1  

 

(3)  Transient One Dimensional Heat Conduction: 

Consider one dimensional heat equation given by  

                  1    ∂u     =            ∂2u        with t ≥ 0 and 0 ≤ x ≤ 1 

α     ∂t                            ∂x2                    

 

This equation represents heat conduction in a rod. The boundary conditions are such that        

the temperature u is equal to 0 at both ends of the rod. 

u(x=0, t) = 0 and u(x=1, t) =0, fort ≥  0  

 

One can take the thermal diffusivity α equal to 1 cm2/s the condition is given by  

        u(x, 0) =1 for0 ≤ x ≤ 1 

The temperature can be found ND Solve (solid colored curve or Chebyshev Collocation dots) 

In various values of time, t ranging from 0.01 to 0.1 with a span of 0.01. One can set the 

number of interior pointsused by the   Chebyshev Collocation dots method. 
 

 
Temperature profile for t ranging from 0.01 to 0.1 with a span of 0.01 

 

(4) Transient Two Dimensional Heat Conduction 

Consider two dimensional heat conduction given by     

                  1    ∂u               ∂2u     +   ∂2u             with t ≥ 0 and 0 ≤ x, y ≤ 1 

         α     ∂t       ∂x2                         ∂y2                           

 

which represents heat conduction in a two dimensional domain. The boundary conditions are 

s.t. temperature u is equal to 0 on all the edges of the domain 

u(x=0,y,  t) = 0 and  u( x=1,t) =0, for t  ≥  0  and 

u(x=0, y, t) = 0 and  u( x, y =1,t) =0, for t  ≥  0  
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One can take the thermal diffusivity α equal   to 1 cm2/s. The condition is given by 

and u(x, y, 0) =0, for 0  ≤ x, y ≤ 1 

The dimensional temperature can be found by using either ND Solve (solid colored curve or 

Chebyshev Collocation dots) 

 

Contour plot of the solution obtained using Chebyshev Collocation dot 

 
Three contours of the dimensionless temperature, (i.e. 0.25, 0.5, and 0.75) at t =0.02 

 

Application in Mechanical Engineering: 

1. Linearization System: Taylor’s series expansion provides a convenient way to 

approximate a nonlinear equation or function with a linear equation. 

f(x)  =  f(a) + f  ' (a) (x-a) + f  '' (a)   (x-a)2  + …………….. 

                                             2!    
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Linearization System in Swinging Pendulum: 

Sum of forces in tangential direction:      

∑Ft = Wt = mgsinθ =mat =m d2θ  L    =m ӫ 

     dt2 

                              ӫ – gsinθ/L =0 
 

Linearize sinθ  

                            Sinθ        ≈         Sin(0) + Cos (0) (θ -0) = θ 
 

Linear System in circuit analysis:  

Kirchhoff’s Laws: - The sum of all voltages changes around any closed loop is zero.     
∑ ∆𝑉i𝑛𝑒
𝑖=1     =0 

The sum of all currents at any node is zero 

∑ ∆𝐼i𝑛𝑏
𝑖=1     =0 

 
 

Application of these two laws to an electrical circuit facilitates the formulation of a system of 

n-linear equation when n-unknown quantities exist. Given that R1=2Ω, R2=4Ω, R3=1Ω, 

ε1=6v, ε2=9v and using equation from loop-1, loop-2 and node A we find 

         6 - 2I1 -I3   = 0            

        9 + 4I2-I3   = 0 

        -I1 +I2+I3   = 0    

         -2     0      -1                I1                                                           -6 

0      4       -1          I2                             =                           -9 

-1      1        1       I3                              0 
 

                            AX = B 
 

2. Nonlinear Systems Example: Turbine Blade Analysis 

● Turbine blades are components of gas turbine engines (used for aircraft and electricity 

generation) 

● Subject to high temperature, high inertial forces and high drag forces 

● Structural and thermal analyses must be performed simultaneously (coupled non-linear 

equations). 

Methods apply to arbitrary non-linear equations (black-box function) 

                                           T(x) = f 1(L) 

                                            L = f2(T(x)) 

3. Optimization: 

To find the input variable to a function such that the function is minimized (or maximized), 
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possibly subject to constraints.  

       Negative Null Form:      min f(x) 

                      subject to   g(x) ≤ 0 

 h(x) =0                                                    

 

4. Engineering Design: 

1. Maximize performance criteria subject to failure constraints:  Minimize bicycle frame 

weight subject to structural failure constraints by varying frame shape and thickness   

2. Minimize cost subject to performance and failure constraint. Minimize vehicle cost subject 

to acceleration, top speed, handling and comfort and safety constraints by varying vehicle 

design variables.  

 

Application in Electrical Engineering: 

Illumination Problems: a courtyard is illuminated by two lights, where Pi is the illumination 

power and hi is the height of lamp. The coordinates of the lamp are (0,h1) and (s,h2),where s 

is the horizontal distance between two light sources. Let X= (x,0) be a point on the courtyard 

somewhere between two lights. We have to find a point X which will get minimum 

illumination rom two lamps. 

 

                                     r1
2 =h1

2+x2,        r2
2 =h2

2+(s-x)2 

The light intensities from the two lamps at X are given by 

l1(x) =      P1                =      P1                        

     r1
2    h1

2+x2 

l2(x)   = =      P2              =      P1                        

         r2
2      h2

2 +(s-x)2 

 
The illumination ll1(x) at point x from each lamp is given by        

lli(x) = li(x) 

 

lli(x)       =        P1h1 

                        (h1
2+x2)½ 

 

lli(x)       =    P2h2 

                     (h1
2+(s-x)2)½ 
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writing  P1  =p,   P2= q ,h1=a, h2=b.   

The total illumination is given 

'Remove the radicals by squaring the expression 

 P2a2x2      =    q2a2(s-x) 2 

(a2+x2)5   (b2+(s-x) 2)5  

 

Expanding this will produce a degree-12 polynomial. For an illustration, take p=1 kW, q= 2 

kW, a =4 m, b= 5m and s = 10m. Substituting the values to the above equation produces after 

expanded and arranging the result. F(x) =21 x12     - 100 x12     - …………..  52428000 

+2621440000 = 0 

 

Numerical solution produces three roots between 0≤x≤10. 

The value that makes C(x) minimum can be found by testing the first derivative of F(x) with 

x. 

If F’(x)>0, C(x) will be minimum. 

 

Application in Computer Engineering:- 

MATLAB is a highly level language and interactive environment that enables you to perform 

computationally intensive tasks faster with traditional programming languages such as C,C++.  

MATLAB (for matrix laboratory) is a numerical computing environment. MATLAB 

supports matrix generation operation. 

 

Matrix Generation:  

Entering a vector:  A vector is a special case of a matrix. The elements of vectors in 

MATLAB are enclosed by square brackets and are separated by spaces or columns. For 

example to enter a row vector v type 

>>v   = [1 4 7 10 13] 

v     =    

              1   4   7    10   13 

Columns vectors are created in a similar way, however, semicolon (;) must separates the 

components of a column vector, 

> w   = [1; 4;7;10; 13] 

                     1 

                    4 

                    7 

  10 

  13 

On the other hand, a row vector is converted to a column vector using the transpose operator. 

Thetranspose operation is denoted by an apostrophe or a single quote (ꞌ). 

>>w =vꞌ 

            w   = 

                   1 

                    4 

                    7 

                   10 

    13 

 Thus v (1) is the first element of vector, v (2) is the second element and so forth. To access 

blocks of elements, we use MATLAB’s colon notation (:). For example, to access the first 
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three elements of v, 

>>v (1:3) 

 

ans   = 

 1  4   7 

All elements from the third through the last elements, 

>> v (3, end) 

ans   =   

         7      10     13 

Where end signifies the last element in the last element in the vector. If v is a vector, writing  

>> v (: )  

produces a column vector,whereas writing 

>>v(1: end) 

produces a row vector. 

 

Entering a matrix: 

A matrix is an array of numbers.To type a matrix into MATLAB you must  

• Begin with a square bracket, [ 

• Separate elements in a row with spaces or commas (, ) 

• Use a semicolon ( ; ) to  separate rows  

• End the matrix with another square bracket,]. 

 

For example, to enter a matrix A, such as 

 

    A    =                   1     2      3  

                                4     5       6 

 7      8      9           

 

Type, 

>> A = [1 2 3; 4 5 6; 7 8 9] 

MATLAB then displays the 3× 3 matrix as follows  
 

 A      = 

         1    2      3 

         4     5      6 

         7      8     9 

 

Matrix indexing: 

The element of row i and column j of the matrix A isdenoted by A (i, j). Thus, A (i, j) in 

MATLAB refersto the element Aij of the matrix A. The first  index is the row number and the 

second index is the column number .For example, A(1,3) is  an element of  first row and third 

column .Here, A(1, 3) =3 . 

 

Correcting any entry is easy through indexing .Here  we substitute  A(3,3) =9 by  A(3,3) =0. 

The result is  

>>A (3, 3)   =0 
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A      =   

              1      2       3 

              4      5       6  

              7      8       0 

Single elements of a matrix are accessed as A (i, j), where i ≥ 1 and j ≥ 1 .Zero or negative 

subscripts are not supported in MATLAB. 

 

MATHEMATICA:   

It is a modern technical computing system spanning most area of technical computing 

including geometry, data science and visualization.Mathematica is a program for symbolic 

computation.  

 

It does symbolic manipulation. Solve [ax2
 + bx+ c =0, x >0 

{ {x → -b -√b2-4ac /2a} , {x →  -b  + √b2-4ac /2a } } 

It solves math problems Dsolve[{ 

xꞌꞌ [t] +3 xꞌ[t] +2 x [t] =0 ,x [0] = 1,    xꞌ [0] =0},    x [t], t] 

Plotting graph: Plot [xˆ 2, {(x, -3, 3)],plot range –{[-3, 3), (-4, 9)] } 

 
 

 

 

CONCLUSION:   

In this paper, the applications of Numerical Analysis in engineering fields have been 

presented. The problems are from real life .It is expected that the problems presented in this 

paper can motivate engineering students to understand mathematics better. Mathematics 

should be enjoyable as it has helped engineering evolved. 

 Engineering + Math = Everything. 

Engineering –Math   = Nothing. 
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ROLE OF MATHEMATICS IN MANAGEMENT 
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ABSTRACT: 

Research paper aims to describe the scope of mathematics in management; authors described 

the role of mathematics earlier and modern context in management.  The role of Management 

science is also discussed. The authors also attempted to explore the importance of 

mathematics in various fields of management and effective decision making by means of 

using mathematics techniques, models and theories. Secondary data is used to get insight and 

discuss the role of mathematics in Management. Mathematics plays a major role in business 

management because it helps maximize profit by using techniques such as analyzing 

production costs, determining ideal pricing, discerning sales patterns and projecting future 

sales. Having strong skills in mathematics means an individual can analyze all of a 

company's finances and make changes to save the company money and time, and ultimately 

make a higher profit. Thus we concluded Mathematics is an important part of managing 

business 

 

KEYWORDS: Mathematics, Management, Techniques and Decision Making 

  

INTRODUCTION: 

Management is the process of reaching organisational goals by working with and through 

people and other organisational resources. Mathematics is used in most aspect of daily life 

and Management. Many of the top jobs such as business consultants, computer consultants, 

airline pilot’s company directors require a solid understanding of basic mathematics for 

effective performance. It also play important role in business like business mathematics by 

commercial enterprises to record and manage business operations. 

 

Until the mid 1950's, the role of mathematics (and statistics to a lesser extent) in Business 

and Management programs was minimal: some elementary business mathematics which 

included a smattering of the mathematics of finance using interest tables and some algebra, 

as well as some cookbook statistics. Beginning roughly at that time, with the infusion of 

funds from various sources, business schools entered the scientific age. Numerous 

mathematical techniques -- some new, some not so new -- were assembled to help solve 

various problems of management.  

 

Mathematics typically used in management includes elementary arithmetic’s such as 

fractions Decimal and percentages, elementary algebra, statistics and probability. Business 

management can be made more effective by use of more advanced mathematics such as 

calculus and linear programming 
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OBJECTIVES OF STUDY: 

• To describe the role of Mathematics in Management 

• To provide a overview on use of mathematics in  Business  and management 

programme and processes 

 

Managerial Decision models-A Decision making Process: 

The role of mathematics in Business decisions has very important now days in the process of 

managerial decision models. To turn to the specific aspects of the quantitative decision 

making process, it is possible to recognize three distinct phases in every decision situation. 

First is carefully defined the problem, second is a conceptual model to be generated and third 

is the selection of the appropriate quantitative model they may lead to a solution. Lastly a 

specific algorithm is selected. Algorithms are the orderly delineated sequences of 

mathematical operations that lead to a solution. The algorithms generate the decision which 

is subsequently implemented managerial action program. The entire process is shown : 

Defined problem ——> Conceptual model —> Quantitative Model —-> Algorithms—-

> Decision —- Action programs. 

 

Some basic question that reveals the use of math in daily life are- 

You need to use math to calculate compound interest rates (to see how much your 

savings can grow).  

You also need to use math to understand the monthly percentages, which are added to 

your credit cards or bank loans,  

or you could end up paying Rs10,000 in 5 year’s time for borrowing Rs2,000 today! 

This is a good reason to understand mathematics 

Another meaning of Business mathematics sometimes called commercial math, consumer 

math is group of practical subjects used in management and everyday life in schools, these 

subjects are often taught to students who are not planning a university education, in the 

United States they are typically offered in high schools and in schools that grants associate 

degree.  

 

A Business Organisation Manager should have quite knowledge of elementary arithmetic, 

including fraction decimals and percentages. Elementary algebra is often important as well as 

in the context of solving practical business problems, the practical applications typically 

includes checking accounts , price discounts mark-up and mark down , payroll calculation , 

simple and compound interest , consumer and business credit and mortgages.  

 

Role of Applied Mathematics in Management: 

Management is mainly dependent on applied mathematics a branch of mathematics, such as 

statistics is used to reach effective decision. The various statistical techniques such as 

calculation of positional averages and calculated averages are of meanwhile importance in 

business management. Some other techniques are discussed below  
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Regression and Correlation are statistical techniques used to make prediction about Demand, 

production, investment, consumption, prices, profit and sales in the business. it also used to 

estimate birth rate , death rate and tax rate etc. Through correlation we can predict about the 

future eg. If there is heavy rainfall, than we can expect increase in sale of umbrellas thus 

enable us to study the relationship between two variables. 

 

Index Numbers are very helpful in framing suitable policies by government and business to 

study prices and cost of living index for future planning and progress of country. 

 

Index numbers of import and export prices are used to measure change in the trade of a 

country so economic and business policies are guided by indexes. Index numbers are also 

important to comparing living standard of people and forecasting future economic trends in 

the demand of commodity, volume of production etc. These are also widely used in 

adjustment of wages earned over a time and suggest a possible increase in wages which the 

worker accept, and useful in deflating the national income in inflation situations and help the 

government in adjusting its policies in such situation. 

 

Wholesale price index number gives us the change in the value of money. Cost of living 

index number measure real income of people so that dearness allowances may be adjusted 

.Index number of stock prices measure economic changes in purchasing power of money 

over a stock. 

 

Probability is widely used in business decision. The theory of probability has its origin in 

betting and games of chance but now it is used to take many managerial decisions. 

Probability theory is the backbone insurance companies because life tables are based of these 

theories. It is also widely used in time and motion studies, marketing decisions, input- output 

analysis, business forecasting, trade cycles, and analysis of population. 

 

In the current time customer attitude are changing, their expectations from the business 

organisations are also changing. In such demanding situations when business manager feel 

the pressure from all side, the solution to their problem can be extracted through business 

research. Business research refers to systematic collection and analysis of data with purpose 

of finding answers to problem faced by management. Business research can be carried out to 

with the objective to explore, to describe, to diagnose phenomenon. Quantitative research 

one of the branch of business research involves the measurement of phenomenon in 

quantitative terms which mainly dependent on quantitative data and application of parametric 

and non- parametric test to test the significance of hypothesis and to solve the business 

problem. 
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Management Science: 

A particular discipline called Management Science sprang up. It incorporated various 

techniques -- mathematical programming, linear algebra, network methods, queuing theory, 

stochastic processes, statistics, recursive relations, and computer simulation to solve various 

management problems. Drawing upon the above techniques, management science has as its 

philosophy the solving of a problem. As mathematics began to be established in business 

schools, applications of mathematics to various management problems became prevalent. 

Among them were the applications of quadratic programming to financial portfolio analysis 

and to the planning of production, inventories, and work force as well as the application of 

linear programming to advertising media selection. Queuing theory was used to analyze 

service facilities, such as restaurants and banks. 

 

 Other applications include the transportation method of linear programming, the economic 

lot size formula trading off inventory and order/set-up costs, CPM-PERT networks in project 

management, the use of learning curves, exponentially-weighted moving averages as a means 

of forecasting, and gravity models for site selection.  

 

Models that are used most in practice include linear programming and computer simulation. 

These models have been applied in industry for approximately twenty years. Other models 

are also in use, but not nearly as wide-spread a use as linear programming and simulation. 

Business schools differ in the extent to which they employ quantitative techniques. Some 

business school programs painstakingly avoid any reference to concepts of calculus and 

awkwardly work around instances where such concepts would be useful. For example, they 

might illustrate a simple maximization by enumerating all possibilities or by graphing the 

appropriate function. My own background (undergraduate Medical, Post graduate in 

management, and M.Phil in Mangement, Persuing PhD. in management) and experiences 

make me a staunch supporter of the mathematical end of the spectrum to solve the business 

Problem and Business management 
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I would now like to describe our BBA program at the HPU Shimla and describe what I see to 

be its strengths and weaknesses. In our undergraduate program, students take a two-semester 

sequence in Statistics for business decision and Quantitative techniques and linear algebra 

offered by the BBA department. They also take a two semester sequence in statistics and 

computing which covers BASIC programming, probability and statistics, and the use of the 

computer for statistical analysis. These courses are followed by a course titled Production 

and Operations Management, which includes a treatment of the production activities of a 

firm and an introduction to the philosophy and methodology of Management Science. In this 

course students use packaged computer programs for solving problems; they also write 

computer programs in the solution of certain other problems. Subsequent undergraduate 

courses build on the above foundation. For example, economics makes use of the calculus 

(both differential and integral), certain functional areas (such as marketing and finance) use 

some of the models used in the above courses, and several courses use the computer skills. 

 

USE OF MATHEMATICS IN BUSINESS MANAGEMENT: 

Business and mathematics go hand in hand this is because business deals with money and 

money encompasses everything in itself. There is a need for everyone to manage money as 

some point or the other to take decisions which requires everyone to know mathematics. 

Business mathematics is used by commercial enterprises to record and manage business 

operations. Commercial organizations use mathematics in accounting,, marketing, sales 

forecasting, and financial analysis. It helps you know the financial formulas, fractions; 

measurements involved in interest calculation, hire rates, salary calculation, tax calculation 

etc. which help complete business tasks efficiently. Business mathematics also includes 

statistics and provides solution to business problems. 

 

Business is always surrounded with challenges which need to be dealt with in a proper 

fashion so that they do not arise in future. These problems that occur on a daily basis can be 

effectively solved with the help of mathematical models. Hence mathematics not only helps 

to calculate but also analyze business problems and work upon them. Learning and using 

business mathematics enables a person to think out of the box, sharpens one’s thinking and 

helps in precisely formulating and structuring relationships. 

 

In order to known a business it requires skill more than the developing a product or providing 

a service. If a business has to survive ad succeed it needs to look after the finances and make 

necessary arrangements for it to prosper as well. Understanding business mathematics is 

important to maintain profitable operations and accurate keeping of records. It is required 

right from the start for pricing products/services till the end when we need to check if the 

budget was met. Let’s look at situations where business mathematics is required: 

 

https://www.educba.com/course/online-cfa-level-1-financial-reporting-and-analysis-training/
https://www.educba.com/course/tax-planning/
https://www.educba.com/course/business-intelligence/
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PRODUCTION COSTS CALCULATION: 

Before one formally starts production and establishes its business it is very important to 

estimate the costs that would be incurred in relation to the manufacturing such as the cost of 

raw materials, machinery, rent, administrative expenses etc. In addition to these basic 

expenses there are other associated costs such as marketing, warehousing, interest and 

repayment of loans etc. Once all he expenses relating to production have been included I 

would be easy to estimate the profit from it to sustain and remain competitive in the market. 

Accurately determining the cost associated with each item will make the base for the 

business strong. 

 

PRICE DETERMINATION: 

When you have successfully determined the costs, the next task is to price the products 

correctly so that it generates right amount of cash flows for future requirements of the 

business. Charging the correct selling price would ensure that the product remains profitable. 

 

PROFIT MEASUREMENT: 

These require determining the net profit by subtracting the operating costs from the total 

amount of sales/revenue during a period of time. What also needs to deducted are the tax, 

depreciation, discount expenses. This helps to find out if the products are being charged 

enough to continue the business operations and expand. 

 

FINANCIAL ANALYSIS: 

You need to project the revenue and expenses of a business if we need to analyze the 

financial health of a business. We need to do sensitivity analysis of how an increase or 

decrease in sales figure or pricing could affect the business. It helps in determining how each 

employee contributes to the business and how I would affect. Using business mathematics 

helps in making these interpretations ad take the business to a higher level. 

 

Learn marketing concepts and apply in real world. Plan and implement promotional 

campaigns. Become a successful marketing manager with our practical training. 

https://www.educba.com/ratio-analysis/
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Since all corporations require managing their money and business many mathematicians find 

employment in these fields. Mathematicians follow a logical thinking; follow a problem-

solving approach to business. 

 

CONCLUSION: 

Mathematics plays a major role in business management because it helps maximize profit by 

using techniques such as analyzing production costs, determining ideal pricing, discerning 

sales patterns and projecting future sales. Having strong skills in mathematics means an 

individual can analyze all of a company's finances and make changes to save the company 

money and time, and ultimately make a higher profit. 

 

The study of mathematics is essentially just studying number patterns, and in business, this 

means knowing how to manipulate numbers and make meaning out of large data sets. All 

companies need some sort of mathematician to look at the company's expenses, sales and 

cash flow. If a company has good documentation of where their money is coming from and 

going to, using mathematics, an individual is able to see inefficiencies in the company's 

operations and make important changes.  Thus we conclude that Mathematics is an important 

part of managing business.  
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ABSTRACT: 

Among other metal sulfide nanoparticles such as CdS, ZnS, PbS, HgS and SnS, CuS has 

attracted the attention of researchers due to its unique properties like high solar absorbance, 

antibacterial activity, etc. CuSnanoparticles are less toxic, environmentally benign and can be 

easily synthesized using simple chemical methods. In this study we have reported 

sonochemical synthesis and X-ray diffraction, UV-vis and Photoluminescence spectroscopic 

characterization of copper sulfide nanoparticles.  

 

INTRODUCTION: 

Copper sulfides (CuxS) have received greatword-wide attention due to their opto-electronic 

properties [1]. CuxS materials (where x >1) are p-type semiconductors and when x = 1 it 

exhibits metal-like behavior. Depending upon the values of x (1 ≤ x ≤ 2), the properties of 

CuxS can be tuned towards applications in different fields, such as solar cells, Li-ion 

rechargeable batteries, catalysts, sensors, etc. [2]. Covellitephase of copper sulfide is one of 

the most studied coppersulfides due to its absorption band gap in the nearinfrared region. In 

this study we are reporting the sonochemical synthesis of CuS nanoparticles using ethanol as 

reaction medium. Synthesized samples have been characterized using X-ray diffraction 

(XRD), UV-vis and Photoluminescence (PL) spectroscopic methods. The results obtained 

reveals the hexagonal structure of CuS nanoparticles.  

 

MATERIALS & METHODS: 

Copper chloride (CuCl2) and sodium sulfide (Na2S) were used as copper and sulfur 

precursors respectively without further purification. Calculated quantities of CuCl2(0.1M) 

and Na2S (0.4M) were dissolved in ethanol in to separate beakers. Copper chloride beaker 

was kept under sonication and sodium sulfide solution was added drop-wise to it and solution 

was continuously sonicated for one hour.  In another reaction ascorbic acid (0.1M) was 

mixed with copper chloride solution before addition of sodium sulfide. The precipitates thus 

obtained in both reactions were filtered and dried under vacuum oven for 16 hours. In this 

way we have synthesized two samples of CuS labeled as CuS1 and CuS2. CuS1 was 

synthesized in the presence of ascorbic acid and CuS2 was synthesized in the absence of 

ascorbic acid under similar conditions.Bothsamples have been characterized using XRD, 

UV-vis and Photoluminescence spectroscopic techniques. 

 

RESULTS AND DISCUSSION: 

X-ray diffraction Study: 

Both samples have been characterized withXRD method to determine the crystal structure. 

XRD pattern reveals the presence of (100), (101), (102), (103), (006), (110), (108) and (116) 

crystal planes in these nanoparticle samplesas shown in Figure 1. These crystal planes are 

indexed to hexagonal structure of CuS nanoparticles. The crystallite size was calculated 

using Debye Scherrer formula  
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D = 
𝐶 𝜆

𝛽 𝐶𝑂𝑆𝜃
      (1) 

Where c = 0.94is the correction factor, β is the full width at half maximum(FWHM) of the 

highest peak in radians, θ is the XRD peak position and λ = 1.540593 Å.  

 
Figure 1.XRD pattern of CuS1 and CuS2 samples. 

 

The average crystallite size for CuS1 and CuS2 are found to be ~12nm and~18nm 

respectively. It was observed that CuS1 has smaller crystallite size than CuS2 which 

indicates better nanoparticle formation in the presence of ascorbic acid.  

 

UV-Vis and Photoluminescence spectroscopy: 

The pattern of UV-vis spectrum of both samples has been shown in Figure2 (a). The bandgap 

of samples has been estimated using Tauc’s plot and shown in inset of Figure2 (a). The 

bandgap value for both nanoparticle samples was found to be ~3.8eV.   

 
Figure 2.(a) UV-vis spectrum of CuS1 and CuS2. Inset shows bandgap estimation using 

Tauc’s plot.(b)Photoluminescence spectrum of CuS1 and CuS2.  
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PL spectrum of CuS1 and CuS2 indicates peak position at 505nm as shown in Figure 2 (b).  

 

CONCLUSIONS: 

In this work we have reported the sonochemical synthesis of CuS nanoparticles with and 

without ascorbic acid in ethanol as solvent. XRD characterization reveals the crystalline 

nature and hexagonal structure of CuS nanoparticles synthesized by two different 

approaches. Smaller nanoparticle size was obtained for CuS prepared in the presence of 

ascorbic acid. Bandgap estimation for both samples gives approximately same value 3.8eV.  
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ABSTRACT: 

Weinberger used a method of a Positive Operator, a generalization of a positive matrix, to 

establish the Principle Of Exchange of Stabilities (PES). Wherein, the resolvent of the 

linearized stability operator is analyzed which is in the form of a  composition of certain 

integral operators  In the present paper, Thermohaline Problem of Veronis Type heated from 

below with variable gravity is analyzed and it is established by the method of positive 

operator of Weinberger and uses the positivity properties of Green’s function that principle 

of exchange of stabilities is valid for this general problem, when g(z) is non-negative 

throughout the fluid layer,
1

s






and Lewis number 1 . Simultaneously thermohaline 

Problem of Stern Type heated from below with variable gravity is analyzed and it is 

established by the method of positive operator of Weinberger and uses the positivity 

properties of Green’s function that principle of exchange of stabilities is valid for this general 

problem, when g(z) is non-negative throughout the fluid layer ,
1

s






and  Lewis number 

greater than one. 

KEY WORDS: Veronis and Stern Types Problems, variable gravity, Principle of Exchange 

of Stabilities, Lewis number. 

 

1. INTRODUCTION 

In classical thermal instability problems, it has been assumed that the driving density 

differences are produced by the spatial variation of single diffusing property i.e. heat. 

Recently, it has been shown that a new phenomenon occurs when the simultaneous presence 

of two or more components with different diffusivities is considered. This problem has been 

probed when we think about ocean where both heat and salt (or some other dissolved 

substances) are important. This problem has been termed as thermosolutal convection (or 

thermohaline convection). In these problems the solute is commonly, but not necessarily, a 

salt. Related effects have now been observed in other contexts, and the name ‘double–

diffusive convection’, has been used to cover this wide range of phenomena. Much of the 

theoretical work in this field has been developed directly from the linear stability calculations 

for a simple fluid heated from below. Two fundamental configurations have been studied in 

the context of the thermohaline instability problem, one by Stern [1960], wherein the 

temperature gradient is stabilizing and the concentration gradient is destabilizing, and another  

by Veronis [1965], wherein the temperature gradient is destabilizing and the concentration 

gradient is stabilizing. The main results derived by Stern and Veronis for their respective 

configurations are that both allow the occurrence of a steady motion or an oscillatory motion 

of growing amplitude, provided the destabilizing concentration gradient or the temperature 

gradient is sufficiently large. Stern [1960] was the first to consider the case of linear 

opposing gradients of two properties between horizontal boundaries at fixed concentrations, 
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and since then many others, including Gershuni and Zhukhovitskii [1963]. The problem of 

thermosolutal convection in a layer of fluid heated from below and subjected to a stable 

solute gradient has been studied by Veronis [1965]. The minimum requirements for the 

occurrence of thermosolutal convection are the following: 

i) The fluid must contain two or more components having different molecular 

diffusivities. It is the differential diffusion that produces the density differences required to 

derive the motion. 

ii) The components must make opposing contributions to the vertical density gradient. 

Further, he found that the analogous non–dimensional parameters accounting for uniform 

salinity gradient are given by 
T

4dg
S




=  and Schmidt number  

T

q



= , where   , , T  

denote  the coefficient of analogous solvent expansion, uniform solute gradient  and  solute  

diffusivity, respectively. The main large–scale engineering applications of double–diffusive 

concepts are to solar ponds, shallow artificial lakes that are density stratified. Linear 

calculations have also been made for a variety of boundary conditions by Nield [1967] and 

for an unbounded fluid by Walin [1964]. A study of the onset of convection in a layer of 

sugar solution, with a stabilizing concentration gradient, when the layer is heated from 

below, has been made by Shirtcliff [1967]. He found that the first stage of the development 

of convection layers similar to those described by Turner and Stommel [1964]. Nield [1967] 

has studied the problem of thermohaline convection in a horizontal layer of viscous fluid 

heated from below and salted from above.  When the solute gradient is stabilizing, Sani 

[1965] has found that finite amplitude subcritical instability (convection at a thermal 

Rayleigh number less than that given by the linear theory) is possible. A direct analogue of 

heat/salt diffusive convection has been used to explain the properties of large stars with 

helium–rich core, which is heated from below and thus convecting. Spiegel [1972] has 

shown that variations in the helium/hydrogen ratio can produce a density gradient that limits 

the helium transport by double–diffusive convection, though, whether this may be in layers is 

still unclear. Another example of double–diffusive convection is when metals solidify, since 

as metals solidify, undesirable inhomogeneities on the microscopic scale can be produced by 

several mechanisms, among which is double–diffusive convection. It was shown by Turner 

[1973, 1974] that the form of the resulting motions depends on whether the deriving energy 

comes from the component having the higher or lower diffusivity. When one layer of fluid is 

placed above another (denser) layer having different diffusive properties, two basic types of 

convective instabilities arise, in the ‘diffusive’ and ‘finger’ configurations. In both the cases, 

the double–diffusive fluxes can be much larger than the vertical transport in a single–

component fluid because of the coupling between diffusive and convective processes.The 

salinity gradient is not constant with depth and this has prompted theoretical studies (Walton 

[1982]) of the breakdown, which is found to occur preferentially (in agreement with 

observations) in a thin layer where the salinity gradient is a minimum. A recent 

comprehensive review of thermosolutal convection in porous media has been conducted by 

Nield and Bejan[1999]. For a broad and latest review of the subject one may be referred to 

Turner and Brandt and Fernando [1996] and Gupta et al.[2001, 2002]. Dhiman, et al.[20102] 

have also dealt with the problem On the Stationary Convection of Thermohaline Problems of 

Veronis and Stern Types.   
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In the present paper, Thermohaline Problem of Veronis Type heated from below with 

variable gravity is analyzed and it is established by the method of positive operator of 

Weinberger and uses the positivity properties of Green’s function that principle of exchange 

of stabilities is valid for this general problem, when g(z) is non-negative throughout the fluid 

layer ,

1
s






and  Lewis number 1 .But thermohaline Problem of Stern Type heated from 

below with variable gravity is analyzed and it is established by the method of positive 

operator of Weinberger and uses the positivity properties of Green’s function that principle 

of exchange of stabilities is valid for this general problem, when g(z) is non-negative 

throughout the fluid layer ,

1
s






and  Lewis number greater than one. 

 

2. MATERIALS AND METHODS: 

Mathematical Formulation of the Physical Problem. 

Basic Hydrodynamical Equations Governing The Physical  Configuration 

The basic hydrodynamic equations that govern the above physical configurations under 

Boussinesq approximation for the present problem are given by ( c. f. Veronis  [1965] ); 

Equation of Continuity 

0v. =


                                                    (1) 

Equations of Motion 

( ) vX1p
1

v.v
t

v 2

000




+













+




++


−=








+





                                               (2) 

Equation of Heat Conduction 

( ) TKT.v
t

T 2

T=+


 

.         (3) 

Equation of Mass Diffusion 

( ) SKT.v
t

S 2

S=+


 

                                                  (4) 

Equation of State    
( ) )SS(TT1 000 −+−−=

                    (5) 

In the above equations; v


is the velocity vector;  p is the pressure; −= ˆ)z(gX


 is the external 

force field (gravity); T is the temperature; S is the concentration; 0


=

 is the coefficient of  

kinematic viscosity; 

thermaltheis
c

K
K

v0

T


=

diffusivity; SK
 is the salt diffusivity and 

( )00 TT −−=
        (6) 

( )00 SS−=
              (7), 

are the variation in density due to temperature and concentration variations. 

Following the usual steps of the linearized stability theory, it is easily seen that the non 

dimensional  linearized  perturbation equations governing the physical problem described by 

equations (1)-(4) can be put into the following forms, upon ascribing the dependence of the 

perturbations of the form  
( ) tykxkiexp yx ++

, 
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(𝝈 = 𝝈𝒓 + 𝒊𝝈𝒊) (c.f.  Chandrasekhar [1961] and Siddheshwar and Krishna [2001]); 

( ) ( ) −=
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( )−− 22 kD  =  - wRT               (9) 
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together with following dynamically free and thermally and electrically perfectly conducting 

boundary conditions 

wD0w 2===       at  10 == zandz        (11)  

where,     = 



=

T

4

0
T

2

K

dg
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is the thermal Rayleigh number,   Pr= 



 is the Prandtl




==

T

4

0
s

2

s
K

dg
R

 is the salinity Rayleigh number, T

S

K

K
=

is the Lewis number. 

 

3. THE METHOD OF POSITIVE OPERATOR: 

We seek conditions under which solutions of equations (8)-(10) together with the boundary 

conditions (11) grow. The idea of the method of the solution is based on the notion of a 

‘positive operator’, a generalization of a positive matrix, that is, one with all its entries 

positive. Such matrices have the property that they possess a single greatest positive 

eigenvalue, identical to the spectral radius. The natural generalization of a matrix operator is 

an integral operator with non-negative kernel. To apply the method, the resolvent of the 

linearized stability operator is analyzed. This resolvent is in the form of certain integral 

operators. When the Green’s function Kernels for these operators are all nonnegative, the 

resulting operator is termed positive. The abstract theory is based on the Krein –Rutman 

theorem, which states that; 

“If a linear, compact operator A, leaving invariant a cone  , has a point of the spectrum 

different from zero, then it has a positive eigen value  , not less in modulus than every other 

eigen value, and this number corresponds at least one eigen vector   of the operator A, 

and at least one eigen vector 
   of the operator 

A ”. For the present problem the cone 

consists of the set of nonnegative functions. 

 

To apply the method of positive operator, formulate the above equations (8) - (10) together 

with boundary conditions (11) in terms of certain operators as; 

( ) −=
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The domains are contained in B, where 

  B 

( )








== 
1

0

22 10 dz,L 

, 

with scalar product   

( ) ( )=
1

0

dzzz, 

,      , B ;     and norm    
2

1

,=
. 

We know that 𝑳
2
(𝟎, 𝟏)  is a Hilbert space, so, the domain of M is dom M  = 

( ) ( ) 010,Bm,D/B == . 

We can formulate the homogeneous problem corresponding to equations (8)-(10) by 

eliminating  from (12) -(14) as; 
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is the linearized stability operator. Further   and s
respectively are the thermal and 

concentration Rayleigh numbers. In the present problem the linearized stability operator 

)(K  consists of three different operators, namely
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needs special attention in regards to the positivity of the 
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Let, ( )L =













+




−+ −− 1S1 )M

~
()M

~
(

. The operator  ( )L  exists for 

( ) ( ) 0Im)},,1(k.{maxReCL 2

k =−=
and

( ) 21
kL +

−

for 

( ) ( ) 0Im)},,1(kmax{Re 2 =− . L )( = [
)](T)(T s








−

 is an integral operator with 

Green’s function kernel

( )  ( ) 
−

++−−−−
=

rsinhr2

z1rcoshz1rcosh
),,z(g

 

( )  ( ) 

rsinhr2

z1rcoshz1rcosh ss



++−



−−−





 

for )},1(k.{max 2 − . 
 

( )K defined in (17), which is a composition of certain integral operators, is termed as 

linearized stability operator.  K ( ) depends analytically on    in a certain right half of the 

complex plane. It is clear from the composition of K ( ) that it contain an implicit function 

of   . 

We shall examine the resolvent of the K ( ) defined as ( )  1
KI

−
−  

( )  ( )  ( ) ( )   ( )  1

0

1

0

1

0

1
KIKKKIIKI

−−−−
−−−−=−

        (18) 

If for all 0  greater than some a, 

Remark (1)   
( )  1

0KI
−

−
 is positive, 

(2)   ( )K  has a power series about 0  in 
( )−0  with positive coefficients; i.e., 

( )o

n

K
d

d











−

 is positive for all n, then the right side of (18) has an expansion in
( )−0  

with positive coefficients. Hence, we may apply the methods of Weinberger [1969] and 

Rabinowitz , to show that there exists a real eigenvalue 1  such that the spectrum of ( )K  

lies in the set ( ) 1Re:  . This is result is equivalent to PES, which was stated earlier as 

“the first unstable eigenvalue of the linearized system has imaginary part equal to zero.” 

 

4. RESULTS AND DISCUSSION: 

THE PRINCIPLE OF EXCHANGE OF STABILITIES (PES) 

It is clear that ( )K is a product of certain operators. Condition (1) can be easily verified by 

following the analysis of Herron [2001,2002] for the present operator ( )K , i.e. ( )K  is a 

linear, compact integral operator, and has a power series about 0 in 
)( 0 −
with positive 

coefficients. Thus, ( )K  is a positive operator leaving invariant a cone (set of non negative 

functions). Moreover, for    real and sufficiently large, the norms of the operators 

( ) ( )PrTand0T  become arbitrarily small. So, 
( ) 1K 

. Hence, ( )  1KI −−  has a 
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convergent Neumann series, which implies that ( )  1−
− KI  is a positive operator. This is 

the content of condition (P1). 

To verify condition (2), we note that. Green’s function kernel g







 


Pr
,,z

 is the Laplace 

transform of the Green’s function PrG ( )tPr;,z   for the initial-boundary value problem

( )t,zG
tPr

1
k

z

2

2

2

−=











++




−

,                                                              (19) 

                                                         

where, ( )t,z −  is Dirac –delta function in two-dimension, 

with boundary conditions ( ) ( ) ( ) 00;,zGtPr;,1GtPr;,0G === , 

then ( ) 0tPr;,zG  . 

and Green’s function kernel ( ) ;,zg  is the Laplace transform of the Green’s function G (z,

)t,, defined by 

G (z, )t,, = G ( )− t;,z s ( )t;,zG  ,                                    

 (20) 

If    s
 with 1 , 

then   G (z, )t,,      0 

With boundary conditions ( ) ( ) ( ) 00;,zGt;,1Gt;,0G === ,   (21) 

Using the similar result proved in Herron [2000,2001] by direct calculation of the inverse 

Laplace transform,  we  have     ( )K  is a positive operator for all real 

)}Pr,,1(k.{max 2

0 −
 and   s

 with 1  together with  g(z) positive in the flow 

domain. 
 

Theorem.  The PES holds for (12)- (14) when g(z) is nonnegative through out the fluid 

domain and
)}Pr,,1(k.{max 2

0 −
 and   s

 with 1  

Proof: As ( ) KI −  is a nonnegative compact integral operator for 

)}Pr,,1(k.{max 2

0 −
 and for  s

 with 1 , which satisfied all the conditions of 

the  Krein-Rutman theorem and hence it has a positive eigen value 1 , which is an upper 

bound for the absolute values of all the eigenvalues, and the corresponding eigen function 

( )  is nonnegative, which is essentially the contents of condition (2) stated in Remark 1. 
 

We observe that 

( )  ( )  ( ) 01 1 −=− KI , 

Thus, if ( ) −KI  is nonnegative, then 1 1 . The methods of Weinberger and Rabinowitz 

[1969] apply thereby showing that there exits a real eigenvalue 11   such that the spectrum 

of  ( )K  lies in      the set 
( ) 1Re 

. 
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This is equivalent to the  PES. 
 

5. CONCLUSIONS: 

In this paper we have investigated  the Thermohaline Convection Problem with variable 

gravity of Veronis Type. 

 

It is established that if g(z) is positive; throughout the flow domain, then 

PES is valid for Veronis’ Thermohaline Convection  if  s
 or =

1
s






 and 1 ; 

But thermohaline Problem of Stern Type heated from below with variable gravity is analyzed 

and it is established by the method of positive operator of Weinberger and uses the positivity 

properties of Green’s function that principle of exchange of stabilities is valid for this general 

problem, when g(z) is non-negative throughout the fluid layer ,
1

s






and  Lewis number 

greater than one. 
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HYDROMAGNETIC UNSTEADY FLOW PAST AN INFINITE 

VERTICAL ACCELERATED PLATE WITH INDUCED MAGNETIC 

FIELD IN THE PRESENCE OF HEAT SOURCE AND VARIABLE 

TEMPERATURE 
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ABSTRACT:  

A theoretical analysis of an unsteady viscous incompressible electrically conducting fluid in 

an infinite vertical accelerated porous plate is presented. It is assumed that the plate is 

electrically non-conducting and the applied magnetic field is of uniform strength (𝐻0 )and 

perpendicular to the plate. The plate temperature is raised with time (𝑡′ > 0).The coupled 

non-linear partial differential equation are solved by using Laplace transform technique.The 

solution are expressed in terms of exponential andcomplimentary error function and the 

effect of flow parameters on velocity, temperature and induced magnetic field are presented 

through graphs.  

 

KEY WORDS: Accelerated plate, Suction, Induced magnetic field, Heat source. 

 

INTRODUCTION: 

Free and forced convection flow of an electrically conducting fluid past a porous vertical 

surface under the influence of magnetic field occur in many industrial and technical 

applications which include plasma studies, the boundary layer control in aerodynamics , 

petroleum industries, MHD power generator, cooling of nuclear reactors and crystal growth. 

Alom1 analyzed the Steady heat and mass transfer by mixed convection  flow from induced 

magnetic field, constant heat and mass fluxes. Ahmed2 presented  the study of heat and mass 

transfer on free convective three-dimensional unsteady flow over a porous vertical plate. The 

analytic study of induced magnetic field with radiating fluid over a porous vertical plate was 

presented by Ahmed3. Ahmed and Chung4 presented mixed convective three-dimensional 

heat and mass transfer flow with transversely periodic suction velocity. Ahmed et al.5 

analyzed the model of MHD mixed convective radiating fluid with viscous dissipative heat. 

Ahmed et al.6 analyzed the MHD mixed convection and mass transfer from an infinite 

vertical porous plate with chemical reaction in the presence of heat source. Ahmed et al.7 

have presented a mathematical model of megnetohydrodynamic transient free and forced 

convective flow with induced magnetic field effects. Ahmed et al.8 studied the effects of 

chemical reaction and radiation on an unsteady MHD flow past an accelerated infinite 

vertical plate with variable temperature and mass transfer. Beg et al.9obtained local non-

similarity numerical solutions for the velocity, temperature and induced magnetic field 

distribution in forced convection hydromagnetic boundary layer, over an extensive range of 

magnetic Prandtl numbers and Hartmann numbers. Ghosh et al.10 considered an exact 

solution for the hydromagnetic natural convection boundary layer flow past an infinite 

vertical flat plate under the influence of transverse magnetic field with magnetic induction 

effects.Hussain et al.11 studied the effect of radiation on free convection from a porous 

vertical plate. Prakash et al.12-13 investigated the Dufour effects on unsteady hydro magnetic 

radiative and diffusion-thermo on unsteady MHD flow through porous medium past an 
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impulsively started infinite vertical plate with variable temperature and mass diffusion.Raptis 

et al.15-18 have studied MHD flow past a steadily moving infinite vertical porous plate with 

constant heat flux in the presence of radiation. MHD Couette flow and heat transfer in a 

rotating system have studied by Seth et al.19 Seshaiah et al.20 investigated the effects of 

induced magnetic field on free convective flow of radiative, dissipative fluid past a porous 

plate with temperature gradient heat source. Singha21 analyzed the problem of MHD free 

convective flow of an electrically conducting fluid between the two heated parallel plates in 

the presence of an induced magnetic field. Singh and Singh22 presented MHD effects on heat 

and mass transfer in flow of a viscous with induced magnetic field.  MHD effects on flow of 

viscous fluid with induced magnetic field studied by Singh and Singh23. 

 

The objective of present study is to investigate the effect of induced magnetic field, heat 

source and variable temperature inhydromagnetic flow past a porous vertical accelerated 

plate. 

 

FORMULATION OF PROBLEM: 

Consider an unsteady, free convective flow of an incompressible, electrically conducting 

viscous fluid past an accelerated infinite vertical plate with variable temperature. We 

introduce a co-ordinate system with origin at the accelerated plate which is subjected to 

constant suction velocity𝑉0, the 𝑥 ′axis is taken along the plate in the upward vertical 

direction, 𝑦 ′ axis is taken along normal to the plate directed in to the fluid region. 

 

 Let(𝑢′, 𝑣 ′, 0) be the fluid velocity and(ℎ𝑥
′ , ℎ𝑦

′ , 0) be component of magnetic induction vector 

at a point(𝑥 ′, 𝑦 ′, 𝑧 ′) in the fluid. The  𝑥 ′is taken along the plate in the upward direction,𝑦 ′ is 

normal to the plate in to the fluid region. Since the plate is infinite in length in𝑥 ′ direction, 

therefore all the physical quantities except the pressure are assumed to be independent of𝑥 ′. 
Let(𝑢′, 𝑣 ′, 0)be the fluid velocity at the(𝑥 ′, 𝑦 ′, 𝑧 ′)when time(𝑡′ > 0). Initially(𝑖. 𝑒𝑤ℎ𝑒𝑛𝑡′ ≤
0)the plate is at rest relative to the fluid velocity (𝑢′ = 0)and thefluid at the plate’s surface 

has the same temperature as at theedge of the boundary layer i.e. 𝑇∞
′  respectively. At time 

(𝑡′ > 0)the plate is accelerated with a velocity 𝑢′ = 𝑎𝑡′ in its own planeand the temperature 

at the plate is raised linearly with respect to time 

 
Fig.1-Geometrical configuration of the problem. 
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Under Boussinesq approximation the equations governing the flow are, Conservation of mass 
𝜕𝑣′

𝜕𝑦′
= 0             (1) 

Gauss Law of magnetism 
𝜕ℎ𝑦

′

𝜕𝑦′
= 0  which holds for  ℎ𝑦

′ = 𝐻0 = constant      (2) 

Conservation of momentum 

𝜌
𝜕𝑢′

𝜕𝑡′
+ 𝜌𝑣 ′

𝜕𝑢′

𝜕𝑦′
= −

𝜕𝑝

𝜕𝑥′
− 𝜌𝑔 + 𝜇

𝜕2𝑢′

𝜕𝑦′2
+ 𝜇𝑒𝐻0

𝜕ℎ′

𝜕𝑦′
        (3) 

Conservation of energy 
𝜕𝑇′

𝜕𝑡′
+ 𝑣 ′

𝜕𝑇′

𝜕𝑦′
=

𝜅

𝜌𝑐𝑝

𝜕2𝑇′

𝜕𝑦′2
+

𝑆′

𝜌𝑐𝑝
(𝑇 ′ − 𝑇∞

′ )      (4) 

Conservation of magnetic induction 
𝜕ℎ𝑥

′

𝜕𝑡′
+ 𝑣 ′

𝜕ℎ𝑥
′

𝜕𝑦′
=

1

𝜎𝜇𝑒

𝜕2ℎ𝑥
′

𝜕𝑦′2
+ 𝐻0

𝜕𝑢′

𝜕𝑦′
           (5) 

Since there is no large velocity gradient here, the viscous term in equation (3) vanishes for 

small 𝜇and hence for the outer flow, beside there is no induced magnetic field along 𝑥 ′-
direction gradient, so we have 

−
𝜕𝑝

𝜕𝑥′
= 𝜌∞𝑔...(6) 

By eliminating the pressure term from equations (3) and (6), we obtain 

𝜌
𝜕𝑢′

𝜕𝑡′
+ 𝜌𝑣 ′

𝜕𝑢′

𝜕𝑦′
= (𝜌∞ − 𝜌)𝑔 + 𝜇

𝜕2𝑢′

𝜕𝑦′2
+ 𝜇𝑒𝐻0

𝜕ℎ′

𝜕𝑦′
.      (7) 

By using Boussinesq approximation we have, 

𝜌∞ − 𝜌 = 𝜌∞𝛽(𝑇
′ − 𝑇∞

′ )         (8) 

On using (8) in the equation (7) and noting that is approximately equal to 1, the momentum 

equation reduces to 

𝜌
𝜕𝑢′

𝜕𝑡′
+ 𝜌𝑣 ′

𝜕𝑢′

𝜕𝑦′
= 𝑔𝛽(𝑇 ′ − 𝑇∞

′ ) + 𝜇
𝜕2𝑢′

𝜕𝑦′2
+ 𝜇𝑒𝐻0

𝜕ℎ′

𝜕𝑦′
      (9) 

The flow is governed by the following initial and boundary conditions: 

𝑡′ ≤ 0    𝑢′ = 0, 𝑇 ′ → 𝑇∞
′ , = 0, ℎ𝑥

′ = 0   for all 𝑦...(10) 

𝑡′ > 0{
𝑢′ = 𝑎𝑡′, 𝑇 ′ = 𝑇∞

′ + (𝑇𝑤
′ − 𝑇∞

′ )𝐴𝑡′, ℎ𝑥
′ = 0, 𝑎𝑡𝑦 ′ = 0

𝑢′ → 0, 𝑇 ′ → 𝑇∞
′  , → 0, ℎ𝑥

′ → 0    𝑎𝑡𝑦 ′ → ∞
}             (11) 

 

where𝑢′ and 𝑣 ′- denotes the velocity component in the boundary layer in direction 𝑥 ′-axis 

and 𝑦 ′-axis respectively; 𝑇 ′- the temperature inside the boundary layer;𝑇𝑤
′ - temperature at the 

plate;𝑇∞
′ - the temperature of the free stream; 𝛽-thermal expansion; 𝜌- density of fluid, 𝐴 =

(
𝑎2

𝜈
)

1

3
;𝑎- acceleration of the plate;𝑡′- time;ℎ𝑥

′ - induced magnetic field along 𝑥 ′direction;𝐻0- 

external applied magnetic field; 𝑔- acceleration due to gravity; 𝜇𝑒-magnetic permeability; 𝜇-

kinematic viscosity,𝛼- magnetic diffusivity. 

From equation of continuity (1), it is clear that suction velocity normal to the plate is 

constant. Hence from the equation of the continuity we obtained: 

𝑣 ′ = −𝑉0                   .(12) 

Governing equations in non-dimensional form are: 
𝜕𝑢

𝜕𝑡
− 𝑤0

′ 𝜕𝑢

𝜕𝑦
=

𝜕2𝑢

𝜕𝑦2
+𝑀

𝜕ℎ

𝜕𝑦
+ 𝐺𝑟𝜃.                 (13) 

𝑃𝑟
𝜕𝜃

𝜕𝑡
−𝑤0𝑃𝑟

′ 𝜕𝑢

𝜕𝑦
=

𝜕2𝜃

𝜕𝑦2
+ 𝑃𝑟𝑄0𝜃...                 (14) 
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𝜕ℎ

𝜕𝑡
− 𝑤0

′ 𝜕ℎ

𝜕𝑦
=

1

𝑃𝑟𝑚

𝜕2ℎ

𝜕𝑦2
+𝑀

𝜕𝑢

𝜕𝑦
 ...                  (15) 

 

where the non-dimensional quantities used above are: 

𝑢 =
𝑢′

(𝜈𝑎)
1
3

, 𝑡 = 𝑡′ (
𝑎2

𝜈
)

1

3
, 𝑦 = 𝑦 ′ (

𝑎

𝜈2
)

1

3
, ℎ =

ℎ𝑥
′

(𝜈𝑎)
1
3

(
𝜇𝑒

𝜌
)

1

2

𝑤0 =
𝑉0

(𝜈𝑎)
1
3

, 𝑀 =
𝜇𝑒

𝜌

𝐻0

(𝜈𝑎)
1
3

, 𝐺𝑟 =
𝑔𝛽(𝑇′−𝑇∞

′ )

𝑎
, 𝑃𝑟 =

𝜅

𝜇𝑐𝑝

𝑃𝑟𝑚 = 𝜎𝜇𝑒𝜈, 𝑄0 =
𝑠′

𝜌𝑐𝑝(𝑎2/𝜈)
1
3

, 𝛼 = (𝜎𝜇𝑒)
−1

}
  
 

  
 

...             (16) 

The initial and boundary condition in dimensionless form are as follows:  

𝑡 ≤ 0, 𝑢 = 0, 𝜃 = 0, ℎ = 0                               ...(17) 

𝑡 > 0 {
𝑢 = 𝑡, 𝜃 = 𝑡, ℎ = 0 𝑎𝑡𝑦 = 0
𝑢 = 0, 𝜃 = 0. ℎ = 0  𝑎𝑡𝑦 → ∞

}...(18) 

Method of solution 

The dimensionless governing equations (13) to (15) subjected to boundary conditions (17) 
and (18) are solved by using Laplace transform technique and transform to following set of 

equations:  
𝑑2𝑢

𝑑𝑦2
+𝑤0

𝜕𝑢

𝜕𝑦
− 𝑆�̅� + 𝑀

𝑑ℎ̅

𝑑𝑦
= −𝐺𝑟�̅�...                 (19) 

𝑑2�̅�

𝑑𝑦2
+𝑤0𝑃𝑟

𝑑�̅�

𝑑𝑦
+ 𝑃𝑟(𝑄0 − 𝑆)�̅� = 0                      (20) 

1

𝑃𝑟𝑚

𝑑2ℎ̅

𝑑𝑦2
+ 𝑤0

𝜕ℎ̅

𝜕𝑦
− 𝑆ℎ̅ + 𝑀

𝑑𝑢

𝑑𝑦
= 0                                    (21) 

Corresponding boundary conditions: 

�̅�=
1

𝑆2
,�̅�=

1

𝑆2
, ℎ̅ = 0   𝑎𝑡𝑦 = 0

�̅�= 0, �̅�= 0, ℎ̅ = 0    𝑎𝑡𝑦 → ∞
}                                          (22) 

Following Pande et. al.14 we assume magnetic Prandtl number𝑃𝑟𝑚 = 1, i.e. 𝜈 = 𝛼 which is a 

plausible assumption in most of the hydromagnetic problems, the solution of the equations 
(19) to (21) under the boundary condition (22)are given by following expressions. 

 

�̅�=
𝑒

−

(

 
𝑤0𝑃𝑟+√𝑤0

2𝑃𝑟
2−4𝑃𝑟(𝑄0−𝑆)

2

)

 𝑦

𝑆2
..(23) 

�̅� =
1

2

[
 
 
 
 
 
 
 
𝑒−𝐴2𝑦

𝑆2
+

𝐺𝑟

(𝑃𝑟−1)
{
𝑀1𝑒

−𝐴2𝑦

𝑆
+
𝑀2𝑒

−𝐴2𝑦

𝑆2
+
𝑀3𝑒

−𝐴2𝑦

𝑆−𝛼1
+
𝑀4𝑒

−𝐴2𝑦

𝑆−𝛽1
}

+
𝑒−𝐴3𝑦

𝑆2
+

𝐺𝑟

(𝑃𝑟−1)
{
𝑀5𝑒

−𝐴3𝑦

𝑆
+
𝑀6𝑒

−𝐴3𝑦

𝑆2
+
𝑀7𝑒

−𝐴3𝑦

𝑆−𝛼2
+
𝑀8𝑒

−𝐴3𝑦

𝑆−𝛽2
}

−
𝐺𝑟

(𝑃𝑟−1)
{

(𝑀1 +𝑀5)
𝑒−𝐴1𝑦

𝑆
+ (𝑀2 +𝑀6)

𝑒−𝐴1𝑦

𝑆2

+
𝑀3𝑒

−𝐴1𝑦

𝑆−𝛼1
+
𝑀4𝑒

−𝐴1𝑦

𝑆−𝛽1
+
𝑀7𝑒

−𝐴1𝑦

𝑆−𝛼2
+
𝑀8𝑒

−𝐴1𝑦

𝑆−𝛽2

}

]
 
 
 
 
 
 
 

...             (24) 
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ℎ̅ =
1

2

[
 
 
 
 
 
 
 
−𝑒−𝐴2𝑦

𝑆2
−

𝐺𝑟

(𝑃𝑟−1)
{
𝑀1𝑒

−𝐴2𝑦

𝑆
+
𝑀2𝑒

−𝐴2𝑦

𝑆2
+
𝑀3𝑒

−𝐴2𝑦

𝑆−𝛼1
+
𝑀4𝑒

−𝐴2𝑦

𝑆−𝛽1
}

+
𝑒−𝐴3𝑦

𝑆2
+

𝐺𝑟

(𝑃𝑟−1)
{
𝑀5𝑒

−𝐴3𝑦

𝑆
+
𝑀6𝑒

−𝐴3𝑦

𝑆2
+
𝑀7𝑒

−𝐴3𝑦

𝑆−𝛼2
+
𝑀8𝑒

−𝐴3𝑦

𝑆−𝛽2
}

+
𝐺𝑟

(𝑃𝑟−1)
{

(𝑀1 +𝑀5)
𝑒−𝐴1𝑦

𝑆
+ (𝑀2 +𝑀6)

𝑒−𝐴1𝑦

𝑆2

+
𝑀3𝑒

−𝐴1𝑦

𝑆−𝛼1
+
𝑀4𝑒

−𝐴1𝑦

𝑆−𝛽1
−
𝑀7𝑒

−𝐴1𝑦

𝑆−𝛼2
−
𝑀8𝑒

−𝐴1𝑦

𝑆−𝛽2

}

]
 
 
 
 
 
 
 

...             (25) 

 

Taking inverse Laplace transforms of the equations(23)to(25),we obtained the following 

expression for the velocity, temperature and induced magnetic field: 

 

𝑢 =

[
 
 
 
 
 
 
 

−𝑍4(𝜂1𝑒
𝑋1𝑒𝑟𝑓𝑐𝜂1 − 𝜂2𝑒

𝑋2𝑒𝑟𝑓𝑐𝜂2) + 𝑍5(𝑒
𝑋1𝑒𝑟𝑓𝑐𝜂1 + 𝑒

𝑋2𝑒𝑟𝑓𝑐𝜂2)

+𝑍6(𝑒
𝑋3𝑒𝑟𝑓𝑐𝜂3 + 𝑒

𝑋4𝑒𝑟𝑓𝑐𝜂4) + 𝑍7(𝑒
𝑋5𝑒𝑟𝑓𝑐𝜂5 + 𝑒

𝑋6𝑒𝑟𝑓𝑐𝜂6)

−𝑍8(𝜂7𝑒
𝑋7𝑒𝑟𝑓𝑐𝜂7 − 𝜂8𝑒

𝑋8𝑒𝑟𝑓𝑐𝜂8) + 𝑍9(𝑒
𝑋7𝑒𝑟𝑓𝑐𝜂7 + 𝑒

𝑋8𝑒𝑟𝑓𝑐𝜂8)

+𝑍10(𝑒
𝑋9𝑒𝑟𝑓𝑐𝜂9 + 𝑒

𝑋10𝑒𝑟𝑓𝑐𝜂10) + 𝑍11(𝑒
𝑋11𝑒𝑟𝑓𝑐𝜂11 + 𝑒

𝑋12𝑒𝑟𝑓𝑐𝜂12) +

𝑍12(𝜂13𝑒
𝑋13𝑒𝑟𝑓𝑐𝜂13 − 𝜂14𝑒

𝑋14𝑒𝑟𝑓𝑐𝜂14) − 𝑍13(𝑒
𝑋13𝑒𝑟𝑓𝑐𝜂13 + 𝑒

𝑋14𝑒𝑟𝑓𝑐𝜂14)

−𝑍6(𝑒
𝑋15𝑒𝑟𝑓𝑐𝜂15 + 𝑒

𝑋16𝑒𝑟𝑓𝑐𝜂16) − 𝑍7(𝑒
𝑋17𝑒𝑟𝑓𝑐𝜂17 + 𝑒

𝑋18𝑒𝑟𝑓𝑐𝜂18)

−𝑍10(𝑒
𝑋19𝑒𝑟𝑓𝑐𝜂19 + 𝑒

𝑋20𝑒𝑟𝑓𝑐𝜂20) − 𝑍11(𝑒
𝑋21𝑒𝑟𝑓𝑐𝜂21 + 𝑒

𝑋22𝑒𝑟𝑓𝑐𝜂22) ]
 
 
 
 
 
 
 

..    .(26) 

 

𝜃 = 2𝑍3[−𝜂13𝑒
𝑋13𝑒𝑟𝑓𝑐𝜂13 − 𝜂14𝑒

𝑋14𝑒𝑟𝑓𝑐𝜂14]                (27) 

 

ℎ =

[
 
 
 
 
 
 
 

𝑍4(𝜂1𝑒
𝑋1𝑒𝑟𝑓𝑐𝜂1 − 𝜂2𝑒

𝑋2𝑒𝑟𝑓𝑐𝜂2) − 𝑍5(𝑒
𝑋1𝑒𝑟𝑓𝑐𝜂1 + 𝑒

𝑋2𝑒𝑟𝑓𝑐𝜂2)

−𝑍6(𝑒
𝑋3𝑒𝑟𝑓𝑐𝜂3 + 𝑒

𝑋4𝑒𝑟𝑓𝑐𝜂4) − 𝑍7(𝑒
𝑋5𝑒𝑟𝑓𝑐𝜂5 + 𝑒

𝑋6𝑒𝑟𝑓𝑐𝜂6)

−𝑍8(𝜂7𝑒
𝑋7𝑒𝑟𝑓𝑐𝜂7 − 𝜂8𝑒

𝑋8𝑒𝑟𝑓𝑐𝜂8) + 𝑍9(𝑒
𝑋7𝑒𝑟𝑓𝑐𝜂7 + 𝑒

𝑋8𝑒𝑟𝑓𝑐𝜂8)

+𝑍10(𝑒
𝑋9𝑒𝑟𝑓𝑐𝜂9 + 𝑒

𝑋10𝑒𝑟𝑓𝑐𝜂10) + 𝑍11(𝑒
𝑋11𝑒𝑟𝑓𝑐𝜂11 + 𝑒

𝑋12𝑒𝑟𝑓𝑐𝜂12) −

𝑍14(𝜂13𝑒
𝑋13𝑒𝑟𝑓𝑐𝜂13 − 𝜂14𝑒

𝑋14𝑒𝑟𝑓𝑐𝜂14) + 𝑍15(𝑒
𝑋13𝑒𝑟𝑓𝑐𝜂13 + 𝑒

𝑋14𝑒𝑟𝑓𝑐𝜂14)

+𝑍6(𝑒
𝑋15𝑒𝑟𝑓𝑐𝜂15 + 𝑒

𝑋16𝑒𝑟𝑓𝑐𝜂16) + 𝑍7(𝑒
𝑋17𝑒𝑟𝑓𝑐𝜂17 + 𝑒

𝑋18𝑒𝑟𝑓𝑐𝜂18)

−𝑍10(𝑒
𝑋19𝑒𝑟𝑓𝑐𝜂19 + 𝑒

𝑋20𝑒𝑟𝑓𝑐𝜂20) − 𝑍11(𝑒
𝑋21𝑒𝑟𝑓𝑐𝜂21 + 𝑒

𝑋22𝑒𝑟𝑓𝑐𝜂22) ]
 
 
 
 
 
 
 

       (28) 

 

 
Fig.2- Variation of amplitude of velocity with 𝒕 = 𝟎. 𝟐.. 
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Fig.3- Variation of amplitude of velocity at 𝑮𝒓  = 𝟐, 𝑷𝒓 = 𝟎. 𝟕𝟏,𝑴 = 𝟐,𝑸𝟎 = 𝟎. 𝟐. 
 

 
Fig.4- Variation of amplitude of temperature at 𝒕 = 𝟎. 𝟐. 
 

 
Fig.5- Variation of amplitude of temperature. 
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Fig.6- Variation of amplitude of induced magnetic field at 𝒕 = 𝟎. 𝟐. 
 

 
Fig.7- Variation of amplitude of induced magnetic field. 

 

RESULTS AND DISCUSSION: 

In order to have a physical view of the problem, we computed the numerical calculations for 

non-dimensional amplitude of velocity profile, amplitude of temperature profile and 

amplitude of induced magnetic field at the plate for different values of physical parameters 

involved and these value have been demonstrated in graphs. Our investigations are restricted 

to Prandtl number 0.71 which corresponds to air. The values of other parameters namely 

Grashoff number, Hartmann number, suction parameter, heat source parameter and timeare 

chosen arbitrarily. Our results are in good agreement with the result of Ahmed S3 in the 

absence of mass transfer and viscous dissipation. 
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From fig.2 observed that with the increase of Grashoff number (𝐺𝑟)amplitude of velocity 

increases and with increase of Prandtl number(𝑃𝑟), Hartmann number and heat source 

parameter amplitude of velocity decreases. Fig.3. Clearly show that increase in the value of 

suction parameter and time cause rise in amplitude of velocity.From fig.4&5 it is noticed that 

fluid temperature rises due to the increasing value of heat source parameter, time and it 

decreases with the increase of Prandtl number (𝑃𝑟)and suction parameter(𝑤0). From fig. 6 & 

7 it is observed that amplitude of induced magnetic field rises with the increase in suction 

parameter, Grashoff number, time and it fall with the rise in Prandtl number, heat source 

parameter(𝑄). 
 

CONCLUSIONS: 

The main conclusion of this study is: 

(i) An increase in Hartmann number andheat source parameter leads to decelerate the 

flow velocity. 

(ii) It is observedthat with the increase in suction parameter the induced magnetic field 

and the velocity of the fluid increase. 

(iii) Fluid temperature increases with the increase in heat source parameter and decrease 

with Prandtl number. 

(iv) Fluid temperature and its velocity increases with the time. 
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ABSTRACT:  

The science of remote sensing has emerged as one of the most fascinating subjects over the 

past three decades. Earth observation from space through various remote sensing instruments 

has provided a vantage means of monitoring land surface dynamics, natural resources 

management, and the overall state of the environment itself.  

Remote sensing is defined, for our purposes, as the measurement of object properties on the 

earth’s surface using data acquired from aircraft and satellites. Remote sensing systems, 

particularly those deployed on satellites, provide a repetitive and consistent view of the earth 

that is invaluable to monitoring the earth system and the effect of human activities on the 

earth. 

 

KEYWORDS: Fascinating, Monitoring, Deployed, Vantage. 

 

INTRODUCTION: 

A huge quantity of Earth observation and geospatial data is produced daily by numerous 

satellites launched by several worldwide space agencies. The processing of remote sensing 

data requires several steps. The extraction of prominent information from remote sensing 

data requires a coordinated use of many applications and algorithms. Sharing computational 

resources among different scientists represents the sole way to approach the problem in order 

to achieve good performance.  

 

In this paper I describe advantages and disadvantages of remote sensing and their problems 

andhistorical development. The science of remote sensing has emerged as one of the most 

fascinating subjects over the past three decades. Earth observation from space through 

various remote sensing instruments has provided a vantage means of monitoring land surface 

dynamics, natural resources management, and the overall state of the environment itself.  

 

WHAT IS REMOTE SENSING:  

Remote sensing is the science of obtaining information about objects or areas from a 

distance, typically from aircraft or satellites. Remote sensors can be either passive or active. 

Passive sensors respond to external stimuli. They record natural energy that is reflected or 

emitted from the Earth's surface. 

 

Remote means something which is far away and sensing means getting information or 

getting data.It is the process of detecting and monitoring the physical characteristics of an 

area by measuring its reflected and emitted radiation at a distance from the targeted area. 

Special cameras collect remotely sensed imagesof the Earth, which help researchers "sense" 

things about the Earth. It is obtaining information about an area or phenomenon through a 

device that does not touch the area or phenomenon under study. Your eyes are a good 

example of remote sensing instrument. Many devices are onboard satellites that monitor the 

Earth from space. 
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Some Examples Are 

• Cameras on satellites and airplanes take images of large areas on the Earth's surface, 

allowing us to see much more than we can stand on the ground. 

• Sonar systems on ships can be used to create images of the ocean floor without 

needing to travel to the bottom of the ocean. 

• Cameras on satellites can be used to make images of temperature changes in the 

oceans 

 

Some specific uses of remote sensing 

• Large forest fires can be mapped from space, allowing rangers to see a much larger 

area than from the ground. 

• Tracking clouds to help predict the weather or watch erupting volcanos, and help 

watch for dust storms. 

• Tracking the growth of a city and changes in farmland or forests over several years or 

even decades. 

• Mapping the ocean bottom - Discovery and mapping of the rugged topography of the 

ocean floor (e.g., huge mountain ranges, deep canyons, and the “magnetic striping” 

on the ocean floor) 

 

How it work: It has seven steps to work the remote sensing.  

 

Energy source: The first requirement for remote sensing is to have an energy source which 

illuminate or provide electromagnetic energy to the target of interest.  

 

Radiation and atmosphere: As the energy travels from its source to the target, it will come 

in contact with or interact with the atmosphere it passes through; this interaction may take 

place a second as the energy travels from the target to the sensor. 

 

Interaction with target: once the energy makes it way to the target through the atmosphere, 

it interacts with the target depending upon the properties of both the target and radiation. 

 

Recording of energy by the sensor: after the energy has been scattered by, emitted from the 

target, we require a sensor to collect and record the electromagnetic radiation. 

 

Transmission, reception and processing: the energy required by the sensors has to be 

transmitted, often in electronic form, to receive and processing section where the data are 

produced into an image.  

 

Interpretation and analysis: The proceed image is interpreted in two types visually and 

digitally. To exact information about the target which was illuminated.  

Applications: The final element of remote sensing process is achieved when we apply the 

information- we have been able to extract from the imagery about the target in order to better 

understand and reveal some new information. 

 

SENSORS: Remote sensing instruments are of two primary types - active sensors and 

passive sensors: 
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Active sensors: They provide their own source of energy to illuminate the objects they 

observe.  LIDAR, RADAR etc. 

Passive sensors, they detect natural energy (radiation) that is emitted or reflected by the 

object or scene being observed.  ASTER, Quickbard, Ikonos, Landsat etc.  

 

ADVANTAGES AND DISADVANTAGES: 

ADVANTAGES: 

• Large area coverage. 

• Some remote sensors operate in all seasons, at night and in bad weather. 

• Remote sensing allows repetitive coverage which comes in handy when collecting 

data on dynamic themes such as water, agricultural fields and so on. 

• Remote sensors “see” over a broader portion of the spectrum than the human eye. 

• Remotely sensed data can easily be processed and analyzed fast using a computer and 

the data utilized for various purposes. 

 

DISADVANTAGES: 

• Remote sensing is a fairly expensive method of analysis especially when measuring 

or analyzing smaller areas. 

• Remote sensing requires a special kind of training to analyze the images. It is 

therefore expensive in thetechnology since extra training must be accorded to the 

users of the technology. 

• It is expensive to analyze repetitive photographs if there is need to analyze different 

aspects of the photography features. 

• It is humans who select what sensor needs to be used to collect the data, specify the 

resolution of the data and calibration of the sensor, select the platform that will carry 

the sensor and determine when the data will be collected. Because of this, it is easier 

to introduce human error in this kind of analysis. 

 

QUESTION: WHY USE SATELLITES TO STUDY THE EARTH? 

 

ANSWER:           Consistent, routine, global measurements 

• Overview of information on the hemispheric, regional, national and local scales – the 

“big picture” 

• Provide information in areas where there are no grounds – based measurements 

• Advance warning of impending environmental events and disasters. 

• Visual appeal: a picture is worth thousand words.  

 

HISTORICAL DEVELOPMENT:  

The history of remote sensing began with the invention of photograph.  The term photograph 

is derived from two words ‘phos’ means light and ‘graphy’ means writing.  

▪ In year 1038 AD AL Hazen an Arabian Mathematician explain the principle of 

camera obscura to observe solar eclipse. 

▪ After 1666 Newton experimenting with a prism and found that when a white light 

passes through a prism then it splits into seven different colours i.e. (VIBGYOR) 

▪ In 1800 Sir William Herschel measures the temperature of light splits with a prism 

into spectrum of visible colours. He had discovered thermal infrared electromagnetic 

radiation.  
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▪ In 1858 GFT Nadar takes the first aerial photograph from a captative balloon from an 

altitude of 1200 feet in Paris. 

▪ In 1889 Arthur Batut takes the first photo by using a kite in France. 

▪ In 1903 BP Crop uses pigeon to transmit message and take arial photograph. 

▪ In 1957 SPUTNIK 1 launched by Russia (world first artificial satellite launched 4 

October 1957). 

▪ In 1958 EXPLORER 1 launched by USA. 

▪ In 1970 DONG FANG HONG 1 launched by China. 

▪ In 1975 ARYABHATTA, in 1979 BHASKAR 1, in 1980 ROHINI 1 launched by 

India. 

▪ In 1982 INSAR 1A launched by India. 

▪ In 1998 IRS (INDIAN REMOTE SENSING)  

▪ In 2001 GSAT 1  

▪ In 2004 EDUSAT 

▪ In 2005 CHARTOSAT 

▪ In 2008 CHANDRAYAAN  

▪ In 2013 MANGALYAN launched by India (5th Nov. 2013 - 24 sept. 2014) 

▪ And recently in 2019 CHANDRAYAAN 2 launched by ISRO in India that was the 

biggest achievement for India 

▪ The Chandrayaan 2 has achieved 95% of itsmission objectives, the lander’s 

unsuccessful bud to touch-down on the lunar surface notwithstanding. And this all 

thanks to the chandrayaan-2 orbiter. Everything is not lost. The payloads will conduct  

 

CONCLUSION: 

Remote sensing is the gathering of information concerning the earth’s surface that does not 

involve contact with the surface or object under study. The techniques include aerial 

photography, multi-spectral, and infrared imagery, and radar. With the help of remote 

sensing, we can able to get accurate information about the earth’s surface including its 

components like forests, landscapes, water resources, oceans, etc. This information helps the 

researchers to their research activities about the earth’s components concerning its 

sustainable management and conservation and so on. 
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ABSTRACT:   

Cervical cancer is the second most common cancer in women worldwide after breast cancer. 

India contributes to one-fourth of the global burden. Cervical cancer related deaths among 

women in India are often due to late diagnosis of disease. Knowledge about disease and early 

screening is the most effective method of cervical cancer prevention. Lack of awareness, 

negative attitude and poor screening are the major causes to increase the incidence of disease.  

AIM: to assess the knowledge, attitude and practice among the general population towards 

cervical cancer screening and prevention.  

MATERIAL AND METHOD: Hospital based cross sectional study. A total of 200 

consecutive subjects attending the Gynecology OPD in a tertiary care hospital were enrolled 

after informed consent. 

STATISTICAL ANALYSIS: descriptive statistics were used to represent the socio-

demographic characteristics and levels of knowledge, attitude and practice levels.   

RESULTS: most of the subjects enrolled in the study (78%) had heard about cervical cancer 

and majority of them had heard from friends and family (41%) , media (12%). Only 54% 

women knew about symptoms , while only 33% knew the risk factors. 60% of the women 

knew about screening methods. More than half (52%) had a positive attitude towards 

screening but more than two thirds (78%) are not practicing screening methods.  

CONCLUSION: Although women are having good knowledge towards cervical cancer 

screening and prevention, still there are many who need to be educated regarding the same. 

Amongst the ones who have knowledge, there is a gap to transform it into practice. There is a 

need for more educational programs for different strata of society for larger reforms.  

 

INTRODUCTION:  

Cervical cancer is the second most common cancer in the women around the world1. It is 

second only to breast cancer. India contributes to one fourth of the global burden. According 

to National Institute of Cancer Prevention and Research, one woman dies every 8 minutes in 

India because of Cervical Cancer2. Cervical cancer causes 10% of all cancer related deaths in 

India. The stage at diagnosis is the main factor for the outcome and 5-year survival rates. The 

average 5 year survival after diagnosis is 48%. In India, most of the cases are diagnosed at a 

much advanced stage, and hence have a poor survival rate. The main reason for delayed 

diagnosis is lack of awareness amongst women regarding the screening and prevention of 

cervical cancer. Screening for cervical cancer is essential as the women are mostly 

asymptomatic until the disease has far progressed. The screening methods not only make 
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earlier diagnosis of cancer of cervix but also help in catching the premalignant lesions of the 

cervix. The most common symptoms are inter-menstrual bleeding (bleeding in between 

periods), persistent back pain, pelvic pain, foul smelling discharge, bleeding after intercourse, 

urinary urgency, weight loss etc. Cervical cancer is caused by Human Papilloma Virus 

(HPV) infection, particularly HPV 16 and 18. These HPV 16 and 18 cause 75% of the cases 

globally6. Other risk factors include multiple partners, early age of marriage, multiple child 

births and  HIV infection.  

 

Although there have been many advances like Pap smear test and HPV DNA analysis in the 

screening for cervical cancer, there have been multiple hurdles for the same. The major 

problems include lack of awareness and misconceptions regarding female cancers and 

gynecological diseases and socio-economic limitations. According to latest guidelines issued 

by the American College of Obstetricians and Gynecologists, women between age 21-29 

years should have a Pap test done every 3 years, and those between 30-65 years should have 

co-testing ( Pap test and HPV DNA testing) every 5 years3.The prevention and control of 

disease depends upon awareness, knowledge, preventive measures and screening 

procedures4. There is lack of information regarding knowledge, attitude and practice towards 

cervical cancer and its screening and hence this study was conducted.  

 

AIM : to assess the knowledge, the practice and the overall attitude of women regarding 

cervical cancer and screening in women attending the department of Obstetrics and 

Gynecology at a tertiary care hospital and to assess the relationship of these with socio-

demographic characters of the population.  
 

MATERIAL AND METHODS:  

It is a hospital based cross-sectional study conducted over a period of 3 months in the 

outpatient department of Obstetrics and Gynecology in a tertiary care hospital between July 

2019 to September 2019. 200 parous women were recruited in the study who were over 18 

years of age and were willing to participate in the study. All women who participated in the 

study were assessed using a preformed questionnaire about cervical cancer, screening and 

prevention.  
 

The questionnaire comprised of 4 parts: socio-demographic characters, knowledge, practice 

and attitude. The demographic details included age, residence (rural/urban), and socio-

economic stage using modified Kuppuswamy’s scale5. Knowledge regarding the disease was 

identified using a questionnaire which had ten questions and each question was awarded 1 

mark for appropriate knowledge and nil for either misconceptions or no knowledge.  
 

S.No. Knowledge about 1 mark Zero marks 

1.  Awareness of Ca cervix Yes No 

2. Symptoms Any 2 ≤1 

3. Risk factors Any 1 0 

4. Prevention method Any 1 0 

5. Screening methods Yes No 

6. Description about screening methods yes No 

7. Eligibility for screening yes no 

8. Frequency of screening yes No 

9. Vaccination yes No 

10. Treatment available yes No 
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Score of (A) 8 – 10 was considered good knowledge  

               (B) 5 – 7 = moderate knowledge  

               (C) <5    = Poor knowledge  

Attitude was assessed using 8 statements related to cervical cancer, its screening and 

management. The responses were assessed using Likert scale. In Likert scale the responses 

ranged from strongly agree (5), agree (4), neither agree nor disagree (3), disagree (2) and 

strongly disagree (1).  

S. no. Statement 5 4 3 2 1 

1. Cervical cancer is highly prevalent in India      

2. Any adult woman including you can acquire this      

3. Cervical cancer does not spread via contact      

4. Symptoms like intermenstrual bleeding and foul 

discharge pv need consultation by a doctor 

     

5. Screening helps prevent it      

6. Screening is not harmful      

7. Screening is not expensive and is      

8. HPV vaccination can prevent cancer      

 

Maximum score expected is 40 from all statements and minimum is 8. A score of ≥20 is 

considered a positive attitude and <20 as a negative attitude. 

 

Practice was assessed by response towards screening in last 3 years. If patient had undergone 

screening in last 3 years, it was considered as regular practice, more than 3 years since last 

screen were considered irregular and the ones who were never screened as no practice.  

 

STATISTICAL ANALYSIS:  

Epi- info software was used to analyze collected data. Frequencies and proportions were used 

to represent the socio-demographic profile , knowledge, attitude and practice for carcinoma 

of the cervix ad its screening procedures in the study population.  

 

RESULTS: 

Among the 200 women who answered the questionnaire, most were between 35 to 45 years 

of age (66%). The mean age of women was 38.4 years. Majority of the women were multi-

parous, i.e. with more than 1 live birth. The study population comprised of 74% women 

belonging to the rural area. Amongst the subjects 13% women had received no formal 

education, 34% were having matriculate certificate and the rest were graduate. 82% of the 

study population were home-makers, and 26% belonged to upper lower class, 42% into the 

lower middle class and 32% to the upper middle class according the modified kuppuswamy 

scale.  

 

78% had heard about the cervical cancer and majority of them 41% ha heard from friends 

and family members, 12% from media and rest 25% from medical personnel. Regarding 

knowledge about signs and symptoms of the cancer of the cervix, only 54% of the women 

knew about 2 or more symptoms. 40% knew about foul smelling discharge from vagina and 

irregular spotting. Only 33% of the women had an idea about the risk factors contributing to 

cervical cancer. Out of these 200 women 60% of them  knew about screening methods 

mostly Pap smear only. On assessing the attitude towards screening and prevention of the 

same, 52% had a positive attitude towards it, only 22% were practicing the screening 
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procedure. The 22% women who had been previously screened , they were screened once 

only and had no information regarding the protocol for screening.  

 

DISCUSSION:  

The present study explored the knowledge, attitude and practice among women attending the 

obstetrics and gynecology department in a tertiary care hospital in northern India, with a 

resource limited setting. Here the responders were mostly from the lower socio-economic 

strata, and many of them had no formal education.  

 

The study found out that more than two-thirds of the population had heard about cervical 

cancer, which was similar to the studies conducted by Chande HM et al6. and Abdullahi et 

al7. the results of this study are in contrast with other studies conducted in southern India by 

G.Narayana et al8 and in other under-developed countries by Anorlu9, Yifru and Asheber10 in 

which more than one fourth of the population had no information regarding cervical cancer.  

 

This study found out that more than half of the population knew about the signs and 

symptoms of the disease, which are consistent with the findings of Mukama et al11. and with 

G.narayana8 et al. Still there is lack of awareness regarding the risk factors for the same.  

 

More than two thirds of the women showed a positive attitude towards cervical cancer and 

more than half of the about its screening, which is again consistent with findings of 

G.Narayana8 et al. Despite positive attitude among women, there is a huge difference 

between attitude and practice. Less than one fourth of the women had been screened in the 

last 3 years and only 6% had been screened more than once. None of the women knew about 

the screening protocol and the need for repeated screening.  

 

Younger women i.e. between the ages 30-35 years had a positive attitude and good 

knowledge about signs, symptoms and screening methods. Similar findings were in the study 

conducted by Ogunbode and Ayinde12.  

 

STRENGTHSAND LIMITATIONS: 

There is need to conduct such studies at greater levels with larger sample size as these data 

are useful to design educational programs regarding cervical cancer. The najor limitation was 

a smaller sample size and a shorter time frame.  

 

CONCLUSION:  

The study concludes that though women have fairly good knowledge and attitude towards 

cervical cancer and its screening, there is a need to bridge the gap between knowledge and 

practice. There also is a need to educate the masses about preventive HPV vaccination.  
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ABSTRACT:  

Using the pretest probability score calculated from the Wells Clinical Prediction Rule, 

patients are stratified into three risk groups – high, moderate or low. The results from duplex 

ultrasound are incorporated as well. If the patient is in the high or moderate risk and the 

duplex ultrasound study is positive, treat for DVT. If the duplex study is negative and the 

patient is in low risk, DVT has been ruled out. If the patient is in high risk but the ultrasound 

study was negative, the patient still has a significant probability of DVT. However, if the 

patient is in low risk but the ultrasound study is positive, then before treating for DVT it is 

better to go for second confirmatory study such as a Venogram. 

 

KEYWORDS: Deep Vein Thrombosis, Venogram. 

 

Introduction of Deep Vein Thrombosis (DVT): 

DVT usually occurs in a deep leg vein, a larger vein that runs through the muscles of the calf 

and the thigh. 

 

It can cause pain and swelling in the leg and may lead to complications such as pulmonary 

embolism. This is a serious condition that occurs when a piece of blood clot breaks off into 

the bloodstream and blocks one of the blood vessels in the lungs (see below). 

 

DVT and pulmonary embolism together are known as venous thromboembolism (VTE). 

 

 
Deep vein thrombosis (DVT) is a blood clot that develops within a deep vein in the 

body, usually in the leg 

 

We aim to critically review the current state of knowledge on this subject, with a view to 

updating clinicians on the prophylaxis and treatment of DVT. 
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Symptoms of DVT: 

In some cases, there may be no symptoms of DVT. If symptoms do occur they can include: 

• pain, swelling and tenderness in one of your legs (usually your calf) 

• a heavy ache in the affected area 

• warm skin in the area of the clot 

• red skin, particularly at the back of your leg below the knee 

DVT usually (although not always) affects one leg. The pain may be worse when you bend 

your foot upward towards your knee. 

 

Objectives of DVT treatment:  

The primary objectives for the treatment of deep venous thrombosis (DVT) are to prevent 

pulmonary embolism (PE), reduce morbidity, and prevent or minimize the risk of developing 

the postthrombotic syndrome (PTS).  

If left untreated, about one in 10 people with a DVT will develop a pulmonary embolism. A 

pulmonary embolism is a very serious condition which causes: 

• breathlessness which may come on gradually or suddenly 

• chest pain which may become worse when you breathe in 

• sudden collapse 

 

Both DVT and pulmonary embolism require urgent investigation and treatment. 

Seek immediate medical attention if you have pain, swelling and tenderness in your leg and 

you develop breathlessness and chest pain. 

As well as age, there are also a number of other risk factors, including: 

• having a history of DVT or pulmonary embolism 

• having a family history of blood clots 

• being inactive for long periods such as after an operation or during a long journey 

• blood vessel damage a damaged blood vessel wall can result in the formation of a 

blood clot 

• having certain conditions or treatments that cause your blood to clot more easily than 

normal such as cancer (including chemotherapy and radiotherapy treatment), heart 

and lung disease, thrombophilia and hughes syndrome 

• being pregnant your blood also clots more easily during pregnancy 

• being overweight or obese 

 

Treatment Options: 

• Anticoagulation 

• Thrombolytic Therapy for DVT 

• Surgery for DVT 

• Filters for DVT 

• Compression Stockings 

 

Anticoagulation:  

Treatment for DVT usually involves taking anticoagulant medicines, which reduce the 

blood's ability to clot and stop existing clots getting bigger. 

 

Heparin and warfarin are two types of anticoagulant often used to treat DVT. Heparin is 

usually prescribed first because it works immediately to prevent further clotting. After initial 

treatment, you may also need to take warfarin to prevent another blood clot forming. 
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A number of anticoagulants, known as directly acting oral anticoagulants (DOACs), may also 

be used to treat conditions such as DVT. These medications include rivaroxaban and 

apixaban, and they've been shown to be as effective as heparin and warfarin with less serious 

side effects. 

 
Anticoagulant Treatment for DVT 

 

Thrombolytic Therapy for DVT: 

A mechanical thrombectomy device can remove venous clots, but it is recommended only as 

an option when the following conditions apply: “Iliofemoral DVT, symptoms for less the 

seven days (criterion used in the single randomized trial), good functional status, life 

expectancy of greater than equal to one year, and both resources and expertise are available. 

Thrombolytic Therapy does not prevent 

• Clot propagation 

• Rethrombosis, or 

• Subsequent embolisation 

• Heparin therapy and oral anticoagulant therapy always must follow a course of 

thrombolysis 

 
 

Thrombolytic Therapy for DVT: 

Surgery for DVT:  

Open surgical thrombectomy has a very limited role in the management of acute DVT. The 

limitations to the procedure are obvious, and the results are ambiguous at best. For this 

reason, open surgical thrombectomy for DVT is reserved as a last resort for those patients 

with threatened limb loss secondary to extensive DVT.  
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This patient underwent a thrombectomy. The thrombus has been laid over the 

approximate location in the leg veins where it developed 

 

Filters for DVT: 

An IVC filter is a small metal device that can stop blood clots in your veins from moving. 

It's used for conditions in which there's a chance that a blood clot could enter your lungs, 

such as deep vein thrombosis (DVT). It's placed in your body's main vein, called the 

inferior vena cava (IVC) 

 

 
 

 

 

COMPRESSION STOCKINGS: 

A compression stocking is a device that uses pressure to help prevent and ease symptoms of 

various thrombotic conditions such as deep vein thrombosis (DVT) and Post Thrombotic 

Symdrome (PTS). Compression stockings are specially made, snug-fitting, stretchy stockings 

that gently squeeze the leg. 
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Complications: 

• Acute pulmonary embolism 

• Postthrombotic Syndrom 

• Blood clot in the kidney, called renal vein thrombosis 

• Blood clot in the heart, leading to heart attack 

• Blood clot in the brain, leading to stroke 

• Chronic venous insufficiency  

 

CONCLUSION:  

Using the pretest probability score calculated from the Wells Clinical Prediction Rule, 

patients are stratified into three risk groups – high, moderate or low. The results from duplex 

ultrasound are incorporated as well. If the patient is in the high or moderate risk and the 

duplex ultrasound study is positive, treat for DVT. If the duplex study is negative and the 

patient is in low risk, DVT has been ruled out. If the patient is in high risk but the ultrasound 

study was negative, the patient still has a significant probability of DVT. However, if the 

patient is in low risk but the ultrasound study is positive, then before treating for DVT it is 

better to go for second confirmatory study such as a Venogram. 

 

An ultrasound scan can be used to detect clots in your veins. A special type of ultrasound 

called a Doppler ultrasound can also be used to find out how fast the blood is flowing 

through a blood vessel. This helps doctors identify when blood flow is slowed or blocked, 

which could be caused by a blood clot. A venogram may be used if the results of a D-dimer 

test and ultrasound scan can't confirm a diagnosis of DVT. During a venogram, a liquid 

called a contrast dye is injected into a vein in your foot. The dye travels upthe leg and can be 

detected by X-ray , which will highlight a gap in the blood vessel where a clot is stopping the 

flow of blood. 
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TREATING DVT 

Treatment for DVT usually involves taking anticoagulant medicines, which reduce the 

blood's ability to clot and stop existing clots getting bigger. 

 

Heparin and warfarin are two types of anticoagulant often used to treat DVT. Heparin is 

usually prescribed first because it works immediately to prevent further clotting. After initial 

treatment, you may also need to take warfarin to prevent another blood clot forming. 

 

A number of anticoagulants, known as directly acting oral anticoagulants (DOACs), may also 

be used to treat conditions such as DVT. These medications include rivaroxaban and 

apixaban, and they've been shown to be as effective as heparin and warfarin with less serious 

side effects. 

 

You'll also be prescribed compression stockings to wear every day, which will improve your 

symptoms and help prevent complications. 

These may include: 

• not smoking 

• eating a healthy, balanced diet 

• taking regular exercise 

• maintaining a healthy weight or losing weight if you're obese 

 

There's no evidence to suggest that taking aspirin reduces your risk of developing DVT. 

See your GP before embarking on long-distance travel if you're at risk of getting a DVT, or if 

you've had a DVT in the past. 

 

When taking a long-distance journey (six hours or more) by plane, train or car, you should 

take steps to avoid getting DVT, such as drinking plenty of water, performing simple leg 

exercises and taking regular, short walking breaks. 
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ABSTRACT: 

In this paper, the biomedical applications of magnetic nanoparticles are summarized. As a 

result of the special physical properties, the magnetic nanoparticles offer some attractive 

possibilities in biomedicine. They have controllable sizes ranging from a few nanometers up 

to tens of nanometers, which places them at dimensions that are smaller than or comparable 

to those of a cell (10–100µm), a virus (20–450nm), a protein (5–50nm) or a gene (2nm wide 

and 10–100nm long). This means that they can ‘get   close’ to a biological entity of interest. 

Firstly, a short introduction of magnetic nanoparticles is presented. Secondly, the 

applications of magnetic nanoparticles in biomedical field are summarized. In medicine, the 

application of magnetic nanoparticles in magnetic separation technique, as therapeutic agent 

in hyperthermia, a targeted drug delivery carrier as well as contrast agents in magnetic 

resonance imaging (MRI) are explained. Lastly, a perspective of the magnetic nanoparticles 

in biomedicine in future is also described. 

 

KEYWORDS: Magnetic nanoparticles, magnetic separation techniques, magnetic 

hyperthermia, targeted drug delivery, MRI contrast agent. 

 

1. INTRODUCTION: 

Magnetic nanoparticles consist of magnetic elements such as iron, cobalt, nickel, manganese, 

gadolinium, and their alloys, oxide compounds, cation complexes along with polymers etc., 

which shows ferromagnetism, paramagnetism or even superparamagnetism. The physical and 

chemical properties of magnetic nanoparticles largely rely on the chemical components, 

crystal structures, sizes and shapes, sometimes the source of magnetic nanoparticles 

synthesized. Besides the four basic effects on general nanomaterials (the quantum size effect, 

the surface effect, the small size effect and the macroscopic quantum tunnelling effect), the 

magnetic nanoparticles also possess some special magnetic properties such as 

superparamagnetism, high coercivity, low Curie temperature and high magnetic 

susceptibility. 

 

The magnetic nanoparticles are widely used in catalysis, mineralogy (such as the selection of 

ores), informatics (such as data storage), environmental science (such as pollutants 

concentration), as well as biomedicine due to their attractive properties in physics and 

chemistry. With the rapid development of nanotechnology, magnetic nanoparticles are 

particularly attractive for biology and medicine fields. The small size is able to benefit the 

interaction between magnetic nanoparticles and bioentities and enhances the ability of 

biomolecules to cover the nanoparticle surface. The magnetic nanoparticles abide by 

magnetic Coulomb’s law and are easily controlled by an external magnetic field. This long-

distance interaction combined with the penetrativity of the magnetic field is helpful for 

developing applications in transportation and immobilization of magnetic nanoparticles-

labelledbioentities in human tissues (such as delivering antitumor drugs or shuttling the 

isotope atoms to some targeted areas).The magnetic nanoparticles are able to respond the 

cyclic variation of the external magnetic field, obtain the energy from the excitation field and 
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https://www.worldscientific.com/keyword/Targeted+Drug+Delivery
https://www.worldscientific.com/keyword/MRI
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transport the heat to the targeted area, for instance different tumors. As a matter of fact, 

magnetic nanoparticles are able to be used as a heat enhancement agent for chemotherapy 

and radiotherapy, because the heated tissues can destroy effectively the malignant cancer 

cells. 

 

Due to the good magnetic guidance, biocompatibility, biodegradability, and functional 

groups, the magnetic nanoparticles can easily be conjugated with many functional molecules 

or units, such as enzyme, antibody, cell, DNA and RNA. Moreover, the surface of magnetic 

nanoparticles is easily modifiable based on different needs. The usually used modification 

agents are poly (ethylene glycol) (PEG), glucosan, polyvinyl pyrrolidone (PVP), aliphatic 

acid, polyvinyl alcohol (PVA), peptides, gelatin, chitosan, methylsilanes and lipids, such as 

liposomes, etc. These modification agents improve the biocompatibility of magnetic 

nanoparticles, decrease aggregation, prevent protein absorption, prolong their time in blood 

circulation system, reduce their toxicity, and enhance their targeting. As a result, the 

magnetic nanoparticles are widely used in biology and medicine.  

 

 
 

2. APPLICATIONS OF MAGNETIC NANOPARTICLES IN BIOMEDICAL FIELD 

2.1. MAGNETIC BIOSEPARATIONTECHNIQUE: 

Magnetic bioseparation technique is a separation technique, in which bioentities attached to 

the surface of nanomaterials with magnetic susceptibility are extracted from their bio-

environment using an external magnetic force. At present, the usually used magnetic 

nanomaterials for bioseparation purpose are the superparamagnetic nanoparticles, because 

they are easily magnetized under an external magnetic field. After the removal of external 

magnetic field, the bioentities captured by the superpapramagnetic nanoparticles are 

immediately diffused into the solutions once again. There are two steps related to the 

magnetic bioseparation technique: (i) The bioentities are conjugated and labeled with the 

(superpara-) magnetic nanomaterials; (ii) The labeled bioentities are separated from the 

solutions in a magnetic separator. The magnetic bioseparation technique has been widely 

used in the separation and purification of bioentities of different types, for example cells, 

bacteria, proteins and nucleic acids. 
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2.2.  MAGNETIC HYPERTHERMIA 

Magnetic hyperthermia is a method of cancer treatment based on magnetic nanoparticles 

producing heat under an alternating magnetic field. Under an alternating magnetic field of 

appropriate amplitude and frequency, the magnetic nanoparticles which are put inside or 

around a tumor area will raise the tumor temperature. If the temperature is over 45◦, it could 

kill the tumor cells by necrosis. Or if the temperature is reached around 42◦, it could improve 

the efficiency of chemotherapy. The concept of magnetic hyperthermia using small particles 

was proposed in 1957 by Gilchrist and others, but most of the studies were inexact 

thermometry and poor AC magnetic field parameters in animal models. In 1993 Jordan and 

his colleagues found that iron oxide nanoparticles exhibit an extraordinary specific 

absorption rate (SAR [W/g]). This was the renaissance of a cancer treatment method using 

hyperthermia techniques and made a big step since then. The size and the component of 

nanoparticles have a great influence on their hyperthermia properties. The usually used 

magnetic nanoparticles for hyperthermia are composed of iron oxide nanoparticles, though 

some metallic nanoparticles of cobalt, iron or FeCo compared to iron oxide increase their 

magnetization and the maximum SAR values. Hardly were these metallic nanoparticels used 

because of their toxicity concerned. 

 

2.3.  TARGETED DRUG DELIVERY: 

The idea of using magnetic particles as a carrier tool for drug delivery was conceived in the 

late 1970s by Widder, Senyei and their colleagues. The basic premise of this idea is that 

therapeutic agents such as targeted chemotherapy or therapeutic nucleic acid molecules are 

attached to, or encapsulated within a magnetic particle core. And this magnetic particle core 

with a layer of polymer or metal coating enables to be functionalized easily. After being 

functionalized, the magnetic particle-therapeutic agent conjugate is injected or administrated 

orally into the blood-stream system. Under the guidance of a strongly external magnetic 

field, the magnetic particle-therapeutic agent composites are guided to the area of the 

targeted sites and the drugs are delivered. 

 

2.4.  MRI CONTRAST ENHANCEMENTS: 

Magnetic resonance imaging (MRI) is a non-invasive way greatly depending on the 

relaxation properties of proton nuclei in water and lipids showing images of the inside of an 

object. MRI is widely used in imaging to show pathological or other physiological changes 

of living tissues in the body. In comparison with CT, MRI has some advantages: (i) to 

employ nonionizing radio frequency (RF) signals to obtain its images and is best matched to 

noncalcified tis-sues in the body, (ii) to be able to detect various features in tissues via 

varying scanning parameters, (iii) to create cross-sectional images in any images besides 

oblique planes, (iv) to be superior to detect and identify tumors, (v) to be best suited for 

multiple times examination successively within a short period of time, (vi) to provide 

multiple contrastmechanisms for example: T1 weighted, T2 weighted, and T2* weighted MR 

images. 

 

In MRI, T1 relaxation also called spin-lattice or longitudinal relaxation that is a time constant 

of nuclear spins returning to equilibrium. When nuclei are from the high-energy state to the 

low energy what is related to loss of energy to the surrounding nuclei. T1 relaxation is 

characterized by the longitudinal return of the net magnetization to its ground state of 

maximum length along with a direction of the main magnetic field. T1 is usually around 1s 

for tissue. T2 relaxation also named spin-spin or trans-verse relaxation that is a time constant 
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of signal decay. T2 relaxation happens during spins in the high and low energy state 

exchanging energy but not releasing energy to the surrounding lattice. The magnetic 

moments interact with each other making a decrease in the transverse magnetization or decay 

after nuclei release their excess energy. T2 is usually less than 100 ms for general tissue. T2* 

is a time that occurs for the transverse magnetization to decay to 37% of its original 

magnitude. It is produced under an inhomogeneous magnetic field and happens in all 

magnets. It is characterized by inhomogeneous B0 and loss of transverse magnetization at a 

rate greater than T2. 

 

3. FUTURE PERSPECTIVES: 

We have summarized applications of magnetic nanoparticles relied on their magnetic 

properties in biology and medicine of five aspects: magnetic separation, magnetic 

hyperthermia treatment, targeted drug delivery, MRI enhancement media and magnetofection 

technique. 

 

(1)In magnetic separation field, these magnetic nanoparticles are being widely used in cells, 

bacteria, protein, and nucleic acids etc. based on their interactions with the above-mentioned 

biomoieties integrated with rapidly developingbiosensor techniques. This technique has 

entered many laboratories for bioanalytics, cell biology, molecular biology, biomedical 

analysis, and bioassay. There are some related commercial parts or devices for sale, for 

example magnetic separation beads, and magnetic-based micro total analysis system (µTAS), 

etc. In future, the magnetic separation technique should enable to integrate with the 

intelligent technology to carry out separation, purification, detection and analysis all in one 

line and the separation devices should also be minimized. 

 

 (2)As for magnetic hyperthermia treatment area, although there have been over 17 years 

after Jordan and their colleagues made a break-through for hyperthermia treatment of tumors 

based on magnetic nanoparticles, magnetic hyperthermia treatment for tumors in humans is 

only within a Germany hospital in Berlin, despite having been proven to be effective in 

different animal models from many laboratories and medical schools around the world. As a 

result, the magnetic hyperthermia treatment techniques will enter more and more hospitals to 

benefit for the patients in the near future after the face front problems such as the treatment 

temperature control and the magnetic nanomaterials with high SAR developed, etc., being 

overcome. 

 

(3)About targeted drug delivery field based on magnetic nanoparticles, in such systems after 

the targeted molecules for crossing the cell membrane or traveling mechanosensitive ion 

channels in the membrane such as peptides, antibodies, and nucleic acids being attached on 

the surface of magnetic nanoparticles to form a multifunctional nanocomposite, the 

nanocomposite is able to shuttle the therapeutic drugs into the tumor nidi, release the drugs 

and make a therapy. It is a future and final tendency that the delivery drugs targeted, the 

release of the drugs controllable and the therapy at the tumor nidi are concentrated on a 

multifunctional nanocomposite or nanodevice based on magnetic nanoparticles. 

 

(4) Although there are a lot of exciting and interesting applications of magnetic nanoparticles 

in biology and medicine, considerable problems remainto be resolved before they benefit 

more for the health of human beings, for instance (i) the precisely control of the size of 

magnetic nanoparticles; (ii) the solubility in aqueous solutions that is a bottleneck for their 
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applications both in vitro and in vivo; (iii) the biocompatibility, which is a barrier of the 

magnetic nanoparticles to be used in biomedicine in vivo; (iv) the stability, which is a key 

factor whether the magnetic nanoparticles enable to produce their functions; (v) the toxicity 

that is a gate whether the magnetic nanoparticles enable to be used in clinic later. As a result, 

the magnetic nanoparticles would attract much more interest and could lead to new 

opportunities in both biology and medicine after the above-mentioned challenges are 

resolved finally. 

 

(5) To magnofection technique, it was introduced about two decades, compared with other 

transfection techniques based on cell biology, this technique provides a simple way to make a 

lot of cells at once with very high transfection rate. Up to now, magnetofection technique has 

been applied to all types of natural and artificial nucleic acids, nonviral transfection, viruses 

and been tested on many cell lines including different stem cells and primary cells. 

Improving the transfection rate is still the goal of magnetofection based on magnetic 

nanoparticles in the near future. 
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ABSTRACT: 

Fiber optics is the major building block in the telecommunication infrastructure. Fiber optic 

systems are important telecommunication infrastructure for world-wide broadband networks. 

Wide bandwidth signal transmission with low delay is a key requirement in present day 

applications. Optical fibers provide enormous and unsurpassed transmission bandwidth with 

negligible latency, and are now the transmission medium of choice for long distance and high 

data rate transmission in telecommunication networks. This paper gives an overview of fiber 

optic communication systems including their key technologies, and also discuss their 

technological trend towards the next generation. 

 

INTRODUCTION : 

The major driving force behind the widespread use of fiber optics communication is the high 

and rapidly increasing consumer and commercial demand for more telecommunication 

capacity (larger than both wireless connections and copper cable). Advances in technology 

have enabled more data to be conveyed through a single optical fiber over long distances. 

The transmission capacity in optical communication networks are significantly improved 

using wavelength division multiplexing. 

 

A desirable feature for future optical networks is the ability to process information entirely in 

the optical domain for the purpose of amplification, multiplexing, de-multiplexing, 

switching, filtering and correlation, since optical signal processing is more efficient than 

electrical signal processing. Several new classes of optical communication networks are 

presently emerging. For example, Code Division Multiple Access networks using optical 

signal processing techniques have recently being introduced. 

 

Despite the associated benefits of utilizing optical fiber for communication (such as its high 

reliability over long distances, low attenuation, low interference, high security, very high 

information capacity, longer life span and ease of maintenance), research is still on going to 

further improve on the present fiber optics communication system, and also to solve some of 

the challenges facing it. Future optical communication systems are envisioned to be more 

robust than the present system. 

 

Basic Principles of Fiber Optic Communication: 

Fiber optic communication is a communication technology that uses light pulses to transfer 

information from one point to another through an optical fiber. The information transmitted 

is essentially digital information generated by telephone systems, cable television companies 

and computer systems. An optical fiber is a dielectric cylindrical waveguide made from low-

loss materials, usually silicon dioxide. The core of the waveguide has a refractive index a 

little higher than that of the outer medium (cladding), so that light pulses is guided along the 

axis of the fiber by total internal reflection. Fiber optic communication systems consists of an 

optical transmitter to convert an electrical signal to an optical signal for transmission through 

the optical fiber, a cable containing several bundles of optical fibers, optical amplifiers to 

boost the power of the optical signal, and an optical receiver to reconvert the received optical 
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signal back to the original transmitted electrical signal. 

 

Optical fibers fall into two major categories, namely : step index optical fiber, which include 

single mode optical fiber and multimode optical fiber, and graded index optical fiber. Single 

mode step index optical fiber. Single mode step index optical fiber has a core diameter less 

than 10 micrometers and only allows one light path. Multimode step index optical fiber has a 

core diameter greater than or equal to 50 micrometers and allows several light paths, this 

leads to modal dispersion. 

 

Evolution of Fiber Optics Communication: 

Optical fiber was first developed in 1970 by Corning Glass Work. At the same time, GaAs 

semiconductor lasers were also developed for transmitting light through the fiber optic 

cables. The first generation fiber optic system was developed in 1975, it used GaAs 

semiconductor lasers, operated at a wavelength of 0.8 m, and bit rate of 45 Megabits/second 

with 10Km repeater spacing. 

 

In the early 1980’s, the second generation of fiber optic communication was developed, it 

used InGaAsP semiconductor lasers and operated at a wavelength of 1.3 m. By 1987, these 

fiber optic systems were operating at bit rates of up to 1.7 Gigabits/second on single mode 

fiber with 50 Km repeater spacing. The third generation of fiber optic communication 

operating at a wavelength of 1.55 m was developed in 1990. These systems were operating 

at a bit rate of up to 2.5 Gigabits/second on a single longitudinal mode fiber with 100Km 

repeater spacing. 

 

The fourth generation of fiber optic systems made use of optical amplifiers as a replacement 

for repeaters, and utilized wavelength division multiplexing (WDM) to increase data rates. 

By 1996, transmission of over 11,300Km at a data rate of 5 Gigabits/second had been 

demonstrated using submarine cables.. 

 

Future Trends in Fiber Optics Communication: 

Fiber optics communication is definitely the future of data communication. The evolution of 

fiber optic communication has been driven by advancement in technology and increased 

demand for fiber optic communication. It is expected to continue into the future, with the 

development of new and more advanced communication technology. Below are some of the 

envisioned future trends in fiber optic communication. 

 

A. All Optical Communication Networks : 

An all fiber optic communication is envisioned which will be completely in the optical 

domain, giving rise to an all optical communication network. In such networks, all signals 

will be processed in the optical domain, without any form of electrical manipulation. 

Presently, processing and switching of signals take place in the electrical domain, optical 

signals must first be converted to electrical signal before they can be processed, and routed to 

their destination. After the processing and routing, the signals are then re-converted to optical 

signals, which are transmitted over long distances to their destination. This optical to 

electrical conversion, and vice versa, results in added latency on the network and thus is a 

limitation to achieving very high data rates. 
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Another benefit of all optical networks is that there will not be any need to replace the 

electronics when data rate increases, since all signal processing and routing occurs in the 

optical domain. However, before this can become a reality, difficulties in optical routing, and 

wavelength switching has to be solved. Research is currently on going to find and effective 

solution to these difficulties. 

 

B. Multi-Terabit Optical Network : 

Dense wave Division Multiplexing (DWDM) paves the way for multi-terabit transmission. 

The world-wide need for increased bandwidth availability has led to the interest in 

developing multi-terabit optical networks. Presently, four terabit networks using 40Gb/s data 

rare combined with 100 DWDM channels exists. Researchers are looking at achieving even 

higher bandwidth with 100Gb/s. With the continuous reduction in the cost of fiber optic 

components, the availability of much greater bandwidth in the future is possible. 

 

C.  Intelligent Optical Transmission Network: 

Presently, traditional optical networks are not able to adapt to the rapid growth of online data 

services due to the unpredictability of dynamic allocation of bandwidth, traditional optical 

networks rely mainly on manual configuration of network connectivity, which is time-

consuming, and unable to fully adapt to the demands of the modern network. Intelligent 

optical network is a future trend in optical network development, and will have the following 

applications: traffic engineering, dynamic resource route allocation, special control protocols 

for network management, scalable signaling capabilities, bandwidth on demand, wavelength 

rental, wavelength wholesale, differentiated services for a variety of Quality of Service 

levels, and so on. It will take some time before the intelligent optical network can be applied 

to all levels of the network,  It will first be applied in long-haul networks, and gradually be 

applied to the network edge.  

 

D. Ultra – Long Haul Optical Transmission: 

In the area of ultra-long haul optical transmission, the limitations imposed due to 

imperfection in the transmission medium are subject for research . Cancellation of dispersion 

effect has prompted researchers to study the potential benefits of soliton propagation. More 

understanding of the interactions between the electromagnetic light wave and the 

transmission medium is necessary to proceed towards an infrastructure with the most 

favorable conditions for a light pulse to propagate. 

 

E. Improvements in Laser Technology: 

Another future trend will be the extension of present semiconductor lasers to a wider variety 

of lasing wavelengths. Shorter wavelength lasers with very high output powers are of interest 

in some high density optical applications. Presently, laser sources which are spectrally 

shaped through chirp managing to compensate for chromatic dispersion are available. Chirp 

managing means that he laser is controlled such that it undergoes a sudden change in its 

wavelength when firing a pulse, such that the chromatic experienced by the pulse is reduced. 

There is need to develop instruments to be used to characterize such lasers. 

 

F. Laser Neural Network Nodes: 

The laser neural network is an effective option for the realization of optical network nodes. A 

dedicated hardware configuration working in the optical domain and the use of ultra-fast 

photonic sections is expected to further improve the capacity and speed of 
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telecommunication networks become more complex in the future, the use of optical laser 

neural nodes can be an effective solution. 

 

G. Polymer Optic Fibers: 

Polymer optic fibers offer many benefits when compared to other data communication 

solutions such as copper cables, wireless communication system and glass fiber. In 

comparison with glass optical fibers, polymer optical fibers provide an easy and less 

expensive processing of optical signals, and are more flexible for plug interconnections. The 

use of polymer optical fibers as the transmission media for aircrafts is presently under 

research by different Research and Development groups due to its benefits. Also, in the 

future, polymer optical fiber will likely displace copper cables for the last mile connection 

from the telecommunication company’s last distribution box and the served end consumer… 

 

H. High – Altitude Platforms: 

Presently, optical satellite links and orbit-to-ground links exists, the latter suffering from 

unfavorable weather conditions. Current research explores optical communication to and 

from high altitude platforms. High altitude platforms are airships situated above the clouds at 

heights of 16 to 25 Km, where the unfavorable atmospheric impact on a laser beam is less 

severe than directly above the ground. As shown in figure 3, optical links between high-

altitude platforms, if a high-altitude platform functions as a data relay station. 

 

I. Improvements in Optical Transmitter/Receiver Technology: 

In fiber optics communication, it is important to achieve high quality transmission even for 

optical signals with distorted waveform and low signal to noise ratio during transmission. 

Research is on-going to develop optical transceivers adopting new and advanced modulation 

technology, with excellent chromatic dispersion and Optical Signal to Noise Ratio (OSNR) 

tolerance, which will be suitable for ultra-long haul communication systems. Also, better 

error correction codes, which are more efficient than the present BCH concatenated codes are 

envisioned to be available in the nearest future. 

 

J. Improvement in Optical Amplification Technology: 

Erbium Doped Amplifier (EDFA) is one of the critical technologies used in optical fiber 

communication system, In the future, better technologies to enhance EDFA performance will 

be developed. In order to increase the gain bandwidth of EDFA, better gain equalization 

technology for high accuracy optical amplification will be developed. Also, in order to 

achieve a higher output power, and a lower noise figure, high power pumping lasers that 

possess excellent optical amplification characteristics with outputs of more than +20dBm, 

and very low noise figure are envisioned to exist in the nearest future. 

 

K. Advancement in Network Configuration of Optical Submarine Systems: 

In order to improve the flexibility of network configuration in optical submarine 

communication systems, it is expected that the development of a technology for configuring 

the mesh network will be a step in the right direction. Presently, most large scale optical 

submarine systems adopt the ring configuration. By adopting the optical add/drop 

multiplexing technology that branches signals in the wavelength domain, it is possible to 

realize mesh network configuration that directly inter-connects the stations. Research is 

ongoing, and in the future such network configuration will be common. 
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L. Glass Fiber Design and Component Miniaturization: 

Presently, various impurities are added or remove from the glass fiber to change its light 

transmitting characteristic. The result is that the speed with light passes along a glass fiber 

can be controlled, thus allowing for the production of customized glass fibers to meet the 

specific traffic engineering requirement of a given route. This trend is anticipated to continue 

in the future, in order to produce more reliable and effective glass fibers. Also, the 

miniaturization of optical fiber communication components is another trend that is most 

likely to continue in the future. 

 

CONCLUSION: 

The fiber optics communications industry is an ever evolving one the growth experienced by 

the industry has been enormous this past decade. There is still much to be done to support the 

need for faster data rates, advanced switching techniques and more intelligent network 

architectures that can automatically change dynamically in response to traffic patterns and at 

the same time be cost efficient. The trend is expected to continue in the future as 

breakthroughs already attained in the laboratory will be extended to practical deployment 

thereby leading to a new generation in fiber optics communications. The future is bright. Just 

remember, the information superhighway is paved with glass.   
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ABSTRACT: 

Greater emphasis on clean and green transport technologies are because of climate and 

environment issues and are being well addressed by the adoption of zero emission Electric 

Vehicles (EVs).EVs being battery driven ensures energy security by replacing fossil fuel 

resources having an alarming status. Lithium Ion Batteries (LIBs)are the most preferred 

contenders that offer high energy density, high power density. However, issues like 

underperformance, fire contagiousness, high cost and slow charging speed of batteries have 

motivated researchers to further improve these batteries by using nanostructured materials to 

overcome these hurdles in its applications. Another important performance parameter is the 

battery SOC (State Of Charge)and its proper estimation by guiding mathematical principles 

enhances battery life. This review papercompares the various materials used for the 

fabrication of key components of LIBs and highlights the potential contribution of 

Nanotechnology to improve different structural and performance parameters of LIBs to make 

them more efficient and cost effective and finally focus on proper and accurate estimation of 

SOC of batteries to enhance their life cycle.Opportunities, challenges and latest researchin 

battery materials/ technology will alsobe discussed in this paper. 

 

Keywords: Electric Vehicles, Lithium ion batteries, nanotechnology, SOC 

 

1.   INTRODUCTION: 

Global transport emissions are still on an increasing trend despite progress in electrification 

of vehicles and their introduction. People still prefer to go for more efficient diesel vehicles 

which outweigh the impact of higher shares of electric vehicle sale globally. The initiative to 

move away from using fossil fuels as the energy source for transport use is necessary to 

ensure energy security, environmental conservation and revenue protection. The difficulties 

in controlling the GHG emissions and the over-dependence of fossil fuels play major roles in 

shaping the future of transportation. Multiple alternate energy sources are available that can 

power modern EVs but currently Lithium ion battery (LIB) is the preferred choice as it 

displays a reasonablyhigh voltage, high power density and high energy density. A major 

limitation of LIB is that it should be used within suitable voltage and temperature ranges as 

any violation in terms of operating voltage leads to safety and performance issues. Other 

challenges in LIB system are higher costs, durability and recharging issues of batteries that 

promote advancements in technology to ensure more efficiency. Moreover, according to 

USABC (United States Advanced Battery Consortium) present LIBs do not meet the 

standards of EVs. So to overcome the energy challenges, investments are being made on 

nanotechnology research for new and advanced batteries [1][2][3][4]. Further, LIBs require 

careful monitoring to avoid deterioration of battery as well as situations leading to 

explosions. SOC of a battery which determines the available capacity of battery is an 

important parameter that reflects its performance and extends battery life. So accurate SOC 

estimation of LIB is essential for a successful application in EVs [5]. LIB is a main 

component integrated in the battery management system (BMS) of an electric vehicle. To 
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prevent the dangerous situations during overcharging and to improve battery performance 

considerably BMS of EVs perform the vital operation of SOC estimation. BMS uses battery 

models and algorithms to determine the state of charge of battery [6].   

This paper highlights keytechnological developments in LIB components to improve its 

performance for transport applications. This paper also discuss various mathematical 

techniques adopted for accurate SOC estimation of LIBs for EV applications and their recent 

trends. 

 

2.   LIB: A potential energy source for Electric vehicles: 

Electric vehicles powered by electricity are advantageous over conventional vehicles for 

having lower operating costs and no tailpipe emissions.Electric vehicles are expected to 

increase to 22% of global share by 2030 [7]. There is a wide variety of electric energy 

sources that can power EVs like batteries, fuel cells, ultra capacitors and ultra-high speed 

flywheels etc. Among these energy sources, batteries in particular have been developed to 

power a diverse range of applications in transportation. In this paper we shall focus on 

Lithium ion batteries as the potential energy sources preferred by automation industry. The 

success of an Electric vehicle is governed by the efficiency of its energy storage device. John 

Goodenough [8] created the first lithium-ion batteries in 1980. Commercial lithium-ion 

batteries such as lithium cobalt oxide (LCO), lithium iron phosphate (LFP), lithium 

manganese oxide (LMO), lithium nickel manganese cobalt oxide (NMC), lithium nickel 

cobalt aluminium oxide (NCA), and lithium titanate oxide (LTO) have been widely accepted 

by electric vehicles in recent years [9]. LIBs have a fabulous combination of high energy and 

power density that makes it the technology of choice for EVs[10] [11] [12] [13] [14]. Still 

higher energy storage for delivering higher power for longer span, getting rid of thermal 

runaway problem [15], higher rate capabilities are some of the expectations for which a lot of 

research work is going on. New fabrication materials and techniques are being adopted to 

achieve the success in overcoming the barriers for widespread use of LIBs.  

 

2.1   Battery electrodes: 

The electrodes of LIB, both anode and cathode are made of materials that have the ability to 

be easily intercalated with lithium ions. The electrodes should also have high electrical 

conductivity so that the LIB can have high charging rates. Moreover the electrode material 

should remain consistent over a significant number of charge-discharge cycles that will 

ensure higher battery life and hence low costs. Also higher cell voltage is desired for 

achieving high energy density. Thus there has always been an effort to keep innovating and 

improving the existing electrode materials’ chemistries to achieve higher operating voltages, 

high stability, long life and resistant to chemicals [16][17].Lithium cobalt oxide LiCoO2 

(~140mAhg-1),Lithium transition metal oxides LiMn2O4(~110mAhg-1), and Lithium Nickel 

Manganese Cobalt Oxide (NMC) LiNiMnCoO2 (~154mAhg-1)proved to be good options for 

battery cathode [18][19][20][13] but Lithium iron phosphate(LiFePO4) (~170mAhg-1) 

cathodes with higher specific capacity  [21] are more commonly used as they are chemically 

stable, inherently safe and thermally stable in the operating temperature range of EVs. 

 

Anode of LIB is mostly made up of graphite which is an abundant and low cost material. It 

has specific capacity of 370 mAhg-1. At high charging/discharging current rate Li dendrites 

are formed which move through the separator and causes internal short circuit and thermal 

runaway(fire) in the battery. LIBs with graphite anodes are good at low temperatures only 

whereas the required temperature range for EV application is -30oC to 60oC [21]. Hunt for 
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suitable anodic material led researchers to use Silicon electrodes, Lithium metal alloys 

(LiXSn) [22], (LiXGa) [23], Transition Metal Oxides (TMO) [24], conversion electrodes [25]. 

Silicon anode has a theoretical specific capacity (~4200mAhg-1) but has the drawback of 

large volume expansion of anode during Li insertion. One of the TMO namely TiO2 anode 

having specific capacity ~180mAhg-1has the potential to suppress the Li dendrites and hence 

improves the safety and durability of LIBs. But it has low ionic diffusivity and low 

conductivity which are its limitations. A promising replacement for graphite is lithium metal, 

which has more than ten times the capacity of graphite (3860mAhg-1), and would allow for 

the development of smaller, longer-lasting batteries. Lithium dendrites with large tortuosity 

often form during lithium plating, and if these dendrites penetrate the membrane separator in 

the middle of the battery, they can create short-circuits, raising concerns about battery safety. 

Due tosafety issues and low coulombic efficiency Lithium metal battery research was 

abandoned in favour of graphite.Li-Sulphur and Li –Air batteries are also seeking much 

attention due to their high energy density (~500Wh/kg) but Li-S battery  suffer by capacity 

fade problem.Each of these materials specified above have some advantages over the other 

but overall efficiency, safety, high cost of battery could not be completely met with. 

 

2.2    Battery electrolyte: 

The electrolyteis an essential part of the battery which enable Li ions conduction between 

two electrodes. LIB electrolytes are usually based on an organic solvent with a lithium salt 

such as ethyl carbonate with LiPF6or LiBF4. But it is a flammable electrolyte so if at any 

given time the voltage exceeds the voltage window the battery runs the risk of catching fire.  

Forsafety, development of a non-flammable electrolyte or a constituent that can develop 

rapidly a solid electrolyte-interface (SEI) layer to prevent plating of Li on a carbon anode is 

required. Gel polymer electrolyte and solid polymer electrolyte are options for building safer 

LIBs. Currently solid state batteries with solid electrolytes are close to commercial reality but 

they suffer from low ionic conductivity at room temperature as compared to organic liquid 

electrolytes.  LIBs suffer thermal runaway issue at temperatures above 1300C [26]. Room 

Temperature Ionic Liquids (RTILs), a new development, can mitigate the flammability and 

volatility of organic electrolytes issue 

 

3.Nanotech improvised LIBs: 

Nanotechnology deals with materials at nano scale (10-9 m) and it can significantly 

improvethe rate capability and cyclic behaviour of electrode materials of LIB. Nanoparticles 

are formed through either by breaking down of larger particles or by controlled assembly 

processes. Nano materials are of special interest for researchers as at such a small size these 

materials possess distinguished properties and characteristics which have the ability for 

application in different fields. Nanomaterial has greater chemical reactivity due to much 

greater surface area to volume ratio as compared to conventional sized materials hence it 

greatly increases their strength. Quantum effects play an important role at nanoscale in 

determining the materials’ properties and characteristics which result in novel magnetic, 

electrical and optical behaviours. Nanotechnology finds applications in many spheres like 

pharmaceutics, advanced materials, energy production and storage [27]. Its recent 

applications in transportation[28][29] include improving the efficiency of energy generation 

from renewable resources and energy storage in batteries by providing alternative materials 

and fabrication methods to produce cost effective batteries. Nanotechnology plays a vital role 

in battery chemistry and thus increasing the energy storage capacities, energy density, safety 

and durability of conventional batteries used in EVs[29] by employing Carbon Nano Tubes 
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(CNTs), fullerenes, quantum dots and nano composites in various components of the battery 

such as electrodes, catalysts[27] and electrolyte [4][30][31]. Nano composites can also be 

used to improve energy storage capacities of batteries. Nanotechnology companies used their 

own proprietary material composition to reduce the risk of the battery catching fire. 

Nanoscale batteries can be combined together to function as a macro battery such as within a 

Nano pore battery. Nano batteries which can charge 60 times faster than conventional 

batteries have been developed using nanotechnology. Batteries that can prevent electrode 

contact prior to activation have been developed which gives limitless shelf life and longer 

active life to them. In all nanotechnology enables more energy at less cost [1]. 

 

3.1     Nanostructured LIB Electrodes: 

Faster intercalation of Li ions can be facilitated by using nanosized materials for electrodes, 

which offer high surface areas and short diffusion paths, and hence faster storage and 

delivery of energy. One prominent example is the cathode material of A123 LIBs that use 

nanosized lithium iron phosphate cathode [15]. Altair nano LIBs that use lithium titanate 

spinel electrodes do not suffer thermal runaway issue below 2500C temperature [26].Several 

other nanomaterials like graphene, carbon coated silicon nanowires [32], CNTs [33], layered 

nanostructured vanadium oxide (V2O5) [34] ,manganese oxide (MnO2), TiO2 Nanotubes[35] 

are used to replace conventional graphite electrodes in batteries to increase the surface area 

that is accessible to battery electrolyte, low volume expansion during Lithium insertion 

which enhances the electricity output [36]. Graphene, a single layer of graphite, allow 

intercalation of Li ions on both sides forming LiC3 thus doubles its capacity. Silicon 

nanowires and silicon porous structure overcomes the drawback of large volume expansion 

of  silicon anodes and successfully help in maintaining structural integrity in addition to 

enhancing cyclic performance.TiO2 based nanostructured electrodes ensure improved 

electrochemical performance when applied to lithium ion batteries. TiO2 NT arrays are one 

group of nanostructures which basically offer high structural stability and safety during 

cycling, as these are crucial requirements in many. Hence nanostructured electrodes when 

used in batteries improve the energy storage that automatically improves battery life 

[37][27]. 

 

3.2   Nanostructured Electrolyte ensures battery safety: 

Electrolytes in LIB conduct lithium ions between two electrodes. Instead of conventional 

liquid electrolytes use of solid electrolytes could ensure high-energy battery chemistries and 

better safety. A major challenge is to reduce interfacial resistance between the solid 

electrolyte and lithium based anodes and to increase lithium ion conductivity. Nano 

structuring of solid electrolytes has proven to improve the lithium ion conductivity. Al2O3, 

SiO2, or ZrO2 nanoparticles added to solid polymer gel could significantly enhance the 

conductivity and storage capacity of the electrolyte[39]. 

 

In case of the LIBs with lithium metal as anodes, lithium dendrite are formed across the 

electrolyte that leads to short circuits and overheating. Separators with nano porous structures 

can prevent the spreading of dendrites by acting as a mechanical barrier without hindering 

the ion-transport during charging and discharging cycles. Recently, a nano porous polymer-

ceramic composite separator has been reported. This laminated nano porous gamma alumina 

sheet (pore size of 100 nm) sandwiched between macro porous polymer membranes could 

prevent the spreading of dendrites and hence cell failure that is caused by short circuits [15]. 
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3.3   Nano sensors: 

In each cell of the battery nano sensors are integrated which help to monitor the State Of 

Charge (SOC) in real time which will be helpful not only for security reason but also be  

useful to maximize the use of battery [38]. Accurate SOCestimation is one of the most 

important functions in a battery management system for battery packs used in electrical 

vehicles. 

 

4.    Estimation of State Of Charge of LIBs: 

 Electric vehicles are always equipped with a battery management system (BMS) to regulate 

and monitor LIB pack. The BMS has built in battery management hardware and software 

including algorithms which predict various states, available capacity and power of battery to 

ensure high efficiency and safety [40]. To estimate SOC, battery model techniques and 

accurate battery SOC estimation algorithms are currently of extreme importance due to their 

applications in electrified transportation and energy storage systems [41]. A battery model is 

required to establish the relationship between internal and external behaviours of battery by 

mathematical modelling. In any battery model the first step is to accurately identify the 

parameters of the model for battery state estimation. . A lithium-ion battery model can be 

classified as an electrochemical model, physical model, equivalent circuit model (ECMs), 

thermal model, coupled electro-thermal model, and so on. Among them, ECMs are the most 

commonly used in lithium-ion batteries SOC estimation for EV applications due to their 

simple model structure. Various ECMs used are the Rint model, Thevenin model, Partnership 

for a New Generation Vehicle (PNGV) model, nRC model, and FOM (Fractional Order 

Model). As hundreds of single cells are connected in parallel and series to compose a battery 

pack and provide energy that can meet the requirements of an application like a smart grid or 

EV, a whole battery pack model is required [42]. 

 

The existing SOC estimation methodologies can be categorized into five groups, which are 

the direct method, model based method, the adaptive filter algorithm, the learning algorithm 

and the hybrid algorithm.  

 

4.1     Direct methods : 

These are conventional methods which utilize battery characteristics such as voltage, current 

and temperature and solve some equations to estimate SOC. 

 

(1)    Coulomb Counting (CC) method also called Ampere –hour counting method is used to 

integrate the discharging or charging current to calculate the remaining charge in the 

battery[43] given by equation 

SOC(k) = SOC(0) − T/Cn ∫0
k[η ⋅I(t)−Sd ] dt 

Where SOC(0) is the initial battery SOC, I(t) is the current at time t, T is the sampling 

period, Cn is the nominal capacity of the battery, η is the coulombic efficiency, and Sd is the 

self-discharging rate. This method however has short term accuracy and needs initial SOC 

value which pose limitations in its widespread use. The average error in estimation of SOC 

by this method is <+ 4%. 

(2)  Open Circuit Voltage (OCV) method is successful in case battery e.m.f and SOC 

relationship is stable which is not always the case.  The relationship is expressed as  

                                               SOC = f (OCV) 

Temperature and cycle life of battery can change this relationship which is no more reliable 

[44]. The average error in estimation of SOC by this method is <+ 5%. 
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(3) Impedance and internal resistance method is used to describe the intrinsic electric 

characteristic under any current excitation, if temperature, SOC, and SOH are 

fixed. Electrochemical impedance spectroscopy (EIS) involve processing of large amount of 

data and internal resistance changes slowly so not fit for SOC estimation. In general, SOC 

estimation based on the impedance and internal resistance method are not suitable for use in 

EVs [45]. 

 

4.2  Model based methods: 

Model-based methods deploy a battery model with advanced algorithms to estimate the states 

of a battery from its measured parameters such as voltage, current, and temperature. 

Electrochemical model and Equivalent circuit model (ECMs) fall under this category which 

use resistances and RCs to simulate the electrical characteristics for lithium-ion batteries. We 

can estimate SOC directly through ECM parameter identification or in association with SOC-

OCV method. These methods have a high order of accuracy and are suitable for online SOC 

estimation[46]. However ECMs cannot simulate actual battery voltage under all current 

values and also have high computational load. The average error in estimation of SOC by 

this method is <+ 5%.  

 

4.3 Adaptive Filter Algorithm: 

Adaptive techniques combine the direct and model-based methods.The flow chart depicts 

that a predetermined SOC is taken as input, a battery model selected then calculate output 

battery voltage and then gain is calculated to update the SOC by comparing measured 

voltage and model voltage. The adaptive filter algorithm improves the accuracy and 

robustness of the battery SOC estimation and reduces the noise influence on the battery 

model. Various adaptive techniques include Kalman filter (KF), a linear state-space model 

that predicts the current state from the earlier state and updates the current state to converge it 

to the real value. The average error in estimation of SOC by this method is <+ 1.76%.  

 

KF is applicable for linear systems only so to take care of non-linear systems Extended 

Kalman filter (EKF) is devised [47]. A linearization process using Taylor series expansion 

approximate the nonlinear system with a linear time varying (LTV) system then applied to 

KF to give EKF. But this method degrades SOC estimation accuracy so Unscented Kalman 

Filter (UKF) is devised to handle highly nonlinear state space model by applying a discrete-

time filtering algorithm[48]. The Particle filter (PF) algorithm is used to estimate the states, 

which approximate the probability density function of a non-linear system by using the 

Monte Carlo simulation technique. The H∞ filter is a simple design model with 

robustness,even in the presence of parameter uncertainties and modelling errors, to restrict 

the effect of exogenous disturbances on output. However, hysteresis, aging, and temperature 

effects may deviate the accuracy of the model [49].The filter algorithms based on the 

equivalent circuit model with fixed model parameters are often used to estimate the battery 

state. However, the parameters of the equivalent circuit model are often affected by 

temperature, C-rate, SOC, and battery aging. Some researchers have proposed adaptive 

filtering (AF) methods for on-line identification of battery model parameters. Practice has 

proved that these methods are easier to implement in on-line applications. Besides, these 

methods can help to compensate for parameter values for battery variations and aging. 

Therefore, some hybrid estimation methods have been proposed to handle these problems. 
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4.4   Hybrid Methods: 

The hybrid algorithm method is composed of two more algorithms. It can improve the 

efficiency and accuracy of the battery model and avoid the shortcomings of a single 

algorithm. The hybrid algorithm method not only achieves reliable and effective results, but 

also reduces the cost of the battery management system. However, this method has a very 

complex mathematical calculation, which requires a large storage memory and computing 

power unit. These methods are usually made up of two parts. The first part is used to identify 

the parameters of the model with recursive least squares (RLS) on-line. The second part is 

used to estimate the battery state parameters with filter algorithms [50]. 

 

4.5 Artificial Intelligence Based Learning Methods: 

Recently trend is to estimate battery state using datainstead of using battery models as a lot 

of improvement has been done in embedded hardware performance. Over the last five 

years,the inclusion of some probabilistic techniques or artificial intelligence has been 

incorporated to improve the performance of estimation algorithms. The Artificial Intelligence 

(AI) based learning approach including artificial neural network (ANN) modelling as well as 

the support vector machine (SVM) was proposed [51], and could be very accurate depending 

on the training data.  For EVs and HEVs, the trend is now towards the design of intelligent 

BMS, which involves research into intelligent-adaptive SOC estimation methods. 

 

5.  CONCLUSION: 

For EVs to offer environmental benefits over conventional vehicles, technological 

improvements introduced by nanomaterials must be incorporated by the manufacturers in 

batteries of EVs. Future research will be focused on bringing down cost of nanomaterials for 

batteries, and making sure these stand up to the requirements of large-scale commercial 

applications. As nano engines, nanomotors and nanostructure are already developed, it can be 

widely used in future EVs to render them highly efficient vehicles. Various research efforts 

on nanotechnology based LIB technology has already led into the production and use of high 

performance LIBs (Toshiba, A123 Systems, Altair Nano, Next Alternative Inc., etc.). Altair 

nano LIBs provide a unique feature of recharge at minus 300C which is unachievable in 

conventional LIBs. Sothese ensure excellent cold temperature performance. 

 

For accurate SOC estimation of real-time EV, the battery model must be as simple as 

possible.ECM is regarded as the most appropriate for online estimation and, based on this 

type of model the adaptive filter-based and artificial-intelligence-based approaches are 

presented to estimate the SOC with high precision. From the review, it is clear that adaptive 

filter-based algorithms are more suitable for EV applications, and those based on artificial 

intelligence are not suitable for this application due to its intensive computing. In future more 

attention must be given to develop less complex SOC estimation algorithm having less 

implementation cost for EV application. 
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ABSTRACT:  

Human Resource Development plays vital role in every organization because it is now 

considered as a part of modern management system.  HRD is helpful in development of 

employee’s physical capacities, relationships attitudes, values, knowledge and skills. The 

success of the Banks depends not only on the satisfaction of their customers but also the 

satisfaction level of the employees working in the banks. The level of satisfaction of the bank 

employees can be ensured and enhanced by effective HR-practices adopted by the Banks. 

The study is aimed at assessing the extent of HRD Practices in Punjab National Bank. For the 

purpose of the study, primary data is collected from 300 employees of Punjab National Bank 

from Bilaspur district through a structured questionnaire. The study revealed that the 

Performance appraisal, Training and Development, career planning, motivation, 

compensation management and grievance redressal are better in Punjab National Bank. 

 

KEYWORDS:  HRD Practices, Punjab national bank, Satisfaction of the Bank Employees  

 

I. INTRODUCTION: 

In India, the origin of human resource management can be traced in the 1970s, concern for 

welfare shifted towards higher efficiency, a change in professional values of human resource 

managers was visible. During the 1980s due to new technology and other environmental 

changes, Human Resource Development (HRD) became a major issue. During the 1990s, the 

overwhelming role of human factor in industry has been realized. Growing awareness about 

the significance of human side of organisation has led to the development of human resource 

management as a distinct discipline. Focus on human values and a philosophical approach, 

are likely to provide this discipline the status of a profession. 

 

Human Resource Development (HRD) is a process of developing skills, competencies, 

knowledge and attitudes of people in an organization. The people become human resource 

only when they are competent to perform organizational activities. Therefore, HRD ensures 

that the organization has such competent human resource to achieve its desired goals and 

objectives. HRD imparts the required knowledge and skill in them through effective 

arrangement of training and development programs. HRD is an integral part of Human 

Resource Management (HRM) which is more concerned with training and development, 

career planning and development and the organization development. The organization has to 

understand the dynamics of HR and attempt to cope with changing situation in order to 

deploy its HR effectively and efficiently. According to Leonard Nadler, "Human resource 

development is a series of organised activities, conducted within a specialised time and 

designed to produce behavioural changes."  

 

Banks have to understand that the capital and technology-considered to be the most important 

pillars of banking are replicable, but not human capital, which needs to be viewed as a 
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valuable resource for the achievement of competitive advantage. The long-term vision for 

India's banking system is to transform itself from being a domestic one to the global level 

may sound far-fetched at present. To take up this industry to the heights of international 

excellence requires combination of new technologies, better processes of credit and risk 

appraisal, treasury management, product diversification, internal control, external regulations 

and human resources at the most.  The satisfaction of the employees working in the bank is 

predominant condition for the success of any bank. The satisfaction of the bank employees 

can be ensured and enhanced by effective HR-practices adopted by the Banks. An attempt to 

verify the HR-practices of one among the Punjab National Bank situated in Bilaspur District 

of Himachal Pradesh.  

 

II   Brief History of Punjab National Bank: 

PNB is an Indian banking and financial services company .The Head office of PNB in New 

Delhi, India. It serves over 80 million customer having 6968 across 764 cities. It has 9935 

ATM’s across branches over the world. PNB India’s first Swadeshi bank commenced its 

operation on April 12, 1895 from Lahore. Lala laj Path Rai played a key role in PNB’s birth. 

When the first branch opened the Rai was its account holder with 2 lakh capital and 20000 its 

working capital. India’s first Prime Minister Jawaharlal Nehru and Gandhi included the other 

customers of PNB’s over the years. After the partition PNB its register its office Lahore to 

New Delhi. Today, PNB has nearly 7000 branches in India and this bank listed on world’s 

biggest public companies. 

 

III. REVIEW OF LITERATURE: 

Sirca et.al.(2012) The aim of the paper is to theoretically and empirically describe the role of 

HR practices in the area of HR development: training and education, career development, 

performance management and reward management, on job satisfaction. The study has been 

conducted on a sample of Slovenian employees (N = 824), from medium size private and 

public sector organisations. Cluster analysis of participant responses on the HRM practices 

questionnaire shows four different groups of organisational approaches to HR development 

that are moderately related to job satisfaction. The results are discussed from four 

perspectives: individual attitudes, HRM theory, social exchange theory and the psychological 

climate theory. 

 

Kesti (2012) the article suggests that the employee quality of working life can be measured 

by working unit collective competencies consisting leadership, team culture and processes. 

However, these competencies and attributes should be first validated for each organization 

environment, situation and strategy. This is essential because effective HRD process has to 

focus on the development of organization specific human drivers of performance. This seems 

to be vital for generating optimal workplace innovations. 

 

Maier et. al. (2014) this paper proposes a framework for HR development for innovation, to 

reach the actual performance of an organization. The purpose of this framework is to offer, to 

all managers, a clear picture of existing HR capacity to innovate and possibilities to develop 

this capacity in order to improve the organization's capacity for innovation, thus increasing 

their chances of success in today's highly dynamic and competitive business environment. 

 

Rakesh (2016) in his article highlighted banking sector implement the latest ideas on 

management regarding development of human resources. Developing the individual or 
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human capacity is an integral element of building capacity and, in fact, capacity building 

initiatives are now increasingly becoming necessary. Taking the banking industry to the 

heights of excellence, especially in the present competitive environment, requires a 

combination of new technologies, better processes of credit and risk appraisal, treasury 

management, product diversification, internal control and external regulations and, not the 

least, human resources. Skilled and efficient manpower inventory is now becoming the need 

of the hour. So banks must start proper HRD practices to their future growth. 

 

IV HRD PRACTICES IN INDIAN BANKS: 

In the booming economy and the continuing expansion most of the banks facing challenges to 

do well and it outlines the fact that, contrary to public perception it is not just the new private 

sector banks that are doing well. There are few public sector banks are also doing well and 

got the place in top 10 best performing Indian banks. And it’s worth mentioning that these 

public sector banks have performed so admirably in spite of the fact that they operate with 

many handicaps, such as strong unions and the inability to offer market salaries and 

incentives and burdened with extravagant workforce. The secret of success of any company 

depends on how they treat employees and keep them satisfied. For that they have to design 

their human resource processes like recruitment, selection, training and development, 

performance appraisal and other based on employee perspective in order to benefit them.  

 

In India the banking industry is becoming more competitive than ever with private and public 

sector banking competing each other to perform well. The executives of the bank are now 

modifying their traditional human resources practice in to innovative human resource 

practices in order to meet the challenges from other competitive banks. Effective human 

resource practices relate to Bank’s performance by contributing to employee and customer 

satisfaction, innovation, productivity and development of a favourable organizational 

working climate in the Banks. In order to verify HR practices adopted by the chosen public 

sector bank in Bilaspur District, the following functions have been chosen by the author as 

attributes of HRD practices. Recruitment and selection, Training and development, 

Performance appraisal, Career development, Motivation, Compensation management, 

Grievance Handling 

 

V. OBJECTIVES OF THE STUDY: 

• To explore the HRD practices in Punjab National Bank of Bilaspur District.  

• To find out the satisfaction level of bank officers on HRD practices of their banks.  

• To measure the relationship between the demographic characteristics of bank officers 

and their level of satisfaction on HRD practices. 

 

VI. METHODOLOGY: 

Research Design: 

The methodology of the study is based on the primary data as well as secondary data. The 

study depends mainly on the primary data collected through a well-framed and structured 

questionnaire to elicit the well-considered opinions of the respondents. 

 

Targeted Population & Sample: 

Punjab National Bank operating in Bilaspur District has been chosen for the study. In 

Bilaspur District 21 Punjab National Banks are functioning. 300 officers & non officers of 

different age group, different gender, different designation and different length of work 



Proceeding of International Conference on Mathematics in Space and Applied Sciences  

(ICMSAS-2019) 

Published by Knowledge and Research Publisher, Nagpur India                  ISBN-978-81-942641-8-7 
 

248 
 

experience have been chosen as respondents for this study by using simple random sampling 

technique 

 

Source of Data: 

Data was collected from staff members of PNB through primary & secondary source of data. 

Questionnaire & interviews were used. 

 

Data Collection Tool: 

Required data had been enumerated from the chosen respondents by using structured 

schedule. The schedule contained the items related to the demographic variables of the 

employees and important attributes of HR-practices namely recruitment and selection, 

training and development, performance appraisal, career development, motivation, 

compensation management and grievance handling. Descriptive, t test and one way ANOVA 

were used as a statistical tool for the study. 

 

VII Hypotheses of the Study: 

• Gender of the Punjab National bank officers does not influence their satisfaction level 

on HR-practices. 

• There is no significant relationship between the age of the Punjab National Bank 

officers and their satisfaction level on HR-practices.  

• The level of satisfaction of the PNB officers based HR-practices does not differ with 

respect to their work experience.  

• Designation of the Punjab National Bank officers does not have any influence on the 

satisfaction level on HR-practices. 

 

VIII ANALYSIS AND INTERPRETATIONS: 

It is found from the analysis of the data that offices of PNB functioning in Bilaspur district in 

Himachal Pradesh follow HR-practices. The study has been tested by using the statistical 

tools‘t’ test and One-Way ANOVA. 

                                                        

TABLE 1: PROFILE OF THE SAMPLE UNITS 

S.no. Name of Branches          Number of respondents 

Male  Female  Total 

1 Hatwar 12 03 15 

2 Talyana 14 02 16 

3 Barmana  12 03 15 

4 Deoth 12 02 14 

5 Mehri Kaithla 11 01 12 

6 Chhakoh  12 01 13 

7 Harlog  11 01 12 

8 Jadukuljiar 10 01 11 

9 Dabatmatari  11 02 13 

10 Rani Kotla 11 02 13 

11 Panjgain 12 02 14 

12 Bilaspur 25 02 27 

13 Ghumarwin 12 02 14 

14 Jhandutta 13 02 15 
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15 Maloh 11 02 13 

16 Chandpur 11 02 13 

17 Kuthera  13 02 15 

18 Majhwar  12 02 14 

19 Samoh 11 03 14 

20 Namhol 11 03 14 

21 Dhamli 11 02 13 

 Total  258 42 300 

 

Gender wise classifications                                                                   

S.no. Particular No. of respondents %age 

1 Male  258 86.0 

2 Female  42 14.0 

 Total  300 100 

 

It is clear from the table that majority of respondents i.e. 86% belongs to the total sample of 

male category and 14 % under the category of female employees in PNB bank. 

 

Designation 

S.no Particular  No. of Respondents % age 

1 Officers  142 47.33 

2 Non-officers 158 52.67 

 Total 300 100 

 

It is clear from the table that majority of respondents i.e. 52.67% belongs to the total sample 

of non-officers category and 47.33% under the category of officers’ employees in PNB bank. 

Age wise classification 

S.no.  Particular No. of respondents  Percentage 

1 20-30 110 36.7 

2 31-40 134 44.7 

3 41-50 45 15.0 

4 51-60 11 3.7 

 Total 300 100 

 

It is clear from the table that majority of respondents i.e.44.7% belongs in the age group 

between 31-40, followed by 36.7% that is in the age group of 20-30 .very few respondents 

i.e.3.7% belongs to the age group of 51-60 years. 

 

Work experience 

S.no. Particular No. of respondents Percentage 

1 Up to 5 years 167 55.7 

2 6-10 years 89 29.7 

3 11-15 years 21 7.0 

4 More 15 years 23 7.7 

 Total 300 100 
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It is clear from the table that majority of employees 55.7% having up to 5 years of work 

experience whereas very few respondents i.e. 7% having up to 11-15 years of work 

experience. 

 

Hypothesis –I 

Ho: Gender & designation of PNB employees does not influence their satisfaction level on 

HR practices. 

 

HR Practices Gender ‘t’ value ‘p’ value 

 

 

0.57 

Male Female 

Mean  SD Mean SD -0.57 

59.77 7.765 60.55 10.098 

 

The Table 2 indicates that the calculated p value (0. 57) for the variables Gender and HR 

practices in Punjab National Bank is found to be greater than 0.05 at 5% level of significance. 

Since the calculated p value for the variables Gender and HR practices is greater than 0.05, 

the null hypothesis H0 is accepted. Hence, it was concluded that Gender of the Punjab 

National Bank does not influence their satisfaction level on the HR practices followed in their 

banks. 

HR practices  Designation t value p value 

officer Non-officer 

Mean  SD Mean SD 

 14.27 2.54 14.03 2.17 0.89 0.38 

 

The Table 2 indicates that the calculated p value (0. 38) for the Designation and HR practices 

in Punjab National Bank is found to be greater than 0.05 at 5% level of significance. Since 

the calculated p value for the designation and HR practices is greater than 0.05, the null 

hypothesis H0 is accepted. Hence, it was concluded that designation of the Punjab National 

Bank does not influence their satisfaction level on the HR practices followed in their banks. 
 

Hypothesis – II  

Results of One-Way ANOVA for Demographic Characteristics and HR Practices 

Age Group  Mean  

Below 25 11.58 

25-35 11.91 

35-45 11.40 

Above 45 11.27 

‘F’ value 0.75 

‘p’ value 0.52 
 

Work  experience  Mean  

Up to 5 years 25.26 

6-10 years 25.76 

11-15 years 26.62 

More 15 years 25.65 

‘F’ value 1.07 

‘p’ value 0.36 
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Table 3 shows that the calculated ‘p’ value for the variables ‘Age’ and HR-practices is 0.52 

which is greater than the value 0.05. So, it is needless to say that H0 is accepted. Results of 

the One-Way ANOVA reveal that there is no significant difference between the Punjab 

National Bank of different age group towards their satisfaction on HR practices adopted by 

their Banks.  
 

Table 3 depicts that the calculated ‘p’ value (0.36), for the variables “Work Experience and 

HR practices” is greater than 0.05 at 5% level of significance. Since, the “p” value is greater 

than 0.05, the H0 is not rejected for the variables work experience and HR practices. Hence, 

it is concluded that the work experience of the Punjab National Bank does not influence their 

level of satisfaction on the HR practices adopted in their banks. 

 

IX. CONCLUSION: 

The Study carried out in Punjab National Bank branches, Bilaspur District adopt HRD 

practices  discloses various facts. However, the efficiency and the performance of HRD 

practices differ among banks. Though the bank officers insignificantly differ themselves in 

the level of satisfaction on HR practices on different functional areas of HRM of their banks, 

yet all respondents have same level of satisfaction over the HR practices adopted in the 

banks. Moreover the demographic characteristics Gender, Age, Designation and Work 

Experience do not influence the level of satisfaction of the Punjab National Bank on the HRD 

Practices. 

 

X. SUGGESTIONS: 

On the basis of the findings of the study, it can be concluded that since the employees are 

assumed as the inherent force to make the progress of the banks, the managements of these 

banks should make a concerted effort to provide greater satisfaction that boost the morale of 

the employees.  

 

Bank to create more awareness among the employees that the knowledge and skill acquired 

through training to apply on the job. 

 

• PNB Bank to activate HR department which, in turn, takes initiative and interest in 

organizing training and development programs. 

• PNB Bank to organize adequate number of training programs. 

• Bank needs to motivate the superiors in developing their subordinates. 

• Banks are suggested to make the existing system of evaluation of superiors by 

subordinates more effective. 

• Bank makes the use of the existing performance appraisal system for effective utilization 

of employees. 

•  PNB Bank suggested the existing performance appraisal system strong in order to 

identify the strengths and weaknesses relating the employees’ performance. 

• The Study suggested giving more importance in giving an opportunity to employees for 

linking their growth to the future of the organization. 

• The study suggested enhancing its efforts to motivate supervisors to guide their 

subordinates for improved performance. 

• It is proposed by the researcher to PNB to strengthen the existing feedback on positive 

aspects of performance appraisal. 
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ABSTRACT: 

Applied sciences have contributed significantly towards the development of discipline of 

business management and commerce. The Quantitative,System and Contingencyapproach  

has changed the business perspective in 20thcentury .The basic applied sciences behind all 

these was mathematics , statistics , computing etc.The fuel to the fire in 21stcentury is the 

technology and innovation, which is rapidly making application of existing knowledge to 

more practical applications resulting into application oriented devices. The key to success in 

any business with the rapidly evolving technology is analysis. Therefore, field of Analytics 

has evolved to provide useful insights and help in optimising the business activities, and 

that’s how the Machine Learning and Artificial Intelligence has stepped in and now have a 

bigger role to play by using algorithms for decision making. Hence, there is a need to 

redesign and reengineer the business. The tomorrow’s successful entrepreneurs, managers 

have to apply the fundamentals of business management holistically, thoughtfully keeping in 

view all of the applied sciences relevant or becoming relevant along with the concepts like, 

Artificial Intelligence , Machine Learning, Internet of Things and Block Chain etc. 
 

KEY WORDS: Artificial Intelligence, Analytics, Block Chain, Internet of Things, Machine 

Learning. 
 

INTRODUCTION: 

Human being is capable of doing and creating so many things, it is well said that, thank God, 

we do not have wings but we have created an aeroplane which can fly faster than the speed of 

sound; thank God, we do not have fins, the man has created Ships and under water vehicles. 

We are exploring ocean as well as space. Space ships are there to travel and under water 

activities are numerous. We are capable of launching satellites in to the geo- stationary 

sphere of the earth. Satellite communication is a reality. Now we are exploring Moon and 

Mars. All these activities have been commercialised up to certain extent.Integrated Applied 

Sciences and most modern era’s evolved disciplines are making things real and virtual as 

well for the betterment of mankind but it is bringing challenges and threats also. 
 

STATEMENT OF THE PROBLEM:  

Integrated Applied Sciences are contributing a lot for the development of existing and new 

disciplines. Therefore, most of the disciplines are application oriented today. Technology is 

also converging towards digital technologies. At present the digital technologies evolved 

may be listed as 5G Networks, Machine Learning and Artificial Intelligence, Augmented 

Analytics, Smart devices, Robotic Process Automation etc. Any scientific idea or technology 

which is useful formasses turns in to a business idea. Therefore, there is a focus on the 

contribution of applied sciences in the transformation of discipline like Business 

Management and Commerce. Although, the discipline of Business Management and 

Commerce is considered as a discipline of social science but the developments stated above 
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has made it a discipline of science and technology oriented in this century. Still, more than 

eighty years are remaining of this century, the change and adaptability to change is brisk, 

therefore, we may perceive a big shift in 21st century business, 

 

OBJECTIVES: 

1. To identify the applied sciences those have contributed to the Business Management 

and Commerce. 

2. To study the contribution of applied sciences in the transformation of Business 

Management and Commerce. 

3. To study the 21st century business perspective so that quick change may be 

anticipated for further brisk change, 

 

METHODOLOGY: 

The study is to identify the contribution of applied sciences and it focuses on the 21st century 

business perspective. The methodology to be adopted here is to look at the development of 

management thought i.e., a theoretical perspective, through secondary sources of information 

from books, dallies and magazines etc. 

 

SCOPE OF THE STUDY: 

The scope of the study is very wide, since it is concerned with different individualdisciplines. 

In modern terms these disciplines have wider application orientation. This increases its scope  

manifold.  

 

LIMITATIONS OF THE STUDY:  

The study is based on the contribution then we have to look back.But the concepts are 

emerging quickly. Therefore, a big gap is felt in concepts, their development and emerging 

patterns.   The primary source based study needs time and labour. This is the main limitation 

of the study. 

 

REVIEW OF LITERATURE: 

The development of management thought in its modern term begins with the coming of 20th 

century. Initially it was considered a Rule of Thumb, then policy oriented- 

Business/Corporate Policy, Strategy oriented-Strategic, and now known as Advanced 

Strategic Management.The development of thought took many turns up to the 21st century. It 

may be perceived that during this century these turns will certainly be more and quick. All 

those turns were segmented as Classical era, Neo-classical era and Most- modern era.  

 

The classical era’s contribution may be spelled as, the concept of formal organisation, 

scientific management-productivity approach and management process –functional approach. 

The contributors were mainly from the field of engineering i.e., applied sciences. We may 

conclude that the genesis of modern management is through the thinkers who were from 

applied science – may be marked as initial contribution. 

 

During the Neo-classical era the school of thought developed through Human Relations 

approach, Behavioural and social sciences. The contributors were from the fields of Logic, 

Ethics, Philosophy, and Social Psychology. This amounted to the contribution of social 

sciences. 
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The most modern era begins with the application of Operations Research and Computerised 

Data Processing techniques. These are mainly the fields of Applied Mathematics. The 

technical and quantitative sciences resulted in to the development of Modern System Theory 

(Multidisciplinary and holistic), Contingency theories of organisations. Here, Environmental 

forces, Technology, Formal Structure, Behavioural forces and Decision Making processes 

were integrated. All from different fields of knowledge, their applied part became relevant 

for the development of modern management thought. 

 

There is another most modern way to look at the phenomenon as we term it as Industry0.0, 

Industry 1.0, Industry 2.0, Industry 3.0 and Industry4.0. These terms also signify change and 

development of diverse phenomenon relevant to the human life through industrial 

development. Industry 1.0 identified as Industrial Revolution i.e., mechanisation. Industry 

2.0 means Development of Telecommunication, Infrastructure development (Rail-Road, 

Electricity etc.), transformed society with the fast dissemination of goods, services and ideas. 

Industry 3.0 begins with the period after World War II followed by the period of 

technological progress, Information Communication Technologies, Personal Computers, 

Internet, Pager, Cellular phones etc. Industry 4.0 may have 100% Digitisation, thisperiod  

iscoming withsmart devices, even smart cities, smart homes,smart factories/ Dark factories 

so on and so forth. However, as per the Fred W. Riggs’s model of Prismatic Society- an 

intermediate society, India may have to deal with all Industry 1.0,2.0,3.0,simultaneously to 

achieve Industry 4.0. Because some part of India has not tasted the Industrial Revolution, still 

deprived of infrastructure, do not know about the benefits of computerisation/digitisation etc. 

 

Whatsoever, is possible till date is due to the application of the pure and social sciences, the 

integration of applied science,the development of new disciplines from such integrated 

applies sciences. Behind all these is the basic science and spirit of mathematics. 

 

DISCRIPTION AND EVALUATION OF THE PROBLEM: 

The review of literature and the management continuum helped us to identify the disciplines 

which contributed to bring Business Management and Commerce to its present form and 

shape. We may begin with the Indian Philosophy which through its scriptures provides us 

unique insight for the solution of complex problems of family, society, organisations etc. 

Among other individual or ethnic group we may mention Sumerians, Egyptians, Chinese, 

Greeks, Socrates, Plato, Alexander the Great, Kautilya, there are hundreds of such names 

which may be mentioned here.The Ancient, Medieval, Modern and Most-modern period of 

History may also contribute in many ways. The Business Environment components are 

Social, Economic, Political, Administrative, Legal, Ethical, Scientific and Technological 

aspects. These have their own authority and are beyond the control of the business 

organisation and most volatile in nature. Although, ever changing environmental components 

but have impact on the business and in turn are being affected. Now there is sufficient 

evidence to say that right from Anthropology to present day integrated applied science 

subjects all have contributed a lot towards Business Management and Commerce.  

 

The contribution of each and every subject, Philosophy, Individual and ethnic group cannot 

be taken or mentioned here because it is not possible to create voluminous research paper; 

therefore, we will take the present phenomenon relevant to the problem under study. 
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Now any phase of Business Organisation and Management, Decision-making, Strategic 

Planning and Controlcan be expressed in quantitative terms for a more exacting analysis. The 

number of techniques that have evolved with the quantatives and analytics related to or based 

on computing are going to revolutionise the field of business management and commerce. 

The phenomenon evolved recently may be mentioned as follows. 

 

1. 5G:  

5G is the fifth generation of cellular network technology. It is next to the 4G LTE fourth 

generation long term evolution. 5G network work on the 600MHz spectrum and 5G tower  

can transmit signals  over one thousand square miles. With the advent and adoption of 5G 

technology, there will be elevation of the cellular network not only to interconnect people but 

also to interconnect and control machines. It will be 200 times faster than the 4G LTE 

network. It will enable new operating models instead of redesign of production line and offer 

manufacturers to build smart factories. The connectivity and data interoperability in IIoT 

projects will be possible. 

 

2. Internet of Things (IoT) and Industrial Internet of things (IIoT):  

It is a network of things which includes devices, appliances (domestic or industrial), vehicles 

of various mode of transport, robots and other things capable of computing applications 

equipped with sensors, electronic gadgets, software, having connectivity with one and all so 

that there is exchange of data. 

 

It is certain that this technology may influence the areas like Safety, security, convenience, 

energy efficiency, operational efficiency and agricultural productivity etc. This has made the 

concept of smart home and smart work place possible. Building Management system for 

commercial buildings may be drawn and installed. The IoT will influence the present 

business by facilitating Data Sharing, Remote Work, to prepare skilled workers, Inventory 

tracking and Management, Customer Relationship Management etc. But the issue of 

connectivity depends upon the wired, wireless and hybrid network. This will influence the 

implementation strategies. However, the wired is more reliable in comparison to the wireless 

or hybrid. Hence, Signal strength shall matter in wireless connectivity.  

 

3. Business Analytics: 

The IoT shall generate huge data. Moreover, with the continuous increase of internet and web 

users and universal mobile computing for the masses led to additional data generation. 

Business is the interested to get every type of data for their business purposes. Therefore, 

there arises a field of Analytics. It is a field where there is a process involved in collating, 

mining, sorting, processing, drawing and studying the data by using statistical tools and 

techniques and mathematical models for making it purposeful. When the concept is used in 

business it is called Business Analytics. Here, the aim is to identify which datasets are of use 

for particular business and then may be used to solve the decision making problems and in 

turn to increase productivity, revenue and efficiency. The field of Business Analytics is 

classified as Descriptive Analytics, Diagnostic Analytics, Predictive Analytics and 

Prescriptive Analytics. Over a period of time different tools have been developed, these may 

be assessable from the open source platforms named as Metabase, Matomo, OmniSci, 

SpagoBI, Zeppelin by Apache and Birt. With these tools the businesses can manage their 

processes and may draw solutions in a relevant and comprehensive way. Analytics is 

committed to simplify the human life by doing future sales forecasting, demand planning. 
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However, the challenges for business Analytics may arise due to Poor coordination, Lack of 

commitment of decision makers, Executive Distrust and Slow Information Maturity. 

 

4. Artificial Intelligence and Machine Learning: 

Artificial Intelligence is a technological reality, it is a process through which 

machines/devices like computers in terms of hardware and in combination with the software 

simulates human activities including learning and self- correction, problem solving etc.  

Machine Learning is a type of Artificial Intelligence, rather a process of applying Artificial 

Intelligence without explicit programming, so that the machine/device is able to learn 

automatically. 

 

Now, the Artificial Intelligence is paving the way for more impactful digital business models. 

It will transform the Enterprise Resource Planning (ERP) by identifying the problems even 

before they occur, Automate routine tasks with system intelligence and Improve user 

experience through interaction. The Conversational Gateways has made the omnichannel 

businesses possible. Adoption of Artificial Intelligence and its implementation require 

technical literacy of business leaders only then best AI solutions may be sought. Company 

culture is the detrimental factor in the adoption of AI. The sectors those are attracted towards 

implementation of AI are retail, banking, healthcare, IT, infrastructure. However, the list may 

expand further. There is an evolution of a concept of Deep Learning now. It is more specific 

version of Machine Learning which relies on neural networks to engage in nonlinear 

reasoning. The neural networks are a form of AI where flow of information resembles the 

human brain. At this point of time we are not in a position to see the exact impacts of AI-ML 

technology. But we may foresee the new start-ups, displacement of certain jobs and creation 

of entirely new one, AI-ML businesses and business applications. 

 

5. Robotic Process Automation (RPA): 

It is the technology that allows anyone to configure computer software or a Robot to emulate 

and integrate the actions of a human interacting within digital systems to execute a business 

process. It is specialised software and Artificial Intelligence to automate repeatable tasks and 

business processes using programs called “bots.” 

 

6. The Cloud:  

The cloud computing means storing and accessing data and programs over the internet 

instead of own computer’s hard drive. Fog computing refers to extending cloud computing to 

the edge of an enterprise’s network. It facilitates the operation of compute, storage and 

networking services between end devicesand cloud computing data centers. It may connect 

all the industries and businesses of the world. 

 

7. 3D Printing:  

It is also called additive manufacturing, is a process by which physical objects are created by 

depositing material in layers based on digital model. These processes require software, 

hardware and materials to work together.If 3D printing get industrialised, any product  one 

may think of could be taken out of 3D printer.  

 

8. Block-chain Technology: 

 It is a technology to decentralise the web. It is a peer to peer network. It is based on 

Distributed Ledger Technology which is the outcome of interdisciplinary application of the 
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fields of Accounting (Triple Entry Accounting System) and Cryptography. It is capable of 

making the processes more democratic, secure, transparent and efficient. Initially this 

technology was applied to evolve Digital Currency named Bitcoin. However, the technocrats 

have found and exploring other potential uses of this technology. The business applications 

of Block Chain are supply chain management/auditing, smart contracts, The sharing 

economy, crowd funding, governance, prediction markets, protection of intellectual property, 

Anti-money laundering, Know your customer, land title registration and stock trading etc. 

The challenges posed by this technology may be enumerated as, an environmental threat due 

to high carbon emission because of the computational resources used. The technology needs 

high power, processing and storage. Quantum computing is another threat to the block chain 

technology because the processing speed of the computers will increase to the extent, that 

may enable hackers to find loopholes in block chain based networks. 

 

9. Cyber security: 

 All we know that in computing security is a paramount issue, however, when everything will 

be digitized and nothing is offline, and then imagine what may happen. Presently, cyber 

threats are increasing worldwide and India is no exception. This year there were so many 

major security breaches. Therefore, everyone has to address the issue. This month India is 

going to establish Defence Cyber Agency (DCA) to counter cyber threats. 

 

A 21st Century Business Perspective: 

The emerging technologies cited above evolve a fact that 21st century business activity which 

will transform the ethos of business.The complete digitisation will bring unprecedented 

benefits in efficiency and productivity. It will make the businesses more reliable, predictable 

and scalable. The digital transformation shall amount to the transformation of Business 

Management and Commerce. The picture may not be that much rosy as we may perceive 

today. The key to the smart systems is meaningful data/ information. The more data is 

available, we may have better solutions, if information is available and we are not in a 

position to process it, it can work counterproductive. Moreover, India is not comparatively 

ready to adopt such technologies quickly, because these are yet to be fully implemented the 

world over. Therefore, we have to address the challenges and threats first. A holistic effort is 

needed at every step. 

 

CONCLUSION: 

It is a proven fact that Applied Sciences and Integrated Applied Sciences have transformed 

so many ideas, concepts, disciplines, and Business Management and Commerce not an 

exception. The quantitative tools and techniques were more instrumental. There is a big 

change in the technological environment of the business. The technological environment had 

further influenced the other components of business environment.  Therefore, the influence 

of the technology will compel the businesses to adopt and cope with the big and brisk 

change. Skilful and technical savvy workforce will be needed. Robots may be engaged along 

with the human beings. The coexistence of such machines will require more adjustments 

with machines because they lack emotions. The organisational culture will take a new shape. 

More digital technology applications are inevitable. The challenges are to be dealt with the 

strengths. A 21st century business activity will contain new kind of activities because the 

technologies and concepts discussed above are getting integrated. For example RPA plus AI 

plus Analytics, the integration of these three will automate every process. Moreover, if any of 

the components discussed under Sr. No. 1-9 is missing, the whole process shall stall. All 
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these technologies are capable to enable Industry4.0 enterprise – A Smart Business Entity. 
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ABSTRACT 

Education has been remained the most outstanding development criterion and priority area 

for the development of any society throughout the world.However, Education becomes 

dynamic and practical by use of technology in its various domains. Today, almost all of the 

universities and colleges are promoting the development of practical knowledge and skills 

within the individuals worldwide.In this regard, the role of digital technologies has been 

remained the subject of interest for mathematics educators for at least the past three decades. 

Mathematics consists of basic structure for many fields like physics, business terminologies, 

and architecture by means of use of calculus, algebra, statistics, and trigonometry. Thus, the 

responsibility of education system is to acknowledge students with the need and practical use 

of mathematical knowledge in their life.Technology generates the new avenues for its users 

especially in the various areas of mathematics education such as control theory, signal 

processing and cryptography etc as theuse of Information and Communication Technology 

(ICT) in classrooms develops the visual impact and practical environment within the 

classroom. In this direction, the present paper is focussing on understanding the use of ICTin 

mathematics classroom and also exploring the practical challenges that are faced by 

educators as well as students while teaching and learning mathematics. The paper is also 

discussing the futuristic perspectives in regard to use of ICT in Mathematics classroom. 

 

KEYWORDS: Mathematics Education,Information and Communication Technology, 

Knowledge, Teaching and Learning. 

 

INTRODUCTION 

The advancement of a nation depends upon the quality and quantity of education received by 

its people. Education plays a vital role in shaping the future of a nation. Only education can 

differentiate between animals and men. 

 

Gorge and Polya (2002) had discovered two aims of school education. First is to converting 

out employable adults who contributes to social and economic development of the country 

and second is to develop the inner resources of growing child. Lockey has aptly remarked, 

“Plants are developed by cultivation and men by education”. 

 

The education system needs some tools that make learning in classroom effective for 

students .This purpose can be resolved by use of some visual tools such as images, videos 

and visual presentation. The teaching becomes effective as well as student’s interest makes 

class room learning more studious. 
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ICT stands for information and communication technology. It means diverse set of 

technological tools and resources used to communicate and to create, store and manage 

information. Since 1970’s the digital technologies have been available in school mathematics 

by the introduction of simple forth calculators. ICT has a great impact on education as well 

as other aspects. It has both positive and negative impact on students and teachers. Nowadays 

the role of mathematics is not restricted to purely academic domain but it is widen into 

domain of technology and industry. Robler, Casting and King, (1988) have analysed that by 

the introduction of ICT many researchers and funding agencies were led to invest their 

resources to investigate the possibility of replacing teachers in key instructional role by 

computers. 

 

Olive and Makar (2010) argued that the connection of mathematical knowledge and 

mathematical practices can be strengthen by the use of technologies. There are many tools 

and visual aids that can create interest of students for mathematics rather than regular 

calculation studies in class room. Mathematics has trigonometry and geometry portions that 

can be represents more effectively by projection technique for 3D Plane as well as 2D plane. 

 

The Department of Higher Education proposes to closely integrate the critical components 

into a framework, incorporating the learning and best practices from the similar initiatives at 

the global level and practical needs of the evolving knowledge society. 

 

The objective of this paper is to study the present status of usage of ICT by teachers during 

teaching learning process and to investigate the barriers in mathematics classroom. The main 

aim of this paper is to determine the key area of policies and awareness among teachers 

towards use of ICT.  

 

MATHEMATICS EDUCATION: 

Mathematics is very important part  of our life and plays a major role in achieving the aims 

of education. Mathematics is science of measurement, quantity, magnitude, space and 

numbers. It has comprehensive applications in the subjects like social sciences, medicine, 

business and commerce, life, health, physical sciences and technical sciences. As we 

compare Mathematics with other subjects it is the most important subject because there are 

lots of techniques and branches for finding the formulae on the problem of various fields in 

mathematics.According to Napoleon“The progress and the improvement of mathematics are 

linked to the prosperity of the state.” 

 

Mathematics helps children to think creatively, develop his imaginations and think logically. 

The main goal of mathematics education in schools is the mathematisation of the child’s 

thinking.As we compare Mathematics with other subjects it is the most important subject 

because there are lots of techniques and branches for finding  the formulae on the problem of 

various fields in mathematics. 
 

Mathematics can be used as a component in many interdisciplinary combinations. The 

interdisciplinary  programmes  in mathematics will make the subject more attractive and 

meaningful. We can propose a number of such interdisciplinary programmes involving 

mathematics for example Physical science-Mathematics, Commerce-Mathematics, 

Economics-mathematics, Education-Mathematics etc. We make learning more fruitful and 

appealing by such interdisciplinary programmes involving mathematics.  
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Mathematics is used directly or indirectly to fulfil the needs of man such as in business, 

carpentry, shop keeping, banking, accountancy, weighing, measuring, counting etc. By the 

study of mathematics an individual can be able to apply his knowledge to a new situation. 

In India mathematics is included as compulsory subject right from kindergarten level upto 

secondary level in school curriculum. Due to modernization the curriculum of mathematics 

changes time to time in India. So the government has to change the teaching method from 

chalk and talk method to student centred approach method. This helps the students to think 

and understand the concepts logically in different way. Ping and Hua(2015) investigated that 

maximum number of students are not able to solve the basic operations well due to dearth of 

understanding the concepts. Some factors which affectthe achievement of mathematics are 

social factors, personal factor, economic factors, psychological factor, etc. 

 

ICT and Mathematics Education: 

The use of ICT in the mathematics classroom has long been a topic for consideration by 

mathematics educators. D.D.Agyei and J.Voogt (2010) analysed some examples of use of 

ICT in mathematics are portables, graphic calculators and computerized graphing, specialised 

software, programmable toys or floor robots, spreadsheets and databases etc.Computers, 

wireless classroom microphones, interactive white boards, digital video on demand, online 

study tools, LCD projectors etc. can be used as teaching aids in classrooms. Graphic 

calculators, Geogebra, Dynamic geometry tools, Microsoft mathematics, Auto shapes, Mat 

lab are the software used for teaching and learning of mathematics. ICT-supported education 

can develop the acquisition of the knowledge and 21st century skills such as critical thinking, 

creativity and problem solving. Recent research indicates that the purposeful use of 

computers in classroom instruction can indeed enhance student outcomes (Archer, 1998; 

Milheim, 1995). Studies involving computer assisted algebra instruction (Brunner & 

Sheehan, 1997; O’Callaghan, 1998) and instruction with graphing calculators (Adams, 1997) 

have similar positive results. The National Council of Teachers of Mathematics (NCTM) 

concluded that technology is an important tool for teaching and learning process and it is 

stated by NCTM in Curriculum and Evaluation Standards for School Mathematics (1989) 

and Principles Standards for School Management.   

 

In those countries where majority of children cannot afford more than one notebook, the 

country should provide appropriate low cost technology for teaching and learning process. 

 

In 1972 the scheme of Educational Technology was introduced during the IVth plan.Later, in 

1984-85 the Computer Literacy and Studies in Schools (CLASS) Project was introduced as a 

pilot project. 

 

In VIIIth plan (1993-98),this project was considered as a Centrally Sponsored Scheme and its 

scope is enlarged to provide financial grants to educational institutions. 

 

Muhammad Shahid Farooq (2006) studied the effects of teacher’s professional education on 

students achievements in mathematics. The purpose of the study was to compare the 

effectiveness of teaching of professionally trained and untrained teachers. Data were 

collected from four public and private boys and girls high schools record. Four hundred 

secondary school graduates (Two hundred boys and two hundred girls) taught by trained and 

untrained teachers of mathematics were selected conveniently. The results of the study 

supported the fact that the students taught by trained teachers showed better results in 
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Mathematics and gender has no significant effect on achievement in mathematics. 

 

Practical Challenges in usage of ICT in Mathematics Education: 

Many studies have shown a lot of difficulties that teachers experience in the synthesis of ICT 

in their classrooms. Jones (2004) found a number of barriers for the integration of ICT into 

lessons such as low confidence among the teachers during integration, dearth of time for 

integration, technical problems in using software, lack of access to resources etc. 

 

Chong, et al. (2005) has identified six major barriers in a survey to study the barriers 

preventing the integration and adoption of ICT in teaching mathematics. These barriers are 

lack of time in school schedule for project involving ICT, insufficient teacher training 

opportunities for ICT project, lack of knowledge about ways to integrate ICT to enhance the 

curriculum, difficulty in integrating and using different ICT tools in a Popoola et.al (2018) 

finds that importance existed in the use of ICT facilities on teaching and learning of 

mathematics. This showed that ICT plays a major role in teaching and learning of 

mathematics as a teaching tool. Also, there was sound effect of ICT facilities availability and 

usage on student’s performance in mathematics. This also showed that ICT facilities helps 

students to have unlimited access to study materials and ability to relate with their 

correspondent in other institutions across the globe even from the comfort of their rooms and 

this undoubtedly helps them to improve in their academics. It was equally revealed that there 

exists significant influence of ICT facilities on teaching of mathematics. This equally showed 

that lecturers also relied to certain extent on ICT facilities on how to improve on their skills 

and teaching methods. Lastly, the study revealed that significant effect of ICT facilities in 

improving the students’ learning and knowledge in mathematics existed. This implied that 

ICT facilities help greatly in expanding the knowledge and understanding of students in 

mathematics. 

 

Some of the barriers in usage of ICT in mathematics education are lack of confidence among 

teachers during synthesis, lack of personal access during lesson preparation, lack of ways to 

integrate ICT to enhance the curriculum and insufficient teacher training opportunities for 

ICT project. 

 

ICT and Mathematics Education: Futuristic Perspectives: 

Ting SengEng (2005) investigated that ICT has small effects on learning outcomes and 

sometimes negative effects have been found. Qualitative research on how to improve the 

effective use of ICT through innovative methods, possibly incorporating a variety of ICT 

tools should be investigated as pilot studies. Such studies should be on going such that 

feedback can be obtained and methods modified to refine the teaching and learning process. 

 

Lecturers should encourage the students to use internet and to visit cybercafé to solve their 

mathematics problems. To enhance the skills and lecture method of lecturers, they should be 

trained and retrained for the benefits of ICT. College management should make sufficient 

supply of computers into all the departments in the institution and assure that all students 

have unconditionalapproach to them during lectures. Management should also make wireless 

internet connection available in the institution and ensure free accessibility for both students 

and lecturers. Students must be properly orientated on the numerous benefits and opportunity 

that ICT offers in enhancing their academic performance in mathematics and science in 

general. (Popoola et. al.2017). 
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As considering future of mathematics with ICT the major resources is internet for lectures as 

well as for students .there are lot of websites containing content for different theorems and 

calculations. As updated form of theorems are also be available on internet. This will 

enhance the quality of lectures .Students may attend online lecture if they miss them in any 

reason during study time. 

 

CONCLUSION: 

The 21st century is based on science and technology The education system also needs 

advancement. The use of ICT facilitates modern education system with accuracy and updated 

knowledge. As concern with mathematics study, lot of new updates are there in mathematics 

with respect of time. The Indian teacher should be ready to face upcoming challenges for 

imparting new age education .Teacher has major role between students and new upcoming in 

mathematics. This is responsibility of them to convey these updated education to their 

students. They should use ICT for smooth flow of lectures.Efforts must be made by the 

educationist to change the process of teaching-learning in order to prepare the students to 

adjust themselves to the society; this could definitely create a new learning environment and 

information rich society. 
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ABSTRACT: 

A layer of Rivlin-Ericksen viscoelastic fluid heated from below is considered in the presence 

of uniform vertical magnetic field and rotation. Following the linearized stability theory and 

normal mode analysis, the paper mathematically established the condition for characterizing 

the oscillatory motions which may be neutral or unstable, for rigid boundaries at the top and 

bottom of the fluid. It is established that all non-decaying slow motions starting from rest, in 

a Rivlin-Ericksen viscoelastic fluid of infinite horizontal extension and finite vertical depth, 

which is acted upon by uniform vertical magnetic field and rotation, opposite to gravity and a 

constant vertical adverse temperature gradient, are necessarily non-oscillatory, in the regime 
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 where AT  is the Taylor number, Q isthe Chandrasekhar number, 2p is the magnetic Prandtl 

number and F is the viscoelasticity parameter. The result is important since it hold for all 

wave numbers and for horizontal rigid boundaries of infinite extension at the top and bottom 

of the fluid, and the exact solutions of the problem investigated in closed form, is not 

obtainable.  

 

KEY WORDS: Thermal convection; Rivlin-Ericksen Fluid; Rotation; Magnetic Field PES; 

Rayleigh number; Chandrasekhar number: Taylor number. 

 

1. INTRODUCTION: 

Stability of a dynamical system is closest to real life, in the sense that realization of a 

dynamical system depends upon its stability. Right from the conceptualizations of 

turbulence, instability of fluid flows is being regarded at its root. The thermal instability of a 

fluid layer with maintained adverse temperature gradient by heating the underside plays an 

important role in Geophysics, interiors of the Earth, Oceanography and Atmospheric Physics, 

and has been investigated by several authors (e.g., Bénard  1 , Rayleigh  2 , Jeffreys  3 ) 

under different conditions. A detailed account of the theoretical and experimental study of 

the onset of Bénard Convection in Newtonian fluids, under varying assumptions of 

hydrodynamics and hydromagnetics, has been given by Chandrasekhar  4 . The use of 

Boussinesq approximation has been made throughout, which states that the density changes 

are disregarded in all other terms in the equation of motion except the external force term. 

Bhatia and Steiner  5  have considered the effect of uniform rotation on the thermal 

instability of a viscoelastic (Maxwell) fluid and found that rotation has a destabilizing 

influence in contrast to the stabilizing effect on Newtonian fluid. The thermal instability of a 

Maxwell fluid in hydromagnetics has been studied by Bhatia and Steiner  6 . They have 

found that the magnetic field stabilizes a viscoelastic (Maxwell) fluid just as the Newtonian 

fluid. Sharma  7   has studied the thermal instability of a layer of viscoelastic (Oldroydian) 

fluid acted upon by a uniform rotation and found that rotation has destabilizing as well as 
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stabilizing effects under certain conditions in contrast to that of a Maxwell fluid where it has 

a destabilizing effect.  In another study Sharma  8  has studied the stability of a layer of an 

electrically conducting Oldroyd fluid  9  in the presence of magnetic field and has found that 

the magnetic field has a stabilizing influence. 

 

There are many viscoelastic fluids that cannot be characterized by Maxwell’s constitutive 

relations or Oldroyd’s  9  constitutive relations. Two such classes of fluids are Rivlin-

Ericksen’s and Walter’s (model B’) fluids.  Rivlin-Ericksen  10  has proposed a theoretical 

model for such one class of elastic-viscous fluids. Sharma and kumar  11  have studied the 

effect of rotation on thermal instability in Rivlin-Ericksen elastico-viscous fluid and found 

that rotation has a stabilizing effect and introduces oscillatory modes in the system. Kumar et 

al.  12  considered effect of rotation and magnetic field on Rivlin-Ericksen viscoelastic fluid 

and found that rotation has stabilizing effect, where as magnetic field has both stabilizing and 

destabilizing effects. A layer of such fluid heated from below or under the action of magnetic 

field or rotation or both may find applications in geophysics, interior of the Earth, 

Oceanography, and the atmospheric physics. 

 

Pellow and Southwell  13  proved the validity of ‘principle of exchange of stability’ (PES) 

for the classical Rayleigh-Bénard convection problem. Banerjee et al  14  gave a new scheme 

for combining the governing equations of thermohaline convection, which is shown to lead to 

the bounds for the complex growth rate of the arbitrary oscillatory perturbations, neutral or 

unstable for all combinations of dynamically rigid or free boundaries and, Banerjee and 

Banerjee  15  established a criterion on characterization of non-oscillatory motions in 

hydrodynamics which was further extended by Gupta et al.  16 . However no such result 

existed for non-Newtonian fluid configurations, in general and for Rivlin-Ericksen 

viscoelastic fluid configurations in particular. Banyal  17  have characterized the non-

oscillatory motions in couple-stress fluid.  

 

Keeping in mind the importance of Rivlin-Ericksen viscoelastic fluids, this paper is an 

attempts to study Rivlin-Ericksen viscoelastic fluid heated from below in the presence of 

uniform vertical magnetic field and rotation. It has been established that the onset of 

instability in a Rivlin-Ericksen viscoelastic fluid in the present configuration, cannot manifest 

itself as oscillatory motions of growing amplitude if the Taylor number AT , the 

Chandrasekhar number Q, the magnetic Prandtl number 2p  and the viscoelasticity parameter 

F, satisfy the inequality 1
2

2

42
++



QpTFT AA . These results hold for all wave numbers with 

rigid boundaries of infinite horizontal extension at the top and bottom of the fluid.  

 

2. FORMULATION OF THE PROBLEM AND PERTURBATION EQUATIONS: 

Considered an infinite, horizontal, incompressible electrically conducting Rivlin-Ericksen 

viscoelastic  fluid layer, of thickness d, heated from below so that, the temperature and 

density at the bottom surface z = 0  are 0T and 0  and at the upper surface z = d are dT and 

d  respectively, and that a uniform adverse temperature gradient 







=

dz

dT
  is maintained. 
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The fluid is acted upon by a uniform vertical rotation ( )
→

,0,0  and a uniform vertical 

magnetic field ( )HH ,0,0
→

. 

 

The equation of motion, continuity, heat conduction, and Maxwells equations governing the 

flow of Rivlin-Ericksen viscoelastic fluid in the presence of magnetic field and rotation are 

(Rivlin and Ericksen  10 ; Chandrasekhar  4  and Kumar et al  12 ) are 

   

    
→→→→→→

→













++










++














−−=
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q

t
gr

p
qq

t

q

o

2'

0

2
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1
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++
→→→→

qHH
o

e




       (1)  

0. =
→

q ,           (2) 

TTq
t

T 2).( =+


 →

 ,        (3) 

0. =
→

H ,        (4) 

→→→
→

+=



HqH

t

H 2).(  ,        (5) 

Where  , p, T, , ' and ( )wvuq ,,
→

 denote respectively the density, pressure, temperature, 

kinematic viscosity, kinematic viscoelasticity and velocity of the fluid, respectively 

and ),,( zyxr
→

.                                                                                                                                          

 

The equation of state for the fluid is 

( ) 00 1 TT −−=  ,         (6) 

Where the suffix zero refer to the values at the reference level z = 0. Here ( )gg −
→

,0,0  is 

acceleration due to gravity and   is the coefficient of thermal expansion. In writing the 

equation (1), we made use of the Boussinesq approximation, which states that the density 

variations are ignored in all terms in the equation of motion except the external force term. 

The magnetic permeability e , thermal diffusivity , and electrical resistivity  , are all 

assumed to be constant. 

 

The initial state is one in which the velocity, density, pressure, and temperature at any point 

in the fluid are, respectively, given by 

( )0,0,0=
→

q  , ( )z = , p=p(z), T= T(z),      (7) 
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Assume small perturbations around the basic solution and let  , p ,  , ( )wvuq ,,
→

 and 

( )
zyx hhhh ,,=

→

  denote respectively the perturbations in density  , pressure p, temperature T, 

velocity )0,0,0(
→

q and the magnetic field ( )HH ,0,0=
→

. The change in density , caused 

mainly by the perturbation   in temperature, is given by 

 

( )   000 1 −=−+−=+ TT ,  i.e.    0−= .    (8) 

Then the linearized perturbation equations are 
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+
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→
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q e 2
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,  (9) 

0. =
→

q ,          (10) 
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w

t
,         (11)    

0. =
→

h ,          (12) 

→→→
→

+







=




hqH

t

h 2.  .       (13)   

Within the framework of Boussinesq approximation, equations (9) – (13), becomes 
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 Where 2

2

2

2

2

2
2

zyx 


+




+




=  and; 

y

u

x

v




−




=  and 

y

h

x

h
xy




−




= denote the 

z-component of vorticity and current density respectively. 

 

3. Normal Mode Analysis                                

Analyzing the disturbances into normal modes, we assume that the Perturbation quantities 

are of the form 

  ( ) ( ) ( ) )(,),(,,,,, , zXzZzKzzWhw z = exp ( )ntyikxik yx ++ ,   (19) 
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Where yx kk ,  are the wave numbers along the x- and y-directions, respectively, 

( )2
1

22

yx kkk += , is the resultant wave number, and n is the growth rate which is, in general, a 

complex constant. 

 

Using (19), equations (14) – (18), in non-dimensional form transform to 

( )( )( )  ( )DKaDQDZTRaWaDFaD A

2222222 1 −−+=−−+−  ,   (20) 

                                                                                                                               

      ( )( )  QDXDWZaDF −−=−−+  221 ,        (21) 

      ( ) WpaD −=−− 1
22 ,            (22) 

    ( ) DWKpaD −=−− 2
22 ,         (23) 

and    

    ( ) DZXpaD −=−− 2
22 ,                  (24) 

Where we have introduced new coordinates ( )',',' zyx  = (x/d , y/d, z/d) in new units of length 

d and '/ dzdD = . For convenience, the dashes are dropped hereafter. Also we have 

substituted ,,
2




nd
kda ==




=1p , is the thermal Prandtl number; 




=2p , is the 

magnetic Prandtl number;  
2

'

d
F


= , is the Rilvin-Ericksen kinematic viscoelasticity 

parameter;  


 4dg
R = , is the thermal Rayleigh number; 





0

22

4

dH
Q e= , is the 

Chandrasekhar number and  
2

424



d
TA


= , is the Taylor number. Also we have Substituted 

=WW , =


 2d
, 


= Z

d
Z



2
, 

= K
Hd

K


, 






 








= X

dHd
X



2
 and dDD = , 

and dropped ( )  for convenience. 

      We now consider the case where both the boundaries are rigid and perfectly conducting 

and are maintained at constant temperature, then the perturbations in the temperature are zero 

at the boundaries. The appropriate boundary conditions with respect to which equations (20)-

-(24), must possess a solution are 

     W = DW = 0, 0= , Z=0, K=0 and DX = 0 at z = 0 and z = 1.    (25) 

 

Equations (20)--(24), along with boundary conditions (25), poses an eigenvalue problem for 

  and we wish to Characterize  i  when 0r . 

We first note that since W  and Z  satisfy  )1(0)0( WW == , K(0)=K(1) and )1(0)0( ZZ ==  

in addition to satisfying to governing equations and hence we have from the Rayleigh-Ritz 

inequality  24  

  

1

0

22

1

0

2
dzWdzDW  ;  

1

0

22

1

0

2
dzKdzDK  and  

1

0

22

1

0

2
dzZdzDZ  ,  (26) 
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Further, for )1(0)0( WW == , K(0)=0 =K(1)and )1(0)0( ZZ == , Banerjee et al.  25   have 

show that 

 

1

0

22

1

0

2
2 dzDWdzWD   

1

0

22

1

0

2
2 dzDKdzKD   and  

1

0

22

1

0

2
2 dzDZdzZD  ,      (27)  

4. MATHEMATICAL ANALYSIS 

We prove the following lemma: 

Lemma 1:  For any arbitrary oscillatory perturbation, neutral or unstable 

   +

1

0

2

2

1

0

222 1
dzDWdzKaDK


 

Proof: Multiplying equation (23) by K  (the complex conjugate of K ), integrating by parts 

each term of the resulting equation on the left hand side for an appropriate number of times 

and making use of boundary conditions on K  namely )1(0)0( KK == , it follows that 

  =++ 
1

0

2

2

1

0

222
dzKpdzKaDK r Real part of










DWdzK

1

0
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0
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dzDWK


1

0

 dzDWK
1

0

2

1

1

0

2
2

1

1

0

2

















  dzDWdzK ,    (28) 

 (Utilizing Cauchy-Schwartz-inequality), 

which gives that   


1

0

2
dzDK

2

1

1

0

2
2

1

1

0

2

















  dzDWdzK ,         (29)  

 inequality (28) on utilizing inequalities (26) and (29), gives  

2

1

1

0

2

2

2

1

1

0

2 1


















 dzDWdzK


,             (30) 

Since 0r  and 02 p , hence inequality (28) on utilizing (30), give 

 ( )dzKaDK +

1

0

222



1

0

2

2

1
dzDW


,    (31) 

This completes the proof of lemma. 

Lemma 2: For any arbitrary oscillatory perturbation, neutral or unstable 

            

1

0

2

4

1

0

2 1
dzDWdzZ


 and ( )dzZaDZ +

1

0

222



1

0

2

2

1
dzDW


                        

Proof: Multiplying equation (21) by 
Z  (the complex conjugate of Z), integrating by parts 

each term of the resulting equation on the left hand side for an appropriate number of times 

on utilizing equation (24) and  appropriate boundary conditions (25), it follows that 

      ++++++
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=Real part of  
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  dzDWdzZ    ,      (32) 

 (Utilizing Cauchy-Schwartz-inequality), 

which gives that   
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dzDZ
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  dzDWdzZ ,        (33)  

 

 inequality (32) on utilizing inequalities (26) and (33), gives  

2

1

1

0

2

2

2

1

1

0

2 1


















 dzDWdzZ


,       (34) 

Since 0r  and 02 p , hence inequality (32) on utilizing (34), give 

 

1

0

2

4

1

0

2 1
dzDWdzZ


 and ( )dzZaDZ +

1

0

222



1

0

2

2

1
dzDW


,   (35) 

This completes the proof of lemma. 

We prove the following theorems: 

Theorem 1: If  R  0 , F  0, 0Q , AT 0, 01p , 02 p , 0r  and 0i  then the necessary 

condition for the existence of non-trivial solution  ( )XZKW ,,,,  of  equations  (20) – (24), 

together with boundary conditions (25)  is that 

                                  1
)1(

1
2

2

422









++
+ 

QpTFT

F

AA  .  

Proof: Multiplying equation (20) by  W  (the complex conjugate of W) throughout and 

integrating the resulting equation over the vertical range of z, we get 

( ) ( ) −−−+ 

1

0

22*

1

0

222)1( WdzaDWWdzaDWF               

( )KdzaDDWQDZdzWTdzWRa A

22*

1

0

1

0

1

0

2 −−+= 
 ,     (36) 

Taking complex conjugate on both sides of equation (22), we get 

( )  −=−− WpaD 1
22

,          (37) 

Therefore, using (37), we get  

    ( ) 
 −−−=

1

0

1

0

1

22 dzpaDdzW  ,             (38) 

Also taking complex conjugate on both sides of equation (21), we get 

( )  −−=−−+ QDXDWZZaDF ***22* )1(  ,                    (39) 
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Therefore, using (39), we get  

( )    +−−+=−= 

1

0

*

1

0

1

0

1

0

**22*

1

0

)1( dzZDXQZdzZZdzaDZFZdzDWDZdzW  ,   (40) 

Integrating by parts the third term on left hand side and using equation (24), and appropriate 

boundary condition (25), we get 

( ) ( )   −−+−−+= 

1

0

*

2

22

1

0

1

0

1

0

**22* )1( dzXpaDXQZdzZZdzaDZFDZdzW  ,   (41) 

Also taking complex conjugate on both sides of equation (23), we get 

   −=−− DWKpaD 2
22 ,          (42) 

Therefore, equation (42), using appropriate boundary condition (25), we get  

( ) ( ) ( )( )  
 −−−=−−=−

1

0

1

0

1

0

2

22222222 dzKpaDaDKKdzaDDWKdzaDDW  , (43) 

Substituting (38), (41) and (43), in the right hand side of equation (36), we get 

( ) ( ) ( ) −−−=−−−+ 

1
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1

22222

1

0

1

0

222)1( dzpaDRaWdzaDWWdzaDWF                                            

( ) −−+−−++ 

1

0

**

2

22

1

0

**

1

0

22* )()1( dzXpaDXQTZdzZTdzZaDZFT AAA   

( ) ( )KdzaDKQpKdzaDKQ 22

1

0

1

0

*

2

222 −−−− 
  ,      (44) 

Integrating the terms on both sides of equation (44) for an appropriate number of times and 

making use of the appropriate boundary conditions (25), we get  

  ( ) ( ) +=+++++
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2

2 2)1( dzaDRadzWaDWdzWaDWaWDF 
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1

0
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2 2 dzKaDKQpdzKaDKaKDQdzXQpTA  ,   (45)   

now equating imaginary parts on both sides of equation (45), and cancelling )0(i  

throughout from imaginary part, we get 
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2 2 dzWaDWdzWaDWaWDF  
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222
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2 dzKaDKQpdzXQpTdzZTdzZaDZFTdzpRa AAA
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(46)                                                                                                      

Now R   0, 02 p , 01p , 0Q  and AT  0, utilizing the inequalities (26), (27), (31) and (35), 

the equation (46) gives,  

0)1( 1

1

0

2

2

2

42
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++−+  IdzDW

QpTFT
F AA


 ,           (47) 

Where 
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    ++++=

1

0

1

0

2

2

2

1

2

1

0

22

1

0

2422

1 2 dzXQpTdzpRadzWadzWaDWaFI A
,     (48) 

Is positive definite, and therefore, we must have 

                             1
)1(

1
2

2

422









++
+ 

QpTFT

F

AA .      (49) 

Hence, if 

 0r  and 0i , then 1
)1(

1
2

2

422









++
+ 

QpTFT

F

AA  .    (50) 

And this completes the proof of the theorem. 

Presented otherwise from the point of view of existence of instability as stationary 

convection, the above theorem can be put in the form as follow:- 

Theorem 2: The sufficient condition for the onset of instability as a non-oscillatory motions 

of non-growing amplitude in a Rivlin-Ericksen fluid heated from below, in the presence of 

uniform vertical magnetic field and rotation is that, 1
)1(

1
2

2

422










++
+ 

QpTFT

F

AA  , 

where AT  is the Taylor number, Q is the Chandrasekhar number, 2p is the magnetic Prandtl 

number  and F is the viscoelasticity parameter, when both the boundaries are rigid. 

or 

 

The onset of instability in a Rivlin-Ericksen fluid heated from below, in the presence of 

uniform vertical magnetic field and rotation, cannot manifest itself as oscillatory motions of 

growing amplitude if the Taylor number AT , the Chandrasekhar number Q, 2p  the magnetic 

Prandtl number and the viscoelasticity parameter F, satisfy the inequality 

1
)1(

1
2

2

422










++
+ 

QpTFT

F

AA  , when both the bounding surfaces are rigid. 

The sufficient condition for the validity of the ‘PES’ can be expressed in the form: 

Theorem 3: If ( ),,,,, XZKW  , ir i += , 0r  is a solution  of  equations  (15) – 

(19),  with R  0  and,   

                                 1
)1(

1
2

2

422










++
+ 

QpTFT

F

AA , 

Then 0=i .  

In particular, the sufficient condition for the validity of the ‘exchange principle’ i.e., 

00 == ir   is that 1
)1(

1
2

2

422










++
+ 

QpTFT

F

AA . 

In the context of existence of instability in ‘oscillatory modes’ and that of ‘overstability’ in 

the present configuration, we can state the above theorem as follow:- 

 

Theorem 4: The necessary condition for the existence of instability in ‘oscillatory modes’ 

and that of ‘overstability’ in a Rivlin-Ericksen fluid heated from below, in the presence of 

uniform vertical magnetic field and rotation is that the Taylor number AT , the Chandrasekhar 

number Q, 2p  the magnetic Prandtl number and the viscoelasticity parameter F must satisfy 
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the inequality 1
)1(

1
2

2

422









++
+ 

QpTFT

F

AA , when both the bounding surfaces are rigid 

 

Special Cases: It follows from theorem 1 that an arbitrary neutral or unstable mode is non-

oscillatory in character and ‘PES’ is valid for: 

(i). Thermal convection in Rivlin-Ericksen fluid heated from below i. e. when   Q = 0 = AT . 

    (Sunil et al, 2002). 

(ii). Magneto-thermal convection in Rivlin-Ericksen fluid heated from below ( AT =0), if  

  1
)1(

1
2

2

2










+ 

Qp

F
,and when F=0 then we have 1

2

2 










Qp
 (Gupta et al, 1986). 

(iii). Rotatory-thermal convection in Rivlin-Ericksen fluid heated from below (Q = 0), if 

     1
)1(

1
422










+
+ 

AA TFT

F
. 

(iv) When F = 0, then we retrieve the result of Newtonian fluid by (Gupta et al, 1986) in the 

presence of uniform vertical magnetic field and rotation i. e. 

 1
2

2

4
+



QpTA  

 

5. CONCLUSIONS: 

This theorem mathematically established that the onset of instability in a Rivlin-Ericksen 

fluid in the presence of uniform vertical magnetic field and rotation cannot manifest itself as 

oscillatory motions of growing amplitude if the Taylor number AT , the Chandrasekhar 

number Q, 2p  the magnetic Prandtl number and the viscoelasticity parameter F satisfy the 

inequality 1
)1(

1
2

2

422










++
+ 

QpTFT

F

AA , when both the bounding surfaces are rigid. 

 

The essential content of the theorem, from the point of view of linear stability theory is that 

for the configuration of couple-stress fluid of infinite horizontal extension heated form 

below, having rigid boundaries at the top and bottom of the fluid, in the presence of uniform 

vertical magnetic field and rotation, parallel to the force field of gravity, an arbitrary neutral 

or unstable modes of the system are definitely non-oscillatory in character 

if 1
)1(

1
2

2

422










++
+ 

QpTFT

F

AA , and in particular PES is valid. 
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ABSTRACT: 

The thermosolutal instability of a couple-stress fluidVeronis (1965) type configuration acted 

upon by uniform vertical rotation and magnetic field, heated from below in a porous medium 

is investigated. Following the linearized stability theory and normal mode analysis, the paper 

through mathematical analysis of the governing equations of couple-stress fluid convection 

with a uniform vertical rotation and magnetic field in porous medium, for the case of rigid 

boundaries shows that the complex growth rate   of oscillatory perturbations, neutral or 

unstable for all wave numbers, must lie inside a semi-circle  
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in the right half of a complex  -plane, where sR is the thermosolutal Rayleigh number, Q is 

the Chandrasekhar number, AT  is the Taylor number, lP  is the dimensionless medium 

permeability of the porous medium and F is the couple-stress parameter, which prescribes the 

upper limits to the complex growth rate of arbitrary oscillatory motions of growing amplitude 

in a magneto-rotatory couple-stress fluidof Veronis (1965) type configuration in porous 

medium heated from below.A similar result is also proved for Stern (1960) type of 

configuration. 

 

KEY WORDS: Thermal convection; Couple-Stress Fluid; Rotation; Magnetic Field; PES; 

Rayleigh number; Chandrasekhar Number; Taylor number. 
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1. INTRODUCTION: 

A detailed account of the theoretical and experimental study of the onset of thermal 

instability in Newtonian fluids, under varying assumptions of hydrodynamics and 

hydromagnetics, has been given by Chandrasekhar  1  and the Boussinesq approximation has 

been used throughout, which states that the density changes are disregarded in all other terms 

in the equation of motion, except in the external force term. The formation and derivation of 

the basic equations of a layer of fluid heated from below in a porous medium, using the 

Boussinesq approximation, has been given in a treatise by Joseph  2 . When a fluid permeates 

through an isotropic and homogeneous porous medium, the gross effect is represented by 

Darcy’s law. The study of layer of fluid heated from below in porous media is motivated 

both theoretically and by its practical applications in engineering. Among the applications in 

engineering disciplines one can name the food processing industry, the chemical processing 

industry, solidification, and the centrifugal casting of metals. The development of geothermal 

power resources has increased general interest in the properties of convection in a porous 

medium.The problem of thermohaline convection in a layer of fluid heated from below and 
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subjected to a stable salinity gradient has been considered by Veronis  3 . Double-diffusive 

convection problems arise in oceanography (salt fingers occur in the ocean when hot saline 

water overlies cooler fresher water which believed to play an important role in the mixing of 

properties in several regions of the ocean), limnology and engineering. The migration of 

moisture in fibrous insulation, bio/chemical contaminants transport in environment, 

underground disposal of nuclear wastes, magmas, groundwater, high quality crystal 

production and production of pure medication are some examples where double-diffusive 

convection is involved. Examples of particular interest are provided by ponds built to trap 

solar heat Tabor and Matz  4 and some Antarctic lakes Shirtcliffe  5 . The physics is quite 

similar in the stellar case in that helium acts like salt in raising the density and in diffusing 

more slowly than heat. The conditions under which convective motions are important in 

stellar atmospheres are usually far removed from consideration of a single component fluid 

and rigid boundaries, and therefore it is desirable to consider a fluid acted on by a solute 

gradient and free boundaries. 

 

The flow through porous media is of considerable interest for petroleum engineers, for 

geophysical fluid dynamists and has importance in chemical technology and industry. An 

example in the geophysical context is the recovery of crude oil from the pores of reservoir 

rocks. Among the applications in engineering disciplines one can find the food processing 

industry, chemical processing industry, solidification and centrifugal casting of metals. Such 

flows has shown their great importance in petroleum engineering to study the movement of 

natural gas, oil and water through the oil reservoirs; in chemical engineering for filtration and 

purification processes and in the field of agriculture engineering to study the underground 

water resources, seepage of water in river beds. The problem of thermosolutal convection in 

fluids in a porous medium is of importance in geophysics, soil sciences, ground water 

hydrology and astrophysics. The study of thermosolutal convection in fluid saturated porous 

media has diverse practical applications, including that related to the materials processing 

technology, in particular, the melting and solidification of binary alloys. The development of 

geothermal power resources has increased general interest in the properties of convection in 

porous media. The scientific importance of the field has also increased because hydrothermal 

circulation is the dominant heat-transfer mechanism in young oceanic crust Lister  6 . 

Generally it is accepted that comets consists of a dusty ‘snowball’ of a mixture of frozen 

gases which in the process of their journey changes from solid to gas and vice - versa. The 

physical properties of comets, meteorites and interplanetary dust strongly suggest the 

importance of porosity in the astrophysical context Mc Donnel  7 . The effect of a magnetic 

field on the stability of such a flow is of interest in geophysics, particularly in the study of 

Earth’s core where the Earth’s mantle, which consists of conducting fluid, behaves like a 

porous medium which can become convectively unstable as a result of differential diffusion. 

The other application of the results of flow through a porous medium in the presence of a 

magnetic field is in the study of the stability of a convective flow in the geothermal region. 

Also the magnetic field in double-diffusive convection has its importance in the fields of 

engineering, for example, MHD generators and astrophysics particularly in explaining the 

properties of large stars with a helium rich core. Stommel and Fedorov  8  and Linden  9  

have remarked that the length scales characteristics of double-diffusive convective layers in 

the ocean may be sufficiently large that the Earth’s rotation might be important in their 

formation. Moreover, the rotation of the Earth distorts the boundaries of a hexagonal 

convection cell in a fluid through a porous medium and the distortion plays an important role 
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in the extraction of energy in the geothermal regions. Brakke  10  explained a double - 

diffusive instability that occurs when a solution of a slowly diffusing protein is layered over a 

denser solution of more rapidly diffusing sucrose. Nason et al.  11  found that this instability, 

which is deleterious to certain biochemical separations, can be suppressed by rotation in the 

ultracentrifuge.  

 

The theory of couple-stress fluid has been formulated by Stokes  12 . One of the applications 

of couple-stress fluid is its use to the study of the mechanisms of lubrications of synovial 

joints, which has become the object of scientific research. A human joint is a dynamically 

loaded bearing which has articular cartilage as the bearing and synovial fluid as the lubricant. 

When a fluid film is generated, squeeze - film action is capable of providing considerable 

protection to the cartilage surface. The shoulder, ankle, knee and hip joints are the loaded – 

bearing synovial joints of the human body and these joints have a low friction coefficient and 

negligible wear. Normal synovial fluid is a viscous, non-Newtonian fluid and is clear or 

yellowish. According to the theory of Stokes  12 , couple-stresses appear in noticeable 

magnitudes in fluids with very large molecules. Since the long chain hyaluronic acid 

molecules are found as additives in synovial fluids, Walicki and Walicka  13  modeled the 

synovial fluid as a couple-stress fluid. The synovial fluid is the natural lubricant of joints of 

the vertebrates. The detailed description of the joint lubrication has very important practical 

implications. Practically all diseases of joints are caused by or connected with malfunction of 

the lubrication. The efficiency of the physiological joint lubrication is caused by several 

mechanisms. The synovial fluid is due to its content of the hyaluronic acid, a fluid of high 

viscosity, near to gel. Goel et al.  14  have studied the hydromagnetic stability of an 

unbounded couple-stress binary fluid mixture under rotation with vertical temperature and 

concentration gradients. Sharma et al.  15  have considered a couple - stress fluid with 

suspended particles heated from below. In another study, Sunil et al.  16  have considered a 

couple- stress fluid heated from below in a porous medium in the presence of a magnetic 

field and rotation. Kumar et al.  17  have considered the thermal instability of a layer of 

couple-stress fluid acted on by a uniform rotation, and have found that for stationary 

convection the rotation has a stabilizing effect whereas couple-stress has both stabilizing and 

destabilizing effects. 

 

Pellow and Southwell  18   proved the validity of PES for the classical Rayleigh-Bénard 

convection problem. Banerjee et al  19  gave a new scheme for combining the governing 

equations of thermohaline convection, which is shown to lead to the bounds for the complex 

growth rate of the arbitrary oscillatory perturbations, neutral or unstable for all combinations 

of dynamically rigid or free boundaries and, Banerjee and Banerjee  20  established a 

criterion on characterization of non-oscillatory motions in hydrodynamics which was further 

extended by Gupta et al  21 . However no such result existed for non-Newtonian fluid 

configurations in general andin particular, for Rivlin-Ericksen viscoelastic fluid 

configurations. Banyal  22  have characterized the oscillatory motions in couple-stress fluid.   

 

Keeping in mind the importance in geophysics, soil sciences, ground water hydrology, 

astrophysics and various applications mentioned above, the thermosolutal convection in 

couple-stress fluid in porous medium in the presence of uniform rotation and uniform 
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magnetic field has been considered.The present paper is an attempt to prescribe the upper 

limits to the complex growth rate of arbitrary oscillatory motions of growing amplitude, in a 

layer of incompressible couple-stress fluidconfiguration of Veronis  3  type, in porous 

medium heated from below in the presence of uniform vertical rotation and magnetic field, 

opposite to force field of gravity, when the bounding surfaces are of infinite horizontal 

extension, at the top and bottom of the fluid are rigid.A similar characterization theorem is 

also proved for Stern  23 type of configuration. 

 

2. FORMULATION OF THE PROBLEM AND PERTURBATION EQUATIONS 

Here we consider an infinite, horizontal, incompressible couple-stress fluid layer of thickness 

d, heated and soluted from below so that, the temperatures, densities and solute 

concentrations at the bottom surface z = 0 are T0, 0 and C0 and at the upper surface z = d are 

Td, d and Cd respectively, and that a uniform temperature gradient  







=

dz

dT
 and a uniform 

solute gradient /








=

dz

dC
 are maintained. The gravity field )g,0,0(g −


, a uniform vertical 

magnetic field )H,0,0(H


 and a uniform vertical rotation ),0,0( 


 pervade the system. This 

fluid layer is assumed to be flowing through an isotropic and homogeneous porous medium 

of porosity  and medium permeability k1. 

 

Let p, , T, C, , /, g, , e and ),,( wvuq


denote respectively, the fluid pressure, density, 

temperature, solute concentration, thermal coefficient of expansion, an analogous solvent 

coefficient of expansion, gravitational  acceleration, resistivity, magnetic permeability and 

fluid velocity. The equations expressing the conservation of momentum, mass, temperature, 

solute concentration and equation of state of couple-stress fluid (Chandrasekhar  1 ;Joseph 2

;Stokes  12 ) are 
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Where the suffix zero refers to values at the reference level z = 0 and in writing equation (1), 

use has been made of Boussinesq approximation.Here E = 
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 is a constant 

and E/ is a constant analogous to E but corresponding to solute rather that heat; s, Cs and o , 

Ci stand for density and heat capacity of solid (porous matrix) material and fluid, 

respectively. The magnetic permeability e, the kinematic viscosity, couple-stress viscosity 

/, the thermal diffusivity   and the solute diffusivity 
/ are all assumed to be constants. 
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 The Maxwell’s equations yield 
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tdt

d 1  stands for the convective derivative. 

 The steady state solution is  

=
→

),,( wvuq (0,0,0), T = T0-z, C = C0
  - /z,  

 = 0 (1+ z - //z).            (8) 

Here we use linearized stability theory and normal mode analysis method. Consider a small 

perturbation on the steady state solution, and letp, , ,  ,  ),,( zyx hhhh
→

and ),,( wvuq
→

 

denote, respectively, the perturbations in pressure p, density , temperature T, solute 

concentration C, magnetic field )0,0,0(
→

H and velocity )0,0,0(
→

q . The change in density, 

caused mainly by the perturbations  and  in temperature and concentration, is given by 

 = - 0 ( −
/).   (9) 

Then the linearized perturbation equations become 
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3. NORMAL MODES ANALYSIS: 

Analyzing the disturbances into normal modes, we assume that the perturbation quantities are 

of the form 

  ( ) ( ) )(),(),(),(,,,,,,, zXzZzzKzzWhw z = exp(ikxx + ikyy + nt), (16) 

where kx, ky are the wave numbers along the x- and y- directions respectively, k= ( 22
yx kk + ) 

is the resultant wave number and n is the growth rate which is, in general, a complex 

constant. 
y
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=  and  

y

h

x

h
xy




−




=  stand for the z-components of vorticity and 

current density, respectively. )(),(),(),( zZzzKzW   and )(zX  are the functions of z only. 

Using (16), equations (10)-(15), within the framework of Boussinesq approximations, in the 

non-dimensional form transform to 
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Where we have introduced new coordinates ( )',',' zyx  = (x/d, y/d, z/d) in new units of length 

d and '/ dzdD = . For convenience, the dashes are dropped hereafter. Also we have 

substituted ,,
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 and dDD = , and dropped 

( )  for convenience. 

 

We now consider the cases where the boundaries are rigid-rigid or rigid-free or free-rigid or 

free-free at z = 0 and z = 1 respectively, as the case may be, are perfectly conducting and 

maintained at constant temperature and solute concentration. Then the perturbations in the 

temperature and solute concentration are zero at the boundaries. The appropriate boundary 

conditions with respect to which equations (17)--(22), must possess a solution are 

     W = 0 =DW =Z=DX =K= = ,           on both the horizontal boundaries,          (23) 

Equations (17)-(22), along with boundary conditions (23), pose an eigenvalue problem for   

and we wish to characterize i , when 0r . 

 

We first note that sinceW , K  and Z  satisfy )1(0)0( WW == , )1(0)0( KK ==  and 

)1(0)0( ZZ == , in addition to satisfying to governing equations and hence we have from the 

Rayleigh-Ritz inequality  24  



Proceeding of International Conference on Mathematics in Space and Applied Sciences  

(ICMSAS-2019) 

Published by Knowledge and Research Publisher, Nagpur India                  ISBN-978-81-942641-8-7 
 

283 

 

 

1

0

22

1

0

2
dzWdzDW  ,   

1

0

22

1

0

2
dzKdzDK   ,  

1

0

22

1

0

2
dzZdzDZ  ,    

 

1

0

22

1

0

2
dzdzD   and  

1

0

22

1

0

2
dzdzD  ,              (24) 

Further, for )1(0)0( WW == , )1(0)0( KK ==  and )1(0)0( ZZ == , Banerjee et al.  25   have 

shown that 
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4. MATHEMATICAL ANALYSIS: 

We prove the following lemma: 

Lemma 1:  For any arbitrary oscillatory perturbation, neutral or unstable 
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Proof: Multiplying equation (19) by   (the complex conjugate of  ), integrating by parts 

each term of the resulting equation on the right hand side for an appropriate number of times 

and making use of boundary condition on   namely )1(0)0( == , it follows that 
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                                    (Utilizing Cauchy-Schwartz-inequality), 

So that the fact that 0r , we obtain from the above that 
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Multiplying equation (19) and its complex conjugate, and integrating by parts each term on 

right hand side of the resulting equation for an appropriate number of times and making use 

of boundary conditions on   namely )1(0)0( == , we get 
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Since 0r  therefore the equations (28) give, 
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Since 0r  and 01p , hence inequality (27) on utilizing (29), gives 
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This completes the proof of lemma 1. 

Lemma 2:  For any arbitrary oscillatory perturbation, neutral or unstable 
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Proof: Multiplying equation (20) by   (the complex conjugate of  ), integrating by parts 

each term of the resulting equation on the right hand side for an appropriate number of times 

and making use of boundary condition on   namely )1(0)0( == , it follows that 
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                                    (Utilizing Cauchy-Schwartz-inequality), 

So that, since 0r , we obtain from the above that 

And thus, we get   
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Multiplying equation (20) and its complex conjugate, and integrating by parts each term on 

right hand side of the resulting equation for an appropriate number of times and making use 

of boundary conditions on   namely )1(0)0( == , we get 
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Since 0r  therefore the equations (33) give, 

 

1

0

2

22

3

2'

1

0

2 1
dzW

pE
dz



                    (34)  

Since 0r  and 01p , hence inequality (29) on utilizing (30) and (24), gives 
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This completes the proof of lemma 2. 

 

Lemma 3:  For any arbitrary oscillatory perturbation, neutral or unstable 
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Proof: Multiplying equation (21) by K  (the complex conjugate of K ), integrating by parts 

each term of the resulting equation on the left hand side for an appropriate number of times 

and making use of boundary conditions on K  namely )1(0)0( KK == , it follows that 
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 (Utilizing Cauchy-Schwartz-inequality), 

Inequality (36) on utilizing (24), gives  
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Since 0r  and 02 p , hence inequality (36) on utilizing (37), give 
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This completes the proof of lemma 3. 

Lemma 4: For any arbitrary oscillatory perturbation, neutral or unstable 
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Proof: Multiplying equation (18) by 
Z  (the complex conjugate of Z), integrating by parts 

each term of the resulting equation on the left hand side for an appropriate number of times 

on utilizing equation (22) and  appropriate boundary conditions (23), it follows that 
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 (Utilizing Cauchy-Schwartz-inequality), 

Utilizing the inequality (24), (40) gives that   
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  dzZdzDW                (41)  

 Inequality (40) on utilizing (41), gives  
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,                 (42) 

This completes the proof of lemma 4. 

Now we prove the following theorems: 

 

Theorem 1: If  R  0 , 0sR  F  0, 0Q , AT 0, 0lP , 01p , 02 p , 0r  and 0i  then 

the necessary condition for the existence of non-trivial solution  ( )XZKW ,,,,,   of  

equations  (17) – (22), together with boundary conditions (23)  is that 
1

2

2
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2
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Proof: Multiplying equation (17) by  W  (the complex conjugate of W) throughout and 

integrating the resulting equation over the vertical range of z, we get 
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Taking complex conjugate on both sides of equation (19), we get 

( )  −=−− WEpaD 1
22

,                             (44) 

Therefore, using (44), we get  

( ) 
 −−−=

1

0

1

0

1

22 dzEpaDdzW  ,                 (45) 

Taking complex conjugate on both sides of equation (20), we get 

( )  −=−− WpEaD 3
'22

,                          (46) 

Therefore, using (46), we get  
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Also taking complex conjugate on both sides of equation (18), we get 
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Therefore, using (48), we get  
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Integrating by parts the third term on left hand side and using equation (22), and appropriate 

boundary condition (23), we get 
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Also taking complex conjugate on both sides of equation (21), we get 

   −=−− DWKpaD 2
22 ,                    (50) 

Therefore, equation (50), using appropriate boundary condition (23), we get  
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Substituting (45), (73), (49) and (41), in the right hand side of equation (43), we get 

( ) ( ) −−−=−









+−−

1

0

**

1

222

1

0

22*222

1

0

)(
1

dzEpaDRaWdzaDW
P

WdzaDW
P

F

ll





 

dzZZ
P

TdzZaDZ
P

FT
dzpEaDaR

l

A

l

A
s  










+−−+−−+ 

1

0

*

1

0

22

1

0

**

3

/222 1
)()(






( ) ( )( ) −−−−−−+

1

0

**

2

2222

1

0

*

2

22 dzKpaDaDKQdzXpaDXQTA  ,                                      (52) 

Integrating the terms on both sides of equation (52) for an appropriate number of times and 

making use of the appropriate boundary conditions (23), we get  
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now equating imaginary parts on both sides of equation (53), and cancelling )0(i  

throughout from imaginary part, we get 
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Now R   0, 0Q 0 02 p  and AT  0, utilizing the inequalities (35), (39) and (42), the 

equation (54) gives,  
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Where   ++=
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Hence, if 

0r  and 0i , then 
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And this completes the proof of the theorem. 

In the context of existence of instability in ‘oscillatory modes’ and that of ‘overstability’ in 

the present configuration, we can state and prove a theorem 1 as follow:- 

Theorem 2: If  R  0 , 0sR  F  0, Q  0, AT 0, 0lP , 01p , 0r  and 0i  then the 

necessary condition for the existence of non-trivial solution  ( )XZKW ,,,,,   of  equations  

(17) – (22), together with boundary conditions (23)  is that 
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Proof:Replacing R and sR  by  R−   and  sR−  , respectively in equations (14) –(17) and 

proceeding exactly as in Theorem 1and utilizing the inequality (30), we get the desired result.   

CONCLUSIONS 

The inequality (57) for 0r  and 0i , can be written as 
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The essential content of the theorem, from the point of view of linear stability theory is that 

for the configuration of couple-stress fluid of infinite horizontal extension heated form 

below, having top and bottom bounding surfaces rigid, in the presence of uniform vertical 

rotation and magnetic field parallel to the force field of gravity, the complex growth rate of 

an arbitrary oscillatory motions of growing amplitude, must lie inside a semi-circle in the 

right half of the r i  - plane whose centre is at the origin and radius is
1
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 Qp

F

PTR lAs ,where sR is the thermosolutal Rayleigh number, Q is the 

Chandrasekhar number, AT  is the Taylor number, lP  is the dimensionless medium 

permeability of the porous medium,  is the porosity and F is the couple-stress parameter. 

The inequality (58) established a similar result for Stern (1960) type of the configuration. 

 

REFERENCES 

 1 . Chandresekhar, S. (1961) Hydrodynamic and Hydromagnetic Stability, Clarendon Press, 

Oxford, UK. 

 2 . Joseph, D.D.,(1976), Stability of fluid motions, vol.II, Springer-Verlag, berlin. 

 3 . Veronis, G. (1965) On finite amplitude instability in thermohaline convection, J. Marine 

Res., Vol. 23, pp. 1-17.  

 4 . Tabor, H. and Matz, R. (1965),  “Solar pond project”, Solar Energy, Vol. 9, pp. 177-182. 

 5 . Shirtcliffe, T.G.L. (1967), “Thermosolutal convection: observation od an overstable 

mode”, Nature   (London), Vol. 213,  pp. 489-490. 

 6 . Lister, P.E.,(1972), “On the thermal balance of a mid-ocean ridge,” Geophys. J. Roy. 

Astr. Soc., Vol. 26, pp. 515-535. 



Proceeding of International Conference on Mathematics in Space and Applied Sciences  

(ICMSAS-2019) 

Published by Knowledge and Research Publisher, Nagpur India                  ISBN-978-81-942641-8-7 
 

289 

 

 7 . McDonnel, J.A.M. (1978), Cosmic Dust, Johan Wiley and Sons, Toronto, p. 330. 

 8 . Stommel, H. and Fedorov, K.N. (1967), Small scale structure in temperature and salinity 

near Timor and Mindano, Tellus, Vol. 19, pp. 306. 

 9 . Linden, P.F. (1974),  Salt fingers in a steady shear flow, Geophys. Fluid Dynamics, Vol. 

6, pp. 1. 

 10 . Brakke, M.K. (1955), “Zone electrophoresis of dyes, proteins and viruses in density- 

gradient  columns of sucrose solutions,” Arch. Biochem. Biophys., Vol. 55, pp. 175-190. 

 11 . Nason, P., Schumaker, V.,Halsalt, B. and Schwedes, J. (1969), “Formation of a 

streaming convective disturbance which may occur at one gravity during preparation of 

samples for zone centrifugation,” Biopolymers, Vol. 7, pp. 241-249. 

 12 . Stokes V.K. (1966) , Couple–stresses in fluids,  Phys. Fluids, Vol. 9, pp. 1709-1715. 

 13 . Walicki, E. and Walicka, A. (1999), “Inertia effects in the squeeze film of a couple 

stress fluid in biological bearing,” Appl. Mech. Engng., Vol. 4,pp. 363-373. 

 14 . Goel, A.K., Agarwal, S.C. and Agarwal, G.S. (1999), “Hydromagnetic stability of an 

unbounded couple-stress binary fluid mixture having vertical temperature and concentration 

gradients with  rotation,” Indian J. Pure Appl. Math., Vol. 30, pp. 991-1001. 

 15 . Sharma, R.C., Sunil, Sharma, Y.D. and Chandel, R.S. (2002),  On Couple-stress fluid 

permeated with suspended particles heated from below,  Arch. Mech. (Poland), Vol. 54, pp. 

287-298. 

 16 . Sunil, Sharma, R.C. and Pal, M. (2002), “On couple – stress fluid heated from below in 

porous medium in presence of magnetic field and rotation,” J. Porous Media, Vol. 5, pp. 

149-158. 

 17 . Kumar, P., Lal R. and Sharma, P. (2004), “Effect of rotation on thermal instability in 

couple-stress elastico-viscous fluid,” Z. Naturforsch., Vol. 59a, pp. 407-411. 

 18 . Pellow, A., and Southwell, R.V., (1940), On the maintained convective motion in a 

fluid heated from below, Proc. Roy. Soc. London A,  176, 312-43.  

 19 . Banerjee, M.B., Katoch, D.C., Dube,G.S. and Banerjee, K., (1981), Bounds for growth 

rate of  perturbation in thermohaline convection. Proc. R. Soc. A, 378, 301-304 

 20 . Banerjee, M. B., and Banerjee, B., (1984), A characterization of non-oscillatory 

motions in magnetohydronamics. Ind. J. Pure & Appl Maths., 15(4): 377-382 

 21 . Gupta, J.R., Sood, S.K., and Bhardwaj, U.D., (1986), On the characterization of 

nonoscillatory motions in rotatory hydromagnetic thermohaline convection, Indian J. pure 

appl.Math., 17(1), pp 100-107.  

 22 . Banyal, A.S, (2011), The necessary condition for the onset of stationary convection in 

couple-stress  fluid, Int. J. of Fluid Mech. Research, Vol. 38, No.5, pp. 450-457.  

 23 . Stern ME (1960),  The salt fountain and thermohaline convection, Tellus12 172-175. 

 24 . Schultz, M.H. (1973),  Spline Analysis, Prentice Hall, Englewood Cliffs, New Jersy. 

 25 . Banerjee, M.B., Gupta, J.R. and Prakash, J., (1992). On thermohaline convection of 

Veronis type, J. Math. Anal. Appl., Vol.179, No. 2, pp. 327-334.    

 

 



Proceeding of International Conference on Mathematics in Space and Applied Sciences  

(ICMSAS-2019) 

Published by Knowledge and Research Publisher, Nagpur India                  ISBN-978-81-942641-8-7 
 

290 
 

 

HALL EFFECT ON MAGNETO-THERMAL STABILITY OF 

VISCOELASTIC FERROMAGNETIC FLUID SATURATING POROUS 

MEDIUM 

Veena Sharma1, Kavita2 

1Department of Mathematics and Statistics, Himachal Pradesh University, Shimla-5 
2Department of Mathematics, Govt. Degree College Sujanpur-Tihra, Distt.Hamirpur (H.P) 

E- mail:  veena_math_hpu@yahoo.com, kavi6991@gmail.com 

 

Abstract:  

The effect of Hall Currents on the thermal stability of an electrically conducting ferromagnetic 

rheological fluid heated from below saturating a porous medium has been investigated. The 

rheology of the ferromagnetic fluid is described by the Walters’(model B`). The exact solutions of 

the eigen-value problem for stress- free boundary surfaces are obtained analytically Galerkin 

technique to find the thermal Rayleigh number for onset of both oscillatory and non- oscillatory 

modes. It is observed that thermal Rayleigh number decrease with increasing medium permeability 

and Hall Current, whereas magnetic field and magnetization showing opposite result for both 

oscillatory and non- oscillatory modes. The principle of exchange of stabilities is not valid. The 

oscillatory modes are introduced due to viscoelastic parameter F. in oscillatory mode viscoelastic 

parameter, magnetic field, magnetization as well as Hall current gives stabilizing effect for certain 

condition, whereas medium permeability showing destabilizing effect. These results have also 

been shown graphically. 

 

Keywords: Porous medium, Hall current, Galerkin Weighted Residual method, Ferromagnetic 

Fluids, Viscoelasticity, Magnetic field and Magnetization. 

 

INTRODUCTION 

Magnetic fluids which are formed by dispersion of stable non - conducting colloidal suspension 

of magnetic nanoparticles in a conducting carrier liquid such as heptane’s, water or kerosene etc., 

are known as ferromagnetic fluids. These fluids have some special features like polarization force 

and body couple which are not found in ordinary fluids.  The behavior of these fluids are 

homogeneously continuum and exhibit various fascinating phenomena. These fluids are not found 

in nature but are artificially synthesized and find diverse application of ferromagnetic fluids in 

many science field such as instrumentation, lubrication, printing, vacuum technology, vibration 

damping, metal recovery, acoustics and medicine,   commercial usage of these ferromagnetic fluid 

includes vacuum feedthroughs of semiconductor (Moskowitz, 1975) ,pressure seals used in 

compressors and blowers (Brooks, 1955), sealing of rotating shaft in computer disk drives(Bailey, 

1983), cooling loudspeakers (Hathaway, 1979) attracted many researchers towards this field. 

Significant contribution is given by various researchers toward ferromagnetic fluid and their 

application by taking theoretical and experimental aspects. 

 

mailto:kavi6991@gmail.com


Proceeding of International Conference on Mathematics in Space and Applied Sciences  

(ICMSAS-2019) 

Published by Knowledge and Research Publisher, Nagpur India                  ISBN-978-81-942641-8-7 
 

291 
 

Convection stability of ferromagnetic fluid for fluid layer heated from below in the presence of 

uniform vertical magnetic field has been discussed in detail by Finlayson (1970). He found that 

there is induction of convection due to temperature and temperature gradient across the layer which 

leads to magnetization of ferrofluids.Lalas and Carmi (1971) analyzed thermoconductive stability 

of ferrofluids  and proves that linear and energies theories give identical results for stationary 

convection in ferrofluids. Shliomis (1974) has studied the mechanisms of relaxation of the 

magnetization of a suspension.  

 

Earlier many authors considered Bernard’s convection in non-porous (Siddheshwar, 1993, 1995; 

Sunil, Sharma and Shandil, 2006; Aggarwal and Prakash, 2009). In recent years researchers 

concentrate on the convective flow and stability of fluid layer in porous medium which was earlier 

considered by(Lapwood, 1948) and (Wooding, 1960).  

 

Growing importance of non- Newtonian fluid in geophysical fluid dynamics chemical technology 

and petroleum industry aroused interest of many researchers toward studies of convective fluid 

motion in porous medium because of its important application in prediction of ground water 

movement, in atmospheric physics and recovery of crude oil from porous of rocks. There is vast 

variety of non- Newtonian fluids. Principle types of non- Newtonian fluid include: couple stress 

fluids, viscoelastic fluids (Rivlin- Ericksian fluids, Walters’ (Model B′) fluid), plastic solids, power 

–law fluids, time dependent etc.Walters(Walters, 1960) studied the motion of oscillation flow of 

the viscoelastic liquid in a concentric- sphere elastoviscometer. He concludes that concentric- 

sphere elastoviscometer and coaxial- cylinder elastoviscometer both discriminant exclusive 

viscoelastic liquids in same way. Walters(1962) again studied the behaviour of non– Newtonian 

elasto-viscous  fluids at small rates of shear which are characterized by a general linear equation 

of state. With  growing importance of non- Newtonian viscoelastic fluids in science and technology 

has also been studied by many authors (Sharma and Kumar, 1997; Kumar and Sharma, 2000; 

Kumaret al., 2004; Ali et al., 2012; Pandeyet al., 2016). 

 

If electric current flow through a conductor in magnetic field which reduce conductivity parallel 

to the electric field and hence, the current is reduced in the direction normal to both electric and 

magnetic field.This phenomenon in the literature is known as Hall effect.The Hall current is likely 

to be important in flows of laboratory plasmas as well as in many geophysical and astrophysical 

situations. The effect of Hall current on thermal instability has been studies by Aggarwal in the 

presence of dusty couple fluids (Aggarwal and Verma, 2016). In this research paper he has 

conclude that effect of Hall current on thermal convection with dusty couple particle show 

destabilizing effect and also found that oscillatory modes are produced in the present of Hall 

current.   P. Narayana studied the effect of rotating micro polar fluid and radiation in Hall current 

(Narayana, 2013). He observed that with increase in the value of Hall current parameter micro – 

rotation profile decreases.  There are many  several authors studied the effect of Hall effect on 

different thermal instability(Gupta, 1967; Raghavachar and Gothandaraman, 1989; Sharma and 

Thakur, 2000; Sunil et al., 2005; Aggarwal and Verma, 2017). 
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Motivated by the various application of rheology, medium porosity, Hall current and medium 

permeability, an attempt has been made to study on the criterion for stability of a layer of 

ferromagnetic viscoelastic fluid heated from below saturating a porous medium.The purpose of 

work is to analyze the influence of viscoelasticity in the magneto thermal convective thresholds in 

ferrofluids in the presence of presence of Hall current and rheology of the ferrofluids is described 

by the fluid Walters’ (model B’) saturating a porous medium in ferrofluids. In the present problem, 

we have studies the effect of Hall current on thermal stability of ferromagnetic fluid heated from 

below in porous medium in the presence of horizontal magnetic field.  

 

FORMULATION OF THE PROBLEM AND PERTURBATION EQUATIONS 

Figure 1: Geometrical Configuration 

 

Consider magnetic nanoparticles suspended in conducting various carrier liquids. This prevents on 

the porous matrix, which is electrically non-conducting and incompressible. We consider that 

horizontal magnetic field  𝐻𝑚𝑓  (𝐻, 0, 0)  and uniform vertically downward gravity force g (0,0, -

g) of a viscoelastic ferromagnetic porous medium is confined between the planes z = 0 and z = d. 

The temperatures at the lower and upper boundaries are assumed to be 𝑇𝑙 and 𝑇𝑢respectively ( 𝑇𝑙 >
𝑇𝑢). Constant temperature difference ∆𝑇 (=   𝑇𝑙 − 𝑇𝑢) is maintain between the boundaries. 

 

The governing basic equations for the flow of an incompressible viscoelastic ferromagnetic fluids 

saturating a porous medium are  

Equation of state  

( )1mf l mf lT T   = − −  ,         (1) 

Equation of continuity  

. 0mfu =
,            (2) 

Equation of conservation of momentum are given by 

( )* *

1

.
4

l l me
mf mf mf mf mf mf mf mf

D
u p g M H u H H

Dt k t

  
  

 

 
= − + +  − − +   

  , (3) 

where 
( )* *

1
.mf

D
q

Dt t 

 
= +    is convective derivative.  

Equation of energy  

( ) 2

*
. ,mf mf

T
E u T k T

t


+  = 

          (4) 

Where in above equations, mfp
 is the pressure, mf

is density of ferromagnetic fluid,T is the 

temperature, mf
   is the thermal coefficient  of expansion, ( )0,0,g g= −

 is the gravitational 

acceleration acting vertically downward; 
*t is the time, l is the ferromagnetic density at a 
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reference temperature ( )0lT z =
; ( ), ,mf u wu v=

is the filter velocity at coordinate ,x y and z

respectively; 
74 10 /me m A  −=  is the vacuum magnetic permeability; mfk is thermal diffusivity. 

     

To study traditional ferromagnetic concepts, the relationship between the induced field mfB , the 

external magnetic field, mfH  and the intensity of magnetization mfM , are given by following 
equations 

0mf mfM H =
                   (5) 

. 0, 0mf mfB H =  =            (6) 

( )0μmf mf mfB H M= +
         (7) 

We superimpose that the magnetization is correspond to the magnetic field, while its magnitude  

mf mfM M=
 dependence on the magnetic field and temperature so that  

( )mf

mf ,mf

H
M H TM

H
=

          (8) 
 In the presence of Hall currents Maxwell’s equations reduces to  

( ) ( )2

mf*

mf

1 1
η

ε 4πN et

mf

mf mf mf mf mf

H
u H H H H


   =   +  −   
       (9) 

. 0mfH =
           (10) 

 

All the quantities appeared in the above equations are already defined in nomenclature. In process 

mfH
 and T  are only two thermodynamics variables of mfM

 magnetization. We assume 

the first approximation for temperature dependent magnetization ( )mfmfM TM=
are given 

in the only form of temperature as 

( )1
mf

mf l

l

M
T T

M
 = − − 

            (11) 

where lM    represents the magnetization at lower temperature which known as reference 

temperature with   lT T= at  0z = , and 

1 mf

mf

l
H

M

M T


 
=  

   . 
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Assume basic state for the given system is 

( ) ( ) ( ) ( )
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Let us consider infinitesimal perturbations around the initial state in the following forms

( )
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 Where 
, , , , ( , , )x y zp M h h h h   

and 
( , , )

mf
uu v w

 denote the perturbations in density, pressure, 

magnetization, temperature, magnetic field 
( ,0,0)mf HH

and filter velocity mfu
 (zero initially), 

respectively which are superimposed into the basic state. The small change in  density and M

magnetization, caused mainly by the perturbations in concentration mf
 and temperature  , is 

given by 

0 0

,mf mf

M

M

 
   


= − = −

          (14) 

Using boussinesq approximation, linearized perturbations equations (1) – (4), (9) and (10) for 

ferromagnetic fluids are

( )0

0 0

0* *

1

. ,
4

mf e

mfm mf mff mfp M h
u

g H u H
kt t

  
      

 


  
= − − −  − − +   

  
     

 (15) 

0,
u v w

x y z

  
+ + =

             (16) 

2

*
,mfE k w

t
 

 
−  = 

           (17)

( ) ( )2

*
,.

4
mfmf mf mf

mf

u h
t

h H H
N e


 



 
− =  

 
  −   
 

    (18)  

0.
yx z

hh h

x y z

 
+ + =

             (19) 

As we know that vector components of mfu , h and mfH are 

( )( ,, , ,),mf x y z x y zu u v w h h h h==

 and 

( ),0,0mfH HH= . The unknowns 
, , , , , ,x y z x y zu v w h h h p

can be reduced to , , ,z zw h   by 

operating on eq. (15) and eq. (18) with ˆ .ze curlcurl and using the identity curl operator i.e.,
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2curlcurl graddiv − with the aid off eq. (16) and eq. (19),we get suitable result in the 
followings forms 
 

2 2
2 2

* * 2 2

1 1 0 0

0 .1 1 1
, (20)

4

mf e m

f

m

m

f f z
M H H h

w g
k k xt t x y

 
   

  

          
  + −  = + − +                

 

* *

1 0

1 1
,

4

e mfH

k xt t

 
  

 

      
+ − =    

                                                            (21) 

( )2 2

*
,

4

mf mf

mf z

mf

H H
h

x N e xt


 

 

     
−  = +    

    
     (22) 

( )2 2

*
,

4

mf mf

mf z

mf

H Hw
h

x N e xt
 

 

     
−  = −    

              (23)

 where  

v u

x y


 
= −
   is the z-component of vorticity, 

y x
h h

x y


 
= −

    is the z-component 

of current density and  

2 2 2
2

2 2 2x y z

  
 = + +

    is laplacian operator on the horizontal plane. 

NORMAL MODE ANALYSIS 

Analyzing the arbitrary disturbance into a complete set of normal modes and examine the stability 

of modes individually. Thus, we assume that perturbation quantities dependence on x, y and t are 

of the form 

  ( ) ( ) ( ) ( ) ( ) ( )* * * * * *, , , , , , , , exp ,z x yw h W z z X z Z z K z iq x iq y t    =  + +    (24) 

Where xq  and yq
 are horizontal wavenumbers in the x  and y -directions, respectively, 

( )
1

2 2 2
x yk q q

 
= + 
   is the resultant wave number of the disturbance and 

*  is the growth rate of 

disturbance (in general, a complex constant). For functions with this dependence on  ,x y  and t ,
2 2

2

2 2
q

x y

  
+ = − 

     and

2
2 2

2
q

z

 
 = − 

  . 
Using expression (24), linearized the perturbation equations (17), (20)- (23) in non –dimensional 

form become 

( ) ( )
2 2 2

02 2 * * 2 2 *

1 0 0

1
,

4

mf mf mf x e

mf

a d M H ik Hd
F D a W g D a K

P

  


     

  
+ − − = − −  + −    

    (25) 

2

*

1 0

1
*,

4

x eik Hd
F Z X

P




  

 
+ − = 

               (26) 
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( )
2 2

2 2 * * *

2 ,
4

x x

mf mf mf

ik Hd ik Hd
D a p K W X

N e


  
− − = − +

          (27) 

( ) ( )
2 2

2 2 * * 2 2 *

2 ,
4

x x

mf mf mf

ik Hd ik Hd
D a p X Z D a K

N e


  
− − = − − −

         (28) 

( )
2

2 2 * *

1 .
d

D a Ep W





− −  = −
           (29) 

where

* 2

, cos , ,x

d d
a qd q q D

dz


 


= = = =

 and the non- dimensional parameters are 
1p




=

  is 

the  thermal Prandtl number,
2p




=

 is the magnetic Prandtl number,

1

1 2

k
P

d
=

 is the dimensionless 

medium permeability and 1

F
k

 
=

  is non – dimension viscoelastic parameter. 

 

Eliminating  
*  from equation (25) and (29) by using algebraic operation 

( )2 2

1D a Ep− −
 with 

equation (25), one gets  

( )( ) ( )( )
2

2 2 2 2 2 2 2 2 2

1 1

1 0

1
0,

4

x e
f

ik Hd
F D a D a Ep R a W D a D a Ep K

P


  

  

  
+ − − − − − − − − − =  

       
            (30)  

also we can rewrite equation (27) as      

 
( )

2 2

* * 2 2 *

2 0,
4

x x

mf mf mf

ik Hd ik Hd
W X D a p K

N e


  
− + − − =

         (31)      

Eliminating 
*Z  by operating equation (28) by 1

1
F

P






 
+ − 

 and using equation (26), which 

yields 

( ) ( )
2 2

2 2 * 2 2 *

2

1 1

1 1
0

4

x x

mf mf

k d Q ik H
F D a p X F D a K

P N e P

 
  

    

    
+ − − − − + + − − =    

    
 

            (32) 

    Method of solution 

The Galerkin weighted residuals method is used to obtain an approximate solution to the W , X  

and K  of equations (31)-(33) with the corresponding boundary condition. The appropriate 

boundary conditions for both bounding surfaces free- free; which transform expression (25) in 

non- dimensional form  
2 20, 0, 0, 0, 0W D W X DX D Z K= = = =  = = =  at 0z = and 1z =      (34) 

 Accordingly, the base functions W , X  and K are taking in the following way: 
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1 1

,
N N

n n n n

n n

W A W X B X
= =

= = 
 and 1

N

n n

n

K C K
=

=
           (35) 

where ( ) ( ) ( )2 3 1 2 3 12 , 2 ,n n

n n

n n n n n

n

nW z z z X z z z K z z+ + + + + += − + = − + = −
. 

The trial solutions satisfying the dimensionless boundary conditions nA , nB  and nC   are unknown 

coefficients, and 1,2,3,........, .n N=  

Calculating the residual or integrals in the limits from zero to unit, we obtain a set of linear 

homogeneous equations in the 3N unknowns nA , nB  and nC   which admits a non – trivial solution 

only if its determinant is equal to zero. Once the determinant is equated to zero, thus it found the 

characteristic equation of the system in terms of the thermal Rayleigh number Rf , other 

parameters. For a first approximation, we take N =1; this produces the result  

11 1

21 22 23 1

32

13

33 1

0 0

0 ,

0 0

a A

a a a B

a a

a

C

     
     

=
     
                    (36) 
where the elements of matrix are  

( ) ( )2 2 2 2

11 1 1

1

24 17 31 σ 1 31
2a Ep σ a a Ep σ σF R a

5 35 630 ε P
,

630
fa

  
= + + + + + − −  
    

( ) ( )
2

2 2 2x e

13 1 1

0

k μ d 2 17
4 2 Ep σ a a Ep σ ,

4πρ ν 5 420
a

H
a

  
− + + + + 

 
=

 
2 2

x x

21 22

mf mf mf

k d k Hd11 1
, ,

1260 εη 630 4πN eη

H
a a

  
= = − 

   

( )

2

23 2

2 2

2 x

32 2

1

2

2x

33

mf mf 1

1 1
(a p σ),

15 140

k Qdσ 1 1 1 1
σF a p σ ,

ε P 15 140 140 ε

k Hd σ 1 1 1
σF a

4πN eη ε P 3 30

a

a

a


= − − +

   − 
= + − − + −    

    

  
= + − − −  

    

( ) ( ) ( )( )

( ) ( )( )

( )( )( )

2

1 1 3 2 2 1 2 1

2 4 2 2

1 1 1 1

f
2 2

1 3 2 1

56 ε P σ FP εσ M M 6 28 3a 3p σ ε P 1 F ε σ M M

33a P Q 17 168 10 Ep σ a 336 17Ep σ M cos
R

62a P ε 28M 3 28 3a 3p σ M

a 

 + − + + + − + − +
 −
 − + + + +
 

=
− + + +

  (37)  

where ( ) ( )( )2 2 2

1 2 1 1M 28 3a 3p σ –ε P 1 F ε σ 3a P Qcos = + + + − + −
 ,  

( )( )4 2

2 1 1M 3024 31 306Ep σ a 612 31Ep σa= + + + +
,  
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( ) ( )2 2 2

3 1 1M a 10 a M ε P σ FP εσ cos = + + −
,      

Where 

4

0

0

.f mf f

f

f

M H d
R g

  

  

  
= −  
       is the Rayleigh number for ferromagsnetic fluids, 

2 2

04

e

mf

H d
Q



 

 
= 
 
   is the Chandrasekhar number, 

2

4 mf mf

H
M

N e 

 
= 
 
   is the Hall parameter and 

 1

'
F

k


=

is the viscoelastic number. 

Mathematical analysis 
Non-oscillatory convection  

When instability sets in stationary convection, the marginal state is characterized by putting 0 =

, in the dispersion relation (37), then the Rayleigh number for the case of stationary convection is 

given by  

( ) ( )( )
( )( )

2 2 2 2 2 2 2

5 4 5 4 1

1

6

2

4

2

56 10 cos 6
R

186 P ε 28 3a

28 3 33 cos
stat

f

a a MM a M M a M M PQ

a M

   + +

+

+ +
=

 (38)      

Where ( )2 2 2

4 128 3 3 cosM a a PQ = + +
 

( )2 4

5 3024 612 31M a a= + +
 

 ( )2 4

6 1680 336 17M a a= + +
    

which is identical with the result of 
R stat

f derived by sharma et al.(2017) for stationary convection. 

For stationary convection 
R stat

f is independent of viscoelastic parameter since it vanishes with 

disappearing of   which show same result as other non- viscoelastic ferromagnetic fluids. 

In order to investigate the effects of magnetic field, medium permeability and Hall currents, we 

examine the behavior of 
  ,

f fdR dR

dQ dM  and 1

 
fdR

dP  analytically. 

( )    ( ) ( )  ( )( )

( )  ( ) ( )( )
( )    ( )

( ) ( ) ( )( )( )

2 2

2
2 2 2

4 2 2 2 2

1

2 2

6 1

2 2 2

1
f

2
2

2 2 2 2 2

1

2

28 3 27 3 4 28

28 3 18 28 3

a P Q cos 2 cos 4 10 4 cos 2

33 cos Qε 4 cos 2 24

10 a P Q a cos 2 a cos 4
dR

dQ
496 3 28 3a a 28

168 M 3

9 3a Q 28 10 a Mε cos

a a

a

M a

M P a

a

a

P

   

 

 







 

+ + +

+ + +

+

 + + + +
 
 

+ + 
 

+ + 
 

=

+ + + + +
(39) 
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( ) ( )  ( )

( ) ( ) ( )( )( )

2 2 4 2 2

6
f

2
2

2 2 2 2 2

1

1 156 3 2 3 c231 10 cosdR

dM
31 3 28 3a a 2

os 2

9 8 3a Q 28 10 a Mε cos

a M a a PQ a PQQ

P

   



− +
=

+ + +

+

+ +

+ +

,                (40)      
                       

( ) ( ) ( ) ( )( )

( ) ( )( ) ( )

( ) ( ) ( )( )( )

2
4 4 6 2 6

5

2 2

1

4 2
2 2 2 2 2 2 2

5 5 1

2 2 2 2

1 6 1
f

2
2

2 2 2 2 21
1

9 28 3a 6a 28 3a 28 3a Q 28 10 a Mε cos

28 3a Q 28 10 a Mε cos 10 P Q cosdR

d
31 3 28 3a a 28 3a Q 28 10 a Mε co

9

9 1386

9 s

M M P

a M a a

a P

P M M

P
P













 + + + + + +
 

− 
 + + + +
 

+ + + +

+

−
=

+
(41)     

It is clear from equations (39) that for stationary convection the magnetic field has a stabilizing 

effect for all wave numbers. Equation (40) and equation (41) shows that Hall effect and medium 

Permeability have destabilizing effect on the system. 

 

 

 

 

In order to investigating the analytical effect of magnetization replaced Rf by Rf/𝜋4in equation 

(38), which yields  

( ) ( )( )
( )( )

2 2 2 2 2 2 2

5 4 5 4
4

0

1

4

0

2 2

6

1

π
R

γ M H186 P ε 2

56 10 co

8 3a
1

ρ α  g

s 6 28 3 33 cos
stat

f

mf

mf

a a MM a M M a M M PQ

a M

   + + +
=

+
−

+

   (42) 

To see the effect of magnetization, we examine the behavior of 
𝑑𝑅𝑓

𝑑𝑀0
 analytically. Equation (42) 

yields: 

( ) ( )( )
( )( )

2 2 2 2 2 2 2

5 4 5 4 6 1
4

22 2

1 0

0

40 0

56 10 cos 6 28 3 33 cosdR γ Hπ

ρ α  g186 P ε 28 3a γ M H
1

ρ α  g

stat

f mf

mf
mf

mf

a a MM a M M a M M PQ

a MdM

    
=

+  
− 

+ + +

 


+



       (43)        
It is clear from equation (43) that the magnetization has stabilizing effect on the system.          

Oscillatory convection  

Here we examine the possibility of oscillatory modes, if any, on stability problem due to the 

presence of viscoelastic number parameter F. Equating the imaginary parts of equation (37) (by 

putting 𝜎 = 𝜄 𝜎𝑖  ,), we obtain 

 

2

14 1 11 2 15 1 14 3 12 2 11 4

4 6

16 1 15 3 13 2 12 4 13 4 16 3

[( ) ( )

( ) ( )] 0

i i

i i

A c A c A c A c A c A c

A c A c A c A c A c A c

 

 

− + − − + +

− − + + − =           (44) 
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It is evident from equation (44) that 𝜎𝑖   may be either zero or non- zero, meaning that the modes 

may be either non- oscillatory or oscillatory and the principle of exchange of stabilities is not 

satisfied for the problem.  

 

The case of overstability 

Since we wish to determine the Rayleigh number for the onset of instability via a state of pure 

oscillations, it suffices to find conditions for which equation (44) will admit of solutions with 𝜎𝑖   

real. For oscillatory motions, the real part of 𝜎 𝑖𝑠 zero. Hence, putting 𝜎 = 𝜄𝜎𝑖 , 𝑖𝑛 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 (37) 

where𝜎𝑖   is real and is the dimensional frequency; one obtains 

Re Imf al i gR i=  +     ,                 (45) 

where 

( ) ( )

( ) ( )

( ) ( )

2 4

11 1 i 12 1 11 3 14 2 i 13 1 12 3 15 2 14 4

6 8

i 13 3 16 2 15 4 i 16 4

2 2
2 2 2

1 i 3 i 2 i 4

Re

A c σ A c A c A c σ A c A c A c A c

σ A c A c A c σ A c

c σ c σ c σ c
al

 + − + + − + − +
−  − + − − 

 =
− + −

        (46)                                                  

 

2

14 1 11 2 15 1 14 3 12 2 11 4

4 6

16 1 15 3 13 2 12 4 13 4 16 3

[( ) ( )

( ) ( )] 0

i

i i

Img A c A c A c A c A c A c

A c A c A c A c A c A c



 

 = − + − − + +

− − + + − =              (47)      
   

Equation (44)   implies for  iσ 0 for oscillatory modes, therefore equation (45) implies that 

Im 0g =
which on simplification yields a dispersion relation as  

2

14 1 11 2 15 1 14 3 12 2 11 4

4 6

16 1 15 3 13 2 12 4 13 4 16 3

[( ) ( )

( ) ( )] 0

i

i i

A c A c A c A c A c A c

A c A c A c A c A c A c



 

− + − − + +

− − + + − =      (48) 

Also equation (45) with 
OSC

f ReR al=   on simplification gives the thermal Rayleigh number for 
oscillatory modes as  

( )

( )

( ) ( )

( ) ( )( )
2

11 1 i 12 1 11 3 14 2
1

2 2
2 2 24

1 i 3 i 2 i 4i 13 1 12 3 15 2 14 4

6 8

i 13 3 16 2 15 4 i 16 4

A c σ A c A c A c

c σ c σ c σ cσ A c A c A c A c

σ A c A c A c σ A c

OSC

fR
−

 + − + +
 

= − − + −− + − + 
 

− + − −      (49) 
 

where  11 1 3 6 12 2 4 7 13 5 14 1 3 6, , ,A A A A A A A A A A A B B B= + + = − + + = = + +

( ) ( )2 2 2 2 4 2

15 2 4 7 16 5 1, , 56 10 3024 612 31 cosA B B B A B A a a M a a = − + + = − = + + +

( ) ( ) ( )( ) ( )2 2 2 4 2 2

2 1 1 1 1 156 10 3024 612 31 2 306 31 cosA a a M P P F P P F a a Ep a    = + − − + + + +
 

( ) ( )( )( )
2

2 2 2 2 2 2 4

3 128 31 3 28 31 cos 3024 612 31 ,A a a PQ a a a  = + + + + +
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( )
( )( )

( )( )( )( )

2 4

1 2
2 2 2

4 1
2 2

2 1 1 1

3 1 3024 612 31
28 31 3 cos ,

3 1 28 3 306 31

P p F a a
A a a PQ

p P F a Ep Ep a


  

 

 − + + + +
 = + +
 − + − + + +
   

( ) ( )( )( )( )

( )
( )( )

( )( )( )( )

2 2

5 1 2 2 1 1 1

2 4

1 2

1 2
2 2

2 1 1 1

3 1 3 1 28 31 306 31

3 1 3024 612 31
3 1 ,

3 1 28 3 306 31

A P p F p P F a Ep Ep a

P p F a a
P p F

p P F a Ep Ep a

  




 

= − + − + − + + +

 − + + + +
 + − +
 − + − + + +
   

( ) ( )( )2 2 4 2 2 2 2

6 1 133 cos 17 336 1680 28 3 3 cos ,A a PQ a a a a PQ   = + + + +
 

( ) ( )( )( )

( )( )( )

2 2 2 2

7 1 1 1 1 1 2

2 2 2 4 2

2 1

33 cos 17 168 28 3 1 3

99 cos 17 336 1680 1 ,

A a PQ a Ep Ep P a P F p

a p P Q a a F

    

 

= − + + − + +

+ + − +
 

( ) ( )( ) ( )2 2 2 4 2 2 2

1 1 1 156 10 2 3024 612 31 306 31 cos ,B a a M P P F a a Ep a    = + − + + + +
 

( ) ( ) ( )
22 2 2 2

2 1 1 156 10 306 31 cos ,B a a M P P F Ep a = + − +
 

( )
( )( )( )( )

( )( )

( )( )( )( )( )

2 4 2

2 1 1
2 2 2

3 1
2 2

1 1

2 2 4 2

2 1 1

3 28 3 3024 31 612
28 3 3 cos

28 3 306 31

3 28 3 28 3 3024 31 612 ,

p P P F a a a
B a a PQ

a Ep a Ep

p P P F a a a a

 
  

 

   

 − − − + + + +
 = − + + +
 − − +
 

− − − + − − + +
 

( )( )( )

( )( )( )
( )( )

( )( )( )( )

( )
( )( )( )( )

( )

2 2 2 2

4 2 1 1 1 1 1

4 2

2 1 1
2

2 1 1
2 2

2 1 1 1 1

2 4 2

2 1 1

2 1 1
2

1

3 28 3 3 cos 306 31

3 3024 31 612
3 28 3

3 28 3 306 31

3 28 3 3024 31 612
3

28 3 306 3

B p P P F a a PQ Ep a Ep

p P P F a a
p P P F a

p P P F a Ep a Ep

p P P F a a a
p P P F

a Ep

   


 

 

 


 

= − + + + + −

 − + + + +
 − − − +
 − − − + +
 

− − − + + + +
− − +

− − +( )2

1

,
1a Ep

 
 
 
   

( ) ( )
22 2

5 2 1 1 1 19 306 31 ,B p P P F Ep a Ep= − + +
 

( )( )

( ) ( )( )( )

2 2 2 2

1 1 1
2 2

6 1
4 2 2

1 1 2

168 17 28 3 3 cos
33 cos ,

17 336 1680 28 3 3

Ep a Ep a a PQ
B a PQ

a a a P F P p

  


 

 + + + +
 =
 + + + − +
   

( )( )2 2 2

7 2 1 1 1 1 199 cos 168 17 ,B a p PQ Ep a Ep P F P = + − +
 

( )2 2 2 2 2 2 2 2 2

1 1 162 (28 3 ) 28 (10 ) (28 39 ,)3a P a a a M cos a PQ a coc s   = + −− + +−
 

( )2

2 2 2

2

1 2 22 2 2 2

1 12

(28 3 ) 3(28 3 ) 1
62

28

18

(10 )
,

27

a a F
a P

a a MPcos

p
c

pa PQcos




 

+ + −
 
 −

−
=

+ 

+ − +
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( )( )2 2 2

213 262 (28 3 )18 27 ,1a P a Fc p p = + −− + ( )2 2

14 227 62 62 .a P Fc p  = − +  
Now, the oscillatory neutral solutions of equation (49) are obtained by firstly determine the roots 

of cubic equation (48) in term of 𝜎𝑖  
2. For overstability 𝜎𝑖  is real, at most one positive root is 

required of equation (48) for which the critical thermal Rayleigh number for oscillatory modes is 

obtained for various values of non- dimensional wave number which is seen in table no. 2 and 

related graphs on overstability convection. 

 

 

Table 1. Rayleigh number with respect to wave number for stationary convection with M =100, 

Q = 10, 𝑃1 =1.2, p1 =7, p2 =1, 𝜀 = 0.5, 𝜃 = 45𝑜 , 𝛼𝑚𝑓 = 10, 𝛾𝑚𝑓 = 0.5, 𝜌𝑜 = 10, 𝛻𝐻 = 10. 
a 𝑃1  = 1.0 𝑃1 = 1.2 𝑃1 = 1.4 M = 80 M = 120 Q = 20 Q =30 𝑀0 =10 𝑀0 =20 𝑀0 = 30 

1 149.613 132.092 120.093 137.656 127.914 187.814 257.868 13559.7 14329.1 15192.3 

2 76.8884 72.2329 69.6816 78.173 67.8964 137.835 224.062 7414.42 7835.7 8307.73 

3 75.4791 73.6116 73.3578 81.2685 68.0508 161.031 276.888 7555.5 7985.27 8466.31 

4 89.4442 89.0194 90.2061 99.2831 81.5768 207.791 365.562 9137.49 9656.67 10238.4 

5 111.794 112.55 115.102 126.227 102.637 271.883 483.697 11552.8 12209.2 12944.7 

6 140.795 142.736 146.772 160.612 129.785 351.751 629.695 14651.3 15483.8 16416.5 

 
 

Table 2. Rayleigh number with respect to wave number for overstability convection with 

 M =100, Q =10, 𝑃1 =1.2, p1 =7, p2 =1, 𝜀 = 0.5, F = 1.005,  𝜃 = 45𝑜,𝛼𝑚𝑓 = 10, 𝛾𝑚𝑓 = 0.5, 𝜌𝑜 =

10, 𝛻𝐻 = 10. 
a 𝑃1  = 1.0 𝑃1 = 1.2 𝑃1 = 1.4 M = 80 M = 120 Q = 20 Q =30 F = 0.5 𝑀0 =10 𝑀0 =20 𝑀0 = 30 

0.5 26011.8 20214.4 17789.8 31049 17447.9 22459.3 24787.9 22024.7 2074930 2192830 2324930 

1.0 6510.65 6397.78 6308.96 5904.16 6958.65 7189.23 7986.19 7714.82 656707 694020 735829 

1.5 5929.21 5901 5877.08 5166.05 6658.11 6651.06 7403.32 7254.79 605808 640229 678797 

2.0 6586.15 6595.49 6600.13 5652.66 7550.06 7405.42 8217.5 8214.98 677001 715467 758568 

2.5 7874.8 7924.13 7961.86 6714.67 9142.57 8841.33 9759.98 9995.13 813381 859596 911379 

3.0 9740.79 9847.73 9933.42 8283.55 11419.9 10906.8 11966.6 12582 1010830 1068260 1132620 

3.5 12242.6 12435.4 12592.6 10404.4 14474.2 13667.1 14898.8 16094.5 1276450 1348970 1430240 

4.0 15483.7 15801.6 16062.6 13165.5 18445.6 17235 18667.9 20711 1621970 1714130 1817390 

 

 
 NUMERICAL RESULTS AND DISCUSSION 

The equations (48) and (49) have been examined numerically using the software Mathematica 

version- 5.2. we have plotted the variation of Rayleigh number with respect to wavenumber using 

equation (38) for stationary case and equation (48)  and equation(49)for overstability case, for the 

fixed permissible vales of the dimensionless parameters 

1 1 2100, 10, 1.2, 7, 1, 0.5, 1.005, 45 , 10, 0.5, 10, 10o

m f m f oM Q P p p F H    = = = = = = = = = = =  =
 

as shown in table 1 and table 2. 
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Figure 2: The variation of thermal Rayleigh Number  𝑅𝑓 (Stationary) versus wave number a for 

three different values of the medium permeability parameter 𝑃1 = 1.0, 1.2, 1.4. 

 
Figure 3: The variation of thermal Rayleigh Number  𝑅𝑓 (overstability) versus wave number a for 

three different values of the medium permeability parameter 𝑃1 = 1.0, 1.2, 1.4. 

 

Figures 2 and 3 represent the variation of thermal Rayleigh number fR
versus wavenumber a for 

stationary convection and the case of overstability respectively, for both cases for various values 

of medium permeability parameter 1 1.0,1.2,1.4P = . the Rayleigh number deceases with the 

increase in the parameter 1P  showing thereby the destabilizing effect of medium permeability 

parameter on the system but for  4a    for stationary convection Rayleigh number increase with 
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increase in the parameter 1P   and for the case of overstability wavenumber 2a   Rayleigh number 

increase with increase in medium permeability  thereby the stabilizing effect on the system. 

 
Figure 4: The variation of thermal Rayleigh Number 

  𝑅𝑓 (Stationary) versus wave number a for three 

 different values of the Hall current parameter 

 𝑀 = 80, 100, 120. 

Figures 4 and 5 represent the variation of thermal Rayleigh number fR
 versus wavenumber a for 

stationary convection and the case of overstability respectively, for various values of Hall Current 

parameter 80,100,120M = . For the case of stationary convection as well as overstability Rayleigh 

number deceases with the increase in the parameter 𝑀  showing thereby the destabilizing effect of 

Hall Current parameter on the system whereas for wave number 1.2a   in the case of overstability 

Rayleigh number increase with increase in the parameter M showing thereby stabilizing effect on 

the system. 

 
 

 

Figure 5: The variation of thermal Rayleigh 

Number 𝐑𝐟 (overstability) versus wave number a 

for three different values of the Hall current 

parameter 𝐌 = 80, 100, 120. 

Figure 6: The variation of thermal Rayleigh 

Number 𝐑𝐟 (Stationary) versus wave number a 

for three different values of the magnetic field 

parameter 𝐐 = 10, 20, 30. 

 

Figure 7: The variation of thermal Rayleigh 

Number  𝐑𝐟 (overstability) versus wave number a 

for three different values of the magnetic field 

parameter 𝐐 = 10, 20, 30. 
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Figures 6 and 7 represent the variation of thermal Rayleigh number fR
 versus wavenumber a  for 

stationary convection and the case of overstability  respectively, for both cases for various values 

of magnetic field  parameter 10,20,30Q = . The Rayleigh number increase with the increase in 

the parameter  Q  showing thereby the stabilizing effect of magnetic field parameter  

 

on the system.  

 

 
 

 

 

 

 

 

 

Figures 8 and 9 represent the variation of thermal Rayleigh number fR
versus wavenumber a for 

stationary convection and the case of overstability respectively, for both cases for various values 

of magnetization parameter 0 10, 20,30M = . The Rayleigh number increase with the increase in 

the parameter 0M    showing thereby the stabilizing effect of magnetization parameter on the 

system.  

Figure 8: The variation of thermal Rayleigh Number  

𝐑𝐟 (Stationary) versus wave number a for three 

different values of the magnetization parameter M0  = 

10, 20, 30. 

 

Figure 9: The variation of thermal Rayleigh 

Number  𝐑𝐟 (overstability) versus wave number a 

for three different values of the magnetization 

parameter M0  = 10, 20, 30. 
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Figure 10 represents the variation of thermal Rayleigh number fR
 for the overstability convection 

with the wave number a   for various value of viscoelastic number parameter 0.5,1.005F = . The 

Rayleigh number increase with increase in the parameter F  showing thereby the stabilizing effect 

of the viscoelastic number parameter on the system. It is also clear from the figure 2- 10 that 

overstability dominant mode of stability.  

 

9. CONCLUSION 

In the present paper, the combined effect of medium permeability, horizontal magnetic field, Hall 

effect, viscoelastic number and magnetization has been considered on the thermal stability of an 

elastic-viscous ferromagnetic fluid. The effect of various parameters such as medium permeability, 

horizontal magnetic field, Hall effect, viscoelastic number and magnetization has been investigated 

analytically as well as numerically. The main results from the analysis of paper are as follows. 

● In order to investigate the effects of medium permeability, horizontal magnetic field, Hall 

effect and magnetization, we examine  the behavior of 
𝑑𝑅𝑓

𝑑𝑃1
,

𝑑𝑅𝑓

𝑑𝑄
,

𝑑𝑅𝑓

𝑑𝑀
 𝑎𝑛𝑑

𝑑𝑅𝑓

𝑑𝑀0
 analytically. 

● It is found that magnetic field and magnetization have a stabilizing effect whereas medium 

permeability and Hall effect have a destabilizing effect on the system. Figures 2, 4, 6 and 

8 support the analytic results graphically. The reasons for stabilizing effect of magnetic 

field and destabilizing effect of Hall currents are accounted by 

Chandrashekhar(Chandrashekhar, 1961). This is also valid for second- order fluids as well. 
● It is found that for overstability convection magnetic field and magnetization as well as 

viscoelastic number parameter have a stabilizing effect whereas medium permeability and 

Hall current have a destabilizing effect on the system but for wavenumber 2a   Hall 

Figure 10: The variation of thermal Rayleigh Number  𝐑𝐟 (overstability) versus wave number a for different 

values of the viscoelastic number parameter F  = 0.5, 1.005. 
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current as well as medium permeability parameter both shows stabilizing effect on the 

system. 
● The principle of exchange of stabilities is not valid for the problem under consideration 

whereas in the absence of Hall current (and hence magnetic field), it is valid under certain 

conditions. 
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Abstract 

The propagation of waves in a homogeneous fibre-reinforced linear thermoelastic isotropic plate 

is investigated in the context of couple theory of thermoelasticity. Secular equations for 

symmetric and antisymmetric wave modes in completely separate terms are derived in closed 

form and isolated mathematical conditions. It is shown that the purely transverse motion (SH 

mode), which is not affected by thermal variations, gets decoupled from rest of the motion of 

wave propagation. The results for isotropic materials theory of thermoelasticity have been 

obtained as particular case. The special cases, such as short wavelength waves and thin plate 

waves of the secular equations are also discussed. Finally, the numerical solution is carried out 

for fibre-reinforced isotropic plate. The dispersion curves for symmetric and antisymmetric wave 

modes and attenuation coefficient are presented in order to illustrate and compare the theoretical 

results. The theory and numerical computations are found to be in close agreement. 

 

1. Introduction 

A fibre reinforced composite can be designed for all conditions of stresses that may occur and in 

accordance with the principle of mechanics. The characteristic property of a reinforced 

composite is that its components act together as single anisotropic units as long as they remain in 

the elastic condition. The wave propagation in a reinforced medium plays a very interesting role 

in civil engineering and geophysics. The studies of propagation, reflection and transmission of 

waves are of a great interest to seismologists. The propagation of waves depends upon the 

ground vibration and the physical properties of the structure. Thus the role of the propagation of 

surface waves in a fibre reinforced medium cannot be neglected in any way.  

 

The dynamical problem of propagation of Surface waves in elastic media are of considerable 

importance in earth quake, engineering and seismology on account of occurrence in the earth’s 

crust as the earth is made up of different layers. Surface waves have been well recognized in the 

study of earthquake waves, seismology, geophysics and geodynamics. A good amount of 

literature is to be found in the standard books of Bullen [1], Ewing et al. [2], Rayleigh [3], Love 

[4], Stoneley [5] and Jeffreys [6] regarding surface waves in classical elasticity. 

 

Most of the previous investigations have been studied the effect of reinforcement. The idea of 

introducing a continuous self reinforcement at every point of an elastic solid was introduced by 

Belfied et al. [7]. The problem of surface waves in fibre reinforced anisotropic elastic media was 

discussed by Sengupta and Nath [8]. The elastic moduli for fibre reinforced materials were 

discussed by Hoshin and Rosen [9]. The propagation of plane waves in a fibre reinforced media 
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is investigated by Chattapadhyay et al. [10]. The problem of wave propagation in thermally 

conducting linear fibre reinforced composite materials is discussed by Singh [11].  Othman and 

Abbas [12] investigated the effect of rotation on plane waves at the free surface of a fibre-

reinforced thermoelastic half space.  

 

The coupling between the strain and temperature fields was first studied by Duhamel [13] who 

derived equations for the distribution of strains in an elastic medium subjected to temperature 

gradients. Biot [14] gave a satisfactory derivation of the equation of thermal conductivity – 

which includes the dilation term – based on thermodynamics of irreversible processes. Sharma 

[15], Sharma et al. [16], investigated the propagation of thermoelastic waves in homogeneous 

isotropic plate subjected to stress free and rigid insulated and isothermal conditions in the 

conventional coupled and generalized theories of thermoelasticity. Sharma and Singh [17] 

studied the propagation of circularly crested thermoelastic waves in a homogeneous isotropic 

cylindrical plate subjected to stress free and isothermal conditions. Sharma and Pathania [18] 

studied the propagation of waves in a homogeneous, transversely isotropic, thermally conducting 

plate bordered with layers of inviscid liquid or half-space of inviscid liquid on both sides. 

 

For wave propagation in a homogenous medium, the introduction of displacement potentials 

leads to the decoupling of P, SV and SH motions. On close examination of Sengupta and Nath 

[8],  it is found by Singh [19] that their expressions for the potentials do not satisfy one of the 

equations of motion. Consequently, most of the result and conclusions of Sengupta and Nath [8] 

are unacceptable. The method of potentials is not suitable for studying wave propagation in fibre 

reinforced anisotropic elastic media. Sengupta and Nath [8] apply this method incorrectly.  

 

In the present paper, we have discussed the propagation of waves in a homogeneous fibre-

reinforced linear thermoelastic isotropic plate and coupled thermoelastic plate. Secular equations 

for symmetric and skew-symmetric wave modes are derived in closed form and isolated 

mathematical conditions. The special cases, such as short wavelength waves and thin plate waves 

of the secular equations are also discussed. The dispersion curves for symmetric and 

antisymmetric wave modes and attenuation coefficient of symmetric and skew-symmetric 

modes.  

 

2. Basic Equations 

The constitutive equations for a fibre-reinforced linearly thermoelastic isotropic medium with 

respect to the reinforcement direction a


 as discussed by (Belfield et al. [7])                

( )kkjiijkmmkijTjikkji eaaeaaee +++=  2  

                   ( )( ) ijjikmmkkikjkjkiTL Taaeaaeaaeaa  −++−+ 2      (1) 

where ij  are components of stress; ( )ijjiij uue ,,
2

1
+= are components of strain; T, are elastic 

parameters; TL  −,,  are reinforced anisotropic elastic parameters; ( ) t 23 +=  ; t is 

thermal expansion coefficient; T is the temperature change; iu are the displacement vectors 
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components and ( )321 ,, aaaa =


, where 1
2

3

2

2

2

1 =++ aaa . If a


 has components that are ( )0,0,1

so that the preferred direction is the 1x axis, Eq. (1) simplifies, as given below 

TeAeAeA  −++= 33122212111111 ; 

TeeAeA  −++= 332222111222 ; 

TeAeeA  −++= 332222111233 ; 

2323 2 eT = ; 

1313 2 eL = ; 

1212 2 eL = ;           (2) 

where  +−+++= )(4)(211 TLTA ; 

             +=12A ; 

           TA  222 += . 

 

The equations of motion in the absence of body forces are 

                ijij u =,                          (3) 

and equation of heat condition in absence of heat source    

              iieii uTTcKT 
0,  +=         (4) 

where   is mass density; 0T is the reference temperature; ec is the specific heat at constant 

strain; K is thermal conductivity. 

 

3.         Formulation of the problem 

We consider a homogeneous fibre-reinforced linear thermoelastic isotropic plate of thickness d2  

initially at uniform temperature 0T . We take origin of the co-ordinate system ),,( zyx on the 

middle surface of the plate. The zx −  plane is chosen to coincide with the middle surface and the 

y -axis normal to it along the thickness. The surface dy = is subjected to different boundary 

conditions. We take yx − as the plane of incidence and assume that the solutions are explicitly 

independent of z but implicit dependence is there so that component w of displacement is non-

vanishing.  

 

The basic governing equations for homogeneous fibre-reinforced linear thermoelastic isotropic 

medium, in the absence of body forces and heat sources(on using Eqs. 1-4), are given by 

                              
2

22
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2

2

2

11
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where 1221 AA L +=  ; 

 

For convenience, we define the quantities  

 ),,(),,( 1
/// zyxczyx = ,  ),,(),,( 1

/// wvucwvu = , 

tct 
2

1
/ = , T

c
2

1


 = , 

T

ij
ij




 =
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K

ce
 =




=

2
1c .     (9) 

Upon introducing quantities (9) in governing Eqs. (5) to (8) we obtain (on suppressing dashes for 

convenience) 
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where   
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4. Boundary conditions 

The surfaces dy =  of the plate are assumed to be stress free and thermally insulated or 

isothermal. Therefore, the non-dimensional boundary conditions to be satisfied are given as   
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where H is Biot’s heat transfer coefficient, 
T

Lg



=0 ,

T

A
g


12

1 = ,
T

A
g


22

2 = ,
T

c
g




2

1
3 = , 

1
4

1

c
g = . 

 

5. Solution of the problem 

We assume solutions of the form 

  ( ) ( ) ( ) ctmyxiUWVwvu −+=  sinexp,,,1,,,   (15) 

where =c  is the non-dimensional phase velocity,   is the frequency and  is the wave 

number. Here   is the angle of inclination of wave normal with y -axis; m is still unknown 

parameter. Here V ,W  and   respectively, the amplitude ratios of displacements v , w  and 

temperature   to that of displacement u . 

Upon using solutions (15) in  Eqs. (10)–(13), we obtain 

( ) 022
3

2
1 =−+ Wcmhsh

         

(16a) 

012
22

1
2

11 =++−+ sVsmhcmhsh 

        

(16b)

0)( 1
22

22
2

12 =+−++ mVcmhshsmh 

       

(16c) 

0)( 1
22

211 =−+++ cmsmcVsc 

       

(16d)

 where  
1

1
−=  i , sin=s . 

 

Eq. (16a) in the above system corresponds to purely transverse wave mode (SH) that decoupled 

from rest of the motion and is not affected by the thermal variations. The characteristic roots 

corresponding to Eq. (16a) are given by 

    
3

2
1

2

87 ,
h

shc
mm

−
= .     (17) 

From the rest of Eqs. (16), which corresponds to the coupled longitudinal, shear vertical (SV) 

and thermal (T-mode) motion, one can obtain 

   ( )( )( ) 0
2

5
22

3
22

1
2 =−−− mmmmmm      (18) 

where 
2

km , 5,3,1=k  are the roots of the equation 

   0246 =+++ CBmAmm       (19) 

Here the coefficients A , B , C are given by 

( )

221

22121111
22

hh

hhcchPsJc
A

 −++−
−= ; 
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( )( ) ( )( )  
221

.2
22211

2
112

2
1

222
1

22
11

2 )2(

hh

shhhccscPsJcshcshc
B

−+−+−−+−−
=



( )( )( ) 
221

.2
11

2
11

2
2

2
1

2
1

2

hh

csshcscshc
C

 −−−−
−=  

where  

221 hhJ += , 2211
2

2
2

1 hhhhP +−=  

Eq. (19) being cubic in 
2m admits six solutions for m ; which also have the property 12 mm −= , 

34 mm −= , 56 mm −= . For each qm ; 6,,2,1 =q the amplitude ratios V and  can be 

expressed as 













=
−−−

=

=

6,5,

4,3,2,1,

2

1
2

1
2

11
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q
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      (20) 
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2
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2
1
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1

2
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2
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2
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    (21) 

where 

2
222

2
1

2

2
112

2
11

2

)(

)(

q

q
q

mhhshc

shhmhc
a

−+−

−+−
= ,      .6,,2,1 =q       (22) 

Combining Eqs. (20) and (21) with stress–strain–temperature relations we rewrite the formal 

solution for the displacements, temperature, stresses and temperature gradient as 

( ) ( ) ( )  dydctymxsiUVvu
q

qqqq −−+=
=

,exp,,1,,
6

1

    (23) 

( ) ( ) ( ) ,exp,,,,
6

1

321, 
=

−+=
q

qqqqqyyyxy ctymxsiUDDDi     (24) 

Here 

( )qqq sVmgD += 01 , 6,,2,1 =q  

qqqq gVmgsgD −+= 3212 ,  6,,2,1 =q  
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qq mD =3
, 6,,2,1 =q                      (25) 

6. Derivation of the secular equations 

By invoking stress free and thermal boundary conditions at plate surfaces dy = ; we obtain a 

system of six simultaneous linear equations in amplitudes qU ; 6,,2,1 =q  as 


=

=
6

1

1 0
q

qqq UED ; 
=

=
6

1

2 0
q

qqq UED ,  
=

=
6

1

3 0
q

qqq UED    (26) 

where )exp( dmiE qq = ; 6,,2,1 =q . 

System of Eqs. (26) have a non-trivial solution if the determinant of the coefficient of qU ;

6,,2,1 =q  vanishes, which leads to a characteristic equation for the propagation of modified 

guided thermoelastic waves in the plate. We refer such waves as plate waves rather than Lamb 

waves whose properties were originally derived by Lamb in 1917 for isotropic elastic solids. The 

characteristic equation for the thermoelastic plate waves in this case, after applying lengthy 

algebraic reduction and manipulations of the determinant leads to the following secular equations 

  
111

515

1

5

3

111

313

1

5

1

GD

GD

T

T

GD

GD

T

T
−=










−












      (27) 

Here the superscript 1+  corresponds to skew-symmetric and 1−  refers to symmetric modes and 

( )kk mdT tan= , 5,3,1=k  

( ) ( )1
3434325

1
54545231

 +−+= TDiDDTDiDDG  

( ) ( )1
1414125

1
54545213

 +−+= TDiDDTDiDDG  

( ) ( )1
1414123

1
34343215

 +−+= TDiDDTDiDDG  

 

where qqq mD =4 , qq gHD −= 414  . 

Here  

432545231 DDDDG −=  

412545213 DDDDG −=  

412343215 DDDDG −=           (28) 

for a stress-free thermally insulated ( )0→H plate and 

1
34325

1
545231

 −= TDDTDDG  

1
14125

1
545213

 −= TDDTDDG  

1
14123

1
343215

 −= TDDTDDG         (29) 

for stress-free isothermal ( )→H plate. 

The secular Eq. (27) is the transcendental equation, which contains complete information about 

the phase velocity, wave number and attenuation coefficient of the plate waves. In general, wave 
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number and hence the phase velocity of the waves is complex quantity, therefore the waves are 

attenuated in space. If we write 

    QiVc P
111 −−− +=        (30) 

where PV and Q are real, the exponent 
)sin( ctxie −
in the plane wave solution (15) becomes 

      


sinsin QxtVx
V

i
P

P

−− . 

This shows that PV  is the propagation speed and Q  the attenuation coefficient of the waves. 

Upon using Eq. (29) in Eq. (27) the values of PV and Q  for different modes can be obtained. 

 Also all the results reduce to the theory of coupled thermoelasticity of isotropic 

materials when the anisotropic parameters 0= , 0= , 0=− TL  for the fibre-reinforced 

medium tend to zero (if necessary writing TTLL  +−= )(  and considering 0→− TL  ). 

 

7.   Discussion of the secular equation 

1. Regions of the secular equation 

Here depending on whether 1m , 2m , 3m being purely imaginary or complex, the frequency Eq. 

(27) is  correspondingly altered as follows. 

 

1.1  Region I 

When the roots of characteristic Eq. (19) are of type
22

kk mm −= , 5,3,1=k ; kk mim = is purely 

imaginary or complex number. This ensures that the superposition of partial waves has the 

property of ‘‘exponential decay’’. In this case the secular equation is written from Eq. (27) by 

replacing circular tangent functions of km , 5,3,1=k with hyperbolic tangent functions of km , 

5,3,1=k : 

111

515

1

5

3

111

313

1

5

1

)tanh(

)tanh(

)tanh(

)tanh(

GD

GD

md

md

GD

GD

md

md




−=


















−























     (31) 

where 

( )  ( ) 1
3434325

1
54545231 )tanh()tanh(

 +−+= mdDiDDmdDiDDG   

( )  ( ) 1
1414125

1
54545213 )tanh()tanh(

 +−+= mdDiDDmdDiDDG   

( )  ( ) 1
1414123

1
34343215 )tanh()tanh(

 +−+= mdDiDDmdDiDDG     (32) 

Here qD1 , qD2 , qD3 , qD4 ; 5,,2,1 =q can be obtained on replacing km by kmi  ; 5,3,1=k in the 

corresponding expressions. 

 

Region II 
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In case two of the roots of Eq. (19) are of the type 
22

kk mm −= , 3,1=k ; then the frequency 

equation can be obtained from Eq. (27) by replacing circular tangent functions of km ; 3,1=k

with hyperbolic tangent functions of  km , 3,1=k : 

111

515

1

5

3

111

313

1

5

1

)tan(

)tanh(

)tan(

)tanh(

GD

GD

dm

md

GD

GD

dm

md
−=









 
−









 









     (33) 

where 

( )  ( ) 1
3434325

1
54545231 )tanh()tan(

 +−+= mdDiDDdmDiDDG   

( )  ( ) 1
1414125

1
54545213 )tanh()tan(

 +−+= mdDiDDdmDiDDG   

( )  ( ) 1
1414123

1
34343215 )tanh()tanh(

 +−+= mdDiDDmdDiDDG     (34) 

 

Here qD1 , qD2 , qD3 , qD4 ; 5,,2`,1 =q can be obtained on replacing km by kmi  ; 3`,1=k in the 

corresponding expressions. 

 

1.2 Region III 

In the general case the roots 
2

km ; 5,3,1=k are complex numbers, and then the frequency 

equation is given by Eq. (27). 

 

Waves of short wavelength 

Some information on the asymptotic behavior is obtainable by letting → : If we take 






/L

 ; it follows that  /Lc   and the roots of characteristic equation lies in region I 

in this case. Then we replace 1m , 3m  and 5m in the secular equation by 1mi  , 3mi   and 5mi  .  Here 

for 

   → , 1
)tanh(

)tanh(

5

1 →




md

md




 and 1

)tanh(

)tanh(

5

3 →




md

md




 

so that secular Eq. (27) reduces to 

 0515313111 =+− GDGDGD        (35) 

Here  

( ) ( )4343254545231 DiDDDDDG −−−=  

( ) ( )4141254545213 DDDDDDG −−−=  

( ) ( )4141234343215 DDDDDDG −−−=  

Eq.(35) is the similar to as obtained and discussed by Sharma et al.[20] in case of homogeneous 

transversely isotropic thermoelastic plate with stress-free thermally insulated plate. It is merely 

Rayleigh surface wave equation. The Rayleigh results enter here since for such small 
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wavelengths, the finite thickness plate appears as semi-infinite medium. Hence vibration energy 

is transmitted along the surface of the plate. 

 

 

 

8. Thin plate results 

The thin plate limits are specified by 1d when the transverse wavelength of the plate is quite 

large as compared to the thickness of the plate. So for 





/L

 ; we have kk mim = ; 

5,3,1=k . In this case the secular equation can be obtained from Eq. (27) just by replacing 

circular tangent functions with hyperbolic tangent functions.  

 

9.  Numerical result and Discussion 

With the view of illustrating theoretical results obtained in the preceding sections, we now 

present some numerical results for the physical constants as discussed in Singh and Singh [21]. 
271059.7 −= mN ,

2171086.3 −− = smkg ,
291089.1 −= mNT ,

291045.2 −= mNL , KT 2000 = ,
291028.1 −−= mN ,

291032.0 −= mN ,

37800 −= mkg ,
141078.1 −−= Kt ,

1150 −− = KkgJce ,
11710 −− = KmwK . 

 

The complex roots of characteristic equation (19) have been computed with the help of reduced 

Cardano’s method, which are then used in various relevant relations. The secular equation (27) is 

solved for the phase velocity by using iteration method. The sequence of iteration is made to 

converge after sampling it over about 100 sample values in order to achieve the desired level of 

accuracy. The phase velocity, group velocity and attenuation coefficient profiles of first three 

symmetric and skew-symmetric modes of fibre-reinforced thermoelastic (FRT) and coupled 

thermoelastic (CT) plate has been computed and corresponding dispersion curves are represented 

graphically in Fig.1-6 for wave normal inclination
90=  with the axis of symmetry. 

 



Proceeding of International Conference on Mathematics in Space and Applied Sciences  

(ICMSAS-2019) 

Published by Knowledge and Research Publisher, Nagpur India                  ISBN-978-81-942641-8-7 
 

319 

 

 
Figures 1-2 show the variations of non-dimensional phase velocities of symmetric and skew-

symmetric modes )3,2,1( =iVi respectively, versus wave number in the context of FRT and CT 

theories. The phase velocity of fundamental mode ( 1V ) of symmetric motion has been observed 

to be almost dispersionless and whereas it found to be zero at vanishing wave number in case 

skew symmetric motion of both FRT and CT theories. The phase velocities of higher modes

)3,2( =iVi  attain quite large values at vanishing wave number which sharply slash down to 

become steady and asymptotically closer to shear wave velocity at extremely large wave 

numbers. It is observed that the reinforcement has a significant effect on the distribution of the 

field quantities. It is noticed that the reinforcement effect has negligibly small effect on the phase 

velocities at higher wave numbers and the phase velocities of various modes become asymptotic 

and tend to the Rayleigh wave speed. In such situation a finite thickness plate appears to be half-

space and the vibration energy is mainly transmitted through the surface of the plate. Figs. 3-4 

present the variations of group velocities ( 3,2,1, =iV
ig ) of symmetric and skew symmetric 

modes in FRT and CT plates versus non-dimensional wave number respectively. The values of 

group velocities of various modes are found to be zero at vanishing wave numbers which 

correspond to the condition of zero energy transmission in horizontal direction. The profiles of 

group velocity, both in FRT and CT, increase monotonically in the interval ]1,0[  and it tends to 

phase velocity profiles of respective modes at high frequency limits for all modes. Figs. 5-6 

show the variations of attenuation coefficient )3,2,1,( =iQ
i

 for symmetric and skew symmetric 

modes in FRT and CT plates versus non-dimensional wave number respectively. It is noticed 

that the attenuation coefficient is small for the mode which have large magnitude of the phase 

velocity and vice versa. It is also noticed that curves of attenuation coefficient with wave number 

in each mode is almost reflection (mirror image) of the graph of phase velocity with wave  

number. 
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Fig. 2:    Variations of phase velocity of skew-symmtric 

modes versus wave number. 

CT

FRT

V1

V2

V3

0

1

2

3

0 1 2 3 4 5 6

N
o

n
-d

im
en

si
o

n
al

 g
ro

u
p

  
v
el

o
ci

ty
  

Non-dimensional wave number

Fig. 3:    Variations of group velocity of symmetric modes 
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Fig. 4:    Variations of group velocity of skew-symmetric 

modes versus wave number. 
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10. CONCLUSIONS: 

It is observed that the phase velocity of the acoustic symmetric mode become dispersionless and 

asymptotic. For increasing wave number this remains closer to the velocity of thermoelastic 

Lamb waves because in this case the energy transmission takes place mainly along the surface 

(interface) of the plate. The acoustic skewsymmetric mode has zero velocity at vanishing wave 

number, which increases to become closer to the velocity of thermoelastic Lamb wave with 

increasing wave number. The phase velocities of optical modes of propagation attain large values 

at vanishing wave number, which slashes down to become steady and asymptotic to the reduced 

Rayleigh wave velocity with increasing wave number. The hypothetical results in case of FRT 

theory here observed to resemble closely to that of CT theory of thermoelasticity for initial two 

modes namely acoustic and first modes of wave propagation. It is clear from the above 

investigation that the surface waves in the fibre-reinforced medium are affected by the reinforced 

parameters. Also all the results reduce to the CT results when the anisotropic parameters for the 

fibre-reinforced medium tend to zero. We conclude that the Rayleigh wave velocity in a fibre-

reinforced elastic medium is considerably higher than the Rayleigh wave velocity in isotropic 

media. 
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                                                      Abstract  

In this paper, effect of rotation on electrothermal-convection in a horizontal layer of  dielectric 

rheological nanofluid saturating a porous medium is investigated. The rheological behaviour 

of nanofluid is described by Maxwell model and for porous medium, Darcy model is 

employed. The used Boungiorno model for nanofluid incorporates the effects of 

thermophoresis and Brownian diffusion.  The Navier-Stokes equations of motion are modified 

due to the presence of applied AC electric field and rotation by the inclusion of 

dielectrophoretic force, Coulomb force and Coriolis force, respectively. By applying linear 

stability analysis based upon perturbation theory and one-term Galerkin method, we derive 

the expressions for thermal Rayleigh number for both the cases of stationary convection and 

the oscillatory motion are derived.  The effects of Taylor number, AC electric Rayleigh number, 

Lewis number, modified diffusivity ratio and nanoparticles Rayleigh number on the onset of  

stationary and oscillatory modes.  

 

Keywords: Electrohydrodynamics, Nanofluid, Maxwell model, Porous Medium, Rotation. 

 

1. Introduction 

Electro-thermo-hydrodynamics (ETH) is an interdisciplinary area  of composite  

communications  among the thermal gradient and electric field applied to a horizontal dielectric 

nanofluid layer.  Due to its practical importance, numerous studies have been approved  to 

evaluate  the consequence  of electric field on natural convection. A temperature gradient 

applied to a dielectric fluid produces a gradient in the dielectric constant and electrical 

conductivity. The applied electric force of fluid motions is effective method in getting very 

helpful interesting results in the cooling of lap-tops and devices of the flight in space, usage to 

a variety of applications ranging from electro-kinematic assays to electro spray ionization made 

on nanoscale being used at a large scale in the present era. In dielectric liquids characterized 

by low values of conductivity,  Maxwell’s equations reduce to the electro-quasistatic limit. 

Keeping this information  in mind, many  envils  of the onset of convection instability in a 

horizontal layer and a vertical temperature gradient have been investigated in the history. 

 

Maxwell (1891) was the first who coined the idea of dispersing solids in fluids. Nanofluids has 

been formed with a completely different thermophysical properties such as density, specific 

heat capacity, thermal conductivity, convective heat transfer, thermal difusivity, and viscosity. 

Commercializing  nanofluid is facing challenges due to their poor stability which occurred by 
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the interaction between the particles themselves and between the particles and the surrounding 

liquid. Convection of non-Newtonian fluids in a porous medium is of considerable importance 

in several applied fields such as oil recovery , food processing, and the spread of contaminants 

in the environment, and in various processes the   chemical and materials industries. Rotation 

plays important role in the thermal instability of nanofluid layer and has applications in rotating 

machineries such as nuclear reactors, petroleum industry, biomechanics, automotive industries, 

power plant cooling systems, computers etc. The effect of rotation on viscous and viscoelastic 

fluids has been studied by different authors [Chandrasekhar (1961), Vadasz,  (1996) ,  

Malashetty et al. (2007), Dhannajay et al.(2011), Agarwal and Bhadauria (2014).  Chand et al. 

(2015), Rana and Agarwal (2015), Govender (2016a, b).  Mahajan and Sharma (2018) studied 

the penetrative convection stimulated by internal heating in magnetic nanofluid saturating a 

rotating porous medium while detailed review on the instability and convection in rotating 

porous media has been explained by Vadasz (2019).They found that the rotation parameter has 

a stabilizing effect on thermal instability of viscous and viscoelastic fluid.  Takashima (1976) 

studied  the convective  instability  in  a  dielectric  fluid  under  the  simultaneous  action  of 

rotation and   the AC electric  field whereas the electrohydrodynamic  instability  of   a   rotating  

layer  of   viscoelastic  dielectric  regular   fluid   was  studied  by   Othman  (2004). Shivakumara 

et al. (2013) studied electrohydrodynamic instability of a rotating couple stress dielectric fluid 

layer while Rana et al. (2016) studied the instability of a viscoelastic fluid saturating a porous 

medium in electrohydrodynamics. The onset of electroconvection in a dielectric nanofluid 

saturating a rotating Darcy porous medium has been studied analytically and numerically by 

Wakif et al. (2018) using realistic boundary conditions and they have shown that the onset of 

electroconvection can be accelerated on increasing AC electric Rayleigh –Darcy number, the 

Lewis number and the modified diffusivity ratio.  

 

Recently, Rana et al. (2019) investigated electrohydrodynamic thermal instability of an 

elastico-viscous nanofluid saturating a porous in the presence of vertical AC electric field and 

found that couple-stress parameter, medium porosity and Brinkman-Darcy number have 

stabilizing effect whereas AC electric Raleigh number, Lewis number and modified 

diffusivity ratio and nanoparticle Rayleigh number have destabilizing effect on the system. 

Sharma et al. (2019) have examined  the rheological behavior of electro-hydrodynamics  

convection in dielectric rotating maxwellian nanofluid layer with vertical AC electric field and 

have shown that applied electric field has a stabilizing effect on the system. Here, effect of  

rotation  on  electrothermal-convection in a dielectric  Maxwellian  nanofluid layer saturating 

a Darcy porous medium is studied which include one additional parameter, namely, the Taylor 

number. 

 

2     Formulation  of  the  Problem  and  Mathematical  Model 

An infinitely extending electrically horizontal layer of an incompressible dielectric Shear-

Thinning viscoelastic nanofluid for bottom/top-heavy distribution of nanoparticles, heated 

from below is considered. It is confined between two parallel planes 0~ =z and  dz
~~ = , where 

temperature and volumetric fraction are kept constant : 0

~~
TT =  and 0

~~  =  at 0~ =z  and 1

~~
TT =

and 1
~~  =  at dz

~~ =  , ( )10

~~
TT  . Both the bounding surfaces are assumed to be stress free. The 

thermophysical properties of nanofluids (viscosity, density, thermal conductivity and specific 

heat) are taken  as constants  for  the  analytical  formulation, but these quantities are not 

constant and strongly depend on the volume fraction of nanoparticles. The nanofluid  layer is  

https://sciprofiles.com/profile/172068
https://sciprofiles.com/profile/172068
https://sciprofiles.com/profile/172068
https://sciprofiles.com/profile/172068
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rotating  uniformly about  vertical  axis with a uniform  angular velocity ( )Ω0,0,Ω
~

 and the 

acceleration due to gravity ( )g0,0,g −~  pervade  the  system, z-axis  being  taken  as  vertical. 

 

 
Figure 1: Physical Configuration of the Problem 

 

2.2         Governing  Equations 

The basic hydrodynamic equations that govern the physical problem using Lapwood (1948), 

Chandrasekhar (1961), Buongiorno model (2006) are 

0~. = Dq ,                      (1) 

( ) bfnpnf  ~~1~~~ −+= ,                    (2) 

where np~  is the density of nanoparticles and bf~  is the base fluid, respectively. Taking the 

density of the nanofluid as that of the base fluid, as adopted by Tzou ( 2008a, 2008b), the 

specific weight thus becomes  

( ) ( )( )  gg ~~~~1~~1~~~~
0TTnfnpnf −−−+=  .                  (3) 

where ~  is the coefficient of thermal expansion. 

Due to the Brownian motion and thermophoresis mass flux of the nanoparticles in the base 

fluid, T
T

D
D T

npBnp

~
~

~
~~~~

−−= pj .                   (4) 

where BD
~

 is the Brownian diffusion coefficient, given by Einstein-Stokes equation and TD
~

 is 

the  thermophoretic  diffusion coefficient of  the  nanoparticles and  are given as  

npbf

B
B

d

Tk
D ~~3

~~
~


=  ,  

( )




 ~
~~

2~

~
26.0~

~

npbfnf

bfbf

T
kk

k
D

+
=   ,                   (5) 

where Bk
~

 is Boltzmans constant, bf~  is the base fluid viscosity, npd
~

 is the diameter of the 

nanoparticle, bf~  is  the base fluid density , bfk
~

 and npk
~

 are the thermal conductivities of  the 

base  fluid  and  nanoparticles  respectively. 

Maxwellian Rotating Nanofluid Layer 

Saturating a Porous Medium 

Heated from below 

AC Electric Field 

0
~
=Z

dZ
~~

=

( )gg ~,0,0~~ −=g

00
~,

~
T

01
~,

~
T

x~

y~
z~
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Equations of  motion for an incompressible rotating viscoelastic Maxwellian  nanofluid 

saturating a  porous medium are  

( ) ( ) ( )  .~
~

~
~~~~1~~1~~~~

~

~2~~
~

~
1~.~

~

~~
~

1~

~

1

100 DDD qgΩqq
k

TTfP
t

q

tt
nfnp

nf

e
Dbf 













−








−−−+++−−












+=








+
















+

   

                (6) 

Where, 
2~

2

~
~~

rΩ


−=
bf

pP


 


















+−= 22

EEEf
~

~

~
~

2

1~~

2

1~~~

t

K
K nfee  ,                   (7) 

The term E
~~

e  is neglected as compared to the di-electrophoretic force term K
~~

2

1
− 2

E  for 

dielectric fluids. It is assumed that the dielectric constant , K
~

 can be expressed as [Yadav et al. 

(2015)] 

( ) 000

~~~1
~~

TTKK −−=  ,                    (8) 

0~
0  , is the coefficient of the dielectric constant with temperature relative variations, which 

is assumed to be small 1
~~0 0  T . 

The modified pressure term using equation (6) is  


















−= 2~

~

~
~

2

1~~
E

t

K
pP nf ,                    (9) 

Assuming free charge density to be very small, the relevant Maxwell equations [Roberts 

(1969)] are  

( ) 0
~~

. = EK ,                                 (10) 

0
~
= E ,                                (11) 

In view of equation (11), E
~

 can be expressed as ~
~

−=E . 

The conservation equation for the nanoparticles is  

p
D j

q ~
.~

1~
~

~

~ −=






 
+





npt 



.                              (12) 

Here ~  is the nanoparticle volumetric fraction, np~  is the density of nanoparticles and pj
~

, the 

nanoparticles diffusion mass flux is given by  

T
T

D
D T

npBnp

~
~

~
~~~~~

1

−−= pj ,                             (13) 

Using the value of pj
~

 from equation (13) into equations (12), the conservation equation of 

nanoparticles yields that 

T
T

D
D

t

T
B

~
~

~
~~~

~
.~

~
2

1

2 +=






 
+







Dq

.                             (14) 

The heat energy equation is  

( ) ( )








++=








+



TT

T

D
TDcTkT

t

T
c T

Bnpnfmbmnf

~
.

~
~
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.~~~~~~~~
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0

2  Dq ,                          (15) 
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where npc~  is the specific heat of the material constituting the nanoparticles. ( )
bmnf c

~~  is the 

effective capacity, ( )
bmnf c

~~  is the heat capacity of nanofluid. 

We introduce non-dimensional variables as 

( ) ( )

.
~~~~~~

,~~~~

~
~

,~~

~~
~
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,
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where  
bfnpnf

m
bm

c

k

)~~(

~
~


 =  is  thermal diffusivity of the  base  fluid ,  

( )

bfnpnf

bmnpnf

c

c

)~~(

~~
~




 =  is the thermal 

capacity ratio, 
d

T
~

~
~ 
= or   

d

TT
~

~~
~ 10 −=  is the adverse temperature gradient, 

0

~
E  is  the  root  

mean square value of the electric field  at 0~ =z  and   T
~

 is  the  temperature  difference  

between  the  horizontal  planes, 0
~  is  the  dielectric constant  at  reference  temperature 

0

~
T  

and  0
~   is  a  reference value  for  the  nanoparticles  volume fraction. 

The equations (2)-(15) equations in non-dimensional form after dropping the dashes (') for 

convenience can be written as  

0~. = Dq ,                                (17) 
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z

T
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~
~2




= ,                                (21) 

where  the  non-dimensional  parameters  are  defined  as  
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~
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0

1 =p  (Prandtl number) , 
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density Rayleigh number),
20 ~

~~
~

d

bm
 = (parameter accounting for stress-relaxation time) and 

2

42

~

~~
4~



d
Ta

Ω
=  (the  Taylor number).                             (22) 

 

Here both the bounding surfaces of the fluid are assumed to be stress-free and the medium 

adjoining the nanofluid is a perfect conductor, the appropriate boundary conditions are  

0~

~
~~~

~
2

2

=



===




=

z
T

z

w
w


  at   0~ =z and dz

~~ = .                           (23) 

2.3         Basic Solutions     

The   primary flow representing the basic state is assumed to be quiscent  [Kuznetsov  and  

Nield (2009), Nield  and  Kuznetsov (2009), Sheu (2011), Chand and  Rana (2012b), Nield and 

Kuznetsov (2014), Chand et al. (2014) and Yadav and Kim (2015)], no settling  of  suspended  

nanoparticles  and  is  assumed  to  be stationary . Initially, no motions are present in the 

nanofluid flow and the physical quantities vary in the vertical direction z-axis only. Therefore, 

the velocity, pressure, temperature, dielectric constant, electric field, electric potential and 

nanoparticle volume fraction are given by 
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(24)

 

where  subscript  ‘b’ denotes  the  basic  state and k̂ is  the unit  vector along z-axis. 

Also we have 

( ) k
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0E   is the root mean square value of the intensity of  electric field at 

.0~ =z  
2.4            Perturbation Solutions

 
Let the primary flow be slightly disturbed from the equilibrium position so as to examine the 

stability of the perturbed modes with respect to the involved, physical variables by 

superimposing infinitesimal disturbances to the basic state flow. It is assumed that  





+=+=+=

+=+=+=+==
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where  
~,

~
,

~
,

~
,

~
,

~
,~ VPKT EqD and  

~   are the perturbations superimposed into the physical 

quantities of the equilibrium state. 

On substituting these perturbations and using the solutions of primary flow (24) the equations 

(17)-(21)   in the non-dimensional linearized perturbed form using linear theory (neglecting the 

products and higher orders of perturbed quantities) and Boussinesq approximation yield 



Proceeding of International Conference on Mathematics in Space and Applied Sciences  

(ICMSAS-2019) 

Published by Knowledge and Research Publisher, Nagpur India                  ISBN-978-81-942641-8-7 
 

330 
 

 

( )
0

~
~

1~

~
~

ˆ~ˆ~~~~~~~~

~
~~

~
1~

1
1

0

2

222

2

0 =




























+




+

−++−

−























++ 







tz

V
R

euevTRTRTR

w
ttV

ea

yxaneaa

a 



 ,        (26) 

,~

~

~

~~
2

~

~

~

~

~

~
~~

~

~
2

z

T

L

NN

tz

T

L

N
Tw

t

T

e

BA

e

B




−
















−




+=−



 


 
                          (27) 

,
~

~

~
~

~
1

~

~

~

~

~
1 22 



+=+



T

L

N

L

w

t
e

A

e







        (28) 

0
~

~
2 =−



 


V
z

T
,                    (29) 

Also  

2
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2

2

2
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=  is a Laplacian operator, 

2
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2
2

1
yx 


+




=  is a horizontal Laplacian operator. 

Equation (18) is derived by the use of the identity curlcurl = graddiv - 2 . 

The boundary conditions (23) , in the non-dimensional form becomes  

0~
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=
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z
T
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w
w


  at 0~ =z and 1~ =z .              (30) 

3        Normal Mode Analysis 

Now an arbitrary perturbation is analyzed into a  complete  set  of  normal modes  and 

then  the  stability  of  each  of  these  modes  is  examined  individually. For the  system of  

equations (26)-(29), the  analysis  can  be  made  in  terms of two–dimensional  periodic wave 

numbers. Thus, we ascribe to the quantities describing the dependence on  yx ~,~  and t
~

of the  

form ),
~~~~~~

exp( tymixli ++ where l
~

, m~ are  the  wave  numbers  in  the   x and  y-direction, 

respectively, and ~   is  the  growth  rate  of  the  disturbances,  which  in  general  is  a  complex  

constant. 

Above consideration allows to   suppose that the perturbations quantities  ~,
~

,~ Tw  and V
~

are of the form 

( ) ( ) ( )tymixlizWtzyxw
~~~~~~

exp~~
,~,~,~~ ++=

, 

( ) ( ) ( )tymixliztzyxT
~~~~~~

exp~~
,~,~,~~

++= , 

( ) ( )tymixliztzyx
~~~~~~

exp)~(
~

,~,~,~~  ++= , 

( ) ( ) ( )tymixliztzyxV
~~~~~~

exp~~
,~,~,~~

++= .                         (31) 

Using expression (31) and using linear theory, equations (26)-(29), in the linearized form 

become 
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~~ 22           (35) 

where 
zd

d
D ~
~
  and 

222 ~~
mla +=  is the dimensionless horizontal wave number. 

Using the expression (31), the boundary conditions (30) transform to 

0
~~2 ===== DWDW  at  0~ =z  and  1~ =z .     (36) 

The set of differential equations (32)–(35) together with the boundary conditions (36) 

constitute a characteristic value problem for Rayleigh number aR
~

 and given values of the other 

parameters .
~

,
~

,~,
~

,
~

,
~

,
~

0 Aeeana NLRRT   ., whose solutions ought to be obtained. 

 

4       Linear  Stability  Convection 

Using term Galerkin-technique of first approximation, the trial functions of  lowest  mode  

satisfying  the boundary conditions (36)  are  chosen  as 

zAW ~sin
~

1 = , zB ~sin
~

1 = , zC ~sin
~

1 = , zD ~cos
~

1 = .           (37) 

Substituting  the  trial  functions  given  by  (37)  into  equations (32)-(35)  and  using  the 

orthogonality of  trial functions and boundary conditions (36),  a  system  of  linear  

homogeneous  equations  can  be  written  in  matrix  form  as  
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(38) 

where ( ) ~~
1

~
0+=M . 

Using orthogonality, the non-trivial solution of the above matrix requires the vanishing of the 

determinant of  the  coefficient  matrix in equation (38) which yields eigen –value equation as  
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(39) 

Equation (39) is  the  required  dispersion  relation accounting for the effect  of  Lewis  number,  

kinematic  visco-elasticity  parameter, AC electric Rayleigh number,  nanoparticle  Rayleigh  

number, modified diffusivity ratio on thermal electro  instability  in a layer of Maxwell  

elastico-viscous nanofluid  saturating  a  porous  medium  under  vertical  AC  electric  field.  

Let us  write ir i ~~~ += , where r
~  and  i~   are  real. For  oscillatory  motion, the  real  part 

of  ~   is  zero.  i.e., 0~~,0~ == ir i . 

 

4.1      Stationary     Convection 

The stationary motion is characterized by putting 0~ =  in equation (39), one gets 
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which expresses the nanofluid Darcy Rayleigh number aR
~

 
for stationary convection as a 

function of the dimensionless wave number a , electric Rayleigh number eaR
~

, nanofluid Lewis 

number eL
~

, modified diffusivity ratio AN
~

, concentration Rayleigh number nR
~

 and medium  

porosity ~ . It is clear from the equation (39) that aR
~

 is independent of  stress-relaxation time 

0

~
 , Vadasz  number aV

~
 and ratio of specific heat ~  for stationary modes, since these vanish 

with the vanishing of ~ . 

In  the  absence  of  rotation  parameter  the  thermal  Rayleigh  number  is 
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The Darcy Rayleigh number , 
S

aR
~

 given by equation (41) takes its minimum value by putting  

0

~
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R S

a , we get  
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                                               (42) 

It is clear  from equation (42) that the values of critical wave number does not depend on the 

parameters accounting for nanoparticles, however, depends on eaR
~

 only. The effects of various 

non-dimensional parameters, namely, the electric field eaR
~

, the nanofluid Lewis number eL
~

, 

the modified diffusivity ratio AN
~

, and the concentration Rayleigh number nR
~

 on the stability 
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of stationary modes have been investigated analytically by examining the behavior of 
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It is depicted from equation (41) that  

( )22
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R
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S

a ,         (43) 

which is always negative for all wave numbers, thereby decreasing the Darcy Rayleigh number 

decreases with increment in eaR
~

(electric Rayleigh number). Thus  eaR
~

 has always a 

destabilizing effect on the system. 

Equation (41) further yields that  

~
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,          (44) 

and 

n

A

S

a R
N

R ~
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−=



,                                  (45) 

It is clear from equation (41) for the bottom-heavy particles ( for negative value of nR
~

) both 

the nanofluid Lewis number eL
~

 and the modified diffusivity ratio AN
~

 stabilize the system for 

negative value of  nR
~

. 

Equation (41) also gives that  
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Which is always negative for 0~

~
~














+


e
A

L
N , since the value of  AN

~
 is taken in the range of -

1 to -25 and  eL
~

 in the range of 100-400. Here a negative AN
~

 , (modified diffusivity ratio ), 

indicates that the density of nanoparticles is larger than that of the base fluid.   An increase in 

negative values of AN
~

 reduces the thermophoresis to push the heavier nanoparticles upwards, 

which enhances the stabilizing effects of particle distributions. 

2~

~~

~

~


en

S

a LRR
=




.                                (47) 

The right hand sides of   equations (42) and (45) are negative implying there by the AC electric 

Rayleigh number and nanoparticle Rayleigh number have destabilizing effect of stationary 

convection. The right hand sides of equations (43) and (44) are negative if .0
~

nR Thus, the 

Lewis number and the diffusivity ratio have destabilizing effect. But if 0
~

nR , then  Lewis 

number and the diffusivity ratio have stabilizing effect. The right hand side of equation (46) is 

positive if 0
~

nR and is negative if .0
~

nR Thus, medium porosity has stabilizing/destabilizing 

effect on the convection. These results are in good agreement  with the results derived by Nield  

and Kuznetsov (2014), Rana et al. (2015,2016) and Chand et al. (2016). 
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4.2          Oscillatory Motion  

Since aR
~

 is a physical quantity , it  must  be  a  real  value . Hence it follows from equation 

that either 0~ =i (exchange of stability , steady onset) or 02 = ( 0~ i ,overstability, 

oscillatory onset). Since for overstability, the critical Darcy Rayleigh number for the onset of  

instability via  a  state of pure oscillations of increasing amplitude is determined by putting 

ii ~~ =
 
in equation (39) and  after  some algebraic simplifications, we get  

21
~~
+= ia iR  .                  (48) 

where 1  and  2  are  given  as  follows :  

( )
( ) 

( ) 
( )

( )
( ) 

( )
( ) ( ) ( )

( )
( )

( )  ( )  .~~~
~

~

~

~~

1~~~

~

~

~

~~

1

1

~~1

~~~

~

~

~

~~

~~1

~~

~

~~~

~~~~

~~~~~~~

22

0

2

02

0

222

2

2
2

2

02

22

2

0

22

22

0

2
220

2
22

2

0

22

0

222

222222

2222

222222

2222

22

2

1












+++













−−+














+













−

+

+








+

+−
−








+−+

+

++
+

++

+
−

++

++
−









+
−=































a
VV

aT

VV
a

a
a

a

V
a

V
a

a

a

La

NaR

La

LaLR
R

a

a

aa

a

aa

aa

e

An

e

een
ea

             

                   

(49) 

and  
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           (50) 

Equating the real and imaginary parts of equation (48),we have 1

~
=aR

,which gives on 

simplification, the Darcy Rayleigh number as 
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and 

   0~
2 =ii                   (52) 
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Since for oscillatory modes , 0~ i , therefore equation  (52)  implies that 02 = , which yields 

a dispersion relation ( relation between  ~  and a  ) as 
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Equations (51) and (53) are the equations which must be satisfied for the occurrence of 

overstability for a wave number corresponding to various non-dimensional parameters 

.~,
~

,
~

,
~

,
~

0  nae RVL  

As ~  is real for overstability and at most there must be one change of sign in equation (53) 

implying thereby at most one positive root of equation (53) for which the critical Darcy 

Rayleigh number for oscillatory modes is obtained for various values of non-dimensional wave 

number from equation (51). 

It is noteworthy from equation (53) that the existence of oscillatory modes is not (uninfluenced) 

due to the presence of vertical AC electric field. However, these modes depend on the other 

non-dimensional parameters accounting for nanoparticles, porous medium and viscoelasticity. 
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4.3     Validation of Results 

In the absence of nanoparticles, rheological parameter and electric field, the equation (53) 

reduces 

( )
2

222
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a

a
R S

a

+
= ,                                     (59) 

which is confirmation with the earlier result by Lapwood (1948) for classical  Newtonian fluids 

in porous medium. Therefore, due to immersion on nanoparticles in fluid, the  parameters 

0

~
,

~
,

~
,

~
,

~
aeanA VRRN and~ are introduced in the expression for the Darcy Rayleigh number, which 

strongly affect the convection of porous Maxwellian nanofluid layer. 

In the absence of electric field that is, 0
~

=eaR , the equations (51) and (40)  reduce to
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which are in good agreement with the earlier results given by Umavathi et al. (2016)   (for the 

limiting case (i.e. 1~,~ → )  for both  stress-free  boundaries. 

When the nanoparticles are not embedded i.e. 0
~

,0
~

== An NR ,  the equation (51) and (40) gives  
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which  agrees  with  the  earlier  results  of   Roberts (1969)  in  the  limiting  case. 

 

5       Numerical  Results  and  Discussions 

The expressions of thermal Rayleigh number for both the oscillatory and stationary motions 

are encapsulated  in  equations (51) and (40) , respectively. The variations of aR
~

 along x-axis 

, with respect to wave-number a  along y-axis have been plotted graphically in figures (1)-(7) 

and (8)-(14) using equations (40) and (51) for both the cases of stationary and oscillatory 

modes, respectively. The experimental values and the fixed permissible values of the 
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dimensionless parameters  10
~

,5.0
~

,1.0
~

,5
~

,500
~

,20
~

,1.0
~

0 ===−===−= aaAeean TVNLRR   for 

bottom heavy distribution and  10
~

,5.0
~

,1.0
~

,5
~

,500
~

,20
~

,1.0
~

0 ======= aaAeean TVNLRR  for 

top-heavy distribution are used to investigate the effects of various involved parameters on the 

system numerically by using MATHEMATICA  software  version - 5.2.  

The effects of different values of  nR
~

 are illustrated in figures 2 and 3  and stationary convection 

w.r. t.  wave number a . It is depicted from the graphs that nR
~

 destabilizing the stationary 

modes and stabilizing the oscillatory modes for both bottom/top-heavy distribution of 

nanoparticles. The effect of  AN
~

 for both bottom/top-heavy distribution of nanoparticles on the 

onset of stationary modes is displayed in figure 4 and 8 respectively.. The figures show that the 

AN
~

 does not affect the stability of the system both type of distribution of nanoparticles. In 

figure 5, the variation of  aR
~

 has been plotted versus wave number a  for three different values 

of eaR
~

. It is observed from the figure that eaR
~

 has slight destabilizing effect for both stationary 

and oscillatory modes for bottom-heavy nanoparticles distributions. Figure 6: illustrates the 

effect of Lewis number on the stationary modes. It is depicted from the graphs that eL
~

 number 

has stabilizing effect implying thereby postponement on the onset of stationary convection. 

The influence of the Lewis number on neutral curves is shown  on the graphs. It is observed 

that the effect of eL
~

 is stabilizing for stationary modes ; whereas this effect is slightly 

destabilizing for oscillatory mode. The critical wave number for stationary and oscillatory 

modes  are  5.9  and 3.1, respectively.Negative / positive values of nR
~

 and AN
~

 represents a 

bottom/top-heavy distribution of nanoparticles. 

Figure 7: shows the variation of the thermal Rayleigh-Darcy number with respect to wave 

number for different values of the Taylor number aT
~

.  It is observed from the graphs that there 

is an increment in S

aR
~

 with an increment in aT
~

 for stationary modes, while a reverse effect is 

observed for oscillatory modes. This happens so because the presence of the Coriolis forces 

due to rotation of nanofluids allows to minimize the effect of buoyancy forces on the onset of 

electroconvection is dielectric nanofluids. Hence,  aT
~

 has a stabilizing influence on stationary 

modes for the dielectric viscoelastic nanofluids for bottom-heavy distribution of nanoparticles. 

The effect of  nR
~

 for both bottom-/top-heavy nanoparticles distribution are illustrated in figures 

9 and 10 repectively. It is observed from the figure 9 that  aR
~

 takes very large value in the 

range of 250  a  and there is uninfluenced effect of nR
~

 on aR
~

 in this regime. For 5.2a , 

aR
~

 decreases with increase in nR
~

 implying thereby a destabilizing effect of nR
~

 on aR
~

. Figure 

10 shows that nR
~

 has no significant effect on the oscillatory modes in the range 1.30  a  

and for 1.3a ,  nR
~

 destabilize the system. 

 

Uninfluenced effects of  AN
~

 for both bottom/top- heavy nanoparticles distributions are clear 

from figure 11.  Vadasz number  is shown  in the figure 12. From figure 12 we see that there is 

a destabilizing effect on the physical system. The effect of aT
~

 accounting for angular velocity 
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of the viscoelastic nanofluids is shown in figure 13.  It is depicted from the figure 13  that there 

is a decrement in OSC

aR
~

 with increment in aT
~

, thereby destabilizing the oscillatory modes which 

is contrary to that of the stationary mode. The effect of eL
~

 on the oscillatory modes is displayed 

in figure 14. It is again found that Lewis number eL
~

 does not show significant effect in the 

range 1.30  a . For 1.3a , Lewis number  eL
~

 shows slight destabilizing effect. 
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Figure 2:  aR
~

 as  a  function of a   for  different  negative values of  nR
~
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Figure 3: aR
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 as a function of  a  for different positive values of  nR
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Figure  4: aR
~

 as  a  function  of  a  for different negative values of AN
~
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Figure  5:  aR
~

 as a function of  a  for positive values of  eaR
~
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FIGURE: 6  aR
~

 as  a  function  of  a  for different positive values of  eL
~
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Figure  7: aR
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 as  a  function  of  a   for different  positive values of  aT
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Figure 8: aR
~

 as  a  function  of  a   for  different  values  of  AN
~

. 
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Figure  9:  
osc

aR
~

 as a function  of  a  for different  values of  nR
~
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Figure 10: aR
~

  as   a   function  of  a  for different positive values of  nR
~

. 
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Figure 11:  aR
~

 as a function of a  for different values of  AN
~

. 
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Figure 12:  aR
~

 as  a  function a  of   for different values of  aV
~

. 
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Figure 13:   aR
~

 as a function of  a   for different values of   aT
~
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Figure  14:  aR
~

 as  a  function  of  a   for  different  values  of  eL
~

. 

 

6    CONCLUSIONS: 

The  effect of  rotation  on  electrothermal-convection  in  a  dielectric Maxwellian  nanofluid  

layer  saturating  a  Darcy  porous  medium  is  studied. The  main  important  results  are  as  

under: 

• The concentration Rayleigh number nR
~

 destabilize the stationary modes and stabilize 

the oscillatory modes for both bottom / top - heavy nanoparticles distribution. 

• The effect of   modified diffusivity ratio  AN
~

 is uninfluenced for both the stationary 

and oscillatory modes. 

• Taylor number aT
~

 and  Lewis number eL
~

 stabilizes/destabilizes the stationary / 

oscillatory  modes. 

• The effect of   electric Rayleigh number eaR
~

 is  very  slight on both  the  stationary  and  

oscillatory  modes. 

• The Vadasz  number  accounting  for Darcy number destabilizes the oscillatory modes. 

 

Interestingly, the occurrence of oscillatory modes is possible for top-heavy distribution of 

nanoparticles  in the simultaneous presence of electric field and rotation, which was not the 

case in the absence of rotation and for Newtonian nanofluids. 
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EFFECT OF INTERNAL HEAT SOURCE ON THE ONSET OF 

CONVECTION IN A LAYER OF OLDROYDIAN VISCO-ELASTIC 

NANOFLUID IN A POROUS MEDIUM 

 

RAMESH CHAND1*, S. K. KANGO2 , KAMAL SINGH3 
1Department of Mathematics, Government Degree College Nurpur, Himachal Pradesh, India 

2Department of Mathematics, Government College Hamirpur, Himachal Pradesh, India 
3Department of Mathematics, Government College Sugh-Bhatoli, Himachal Pradesh, India 

*Email: rameshnahan@yahoo.com 

ABSTRACT:  

Analytical investigation for study of the thermal instability of Oldroydian visco-elastic 

nanofluid in a porous medium with realistic boundary condition is presented. For porous 

medium the Brinkman model is considered. The used model incorporates the effect of 

Brownian diffusion and thermophoresis. The eigen value problem is solved by employing the 

Galerkin weighted residuals method. The influence of the Lewis number, Brinkman-Darcy 

number, nanoparticle Rayleigh number, modified diffusivity ratio and porosity parameter on 

the stationary convection studied analytically and found that Lewis number, modified 

diffusivity ratio and nanoparticles Rayleigh number destabilizes while Brinkman-Darcy 

number and porosity parameter stabilize the stationary convection.  

1. INTRODUCTION 

Thermal instability of nanofluids in a porous medium is an important phenomenon because 

of its importance in many fields of modern science, engineering and technology, chemical 

and nuclear industries and bio-mechanics. The natural convection for flow in a porous 

medium based upon Buongiorno’s model [Buongiorno (2006)] was studied by Nield and 

Kuznetsov (2009) using the Darcy model. The extension to the Brinkman model was made 

by Kuznetsov and Nield (2010, 2011) and Chand and Rana (2012a). In studying these 

convective instability problems, the volume fraction of nanoparticles was prescribed at the 

boundaries. Nield and Kuznetsov (2014) suggested that the value of the temperature can be 

imposed on the boundaries, but the nanoparticle fraction adjusts so that the nanoparticle flux 

is zero on the boundaries. With these new boundary conditions, Chand and Rana (2014, 

2015a, 2015b) and Yadav et al. (2016) studied thermal instability in a layer of nanofluid 

based upon Buongiorno’s model. The above literature deals with the study of nanofluids as 

Newtonian fluids. The onset of convection in a horizontal layer of nanofluid as Newtonian 

fluids uniformly heated from below (Bénard convection) has been extensively investigated 

but a little attention has been made to study the thermal convection of non-Newtonian fluids. 

With the growing importance of non-Newtonian fluids in technology and industries, the 

investigations of such fluids are desirable. In the category of non- Newtonian fluids 

Oldroydian nanofluids have distinct features and well represented by the Oldroydian 

constitutive model as given by Oldroyd (1958). The Oldroydian constitutive model is 

adopted widely to examine the influence of elasticity on thermal convective instability. 

Thermal convection in a layer of Oldroydian visco-elastic fluid saturated by Brinkman–

mailto:rameshnahan@yahoo.com
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Darcy porous medium was investigated by Chand (2015) and found that Brinkman stabilize 

the fluid layer. Thermal instability problems in non-Newtonian nanofluid problems were 

investigated theoretically by Sheu (2011), Shivakumara et al. (2015), Rana and Chand 

(2015),  Chand and Rana (2012b) by taking different type of non-Newtonian fluid as base 

fluid.  

Due to importance of Oldroydian visco-elastic nanofluids in porous medium an attempt has 

been made to study the thermal instability of a horizontal layer of Oldroydian visco-elastic 

nanofluids for more realistic boundary conditions in Brinkman porous medium.  

 

2. MATHEMATICAL FORMULATIONS OF THE PROBLEM 

Consider an infinite horizontal layer of Oldroydian visco-elastic nanofluid of thickness ‘d’ 

bounded by horizontal boundaries z = 0 and z = d. Fluid layer is acted upon by a gravity 

force g(0,0,-g) and is heated from below in such a way that horizontal boundaries z = 0 and  

z = d respectively maintained at a uniform temperature T0 and T1 (T0 > T1) as shown is Fig.1. 

The normal component of the nanoparticles flux has to vanish at an impermeable boundaries 

and the reference scale for temperature and nanoparticles fraction is taken to be T1 and φ0 

respectively. 

                            

           

                             

 

              

 

                     Heated from below 

Fig.1 Physical configuration of the problem 

 

The equation of continuity and motion for Oldroydian visco-elastic nanofluid in Brinkman 

porous medium under the Boussinesq approximation are  

0 = q ,                         (1) 
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where q(u, v, w) is the Darcy velocity vector, p is the hydrostatic pressure, μ is viscosity, μ ̃ 

effective viscosity, α is the coefficient of thermal expansion, λ the relaxation time, λ0 the 

retardation time, T the temperature of the nanofluid, φ is the volume fraction  of the 
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where (ρc)m is effective heat capacity of  fluid, (ρc)p is heat capacity of  nanoparticles, Q0 is 

the overall uniformly distributed effective volumetric internal heat source, T1 is the 

temperature of the fluid layer at z = d and  km is effective thermal conductivity of the porous 

medium. 

The continuity equation for the nanoparticles is 

T
T

D
φDφ

ε

1

t

φ 2

1

T2

B +=+



q ,                                                                         (4) 

where DB  is the Brownian diffusion coefficient, given by Einstein-Stokes equation and DT  

is the  thermoporetic diffusion coefficient of the nanoparticles.
 We assume that the temperature is constant and nanoparticles flux is zero on the boundaries. 

Thus boundary conditions [Chandrasekhar (1981), Nield and Kuznetsov (2014)] are 
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Introducing non-dimensional variables as  
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Equations (1) - (5) in non-dimensional form can be written as  
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Here the non-dimensional parameters are given as 

BD

κ
eL = is the Lewis number, 




=Pr is the Prandtl number, 
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is  the Brinkman-Darcy number,  
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( )
  

-TTk

dQ
Hs

10m

2

0= is the dimensionless constant of heat source strength, 

Da

Pr
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is  the stress relaxation parameter,
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is  the  strain retardation parameter,  
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is the modified particle-density increment,  

ez is the unit vector along z-axis.

 

 

In spirit of Oberbeck-Boussinesq approximation, equation (7) has been linearized by the 

neglect of a term proportional to the product of 0φ and T. This approximation is valid in the 

case of small temperature gradients in a dilute suspension of nanoparticles. 

The dimensionless boundary conditions are 
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2.3 THE BASIC STATE AND ITS SOLUTIONS

 

The basic state was assumed to be quiescent and is given by 
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Using boundary conditions in (10), equation (14) gives  
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.NTNφ A0bAb ++−=                                                                                                         (15) 

On substituting the value of the φb from equation (15) in equation (13), we get 
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On integrating equation (16) with respect to z and using boundary conditions (10), we get 
( )

( )  ( )
( )

( ) 

( )
( )

.

e1

ez1LeHsLeHsN1Ne
T

BA
BA

BA
BABA

NN1
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NN1

LeHszNN1
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NN1
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z
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NN1

b
+−

−−

++−
−−−−

+−

++−−−+−−
=

  
(17) 

( ) 
( ) ( )

( )
( )

.

e1

zeze1LeHsNN1N

z
BA

BA

BABA

NN1
Le

NN1

Le

NN1
z

Le

NN1

BAA

b
+−

−−

−−−−

+−














−++−−+−

+=   
 
(18) 

According to Buongiorno ( 2006), for most nanofluid investigated so far Le is large, is of 

order 102-103, while NA is no greater than about 10, NB is of order 10-4 to 10-2. Then, the 

exponents 
( )

Le

NN1 BA−−
in equations (17)– (18) are very small. By expanding the exponential 

function into the power series and retaining up to the first order is negligible and so to a good 

approximation for the solution of basic state is given by 

( )2

b Hsz-Hszz22
2

1
T +−=                                                                                  

and  

.
2

Hsz

2

Hsz
zNφ

2

A0b 







+−+=                                                                             

In the absence of internal heat generation i.e. Hs = 0, then basic flow distributions for 

temperature and nanoparticles volume fraction are: 

z1Tb −= and  

z.Nφ A0b +=
                                                                                                                        

(19)
 

 
Fig.10.2 Basic state temperature and basic state nanoparticles 

volumetric distributions for different values of internal heat source 

strength parameter Hs 
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To see the effect of internal heat source strength Hs on the criterion for the onset of thermal 

convection in nanofluids, the distributions of dimensionless basic temperature and basic 

nanoparticles volumetric fraction are drawn in the Fig. 10.2 for different values of Hs. The 

discrete values of Hs are purposely taken to see the behavior of both distributions. This plot 

shows the behavior of basic temperature distribution which is parabolic in positive direction 

and same behavior in negative direction for the basic nanoparticles distribution as internal 

heat source strength Hs increases. That is increase in the internal heat source strength Hs 

amounts to increase in energy supply to the system. This gives large deviations in these 

distributions which in turn improve the disturbances in the layer and thus system is more 

unstable.  

 

2.3. PERTURBATION EQUATIONS 

Let the initial basic state described by (11) is slightly perturbed so that perturbed state is 

given by   

( ) ( ),w,v,u0w,v,u += qq  ,TTT b
+=  ,φφφ b

+=  ,ppp b
+=

                    
(20)

 

where ,z1Tb
−= zNφ A0b

+=  and ( ),w,v,u    ,T   φ and p  respectively the 

perturbations in initial velocity, temperature, volume fraction  of the nanoparticles and 

pressure.  

By substituting (20) in equations (6) – (9) and linearize by neglecting the product of the 

prime quantities, we obtained following equations 

 

0,= q                                               (21) 

( ) ( )qq
q

-aD
~

t
F1êRnφêRaTp

t
F1

tt
F1

Va

1 2

0zz 











+−−+−












+=
















+ ,   (22)

 

( ) ( )

( ) ,
z

Hsz2Hs2
Le

2N

z

T
Hsz2

2

Hs
1

Le

NN

z

T
Hsz2Hs2

Le

N2N
THsz2Hs2w

t

T

BAB

BA2




−+−+












+−+




−+−+=−+−−





                               (23) 

T
Le

N
φ

Le

1
wN

1

t

φ1 2A2

A +=


+





.

       

                                                                       (24) 

Boundary conditions for the infinitesimal perturbation are given by  

,1. 0zat   0 
z

T
N

z
   ,0T 0,w A ==




+




==

 
                                                                  (25) 

[Dashes ( '' ) have been suppressed for convenience] 

Applying Curl operator twice to the equation (22) under the assumption of linear theory, the 

resulting equations are given by  

( ) ( ),w-waD
~

t
F1φRn-TRa

t
F1w

tt
F1

Va

1 24

0

2

H

2

H

2 











++












+=
















+

             

(26)

 
where 2

H  is two-dimensional Laplacian operator. 
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4. NORMAL MODES ANALYSIS 
 

Analyzing the disturbances into the normal modes and assuming that the perturbed quantities 

are of the form  

    ( )ntyikxikexpΦ(z)Θ(z),W(z),φT,w, yx ++= ,                                                                (27) 

where kx, ky are wave numbers in x and y direction and n is growth rate of disturbances. 

Using equation (27), equations (26), (23) and (24) become 

( ) ( ) ( ) ( ) ( )( ) ( )( ) 0,RnΦaRaΘanF1WDaDaDaD
~

nF1aD
Va

Fn1n 22222222

0

22 =−+−















−−−+−−

+
 (28)

 

( )
( )

( ) 0,DΦHsz2Hs2
2Le

N
-

Θ

DHsz
2

Hs
-1

Le

NN

DHsz2Hs2
Le

NN
naD

WHsz2Hs2
2

1

B

BA

BA22

=−+−



























+−

−+−+−−

+−+−−

                            (29) 

( ) ( ) 0,
n

aD
Le

1
ΘaD

Le

N
WN

1 2222A
A =










−−−−−


                                                                           (30) 

where 
dz

d
D    and 

2

y

2

x kka +=
 
 is the dimensionless resultant wave number. 

The boundary conditions of the problem in view of normal mode analysis are 

0,1.zat      0DND 0,Θ0,WD 0,W A

2 ==+===                                                              (31)    

5. METHOD OF SOLUTION 

The Galerkin weighted residuals method is used to obtain an approximate solution to the 

system of equations (28) – (30) with boundary conditions (31). In this method, the test 

functions are the same as the base (trial) functions. Accordingly W, Θ and Φ are taken as 

,CΦ,B ,WAW
N

1p

pp

N

1p

pp

N

1p

pp 
===

===                                                                         (32) 

where zpsinN,zpsin W Appp −=== , Ap, Bp and Cp are unknown coefficients, p = 1, 

2, 3, ..., N and the base functions Wp, Θp, and Φp satisfying  the boundary conditions (31). 

Using expression for W, Θ and Φ in equations (28) – (30)  and multiplying the first equation 

by Wp the second equation by Θp and third equation by Φp and then integrating in the limits 

from zero to unity, we obtain a set of 3N linear homogeneous equations with 3N unknown 

Ap, Bp and Cp; p = 1, 2, 3, ..., N. For existing of nontrivial solution, the vanishing of the 

determinant of coefficients produces the characteristics equation of the system in term of 

Rayleigh number Ra. 

6. LINEAR STABILITY ANALYSIS 

For the present formulation, we have considered the which system of equations (28) – (30)  

together with the boundary conditions (31) constitute a linear eigen value  problem  with  

variable  coefficient  for  the  growth  rate  of disturbance  n of  the  system. Substituting 

equation (32 into the system of equations (28) – (30) and multiplying the first equation by 
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Wp the second equation by Θp and third equation by Φp and then integrating in the limits 

from zero to unity and performing some integration by parts, one obtains the following 

matrix equation 

( ) ( ) ( )( )
( )

( )

( )

( ) ( )
















=
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+++

++
+

++++

0

0

0W
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 N-              a
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N
                      

       0                na-                                               Hsz
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Rn Na-                        Raa-        a
Va

n

nF1

aaaD
~

nF1

0

0

0

22

A

22AA

22

A

2222
22222

0

.  

The non-trivial solution of the above matrix requires that  

( )
( )

( ) ( )( ) ( ) ( )

( ) ( )

( )
.RnN

n
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a

Hsz
2
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-1
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a

naa
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~
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Hsz
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1
Ra
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2222

2222222220

2


+

+









+

++
+

+

−

++







+++++

+

+









+

=

 (26) 

The growth rate n is in general a complex quantity such that n = ωr + iω, the system with ωr < 

0 is always stable, while for ωr > 0 it will become unstable. For neutral stability, the real part 

of n is zero, thus on putting n = iω, (where ω is real and is a dimensionless frequency) in 

equation (26), we have  

21 iRa += ,                                                    (27) 

 where   
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  (28) 

and  
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( ) ( )( ) ( ) ( )( ) ( )
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            (29)      

                                             

Since Ra is a physical quantity, so it must be real. Hence, it follows from the equation (27) 

that either ω = 0 (exchange of stability, steady state) or Δ2 = 0 (ω ≠ 0 overstability or 

oscillatory onset). 

7. STATIONARY CONVECTION  

For the case of stationary convection ω = 0, equation (27) reduces to  

( )
( ) ( )

.RnN

Hsz
2

Hs
1

Le
1

Hsz
2

Hs
1a

aaaD
~

Ra A
2

222322

s



























+−

+−









+−

+++
=                                           (30) 

We find that for the stationary convection, the stress relaxation time parameter F and strain 

retardation time parameter F0 vanishes with n and the Oldroydian visco-elastic nanofluid 

behaves like an ordinary Newtonian nanofluid.  

It is observed that stationary Rayleigh number Ra is function of the Lewis number, the 

modified diffusivity ratio, Brinkman-Darcy number, nanoparticles Rayleigh and porosity 

parameter but independent of the stress relaxation time parameter F and strain retardation 

time parameter F0, Vadasz number Va and modified particle- density increment NB. Thus 

Oldroydian nanofluid behaves like an ordinary Newtonian nanofluid and instability is purely 

a phenomenon due to buoyancy coupled with the conservation of nanoparticles. 

( )
( ) ( )

.RnN
Le

1
a

aaaD
~

Ra A2

222322

s 









+−

+++
=                                                               (30) 

If aD
~

 = 0 then the critical value of the wave number is attained at ac = π and corresponding 

critical Rayleigh number given by  
 

  

( ) RnN
Le

14Ra A

2

c 









+−= .                                                                                                (31)

                            

In the absence of nanoparticles (Rn = Le = NA = 0) i.e. for ordinary Newtonian fluid, one 

recovers the well-known results that the critical Rayleigh-Darcy number is equal 

to ( ) 2

c 4Ra = . 

This is good agreement of the result obtained by Nield and Kuznetsov (2009). 

If aD
~

is very large as compared to the unity, then critical value of wave number is attained at 

a = π/√2, critical value of the Rayleigh Darcy number is 
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( ) RnN
Le

1
4

27π
Ra A

4

c 









+−= .                                                                                              (32) 

In the absence of nanoparticles (Rn = Le = NA = 0), one recovers the well- known results that 

the critical Rayleigh-Darcy number is equal to ( )
4

27π
Ra

4

c = . 

8. RESULTS AND DISCUSSION  

To study the effect of Lewis number Le, Brinkman-Darcy number D̃a, nanoparticles 

Rayleigh Rn, modified diffusivity ratio NA and porosity parameter ɛ on stationary 

convection, we examine the behavior of  
( ) ( ) ( ) ( ) ( )
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~
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analytically.  
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From equation (30), we have  

(i) ( )
0

Le

aR s 



, 

(ii) 
( )

0
aD

~
aR s 




 

(iii) ( )
0

Rn

aR
 s 



, 

(iv) ( )
0

N

aR

A

s 



, 

(v) 
( )

0
aR

 s 



. 

These inequalities shows that Lewis number Le, modified diffusivity ratio NA and 

nanoparticles Rayleigh number Rn  have destabilizing effect while Brinkman-Darcy 

number aD
~

 and porosity parameter ɛ have stabilizing effect on the stationary convection. 

9. CONCLUSIONS 

Thermal instability in a horizontal layer of Oldroydian visco- elastic nanofluid in a porous 

medium is investigated theoretically. Brinkman model is used for porous medium. The flux 

of volume fraction of nanoparticles is taken to be zero on the isothermal boundaries and the 

eigen value problem is solved using the Galerkin residual method. The results have been 

obtained analytically. 

The main conclusions derived from the present analysis are as follows: 

(i) The instability purely phenomenon due to buoyancy coupled with the conservation of 

nanoparticle and is independent of the contribution of Brownian motion and 

thermophoresis. 

(ii) For stationary convection Oldroydian visco- elastic nanofluid behaves like an 

ordinary Newtonian nanofluid. 
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(iii) Lewis number Le, modified diffusivity ratio NA and nanoparticles Rayleigh number 

Rn destabilizes while Brinkman-Darcy number aD
~

 and porosity parameter ɛ 

stabilizes the stationary convection. 
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Abstract 

In the present paper, an attempt is made to investigate the propagation of Rayleigh waves in a 

semi-infinite homogeneous isotropic porous generalized thermoelastic medium underlying a 

homogeneous inviscid liquid half-space in the context of Lord Shulman theory. Helmholtz 

decomposition technique is employed to simplify the problem. The governing equations are 

derived and solved to show the existence of four waves in a generalized thermoelastic porous 

solid half-space and one wave in the liquid half-space. By invoking appropriate boundary 

conditions at the interface, secular equations are derived for stress-free isothermal 

( )0H → and stress-free insulated ( )H → porous thermoelastic medium. The secular 

equation is also obtained in the context of uncoupled thermoelasticity. The frequency 

equation is found to agree with the standard result. Some special cases are also discussed in 

the paper. The study may find various applications in the field of acoustics and seismology. 

INTRODUCTION  

The theory of thermoelasticity has become very important due to its practical and theoretical 

relevance. Beneath the earth's surface are lying many valuable materials like oils, minerals, 

water, hydrocarbons, etc. To know the exact nature of the layers under the Earth's surface, we 

need to consider many appropriate models for the theoretical investigation. These models 

help in the exploration of valuable materials as well as provides better information regarding 

the internal composition of the earth. Surface waves provide a lot of information about the 

crust of the earth and dispersion analysis of surface waves is concerning with the phase 

velocity and wave number. 

Rayleigh waves are a type of surface acoustic wave that travels along the surface of solids. 

They include both longitudinal and transverse motions that decrease exponentially in 

amplitude as the distance from the surface increases. In isotropic solids, these waves cause 

the surface particles to move in ellipses. Surfaces wave propagation in an elastic medium is 

of great practical importance. To detect deposits of oil and other valuable organic and 

inorganic material under the earth's surface, the most economic technique is wave 

propagation as it is a difficult and tedious process to drill randomly. 

For the present paper, the previous works of Cowin and Nunziato [4] is found helpful. They 

developed a theory of linear elastic material with voids and discussed several applications 

like response to homogeneous deformation. Puri and Cowin [8] studied the behavior of plane 

harmonic waves in linear elastic material with voids. They derived two dilatational waves in 

the paper. Both waves are found to attenuate in the direction of their propagation, to be 

dissipative and dispersive. The nature of surface waves in an elastic half-space with voids is 

studied by Chandrasekharaiah [3]. Iesan [6] gave a theory of thermoelastic material with 

mailto:pallvijsh@gmail.com
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voids. He studied acceleration waves and some problems of equilibrium. Rayleigh surface 

waves problem in linear thermoviscoelasticity with voids is studied by Bucur [2]. In his 

paper the dissipative character of the porous thermoviscoelastic model was taken into 

consideration and dampness in time wave solutions was studied. 

Biot [1] studied the interaction of Stoneley and Rayleigh waves in the ocean bottom. They 

developed a theory for the two-dimensional unattenuated waves. Kumar and Kumar [7] 

studied the wave motion in transversely isotropic elastic material with voids under an 

inviscid liquid layer. The paper found useful in studying geophysical problems. 

Thermoelastic Lamb waves in a homogeneous isotropic plate bordered with layers of inviscid 

liquid discussed by Sharma and Pathania [9].  Also, Rayleigh waves in rotating thermoelastic 

solids with voids were studied by Sharma and Kaur [10]. They observed a significant effect 

of voids, thermal relaxation, and rotation in certain ranges of frequency. 

In the present investigation, we consider a semi-infinite isotropic thermoelastic material with 

voids in contact with inviscid liquid half-space which helps in exploring geophysical 

problems like explosions and earthquakes. The secular equations in mathematical form for 

Rayleigh wave propagation are derived for stress-free insulated and isothermal boundaries, 

for the thermoelastic solid half-space, elastic half-space with voids in contact with inviscid 

liquid.  

FORMULATION OF THE PROBLEM 

We consider a homogeneous, isotropic, thermoelastic solid half-space with voids lying under 

a homogeneous inviscid liquid half-space. The surface is assumed to be stress-free, thermally 

insulated boundaries with no fractional change across the boundary. The z-axis is taken 

vertically downwards and the direction of the propagation of the wave is along the x-axis so 

that all the particles on a line parallel to the y-axis are equally displaced. Therefore all the 

field quantities will be independent of the y-axis. Further, the disturbance is assumed to be 

confined to the neighborhood of the free surface 0z = and hence vanishes as z → . 

 
Figure 1: Geometry of the problem 
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The basic governing equations for stress-free thermoelastic solid with voids in contact with 

inviscid liquid half-space in the absence of body forces, equilibrated forces and heat sources 

following Iesan [6] and Sharma and Pathania [9] are given as: 
2 ( ) .u u T b u      + +  −  +  =                                                (1) 

( ) ( ) ( )2

0 0 0 0 0.eK T C T t T T u t u mT t    − + =  + + +                                                         (2)

 
2

1 2 .b u mT       − − −  + =                                                                           (3)
 

. L
L L

L

u u



 =                                                                                                                         (4)

 

where ( , , ) ( ,0, )u x z t u w= and ( ,0, )L L Lu u w= are the displacement vectors in the solid half-

space and liquid half-space respectively, ( , , )x z t  is the volume fractional change, ( , , )T x z t  

is the temperature change in the medium, and   are Lame’s parameter,  and L are 

densities for solid and liquid half-space, eC is the specific heat at constant strain, K is the 

thermal conductivity,  b m
1 2  are material parameters due to the presence of voids, 

0t is thermal relaxation time and ( )3 2 T   = + , T being coefficient of linear thermal 

expansion. Defining the dimensionless quantities as 
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2

ij

ij T

e

T T bc b cT
t t t t T a a a

T T c cT

    
   

      
  = = = = = = = =

+

( )
3

4
*0 1

4 5 *

2
, , ,

eCmT mc
a a

KK

 


 

+
= = =

                             

(5)

  

Introducing equation (5) and suppressing the primes, the equations (1)-(4) are obtained as: 

( )2 2

, , , , 1 ,1xx xz zz x xu w u T a u  + − + − + =        (6) 

( )2 2

, , , , 1 ,1 xz xx zz z zu w w T a w  − + + − + =        (7) 

( ) ( ) ( ) ( ) ( ), , 0 , , 0 , , 5 0 0xx zz T x z x zT T T t T u w t u w a t   + − + − + + + − + = 
   (8)

 

( ) ( ), , 2 , , 3 4 2

1

( )xx zz x za u w a a T


   


+ − + − + + =       (9) 

, , 2

1
xx xzL L L

L

u w u


+ =                     (10) 

where
( )22 2

2 2 * 2 2 2 2 232 2
1 1 2 32 2 2

1 1 1 1

2
, , , , , , , .L L

L L

L

cc c
c c c c

c c c

   
    

    

+
= = = = = = = =  
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Here 
*

 is the characteristic frequency of solid half-space, T  is the thermoelastic coupling 

parameter, Lc  is the velocity of sound in the liquid, L  is the bulk modulus, 1 2 3, , and c c c are 

velocities of longitudinal, transverse and volume fractional fields respectively.The 

coefficient  and equilibrated inertia  must be positive and satisfy the dissipation inequality 

resulting from the second law of thermodynamics. The comma denotes the spatial derivatives 

and superposed dot is used for time differentiation.  

 

FORMAL SOLUTION OF THE PROBLEM 

Introducing the scalar point function ,G LG and vector point function  through the relations: 

, , ,x zu G = + ,
, , ,z xw G = − , ,,L L x L L zu G w G= =      (11) 

where G , LG  and  represent the displacement potentials of longitudinal and transverse 

waves respectively for solid and liquid half-spaces. Substituting the values from equation 

(11) in equations (6)-(10), the equations become 

, , 1xx zzG G T a G+ − + =         (12) 

2 2

, ,xx zz    + =          (13) 

( ) ( ) ( ) ( ) ( ), , 0 , , 0 , , 5 0 0xx zz T xx zz xx zzT T T t T G G t G G a t   + − + − + + + − + =
 

  (14) 

( ) ( ) ( )2 , , , , 3 4 2

1

xx zz xx zza G G a a T


   


 − + + + − + + =
 

                                            (15)

 

, , 2

1
G +G G 0L xx L zz L

L
− =         (16) 

It can be seen that equations (12), (14) and (15) are coupled through the quantities ,G  and 

T while (13) and (16) are uncoupled in potentials  and LG respectively. 

BOUNDARY CONDITIONS 

The boundary conditions at the solid–liquid interface 0z = to be satisfied are as follows: 

(i) ( ) .zz zz L
 =  

(ii). ( ) .xz xz L
 =  

(iii) .Lw w=
 

(iv)
, 0.z =  

(v)
, + =0,zT HT where H is the Biot’s heat transfer coefficient. 

SOLUTION OF THE PROBLEM  

To discuss the wave propagation in a linear homogeneous thermoelastic material with voids 

of infinite extent underlying over an inviscid liquid, consider the form of plane waves 

traveling in the positive direction of x -axis, which are given by  

( )   ( ) , , , , 1, , , , expLG T G V W S R U ik x ct rz  = − −     (17)           
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where k is the wavenumber,  is the angular frequency of the plane wave propagating in 

x z− plane. The phase velocity c  is connected with angular frequency  and wavenumber 

k through the relation .c
k


= U is the scalar constant and , , ,V W S R are amplitude ratios. 

Invoking equation (17) in equations (12)-(16), we have 
2 2

1 1( ) 0r aW S− + − =         (18) 

( )2 2

1 0r V− =          (19) 

( ) ( )2 2 2 2 2 2 2

0 5 0 01 0T r k a W r k c S      − + + − − =
 

    (20) 

( ) ( )2 2 2 2

2 4 0a r k r W a S− − + − + =        (21) 

2 2

2( ) 0r R− =          (22)                                

where  

( )
2 2

2 2 2 2 2 2 2 1

1 1 2 0 0 02 2
1 , 1 , 1 , , 1 ,

L

c c
k c k k t i i      

 

−  
= − = − = − = + = −  

   
 

2 2 2 3 0

2 2

1

1
1 .

a
k c




 

  
= − −  

  
                               (23) 

For the requirement of non-trivial solution of the system of equations (18)-(22) the 

determinant of their coefficients vanish. On simplifying the determinant, after some algebraic 

manipulations which leads to the determination of characteristics roots as 
 

( )2 2 2 21 ; 1,2,3,4,5j jr k c j= − =        (24) 

where, 
2 ; 1,2,3,4,5j j =  are the roots of the polynomial. 

( )
2

2 3
1 0 2 2

1

1
1 1 ,

b

T o

T

a  
   

  

 
= + + + − −  

 
  

( )
( )  ( ) 002 2 3

1 2 0 02 2

1

1 1
1 1 2 ,

T

o T T b T b

T

a   
         

  

+ +  
= + − + + + − + 

 


 

( )2 2 2 2 23
1 2 3 0 4 52 2 2 2

1

1 1 1
, , .o

L

a
       

   

 
= − + = = 

 
                                                  (25) 

where 4 5 2 4 1

3 4 3

, ,
b

b

T

a a a a a

a a a





 
 


= = =                                                                     (26) 

Dealing with surface wave motion must be confined to the free surface 0z = of the half-

space. Consequently, the formal solutions which satisfy the radiations condition ( )Re 0jr   

is given by 

( ) ( ) ( ) 
5

1

, , , , 1, , , , expL k k k k k k

k

G T G V W S R U ik x ct r z 
=

= − −                                        (27)

 
where the amplitude ratios are given as 
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0 , 1,2,3,5
,

, 4
k

k
V

k

=
= 

 =

( )2 2

11 , 1,2,3

0 , 4,5

k k

k

a W k
S

k

  − + =
= 

=

 

( ) 2

4

2 3

2 2

1

1 1
, 1,2,3

1
,

0 , 4,5

b k

b
k k o

T

a
k

a
W

k



 

 
 

  

  − +  =
 

= − + −  
 

 =

0, 1,2,3,4
R

, 5
k

k

k

=
= 

 =
             (28) 

PARTICULAR CASES OF FORMAL SOLUTIONS 

The particular cases in the absence of inviscid liquid half-space are discussed below. 

(i) Thermoelasticity without voids 

In the absence of voids 0b = which leads to 0b = = one can obtain the characteristic 

roots (25) and amplitude ratios (28) as 

( )2 2

1 3 01 1 ,T   + = + +
2 3
2 2 2

1

1
,oa 


 

= −
2 2

1 3 0 ,  = 2

4 2

1



=

               
(29) 

1 , 2
,

0 , 1,3
k

k
W

k

=
= 

=

( )2 21 , 1,3

0 , 2

k

k

k
S

k

  − =
= 

=

                                                        (30)

 
 (ii) Elasticity with voids 

 

If we neglect the thermal effect, then the elastic field and thermal field are independent of 

each other 0m = =   which implies that
4 5 0T a a = = = = . The characteristic roots (25) 

and amplitude ratios (28) are thus reduced to 

2 2 2 2 2 23 0 3 01 2
1 2 1 2 3 0 42 2 2 2 2 2

1 1

1 1 1
1 , , ,

a aa a 
      

     
+ = + − + = − = =            (31) 

2

2

2 3

2 2

1

, 1,2
1

,

0 , 3

k

o
kk

a
k

a
W

k






 


=


− += 


 =

0 , 1,2

1 , 3
k

k
S

k

=
= 

=
                                                    (32)

 

(iii) Elasticity without voids

 

The characteristic roots (25) and the amplitude ratios (28), in the absence of voids and 

thermomechanical coupling parameters, 0m b = = = lead to 0T b  = = = and are 

obtained as 

2

1 1, =
2 3
2 2 2

1

1
,oa 


 

= −

 

2 2

3 0 4 2

1
,  


= =

                                                                      
(33) 

1 , 2
,

0 , 1,3
k

k
W

k

=
= 

=

0 , 1,2

1 , 3
k

k
S

k

=
= 

=
                                                                             (34)              

 
The above results are verified and same as obtained by Sharma and Kaur [10]. 
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DERIVATION OF THE SECULAR EQUATIONS

 

Invoking the boundary conditions and equation (27) at the stress-free surface i.e. 0,z =  the 

equations of Rayleigh waves for insulated and isothermal surface of solid half-space in 

contact with inviscid liquid half-space are obtained as 
 

1 MR ,k k kQV r+ = 0,k kV Qr− = 0,k kW r = ,k k k kr ikV R r+ = 0,kS = 0.k kS r =                   (35)
 

where 

22
2

2 2

2 1
, 2 , Lik c

Q P k M
P P

 

 

 
= = − = 

                                                                              

(36) 

The system ofequations (35)  have a non-trivial solution if the determinant of the coefficients  

vanishes and it leads to following secular equations for insulated and isothermal surface 

respectively. 

1 1 1 2 2 2 3 3 3 4 4 4 5 5 5 1 1 2 2 3 3 4 4 5 50, 0.r S F r S F r S F r S F r S F S F S F S F S F S F− + − − = − + − + =
               

(37)
 

where 

2 2 3 3 4 4 5 5

2 2 3 3 4 4 5 5

1

2 2 3 3 4 4 5 5

2 2 2 2 3 3 3 3 4 4 4 4 5 5 5 5

1 1 1 1QV MR QV MR QV MR QV MR

V Qr V Qr V Qr V Qr
F

W r W r W r W r

r ikV R r r ikV R r r ikV R r r ikV R r

+ − + − + − + −

− − − −
=

+ − + − + − + −
 

1 1 3 3 4 4 5 5

1 1 3 3 4 4 5 5

2

1 1 3 3 4 4 5 5

1 1 1 1 3 3 3 3 4 4 4 4 5 5 5 5

1 1 1 1QV MR QV MR QV MR QV MR

V Qr V Qr V Qr V Qr
F

W r W r W r W r

r ikV R r r ikV R r r ikV R r r ikV R r

+ − + − + − + −

− − − −
=

+ − + − + − + −
 

1 1 2 2 4 4 5 5

1 1 2 2 4 4 5 5

3

1 1 2 2 4 4 5 5

1 1 1 1 2 2 2 2 4 4 4 4 5 5 5 5

1 1 1 1QV MR QV MR QV MR QV MR

V Qr V Qr V Qr V Qr
F

W r W r W r W r

r ikV R r r ikV R r r ikV R r r ikV R r

+ − + − + − + −

− − − −
=

+ − + − + − + −
 

1 1 2 2 3 3 5 5

1 1 2 2 3 3 5 5

4

1 1 2 2 3 3 5 5

1 1 1 1 2 2 2 2 3 3 3 3 5 5 5 5

1 1 1 1QV MR QV MR QV MR QV MR

V Qr V Qr V Qr V Qr
F

W r W r W r W r

r ikV R r r ikV R r r ikV R r r ikV R r

+ − + − + − + −

− − − −
=

+ − + − + − + −
 

1 1 2 2 3 3 4 4

1 1 2 2 3 3 4 4

5

1 1 2 2 3 3 4 4

1 1 1 1 2 2 2 2 3 3 3 3 4 4 4 4

1 1 1 1QV MR QV MR QV MR QV MR

V Qr V Qr V Qr V Qr
F

W r W r W r W r

r ikV R r r ikV R r r ikV R r r ikV R r

+ − + − + − + −

− − − −
=

+ − + − + − + −

                           (38) 

 

The complete information regarding wave number, phase velocity and attenuation coefficient 

of Rayleigh waves in the considered medium in case of thermally insulated and stress-free, 
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isothermal boundaries, can be obtained from equations (37). In the absence of voids, inviscid 

liquid and thermomechanical coupling,both the secular equations (37) with the help of 

equation (33) lead to 
2

2 2
2

2 2
2 4 1 1

c c
c

 

 
− = − − 

 
                                                                              (39) 

Equation (39) represents the classical Rayleigh wave velocity equation in an elastic solid 

half-space which is the same as given by Graff [5], Kumar and Kumar [7], Sharma and 

Pathania [9] and Sharma and Kaur [10]. 

 

CONCLUSIONS 

The propagation of thermoelastic waves in a semi-infinite homogeneous isotropic 

thermoelastic material with voids in contact with inviscid liquid half-space is investigated 

and the results concluded from the above analysis can be summarized as: 

1. There exist four waves in a generalized thermoelastic porous solid and one wave in 

inviscid liquid half-space. In the solid half-space, one of the waves is a transverse wave 

and the remaining three are set of coupled longitudinal waves. 

2. Each set of longitudinal waves is found to be influenced by void volume fraction and the 

thermal properties. 

3. The transverse wave remains independent of the presence of voids and thermal properties 

of the medium. 

4. The Rayleigh wave propagation has importance in geophysical problems as this field 

studies the propagation of progressive elastic waves. The surface wave propagation in a 

thermoelastic material containing voids finds many applications in the industrial world in 

the manufacturing of resonators, filters, and sensors, detectors, electronic components, etc. 

5. The study may find applications in the development and designs of surface acoustic wave 

devices. 
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ABSTRACT:  

The free convection three dimensional steady viscous incompressible flow in porous medium 

is investigated. The effect of transverse magnetic on three dimensional flow and mass 

transfer in the viscous dissipative heat when porous plate is subjected to a slightly sinusoidal 

transverse suction velocity distribution. The aim of this study is to know the effect of 

periodic permeability on the flow in the presence of magnetic field and heat transfer. The 

effect of magnetic field, Schmidt and Grashof number and Reynolds number on velocity, 

concentration and temperature explained with the help of graphs. The governing equations 

are solved numerically with finite difference method.    

 

KEYWORDS: Free Convection, Periodic Permeability, Grashof number, magnetic field 

porous medium. 

 

1. INTRODUCTION: 

Magneto-Hydrodynamics (MHD) is the branch of continuum mechanics deals with the study 

of magnetic properties and behaviour of electrically conducting fluids. Many engineering 

problems and natural phenomenon are based upon the concept of magneto-hydrodynamics. 

MHD is related to engineering problems such as plasma confinement, liquid metal cooling 

into nuclear reactors and electromagnetic casting. The concept of MHD is used in Geo-

physics to study the flow pattern in the core of the earth. Some examples of magneto fluids 

are plasma, salt water, electrolytes and liquid metals. Hannes Alfen in 1942 introduced the 

concept of Magneto-hydrodynamics for which he received the Nobel prize in 1970. The word 

Magneto-Hydrodynamics is derived from the word ‘magnet’ which means magnetic field , 

‘hydro’ means liquid and ‘dynamics’ means in motion.  

 

The movement of conducting fluid in magnetic field produces an induced electric current in 

fluid. The magnetic field exerts a force known as Lorentz force. The set of equations for 

MHD are combination of Navier-Stokes equations for fluid dynamics and Maxwell’s 

equations for electromagnetism. An ideal MHD, assumes that the fluid has very low 

resistivity that it can be treated as perfect conductor. The problems of MHD laminar flow 

through a porous medium have become very important in recent years due to its applications 

in many branches of Science and Technology. 

 

Free convection flows have number of industrial applications such as fibre, granular 

insulation and geo-thermal energy recover, oil extraction and flow through filtering devices. 

Soundalgekar (1981) studied MHD effects on impulsively started vertical infinite plate with 

variable temperature in the presence of transverse magnetic field. Bejan & Khaair (1985) 

discussed heat and mass transfer by natural convection. Hossain & Mandal (1985) have 
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investigated the effects of magnetic field on natural convection flow past a vertical surface. 

Hydromagnetic free convective flow past a porous plate studied by Singh (1991). Singh, 

Chand & Rana(1993) studied the effect of heat transfer in three dimensional flow past a 

porous plate. Later on Gupta & Johari (2000) have investigated the MHD three dimensional   

flow past a porous plate. Singh & Sharma (2002) have discussed three dimensional free 

convective flow and heat transfer in rotating elastic-viscous fluid past an infinite vertical 

porous flat plate with constant suction. Cookey et.al. (2003) have studied the problems which 

includes thermal radiation, heat source, thermal diffusion on unsteady MHD free convection 

flows past an infinite heated vertical plate in porous medium with time-dependent suction. A 

numerical solution of unsteady free convection and mass transfer flow is presented by Alam 

& Rahman (2005). Sharma & Yadav (2006) have discussed steady MHD boundary layer 

flow and heat transfer between two long vertical wavy walls. R.C.Choudhary & Arpita Jain 

(2010) investigated an exact solution of MHD convection flow past an accelerated surface 

embedded in porous. S. Siviach et.al. (2012) have studied finite element analysis of chemical 

reaction and radiation effects on isothermal vertical oscillating plate with variable mass 

diffusion. Ravi kumar & Raju ( 2012) have discussed MHD three dimensional couette flow 

past a porous plate with heat transfer.     

 

Ahmed, Batin & Chamkha (2013) have investigated finite difference approach in porous 

media transport modelling for MHD unsteady flow over a vertical plate using Darcian 

Model. Finite difference solutions of MHD free convective flow with constant suction and 

variable thermal conductivity in a Darcy- Forchheimer porous medium studied by Uwanta & 

Usman (2015). Reddy & Raju (2018) have studied MHD free convective flow past a porous 

plate. 

 

In this paper, we have investigated the MHD free convection flow through a highly porous 

medium. Due to three dimensional flow the permeability of the porous medium is considered 

to be periodic. The flow is moving sinusoidal with variable suction velocity. The governing 

partial differential equations are transformed into a set of ordinary equations and solved 

numerically by finite difference method. We discussed the effect of parameter involved on 

the flow; computed skin friction and rate of heat transfer. 

 

2. MATHEMATICAL FORMULATION: 

Consider the flow of electrical conducting and incompressible viscous fluid with heat and 

mass transfer along an infinite vertical non-conducting porous plate with variable suction 

velocity. The plate is lying vertically on x' -z' plane with x'-axis is taken along the plate in the 

upward direction. The y'-axis is taken normal to the plate and directed along the fluid with 

free stream velocity U . All physical quantities will be independent of x', flow remains three 

dimensional due to variable suction. The sinusoidal suction velocity at plate is considered to 

be of the form 

                   v' (z') = - V 






 
+

L

z
 cos1        (1) 

which consists of basic steady distribution V > 0 superimposed with a very weak 

transversally direction 
L

z 
 cos  . Here L is half wave length of periodic suction velocity. 

The negative sign in (1) indicates that suction is towards the plate. The magnetic field B0 is 

applied along y'-axis. The permeability of the porous medium is assumed to be of the form 
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                   k' (z') = 








 
+



L

z

K


 cos1

0         (2) 

where K'0 is the mean permeability of the porous medium.  The ε (<<1) is amplitude of 

permeability variation. For the flow problem under consideration the following assumptions 

are made: 

(i) The flow is steady, laminar and applied magnetic field B0 perpendicular to the plate. 

(ii) Molecular transport properties are constant. 

(iii)The fluid under consideration is incompressible and viscous. 

(iv) The density variation due to temperature and concentration are approximated by 

Boussinesq approximation.   

(v) Hall effect, polarization and chemical reactions are neglected. 

 

Denoting velocities components u', v', w' in the direction of x', y', z' respectively and 

temperature T' and concentration C', the flow through highly porous medium is governed by 

the following equations: 

 

Continuity Equation 
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Momentum Equations 
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Energy Equation 
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Concentration Equation 
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where g- acceleration due to gravity, β- coefficient of volume expansion, β'- coefficient of 

mass expansion, p'- pressure, ρ- density, ν- kinematic viscosity, μ- dynamic viscosity, k- 

thermal conductivity, cp- specific heat at constant pressure, σ- electrical conductivity and D- 

concentration diffusivity. 

The boundary conditions are  
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y' = 0    ;  u' = 0 , w' = 0  ,T' =  T'w , C' = C'w    v' = -V 






 
+

L

z
 cos1

   (9)

 

y'→ ∞    ;       u' = U ,  w' = 0 ,  T' = T'∞ , p' = p*∞   , v' = -V, C' = C'∞ 

 

The subscripts ‘ w’ and  ‘∞’  denote  the physical quantities at the wall and in free stream 

respectively.   

Introducing the following non-dimensional quantities 
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With the help of above (10) non-dimensional variables equations (3) to (8) reduces: 
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Where  

2

)(

VU

TTg
Gr w 

−
=



 - Grashof number ,  
2

)(

VU

CCg
Gm w 

−
=



  - Modified Grashof number 



UL
R =                  -  Reynolds number ,  

k

c p
=Pr                  - Prandlt number 

2

0

L

K
K


=      - Permeability parameter,  

D
Sc


=      - Schmidt number    

LBM 0

2/1









=




- Hartmann number or magnetic parameter and 

U

V
=    -Suction parameter 

The corresponding boundary conditions become: 

y = 0;      u = 0, v = - α(1 + cos πz), w = 0, T = 1 and C = 1 

y→∞:      u = 1, w = 0 , p = p∞, T = 0 and C = 0.                (17) 

3. Method of Solution 

We assume that the solutions of following form because ε(<<1) amplitude permeability 

variation is very small. 

     u (y, z) = u0(y) + ε u1(y, z) + ε2 u2(y, z) + .................................. 
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    v (y, z) = v0(y) + ε v1(y, z) + ε2 v2(y, z) + .................................. 

    w (y, z) = w0(y) + ε w1(y, z) + ε2 w2(y, z) + .................................. 

    p (y, z) = p0(y) + ε p1(y, z) + ε2 p2(y, z) + .................................. 

 

    T (y, z) = T0(y) + ε T1(y, z) + ε2 T2(y, z) + .................................. 

    C (y, z) = C0(y) + ε C1(y, z) + ε2 C2(y, z) +                 (18) 

When ε = 0, the using equations (18) into equations (11) – (16), we get the following 

equations. 

00 =
dy

dv
                     (19) 
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02
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dy

dC
RScv
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dC

                   (22) 

The corresponding boundary conditions are: 

 

y = 0;      u0= 0, v0 = - α, w0 = 0, T0 = 1 and C0 = 1 

y→∞:      u0 = 1, w0 = 0, p0 = p∞, T0 = 0 and C0 = 0.                (23) 

 

The solutions of equations (19) – (22) with boundary conditions (23) are 

v0 = - α                      (24) 

( ) RScyyRy eGmeGreGmGru   1

Pr

0100 11 −−−++=                 (25) 

T0 = e -αRPry                      (26) 

C0 = e -αRScy                       (27) 

with v0 = - α, w0 = 0 and p0 = p∞,                   (28) 
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When є ≠ 0, the periodic permeability enters the equations (11) – (16) and comparing the 

coefficients of like power of є and neglecting higher power of є2, we get the following with 

equations using equation (28): 
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The corresponding boundary conditions are: 

y = 0;      u1= 0, v1 = - α cos πz, w1 = 0, T1 = 0 and C1 = 0 

y→∞:      u1 = 0, w1 = 0, p1 = 0, T1 = 0 and C1 = 0.                 (35) 

 

The equations (29) – (34) are the linear partial differential equations, which describes free 

convective, three dimensional flow. We assume the solution of equations (29) – (34) of the 

form: 

v1(y, z) = v11(y) cos πz                   (36) 

w1(y, z)=


1
− v'11(y)sin πz                   (37) 

p1(y, z)  = p11(y) cos πz                   (38) 

u1(y, z) = u11(y) cos πz                   (39) 

T1(y, z)  = T11(y) cos πz                   (40) 

C1(y, z) = C11(y) cos πz                   (41) 

Where prime in v'11(y) denotes the differentiation with respect to y. Expressions for v1(y, z) 

and w1(y, z) are chosen in such a way that equation of continuity (29) is satisfied. 

Substituting the expressions (36)-(38) into equations (31)-(32) we have 
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Eliminating the terms p11and p'
11 in equations (42) and (43), we get the following, 
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The corresponding boundary conditions are: 

y = 0 ;   v11 = - α,  v'11 = 0 

y→∞;    v11 = 0                    (45) 
 

Substituting the equations (39), (40) and (41) in equations (30), (33) and (34), we get 

following: 
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u
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01111

2

1111 Pr TvRTTRprT −=−+                    (47) 

01111

2

1111 CRScvCCRScC −=−+                    (48) 

The corresponding boundary conditions are: 

y = 0 ;   u11 = 0,  T11 = 0, C11 = 0 

y→∞;    u11 → 0, T11 →0 ,  C11 → 0                  (49) 

Using Finite difference formulae                                                          

 
h

iviv
iv

2

)1()1(
)( 1111,

11

−−+
=

 

2

111111,,

11

)1()(2)1(
)(

h

iviviv
iv

−+−+
=

 

 
3

11111111,,,

11
2

)2()1(2)1(2)2(
)(

h

iviviviv
iv

−−−++−+
=

   

                                      

 

4

1111111111,,,,

11

)2()1(4)(6)1(4)2(
)(

h

iviviviviv
iv

−+−−++−+
=

 
              

(50) 

Equation (44) using finite difference form (50) becomes 
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 Similarly solving equations (46), (47) and (48) using (50), we get the following: 
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Equations (51) – (54)  have been solved by Gauss-Seidal iteration method for velocity and 

temperature. To prove the convergence of finite difference scheme, the calculations are 

carried out slightly changed value of h .Smaller change is observed in the value of velocity 

and temperture.Thus, it is concluded that finite difference scheme is convergent and stable. 

 

5.4 Skin –friction coefficient: 

We know discuss the skin friction components in the x' – direction in the non- dimensional 

form. 
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5.5 Nusselt number  

The rate of heat transfer i.e heat flux at the surface in terms of Nusselt number(Nu) is given 

by 
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(56) 

5.6 Results and discussion 

In view of physical nature of the problem, numerical calculations are carried out for different 

parameters such as Grashof number(Gr), Modified Grashof number(Gm), Hartmann 

number(M) , Suction velocity(α), Permeability(K) , Reynolds number(R), Prandtl number 

(Pr) and Schmidt number(Sc) are studied.  

 

Figure 1 depicts the effect of suction parameter(α) on velocity field when  R=10, K=1, 

M=2,ϵ=0.1 and z=0. As the suction parameter increases there is increase in velocity of the 

fluid. 
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Figure 1. Effect of suction parameter (α) on velocity field when R = 10,  

K=1, M=2,ϵ=0.1 and z=0. 

 

Figure 2 shows the effect of  Hartmann number(M) on velocity field when α = 0.2, R= 10, 

K=1, ϵ= 0.1 and z=0. This indicates that as magnetic parameter increases there is decrease in 

velocity field. 

 

 
Figure 2. Effect of magnetic parameter (M) on velocity field when α =0.2,R = 10, 

K=1,,ϵ=0.1 and z=0.  
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Figure 3. Effect of Reynolds number (R) on velocity field when α=0.2,  

K=1, M=2,ϵ=0.1 and z=0. 

Figures 3 and 4 depicts the Reynolds number and permeability effect on velocity field.  

 
Figure 4. Effect of Permeability parameter (K) on velocity field when α=0.2, R=1, 

M=2,ϵ=0.1 and z=0. 
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ABSTRACT: 

The influence of viscosity, viscoelasticity, medium permeability and medium porosity on the 

stability of a stratified elastic-viscous fluid is examined for viscoelastic polymeric solutions 

in the simultaneous presence of a variable horizontal magnetic field ( )( ) 0,0,  0 zHH  and 

uniform horizontal rotation ( )0,0, ΩΩ  in porous medium. These solutions are known as 

Walters’ (model B ) fluid and their rheology is approximated by the Walters’ (model B ) fluid 

constitutive relations, proposed by Walters’. The effects of coriolis force on the stability are 

chosen along the direction of the magnetic field and transverse to that of the gravitational 

field ( )g−,0,0 g . Assuming the exponential stratifications in density, viscosity and 

viscoelasticity, the appropriate solution for the case of free boundaries is obtained using a 

linearized stability theory and normal mode analysis method. The dispersion relation is 

obtained and the behaviour of growth rates with respect to kinematic viscosity, kinematic 

viscoelasticity, medium permeability and medium porosity is examined numerically using 

Newton-Raphson method through the software Fortran-90 and Mathcad. In contrast to the 

Newtonian fluids, the system is found to be unstable, for stable stratifications, for small 

wavelength perturbations. It is found that the magnetic field stabilizes the certain wave 

number band, for unstable stratification in the presence of rotation and this wave number 

range increases with the increase in magnetic field and decreases with the increase in 

kinematic viscoelasticity implying thereby the stabilizing effect of magnetic field and 

kinematic viscoelasticity and the kinematic viscosity has a stabilizing effect on the system for 

the low wave number range. The medium permeability has enhancing effect on the growth 

rates with its increase for a fixed wave number. These results are shown graphically. 

 

KEY WORDS: Walters’ (model B ) fluid; magnetic field; rotation; viscosity; viscoelasticity,  

medium permeability,  medium porosity. 

 

1. INTRODUCTION: 

The flow through porous medium has been of considerable interest in recent years 

particularly among geophysical fluid dynamics. When we consider flow in porous medium,  

some additional complexities arise which are due to the interaction between the fluids and the 

porous medium. Here we consider those fluid flows for which Darcy’s law is applicable. This 

law is empirical in nature and is usually considered valid for creeping flows where the 

Reynolds’s number as defined for a porous medium is less than one. Darcy’s law states that 

the gross effect,  as the fluid slowly percolated through the pores of rock,  is that usual 

viscous term in the equation of elastic-viscous fluid motion will be replaced by the resistance 



Proceeding of International Conference on Mathematics in Space and Applied Sciences  

(ICMSAS-2019) 

Published by Knowledge and Research Publisher, Nagpur India                  ISBN-978-81-942641-8-7 
 

 

 35 

terms 



















− q

t


1k

1
- ,  where   and are the coefficients of viscosity and 

viscoelasticity,  of Walters’ (model B’) fluid,   1k  is the medium permeability and q  is the 

Darcian (filter) velocity (seepage) of the fluid. The stability of flow of a single component 

fluid through porous medium taking into account the Darcy’s resistance has been studied by 

Lapwood  [1] and Wooding [2]. The effect of the Earth’s magnetic field on the stability of 

such a flow is of interest in geophysics particularly in the study of Earth’s core where the 

Earth’s mantle, which consists of conducting fluid, behaves like a porous medium which can 

become convectively unstable as a result of differential diffusion. The physical properties of 

comets and meteorites strongly suggest importance of porosity in astrophysical context 

(McDonnell [3]). 

 

The stability derived from the character of the equilibrium of an incompressible heavy fluid 

of variable density (i.e. of a heterogeneous fluid) was investigated by Rayleigh [4]. He 

demonstrated that the system is stable or unstable according as the density decreases 

everywhere or increases everywhere. An experimental demonstration of the development of 

the Rayleigh–Taylor instability was performed by Taylor [5].  The effect of a vertical 

magnetic field on the development of Rayleigh–Taylor instability was considered by Hide[6]. 

Reid [7] studied the effect of surface tension and viscosity on the stability of two superposed 

fluids. The Rayleigh–Taylor instability of a Newtonian fluid has been studied by several 

authors accepting varying assumptions of hydrodynamics and hydromagnetics and 

Chandrasekhar [8] in his celebrated monograph has given a detailed account of these 

investigations. Bellman and Pennington [9] further investigated in detail illustrating the 

combined effects of viscosity and surface tension. Gupta [10] again studied the stability of a 

horizontal layer of a perfectly conducting fluid with continuous density and viscosity 

stratifications in the presence of a horizontal magnetic field. The Rayleigh–Taylor instability 

problems arise in oceanography, limnology and engineering.  

 

Generally, the magnetic field has a stabilizing effect on the instability, but there are a few 

exceptions also. For example, Kent [11] has studied the effect of a horizontal magnetic field 

which varies in the vertical direction on the stability of parallel flows and has shown that the 

system is unstable under certain conditions, while in the absence of magnetic field the system 

is known to be stable. In stellar atmospheres and interiors, the magnetic field may be (and 

quite often is) variable and may altogether alter the nature of the instability. Coriolis force 

also plays an important role on the stability of the system. In all the above studies the fluid 

has been assumed to be Newtonian.  

 

With the growing importance of non–Newtonian fluids in modern technology and industries, 

the investigations of such fluids are desirable. Fredricksen [12] has given a good review of 

non–Newtonian fluids whereas Joseph [13] has also considered the stability of viscoelastic 

fluids. There are many viscoelastic fluids which cannot be characterized either by Maxwell’s 

constitutive relations or by Oldroyd’s constitutive relations. One of such viscoelastic fluids is 

Walters’ (model B ) fluid. Walters’ [14] has proposed a constitutive equation for such type of 

elastico–viscous fluids. Many other research workers have paid their attention towards the 

study of Walters’ (model B ) fluid. The mixture of polymethyl  methacrylate and pyridine at 

25°C containing 30.5 grams of polymers per litre behaves very nearly as the Walters’ 

(model B ) viscoelastic fluid and which is proposed by Walters’[15]. This class of fluids is 

used in the manufacture of parts of space cafts, aeroplane, tyres, beltconveyors, rops, 
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cushions, seats, foams, plastics, engineering equipments etc. Sharma and Kumar [16] have 

studied the steady flow and heat transfer of Walters’ fluid (model B ) through a porous pipe 

of uniform circular–cross section with small suction. Sharma and Kumar [17] have studied 

the stability of two superposed Walters’ (model B ) viscoelastic fluid. The magnetic field 

stabilizes the system. The viscoelasticity of the medium has damping effects on the growth 

rates but has enhancing effects for certain ranges of the wave-numbers. Sharma et al. [18] 

have studied the stability of stratified Walters’ (model B ) fluid in the presence of horizontal 

magnetic field and rotation in porous medium. Yadav and Sharma [19] have studied the 

effects of porous medium on MHD fluid flow along a stretching cylinder. Sharma and 

Gupta[20] have also studied the stability of stratified elastico–viscous  Walters’ (model B ) 

fluid  in the presence of variable magnetic field and rotation. 

 

Keeping  in  mind  the  importance  of  non–Newtonian  fluids,  medium permeability  in  

modern  technology and  their various  applications  mentioned  above,  the  present  paper is 

devoted  to consider the  stability of  rotating  stratified elastico–viscous Walters’ (model B ) 

fluid  in the presence of variable magnetic field and rotation in porous medium. 

 

2. MATHEMATICAL FORMULATION OF THE PROBLEM: 

The initial stationary state whose stability we wish to examine is that of an incompressible,  

heterogeneous infinitely extending and conducting ( )→  elastico–viscous Walters’ 

(model B ) fluid of thickness d  bounded by the planes dz ,0= and   of variable density,  

kinematic viscosity and viscoelasticity,  arranged in horizontal strata in a porous medium of 

variable porosity  and medium permeability so that the free surface is almost horizontal and 

the electrical conductivity 



e4

1
=  is zero.  The fluid is acted on by gravity force 

( )g−,0,0 g ,  a uniform horizontal rotation ( )0,0, ΩΩ  and a  variable horizontal magnetic field 

( )( ) 0,0,  0 zHH .The character of the equilibrium of this stationary state is determined by 

supposing that the system is slightly disturbed and then,  following its further evolution.. 

 

The equations expressing conservation of momentum, mass, incompressibility and 

Maxwell’s equations for the elastico–viscous Walters’ (model B ) fluid are 

( ) ( )Ωqqgqq
q
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( )Hq
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t 
,            (5) 

where e ,  the medium permeability,  is assumed to be constant. Equation (3) represents the 

fact that the density of a particle remains unchanged as we follow it with its motion.   

 

Let ( ) ,,       , wvuδp,  q  and ( ) ,,  zyx hhhh  denote, respectively, the perturbations in 

density ( )z , pressure ( )zp ,  velocity v ( )0,0,0  and horizontal magnetic field ( )0 ,0 , HH . 

Then the equations (1)–(5) after perturbations in the cartesian form become  
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Analyzing the disturbances into normal modes, we seek solutions whose dependence on  

zyx  , ,  and time t  is given by 

( )ntyikxikzf yx ++ exp)( ,                    (24) 

where )(zf  is the some function of z –only; xk ,  yk  are the wave-numbers in the x – and 

y –directions,  respectively,  ( ) 2
1

22

yx kkk +=  is the resultant wave-number and n  is the 

growth rate of the disturbance which is,  in general,  a complex constant. 
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Equations (15)–(23) using expression (24) become 
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00   DHwuHiknh xx −= ,                    (31) 

vHiknh xy 0= ,                     (32) 

wHiknh xz 0= ,                                (33) 

Now substituting the values of yx hh    ,  and zh  from equations (31)–(33) in equations (25)–

(27),  we get 
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where  uikvik yxz −= ,   is  the z –component of vorticity. 

Multiplying equations (34) and (35) by yik−  and xik ,  respectively,  and then adding we get 
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 where  
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A =   (square of the Alfvén’s velocity).    

Substituting the value of z  in equation (35),  we get 
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Multiplying equations (34) and (36) by xik−  and yik− ,  respectively,  and then adding and 

using (28),  we obtain 
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Eliminating  u , v  and p from equations (35)–(39) using equations (29),   after little 

algebra,  we get 
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Equation (40) is the general equation formulating the effect of variable magnetic field and 

uniform rotation on the stability of stratified Walters’ (model B ) fluid saturating porous 

medium. 

 

3. THE CASE OF EXPONENTIALLY VARYING STRATIFICATIONS: 

In order to obtain the solution of the stability problem of a layer of Walters’ (model B ) fluid, 

we suppose that the density  , viscosity  , viscoelasticity   medium porosity  and 

medium permeability   vary exponentially along the vertical direction i.e.  
zzzzz

ekkeeee 11111

1010000 ,  ,   , , 
  =====               (41) 

 

where 
1000   ,  ,  , H  , 0 ,  10k and 1  are constants and so the kinematic viscosity 











==

0

0 







 ,  the kinematic viscoelasticity 










 
=


=

0

0 







  and the Alfvén velocity 

2
1

2

1

2
1

2

0

44 












=













=







 HH
V ee

A

are constant everywhere.  

Using the stratifications of the form (41),  equation (40) transforms to 
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Considering the case of two free boundaries,  we must have 

02 == wDw   at 0=z  and dz = .               (43) 

The appropriate solution of equation (42) satisfying the above boundary condition is 

d

zm
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= ,                (44) 

where  m  is an integer and 0A  is a constant. 

Substituting the value of w  from equation (44) in equation (42) we obtain dispersion relation 
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Equation (45) is biquadratic in n  and is the dispersion relation governing the effects of 

uniform rotation, variable horizontal magnetic field, viscosity, viscoelasticity medium 
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permeability and medium porosity on the stability of stratified Walters’ (model B ) fluid. 

 

4. RESULTS AND DISCUSSIONS: 

(a) Case of stable stratifications (i.e. 1 0 ) and ( )ovk  010 4 ,   Equation (45) does not 

admit any positive real root or complex root with positive real part using Routh–Hurwitz 

criterion; therefore,  the system is always stable for disturbances of all wave-number.  

(b) Case of unstable stratifications (i.e. 1 0 ) and ( )ovk  010 4 ,  If 1 0 ,   

g
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− ,  the constant term in the equation (45) is negative and therefore has at 

least one root with positive real part using Routh–Hurwitz criterion; so the system is unstable 

for all wave-numbers satisfying the inequality  
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where   is the angle between xk  and k i.e. ( )coskk x = .  
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 , equation (45) does not admit 

of any positive real root or complex root with positive real part,  therefore,  the system is 

stable. The system is clearly unstable in the absence of magnetic field,  rotation and for non–

viscoelastic fluid. 
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(47) 

 

For 1 0 , the constant term in the equation (45) is negative and therefore has at least one 

root with positive real part therefore the system is clearly unstable. The magnetic field, 

therefore, stabilizes potentially unstable stratifications for small wave-length perturbations  

( )
22
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1

22

1

222

12 sec 

dV

dmVgd
k

A

A  −−
 .            (48) 

Also, it is clear that the wave-number range, for which the potentially unstable system gets 

stabilized, increases with the increase in magnetic field and decreases with the increase in 

kinematic viscoelasticity. All long wave-length perturbations satisfying equation (48) remain 

unstable and are not stabilized by magnetic field.  
 

The behaviour of growth rates with respect to kinematic viscosity 0 , kinematic 

viscoelasticity 0   and square of the Alfvén velocity 2

AV  satisfying equation (45) has been 

examined numerically using Newton–Raphson method through the software Mathcad. Figure 

(1) shows the variation of growth rate rn  (positive real value of n ) with respect to the wave-

number k  for fixed permissible value 

of   ,cm 6   ,1,6,5.0   ,2 11001 ===== dmk 1=Ω revolution/minute, 10 = , 

55  ,45cos  ,cm/s980 202 === Ax Vkkg  for three values of =0 2,  3 and 4 respectively. These 

values are the permissible values for the respective parameters and are in good agreement 

with the corresponding values used by Chandrasekhar [8] while describing various 

hydrodynamic and hydromagnetic stability problems. The graph shows that for fixed wave-

numbers, the growth rate increases for certain wave number with the increase in kinematic 

viscoelasticity 0  , which indicates the destabilizing effect of viscoelasticity whereas the 
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growth rate decreases for certain wave numbers  implying thereby the stabilizing effect of 

kinematic viscoelasticity on the system in the presence of medium permeability  and medium 

porosity for low wave numbers range. 
 

Figure (2) shows the variation of growth rate rn  (positive real value of n ) with respect to the 

wave-number k for fixed permissible values of   ,cm 6   ,1   ,2 11 === dm 1=Ω  

revolution/minute, 10 = ,  ,6,5.0 ,55  ,45cos  ,cm/s980 100

202 ===== kVkkg Ax
 for three 

values of =0 2,  4 and 6 respectively. The graph shows that for fixed wave-numbers,  the 

growth rate increases for certain wave number with the increase in kinematic viscosity 0  

which indicates the destabilizing influence of kinematic viscosity,  whereas the growth rate 

decreases for certain wave numbers,  implying thereby the stabilizing effect of kinematic 

viscosity on the system in the presence of medium permeability and medium porosity. 

Figure (3) shows the variation of growth rate rn  (positive real value of n ) with respect to 

wave-number k for fixed permissible values of ,cm 6  ,1  ,2 11 === dm 1=Ω  

revolution/minute, =0 4, 2 0 = ,  6,5.0 ,45cos  ,cm/s 980 100

02 ==== kkkg x
  for two 

values of  =2

AV 15 and 55 respectively. The graph shows that for fixed wave-numbers,  the 

growth rate increases with the increase in the square of the Alfvén velocity 2

AV  for certain 

wave number which indicates the destabilizing influence of the square of the Alfvén velocity,  

whereas growth rate decreases for certain wave numbers,  implying thereby the stabilizing 

effect of the square of the Alfvén velocity on the system in the presence of medium 

permeability and medium porosity.  
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Figure 1: The variation of  

rn with  wave-number k   for three values of  4,3,20 = .  
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Figure 2: The variation of 

rn with wave-number k  for three values of  6 ,4 ,20 = .    
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Figure 3: The variation of  

rn  with wave-number k  for two values of 55 ,152 =AV .  
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ABSTRACT:  

It is mathematically established that thetriply diffusive convection in a densely packed 

porous medium with one of the components as heat, with diffusivity κ, cannot manifest itself 

as oscillatory motions of growing amplitude in an initially bottom heavy configuration if the 

two concentration Rayleigh numbers R1 and R2, the Lewis numbers τ1 and τ2 for the two 

concentrations with diffusivities κ1 and κ2 respectively(with no loss of generality κ > κ1 >

κ2), the porous parameterA and a constant P1satisfy the inequality R1 + R2 ≤
4π2

𝑃1[1+𝐴(𝜏1+𝜏2)]
. 

The result thus obtained is uniformly valid for any combination of rigid and free boundaries. 

 

KEYWORDS: Triply diffusive convection, Rayleigh number, Concentration Rayleigh 

number, Porous medium, Darcy Model. 

 

INTRODUCTION: 

Thermohaline convection has received much attention during some decades. It has 

outstanding applications in various fields of modern science like chemical engineering, 

nuclear engineering, astrophysics, oceanography, geophysics etc. The conditions under 

which thermohaline convection occurs has been extensively studied by Brandt and 

Fernando[1], Turner [2], Lapwood [3], Nield and Bejan [4], Radko [5], Wooding [6], Vafai 

[7], Abdullah and Alkazmi [8], Straughan [9] etc. 

 

Later it is observed thatthere are many situations in nature wherein density of fluid systems 

depends upon more than two independently stratifying agencies having different 

diffusivities.Examples of such triply diffusive fluid systems include the Earth’s molten core, 

solidification of molten alloys, ocean water, geothermally heated lakes etc. Various 

researchers have contributed towards the theoretical as well as analyticalstudy of the onset of 

convection in triply diffusive fluid systems. For a broad view of the subject one may referred 

to Griffiths [10], Pearlstein et al. [11], Terrones [12], Lopez et al. [13], Rionero [14], Prakash 

et al. [15,16,17], Ghalambaz et al. [18] etc. 

 

Banerjee et al. [19] derived a characterization theorem for thermohaline convection problem 

which proves the non-existence of oscillatory motions of growing amplitude in an initially 

bottom heavy configuration in a certain parameter regime and paved the way for further 

theoretical and experimental investigations in this field of enquiry. Later, Prakash et al. 

[20,21] further extended these results of Banerjee et al. [19] to more general triply diffusive 

configurations in the domain of astrophysics, wherein liquid concern has the property of 

magnetic field and rotation prevalent. As a further step, in the present paper, we have derived 
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such characterization theorem for the triply diffusive convection in a densely packed porous 

medium. 

 

MATHEMATICAL FORMULATION: 

Consider an infinite horizontal densely packed porous layer filled with a  viscous and 

Boussinesq fluid, statically confined between two horizontal boundaries z = 0 and z = d 

which are respectively maintained at uniform temperatures T0 and T1(< T0) and uniform 

concentrations S10, S20 and S11(< S10), S21(< S20) in the force field of gravity (seeFig.1). It 

is assumed that the porous medium is of constant porosity. The Darcy model has been 

utilized to study the triply diffusive convection in a densely packed porous medium. 

 
                                       Fig.1. Physical configuration 

 

The governing hydrodynamic equations and boundary conditions for the present problem in 

their non-dimensional form, are given by (Wankat and Schowalter [22], Vafai [7] and 

Prakash et al. [23]): 

(
p

σ
+

1

P1
) (D2 − a2)w = −R a2θ + R1a

2ϕ1 + R2a
2ϕ2,     (1) 

(D2 − a2 − Ap)θ = −w ,         (2) 

(D2 − a2 −
 p

τ1
)ϕ1 = − 

w

τ1
 ,         (3) 

(D2 − a2 −
 p

τ2
)ϕ2 =  − 

w

τ2
 ,                                                                                     (4)  

The Eqs. (1) -(4) are to be solved by using the following boundary conditions: 

 w =  0 = θ = ϕ1 = ϕ2 = Dw at z =  0 and at z = 1,  

(when both the boundaries are rigid)                (5) 

orw = 0 =  θ =  ϕ1 = ϕ2 = D2w at z = 0 and at z = 1,  

(when both the boundaries are free)          (6) 

 

where z is the real independent variable such that 0 ≤  z  ≤ 1, D is the differentiation w.r.t. z,  

a2 is square of the wave number, σ > 0 is the Prandtl number,τ1, τ2
> 0 are the Lewis 

numbers for two concentration components respectively, R > 0 is the Rayleigh number, R1 >
0 and R2 > 0 are the two concentration Rayleigh numbers,w is the vertical velocity, θ is the 

temperature, ϕ1 and ϕ2 are the two concentrations,p =  pr +  ipi is the complex growth rate 

where  pr and  pi are the real constants and as a consequence the dependent variables w(z) =
wr(z) + iwi(z), θ(z) = θr(z) + iθi(z), ϕ1(z) = ϕ1r(z) + iϕ1i(z) and ϕ2(z) = ϕ2r(z) +
iϕ2i(z)are complex valued functions of the real variable z. The governing equations also 

d 

𝑋 

Z 

g⃗ (0,0, −g) 

T1 

T0(> T1) 

) 

S11 

S20(> S21) 

) 

S10(> S11) 

) 

S21 

porous medium 

 

Y 

𝑜 

𝑧 = 0 

𝑧 = 𝑑 
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involve two more positive constants namelyP1 =
k1

ϵd2
 and A = 1 +

ρscs

ρ0c0

(1−ϵ)

ϵ
, wherek1 is the 

permeability,ϵ is the porosity of the porous medium, d is the depth of the fluid layer;ρ
s
is the 

solid density, cs is the heat capacity of the solid. The suffix  ′0′ denotes the values of various 

parameters involved in the governing equations at some properly chosen reference 

temperature T0. 
 

It may further be noted that the Eqs.(1) -(6) describe an eigen value problem for p and govern 

triply diffusive convectionin a densely packed porous medium with constant porosity for any 

combination of rigid and free boundaries. 

 

MATHEMATICAL ANALYSIS: 

Now we prove the following theorem: 

Theorem 1: If R > 0, R1 > 0, R2 > 0, pr ≥ 0, pi ≠ 0, andRs = R1 + R2 ≤
4π2

𝑃1[1+𝐴(𝜏1+𝜏2)]
then 

a necessary condition for the existence of non-trivial solution (w, θ, ϕ1, ϕ2, p) of Eqs.(1)-(4) 

together with boundary conditions (5) or (6) is thatRs = R1 + R2 < 𝑅. 
Proof:Multiplying Eq. (1) by w* (the superscript * henceforth denotes complex conjugation) 

on both sides and integrating over vertical range of z, we obtain 

(
p

σ
+

1

P1
)∫ w∗1

0
(D2 − a2)w dz = −R a2 ∫ w∗1

0
θ dz + R1a

2 ∫ w∗1

0
ϕ1 dz +

R2a
2 ∫ w∗1

0
ϕ2 dz.(7) 

Using Eqs. (2)-(4) and the fact, that w(0) = 0 = w(1), we can write 

R a2 ∫ w∗1

0
θ dz = −Ra2 ∫ θ

1

0
(D2 − a2 −  Ap∗)θ

∗dz,      (8) 

R1a
2 ∫ w∗1

0
ϕ1dz = −R1a

2τ1 ∫ ϕ1
1

0
(D2 − a2 − 

 p∗

τ1
)ϕ1

∗dz, (9) 

R2a
2 ∫ w∗1

0
ϕ2dz = −R2a

2τ2 ∫ ϕ2
1

0
(D2 − a2 − 

p∗

τ2
)ϕ2

∗dz.     

 (10) 

Combining Eqs. (7) -(10), we obtain 

(
p

σ
+

1

P1
)∫w∗

1

0

(D2 − a2)w dz = Ra2 ∫ θ

1

0

(D2 − a2 −   Ap∗)θ
∗dz 

−R1a
2τ1 ∫ ϕ1

1

0
(D2 − a2 − 

 p∗

τ1
)ϕ1

∗dz−R2a
2τ2 ∫ ϕ2

1

0
(D2 − a2 − 

p∗

τ2
)ϕ2

∗dz 

 (11)Integrating various terms of Eq. (11), by parts, for an appropriate number of times 

and making use of either of the boundary conditions (5)-(6), it follows that 

(
p

σ
+

1

P1
)∫ (|Dw|2 + a2|w|2)

1

0
dz = Ra2 ∫ (|Dθ|2 + a2|θ|2 +

1

0

Ap∗|θ|2) dz− R1a
2τ1 ∫ (|Dϕ1|

2 + a2|ϕ1|
2 +

p∗

τ1
|ϕ1|

2) dz
1

0
− R2a

2τ2 ∫ (|Dϕ2|
2 +

1

0

 a2|ϕ2|
2 + 

p∗

τ2
|ϕ2|

2)dz    (12) 

Equating the real and imaginary parts of both sides of Eq. (12) and cancelling pi (≠
0)throughout from the imaginary part, we get 
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(
pr

σ
+

1

P1
)∫ (|Dw|2 + a2|w|2)

1

0
dz = Ra2 ∫ (|Dθ|2 + a2|θ|2 + Apr|θ|

2)
1

0
dz −

R1a
2τ1 ∫ (|Dϕ1|

2 + a2|ϕ1|
2 +

pr

τ1
|ϕ1|

2)
1

0
dz − R2a

2τ2 ∫ (|Dϕ2|
2 + a2|ϕ2|

2 +
1

0

pr

τ2
|ϕ2|

2) dz      v            (13) 

and 

∫ (|Dw|2 + a2|w|2)dz = −Ra2Aσ ∫ |θ|2dz + R1a
2σ ∫ |ϕ1|

21

0

1

0

1

0
dz + R2a

2σ ∫ |ϕ2|
21

0
dz        

(14) 

We write Eq. (13) in an alternative form as 

pr ∫ (|Dw|2 + a2|w|2)
1

0

dz +
σ

P1
∫ (|Dw|2 + a2|w|2)

1

0

dz

= Ra2σ ∫ (|Dθ|2 + a2|θ|2)dz −
1

0

R1a
2στ1 ∫ (|Dϕ1|

2 + a2|ϕ1|
2)

1

0

dz

− R2a
2στ2 ∫ (|Dϕ2|

2 + a2|ϕ2|
2)dz

1

0

 

+pr [Ra2Aσ ∫ |θ|2dz − R1a
2σ ∫ |ϕ1|

2dz − R2a
2σ ∫ |ϕ2|

21

0
dz

1

0

1

0
]       

(15) 

and derive the desired result from the resulting inequality obtained by replacing each term of 

this equation by its appropriate estimate. 

We first note that since w, θ, ϕ1 ,andϕ2satisfyw(0) = 0 = w(1), θ(0) = 0 = θ(1),ϕ1(0) =
0 = ϕ1(1) andϕ2(0) = 0 = ϕ2(1), we have by Rayleigh-Ritz inequality (Schultz[24]) 

∫ |Dw|2dz ≥ π2 ∫ |w|2dz,
1

0

1

0
             

(16)  

∫ |Dθ|2dz ≥ π2 ∫ |θ|2dz,
1

0

1

0
              

(17)  

∫ |Dϕ1|
2dz ≥ π2 ∫ |ϕ1|

2dz
1

0

1

0
,             

(18) 

∫ |Dϕ2|
2dz ≥ π2 ∫ |ϕ2|

2dz
1

0

1

0
,                             (19) Further, since pr ≥ 0, we note that 

pr ∫ (|Dw|2 + a2|w|2)dz
1

0
≥ 0.           (20) 

 

Now multiplying Eq. (2) by θ
∗
 and integrating the various terms on the left hand side of the 

resulting equation by parts for an appropriate number of times by making use of the 

boundary conditions on θ, namelyθ(0) = 0 = θ(1), we have from the real part of the final 

equation 

∫ (|Dθ|2 + a2|θ|2 + Apr|θ|
2)dz

1

0
= Real part of ∫ θ

∗wdz
1

0
, 

≤ |∫ θ
∗wdz

1

0
|, 

≤ ∫ |θ∗w|dz
1

0
, 

≤ (∫ |θ|2dz
1

0
)
1/2

(∫ |w|2dz
1

0
)
1/2

(using Schwartz inequality).       (21) 

 

Combining the above inequality with inequality(17) and the fact that pr ≥ 0, we have 
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(π2 + a2)∫ |θ|2dz ≤ (∫ |θ|2dz
1

0

)

1/2

(∫ |w|2dz
1

0

)

1/2

,
1

0

 

which gives that  

(∫ |θ|2dz
1

0

)

1/2

≤
1

(π2 + a2)
(∫ |w|2dz

1

0

)

1/2

, 

and thus inequality (21) gives 

∫ (|Dθ|2 + a2|θ|2)dz
1

0
≤

1

(π2+a2)
∫ |w|2dz.

1

0
(22) Further, combining the above inequality with 

inequality(17), we get 

∫ |θ|2dz
1

0
≤

1

(π2+a2)2
∫ |w|2dz 

1

0
.(23) 

Now using inequalities (18) and (19) it follows that 

R1a
2στ1 ∫ (|Dϕ1|

2 + a2|ϕ1|
2)

1

0

dz + R2a
2στ2 ∫ (|Dϕ2|

2 + a2|ϕ2|
2)dz

1

0

 

≥ (π2 + a2) (R1a
2στ1 ∫ |ϕ1|

2dz +
1

0

R2a
2στ2 ∫ |ϕ2|

2dz
1

0

) 

≥ (π2 + a2) {τ1 ∫ (|Dw|2+a2|w|2)dz − R2a
2στ1 ∫ |ϕ2|

2dz
1

0
+ τ2 ∫ (|Dw|2+a2|w|2)dz −

1

0

1

0

R1a
2στ2 ∫ |ϕ1|

2dz
1

0
} (utilizing Eq. (14))                 (24) 

and thus 

−R1a
2στ1 ∫ (|Dϕ1|

2 + a2|ϕ1|
2)

1

0

dz − R2a
2στ2 ∫ (|Dϕ2|

2 + a2|ϕ2|
2)dz

1

0

 

≤ (π2 + a2) [R1a
2στ2 ∫ |ϕ1|

2dz
1

0
+ R2a

2στ1 ∫ |ϕ2|
2dz

1

0
] − (π2 + a2)(τ1 +

τ2) ∫ (|Dw|2+a2|w|2)dz
1

0
.                  (25) 

Again, using Eq.(14), we obtain 

R1a
2στ2 ∫ |ϕ1|

2dz
1

0
≤ τ2 ∫ (|Dw|2+a2|w|2)dz

1

0
+ Ra2Aστ2 ∫ |θ|2dz

1

0
,             (26) 

and 

R2a
2στ1 ∫ |ϕ2|

2dz
1

0
≤ τ1 ∫ (|Dw|2+a2|w|2)dz

1

0
+ Ra2Aστ1 ∫ |θ|2dz

1

0
.                     (27) 

Now using inequalities (26) and (27), we can write 

R1a
2στ2 ∫ |ϕ1|

2dz
1

0
+ R2a

2στ1 ∫ |ϕ2|
2dz

1

0
≤ (τ1 + τ2) ∫ (|Dw|2+a2|w|2)dz

1

0
+ Ra2Aσ(τ1 +

τ2) ∫ |θ|2dz
1

0
.                      (28) 

Using this inequality (28) in inequality (25), we get 

−R1a
2στ1 ∫ (|Dϕ1|

2 + a2|ϕ1|
2)

1

0

dz − R2a
2στ2 ∫ (|Dϕ2|

2 + a2|ϕ2|
2)dz

1

0

 

≤ (π2 + a2)Ra2Aσ(τ1 + τ2) ∫ |θ|2dz
1

0
, 

≤
Ra2Aσ

(π2+a2)
(τ1 + τ2) ∫ |w|2dz

1

0
.           (using inequality (23))                (29) 

Also from Eq. (14) and the fact thatpr ≥ 0, we obtain 

pr [Ra2Aσ ∫ |θ|2dz − R1a
2σ ∫ |ϕ1|

2dz − R2a
2σ ∫ |ϕ2|

21

0
dz

1

0

1

0
] ˂0              (30) 

Now, if permissible, let Rs = R1 + R2 ≥ R. Then, in that case, we derive from Eq. (15) and 

the inequalities(16), (20),(22), (29)and (30) that 
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[
σ(π2+a2)

P1
−

Rsa
2σ

(π2+a2)
(1 + A(τ1 + τ2))] ∫ |w|2d𝑧

1

0
< 0 ,                   (31) 

which clearly implies that  

Rs >

1

P1
[
(π2+a2)

2

a2 ]

[1+𝐴(𝜏1+𝜏2)]
 , 

so that we necessarily have 

Rs >
4π2

P1[1+𝐴(𝜏1+𝜏2)]
,      (32) 

since the minimum value of 
(π2+a2)

2

a2
 (for a2 = π2) is 4π2.  

Hence ifRs = R1 + R2 ≤
4π2

P1[1+𝐴(𝜏1+𝜏2)]
 ,then we must have 

Rs = R1 + R2 < 𝑅.                                                                                                              (33) 

 

This establishes the theorem. 

The essential content of the theorem from the physical point of view are that the triply 

diffusive convection in porous medium with one of the components as heat with diffusivity κ 

cannot manifest as oscillatory motions of growing amplitude in an initially bottom heavy 

configuration if the two concentration Rayleigh numbers R1 and R2, the Lewis numbers τ1 

and τ2 for the two concentrations with diffusivitiesκ1 and κ2 respectively (with no loss of 

generality κ > κ1 > κ2),the Porous parameterA and a constant P1satisfy the inequality R1 +

R2 ≤
4π2

𝑃1[1+𝐴(𝜏1+𝜏2)]
. It is further established that this result is uniformly valid for the quite 

general nature of the bounding surfaces. 

 

CONCLUSION: 

The linear stability theory and Darcy model is used to characterize the onset of triply 

diffusive convection in a densely packed porous medium. The layer is considered to be 

heated and soluted from below. The porous medium is taken as isotropic and homogeneous. 

A mathematical theorem is derived which provides a classification of the neutral or unstable 

triply diffusive configuration into two classes namely the bottom-heavy class and the top-

heavy class and then strikes a distinction between them by means of a characterization 

theorem which disallow the existence of oscillatory instability in the former class. It is 

further established that this result is uniformly valid for the quite general nature of the 

bounding surfaces. 
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ABSTRACT:  

In the Present paper, it has been mathematically established that the magnetohydrodynamic 

triply diffusive convection in a densely packed porous medium with one of the components 

as heat, with diffusivity κ, cannot manifest itself as oscillatory motions of growing amplitude 

in an initially bottom heavy configuration if the two concentration Rayleigh numbers R1 and 

R2, the Lewis numbers τ1 and τ2 for the two concentrations with diffusivities κ1 and κ2 

respectively, the Porous parameter A and a constant P1 satisfy the inequality R1 + R2 ≤
4π2

P1(1+A(τ1+τ2))
 . It is further proved that the above result is uniformly valid for any 

combination of rigid and free boundaries. 

 

KEYWORDS: Triply diffusive convection, Oscillatory motions,the Lewis numbers, 

Concentration Rayleigh number, Porous medium, Darcy Model. 

 

INTRODUCTION: 

The problem of thermohaline instability in porous medium has been extensively studied in 

the recent past by many researchers on account of its importance in geophysics, in the fields 

of oceanography, chemical process industry, food processing industry, solidification, in the 

prediction of ground water movement in aquifers, in assessing the effectiveness of fibrous 

insulations, in the energy extraction process from the geothermal reservoirs, in nuclear 

engineering and due to influence of porous material (like fibre materials used for insulating 

purposes or metallic foams in heat transfer devices) on human life (Abdullah et al. [1], 

Deepika and Narayana [4], Lapwood [8], Nield and Bejan [11], Radko [18], Straughan 

[23],Taunton et al.[24], Vafai [25], Wooding [26], Yadav et al. [27]). 

 

These researchers have studied the physical configurations in whichthe density depends on 

two stratifying agencies having different diffusivities.  However, it has been found later that 

there are many physical configurations, in whichthe density depends on three or more 

stratifying agencies having different diffusivities. For example,the Earth’s core, saline waters 

of geothermally heated lakes, sea and the oceans which contain many salts having 

concentrations less than a few percent of the sodium chloride concentration. For a broad view 

of the subject one may referred to Ghalambaz et al.[5], Griffiths [6, 7], Lopez [9], 

Moroz[10], Prakash et al. [15,16, 17], Rionero[19], Rudraiah and Vortmeyer [20], Ryzhkov 

and Shevtsova [21] andZhao et al. [28]. These researchers have theoretically studied the 

onset of convection in a triply diffusive fluid layer (in porous and non porous medium, where 

density depends on three independently diffusing agencies with different diffusivities). 
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Banerjee et al. [2] derived a mathematical theorem in thermohaline convection for the 

nonexistence of oscillatory motions of growing amplitude in an initially bottom heavy 

configuration of the Veronis type and brought a fresh outlook to the subject matter of double 

diffusive convection which pave the way for further theoretical and experimental 

investigations in this field of enquiry. Later Prakash and Kumar [14] extended their result to 

thermohaline convection configuration in porous medium.The work of Banerjee et al. [2] 

have been further extended to double and triply diffusive convection configurations in a 

porous and non porous medium in the presence of magnetic field by Prakash et al. [12,13]. 

As a further step in the present problem an analogous mathematical theorem for the certain 

parameter regime, is derived for magnetohydrodynamic triply diffusive convection in 

densely packed porous medium which states that oscillatory motions (neutral or unstable) of 

growing amplitude cannot manifest in an initially bottom heavy configurations of 

magnetohydrodynamic triply diffusive convection whenever the sum of the concentration 

Rayleigh numbers is less than a critical value. 

 

MATHEMATICAL FORMULATION: 

Let us consider an infinite horizontal densely packed porous layer filled with a  viscous and 

Boussinesq fluid, statically confined between two horizontal boundaries z = 0 and z = d 

which are respectively maintained at uniform temperatures T0 and T1(< T0) and uniform 

concentrations S10,  S20 and S11(< S10),  S21(< S20) in the force field of gravity and in the 

presence of uniform vertical magnetic field, H⃗⃗ . (seeFig.1). It is assumed that the saturating 

fluid and the porous layer are incompressible and that the porous medium is a constant 

porosity medium. The Darcy’s [3] modelhas been utilized to study themagnetohydrodynamic 

triply diffusive convection in a densely packed porous medium. 

 
Fig.1. Physical configuration. 
 

The equations that govern the motion of magnetohydrodynamictriply diffusive fluid layer in 

a densely packed porous medium (Darcy Model), in the non-dimensional form,are given by 

(Rudraiah and Vortmeyer [20], Prakash et al.[12,16,17]): 

(
p

σ
+

1

P1
) (D2 − a2)w = −R a2θ + R1a

2ϕ1 + R2a
2ϕ2 + Q D(D2 − a2)hz,    (1) 

(D2 − a2 − Ap)θ = −w ,         (2) 

(D2 − a2 −
 p

τ1
)ϕ1 = − 

w

τ1
 ,         (3) 

(D2 − a2 −
 p

τ2
)ϕ2 =  − 

w

τ2
 ,          (4)  

d 

𝑋 

Z 

g⃗ (0,0,−g) 

T1 

T0(> T1) 

) 

S11 

S20(> S21) 

) 

S10(> S11) 

) 

S21 

porous medium 

 

Y 

H⃗⃗  
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(D2 − a2 −
pσ1

σ
) hz =  − Dw,         (5) 

The Eqs. (1)-(5) are to be solved by using the following boundary conditions: 

w = 0 =  θ =  ϕ1 = ϕ2 = D2w = hz at z = 0 and at z = 1,  

(when both the boundaries are free and perfectly conducting)       (6) 

or w =  0 = θ = ϕ1 = ϕ2 = Dw = hz at z =  0 and at z = 1,  

(when both the boundaries are rigid and perfectly conducting)    (7) 
 

where z is the real independent variable such that 0 ≤  z  ≤ 1, D is the differentiation w.r.t. z,  

a2 is square of the wave number, σ > 0 is the Prandtl number,σ1 > 0 is the magnetic Prandtl 

number, τ1, τ
2
> 0 are the Lewis numbers for two components respectively, R > 0 is the 

Rayleigh number, R1 > 0 and R2 > 0 are the two concentration Rayleigh numbers, Q > 0 is 

the Chandrasekhar number, w is the vertical velocity, θ is the temperature, ϕ1 and ϕ2 are the 

two concentrations,hz is the vertical component of the perturbation in the initially external 

imposed magnetic field,p =  pr +  ipi is the complex growth rate where  pr and  pi are the 

real constants and as a consequence the dependent variables w(z) = wr(z) + iwi(z), θ(z) =
θr(z) + iθi(z), ϕ1(z) = ϕ1r(z) + iϕ1i(z),ϕ2(z) = ϕ2r(z) + iϕ2i(z) and hz(z) = hz,r(z) +
ihz,i(z) are complex valued functions of the real variable z.The governing equations also 

involve two more positive constants namelyP1 =
k1

ϵd2 and A = 1 +
ρscs

ρ0c0

(1−ϵ)

ϵ
, wherek1 is the 

permeability,ϵ is the porosity of the porous medium, d is the depth of the fluid layer;ρ
s
is the 

solid density, cs is the heat capacity of the solid. The suffix ‘0’ denotes the values of various 

parameters involved in the governing equations at some properly chosen reference 

temperature T0. 
 

It may further be noted that Eqs.(1)-(7) describe an eigen value problem for p and govern 

magnetohydrodynamic triply diffusive convectionin a densely packed porous mediumfor any 

combination of dynamically free and rigid perfectly conducting boundaries. 
 

MATHEMATICAL ANALYSIS: 

Now we prove the following theorem: 

Theorem: If R > 0, R1 > 0, R2 > 0,Q > 0,pr ≥ 0, pi ≠ 0, andRs = R1 + R2 ≤
4π2

P1(1+A(τ1+τ2))
then a necessary condition for the existence of nontrivial solution 

(w, θ, ϕ1, ϕ2, hz, p) ofEqs.(1)-(5) together with boundary conditions (6) or (7) is thatRs =
R1 + R2 < 𝑅. 
Proof:Multiplying Eq. (1) by w* (the superscript * henceforth denotes complex conjugation) 

on both sides and integrating over vertical range of z, we obtain 

(
p

σ
+

1

P1
)∫w∗

1

0

(D2 − a2)w dz = −R a2 ∫w∗

1

0

θ dz + R1a
2 ∫w∗

1

0

ϕ1 dz + R2a
2 ∫w∗

1

0

ϕ2 dz 

+Q∫ w∗D
1

0
(D2 − a2)hzdz.         (8) 

Using Eqs. (2)-(5) and the fact, that w(0) = 0 = w(1), we can write 

R a2 ∫ w∗1

0
θ dz = −Ra2 ∫ θ

1

0
(D2 − a2 −  Ap∗)θ

∗dz,      (9) 

R1a
2 ∫ w∗1

0
ϕ1dz = −R1a

2τ1 ∫ ϕ1
1

0
(D2 − a2 − 

 p∗

τ1
)ϕ1

∗dz, (10) 

R2a
2 ∫ w∗1

0
ϕ2dz = −R2a

2τ2 ∫ ϕ2
1

0
(D2 − a2 − 

p∗

τ2
)ϕ2

∗dz,(11)  
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Q∫ w∗D
1

0
(D2 − a2)hzdz = −Q∫ Dw∗1

0
(D2 − a2)hzdz = 

                                                         Q ∫ (D2 − a2 −
p∗σ1

σ
) hz

∗1

0
(D2 − a2)hzdz.  (12) 

Making use of Eqs. (9) – (12), from Eq. (8)we obtain 

(
p

σ
+

1

P1
)∫w∗

1

0

(D2 − a2)w dz = Ra2 ∫ θ

1

0

(D2 − a2 −   Ap∗)θ
∗dz 

−R1a
2τ1 ∫ϕ1

1

0

(D2 − a2 − 
 p∗

τ1
)ϕ1

∗dz−R2a
2τ2 ∫ϕ2

1

0

(D2 − a2 − 
p∗

τ2
)ϕ2

∗dz 

+Q∫ (D2 − a2 −
p∗σ1

σ
) hz

∗1

0
(D2 − a2)hzdz.      (13) 

Integrating various terms of Eq. (13), by parts, for a suitable number of times and making use 

of either of the boundary conditions (6)-(7), it follows that 

(
p

σ
+

1

P1
)∫(|Dw|2 + a2|w|2)

1

0

dz = Ra2 ∫(|Dθ|2 + a2|θ|2 + Ap∗|θ|2)

1

0

dz 

− R1a
2τ1 ∫(|Dϕ1|

2 + a2|ϕ1|
2 +

p∗

τ1
|ϕ1|

2) dz

1

0

− R2a
2τ2 ∫(|Dϕ2|

2 + a2|ϕ2|
2

1

0

+ 
p∗

τ2

|ϕ2|
2)dz 

−Q∫ |(D2 − a2)hz|
2dz

1

0
− Q

p∗σ1

σ
∫ (|Dhz|

2 + a2|hz|
2)dz

1

0
.     (14)  

Equating the real and imaginary parts of Eq. (14) form both sides and cancelling the term 

pi (≠ 0) throughout from the imaginary part, we get 

(
pr

σ
+

1

P1
)∫(|Dw|2 + a2|w|2)

1

0

dz = Ra2 ∫ (|Dθ|2 + a2|θ|2 + Apr|θ|
2)

1

0

dz 

−R1a
2τ1 ∫ (|Dϕ1|

2 + a2|ϕ1|
2 +

pr

τ1
|ϕ1|

2)
1

0

dz

− R2a
2τ2 ∫ (|Dϕ2|

2 + a2|ϕ2|
2 +

pr

τ2

|ϕ2|
2)dz

1

0

 

−Q∫ |(D2 − a2)hz|
2dz

1

0
− Q

prσ1

σ
∫ (|Dhz|

2 + a2|hz|
2)dz

1

0
,     (15) 

and 

∫ (|Dw|2 + a2|w|2)dz = −Ra2Aσ ∫ |θ|2dz + R1a
2σ ∫ |ϕ1|

21

0

1

0

1

0
dz + R2a

2σ ∫ |ϕ2|
21

0
dz +

Qσ1 ∫ (|Dhz|
2 + a2|hz|

2)dz
1

0
.        (16) 

Alternatively Eq. (15) can be written as  

pr ∫ (|Dw|2 + a2|w|2)
1

0

dz +
σ

P1
∫ (|Dw|2 + a2|w|2)

1

0

dz = 

Ra2σ ∫ (|Dθ|2 + a2|θ|2)dz −
1

0

R1a
2στ1 ∫ (|Dϕ1|

2 + a2|ϕ1|
2)

1

0

dz 

−R2a
2στ2 ∫ (|Dϕ2|

2 + a2|ϕ2|
2)dz

1

0
− Qσ ∫ |(D2 − a2)hz|

2dz
1

0
+ pr [Ra2Aσ ∫ |θ|2dz −

1

0
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R1a
2σ ∫ |ϕ1|

2dz − R2a
2σ ∫ |ϕ2|

21

0
dz −

1

0
Qσ1 ∫ (|Dhz|

2 + a2|hz|
2)dz

1

0
],  (17) 

andderive the desired result from the resulting inequality obtained by replacing each  terms of 

this equation by its appropriate estimate. 

As w, θ, ϕ1 ,ϕ2 and hzsatisfyw(0) = 0 = w(1), θ(0) = 0 = θ(1),ϕ1(0) = 0 =
ϕ1(1),ϕ2(0) = 0 = ϕ2(1)and hz(0) = 0 = hz(1),therefore, we haveby Rayleigh-Ritz 

inequality (Schultz[22]) 

∫ |Dw|2dz ≥ π2 ∫ |w|2dz,
1

0

1

0
        (18)  

∫ |Dθ|2dz ≥ π2 ∫ |θ|2dz,
1

0

1

0
        (19)  

∫ |Dϕ1|
2dz ≥ π2 ∫ |ϕ1|

2dz
1

0

1

0
,        (20) 

∫ |Dϕ2|
2dz ≥ π2 ∫ |ϕ2|

2dz
1

0

1

0
,(21) 

∫ |Dhz|
2dz ≥ π2 ∫ |hz|

2dz.
1

0

1

0
        (22) 

Since pr ≥ 0, thus we can write 

pr ∫ (|Dw|2 + a2|w|2)dz
1

0
≥ 0.       (23) 

 

Now multiplying Eq. (2) by θ
∗
 and integrating the various terms on the left hand side of the 

resulting equation by parts for an appropriate number of times by making use of the 

boundary conditions on θ, namelyθ(0) = 0 = θ(1), we have from the real part of the final 

equation 

∫ (|Dθ|2 + a2|θ|2 + Apr|θ|
2)dz

1

0
= Real part of ∫ θ

∗wdz
1

0
, 

≤ |∫ θ
∗wdz

1

0
|, 

≤ ∫ |θ∗w|dz
1

0
, 

≤ (∫ |θ|2dz
1

0
)
1/2

(∫ |w|2dz
1

0
)
1/2

(using Schwartz inequality) .   (24) 

 

Making use of inequality (19) and the fact that pr ≥ 0, the above inequality (24) reduces to 

(π2 + a2) ∫ |θ|2dz ≤ (∫ |θ|2dz
1

0
)
1/2

(∫ |w|2dz
1

0
)
1/21

0
, 

which gives that  

(∫ |θ|2dz
1

0
)
1/2

≤
1

(π2+a2)
(∫ |w|2dz

1

0
)
1/2

, 

and thus inequality (24) gives 

∫ (|Dθ|2 + a2|θ|2)dz
1

0
≤

1

(π2+a2)
∫ |w|2dz.

1

0
(25) Further, combining the above inequality with 

inequality(19), we get 

∫ |θ|2dz
1

0
≤

1

(π2+a2)2
∫ |w|2dz 

1

0
.       (26) 

Now using inequalities (20) and (21) it follows that 

R1a
2στ1 ∫ (|Dϕ1|

2 + a2|ϕ1|
2)

1

0

dz + R2a
2στ2 ∫ (|Dϕ2|

2 + a2|ϕ2|
2)dz

1

0

 

≥ (π2 + a2) (R1a
2στ1 ∫ |ϕ1|

2dz +
1

0

R2a
2στ2 ∫ |ϕ2|

2dz
1

0

) 

≥ (π2 + a2) {τ1 ∫ (|Dw|2+a2|w|2)dz − R2a
2στ1 ∫ |ϕ2|

2dz − Qσ1τ1 ∫ (|Dhz|
2 +

1

0

1

0

1

0

a2|hz|
2)dz + τ2 ∫ (|Dw|2+a2|w|2)dz − R1a

2στ2 ∫ |ϕ1|
2dz

1

0

1

0
− Qσ1τ2 ∫ (|Dhz|

2 +
1

0
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a2|hz|
2)dz},  (utilizing Eq. (16))       (27) 

and thus 

−R1a
2στ1 ∫ (|Dϕ1|

2 + a2|ϕ1|
2)

1

0

dz − R2a
2στ2 ∫ (|Dϕ2|

2 + a2|ϕ2|
2)dz

1

0

 

≤ (π2 + a2) [R1a
2στ2 ∫ |ϕ1|

2dz
1

0
+ R2a

2στ1 ∫ |ϕ2|
2dz

1

0
] + (π2 + a2)Qσ1(τ1 +

τ2) ∫ (|Dhz|
2 + a2|hz|

2)dz
1

0
− (π2 + a2)(τ1 + τ2) ∫ (|Dw|2+a2|w|2)dz

1

0
. (28)Further, using 

Eq.(16), we obtain 

R1a
2στ2 ∫ |ϕ1|

2dz
1

0
≤ τ2 ∫ (|Dw|2+a2|w|2)dz

1

0
+ Ra2Aστ2 ∫ |θ|2dz − Qσ1τ2 ∫ (|Dhz|

2 +
1

0

1

0

a2|hz|
2)dz, (29) 

and 

R2a
2στ1 ∫ |ϕ2|

2dz
1

0
≤ τ1 ∫ (|Dw|2+a2|w|2)dz

1

0
+ Ra2Aστ1 ∫ |θ|2dz − Qσ1τ1 ∫ (|Dhz|

2 +
1

0

1

0

a2|hz|
2)dz.           (30) 

Combining inequalities (29) and (30), we have 

R1a
2στ2 ∫ |ϕ1|

2dz
1

0
+ R2a

2στ1 ∫ |ϕ2|
2dz

1

0
≤ (τ1 + τ2) ∫ (|Dw|2+a2|w|2)dz

1

0
+ Ra2Aσ(τ1 +

τ2) ∫ |θ|2dz − Qσ1(τ1 + τ2) ∫ (|Dhz|
2 + a2|hz|

2)dz
1

0

1

0
,  (31) 

and thus utilizing the above inequality (31) in inequality (28), we obtain 

−R1a
2στ1 ∫ (|Dϕ1|

2 + a2|ϕ1|
2)

1

0

dz − R2a
2στ2 ∫ (|Dϕ2|

2 + a2|ϕ2|
2)dz

1

0

 

≤ (π2 + a2)Ra2Aσ(τ1 + τ2) ∫ |θ|2dz
1

0
, 

≤
Ra2Aσ

(π2+a2)
(τ1 + τ2) ∫ |w|2dz

1

0
.           (using inequality (26))     (32) 

Further, using the fact thatpr ≥ 0,we can writefrom Eq. (16) as 

pr [Ra2Aσ ∫ |θ|2dz − R1a
2σ ∫ |ϕ1|

2dz − R2a
2σ ∫ |ϕ2|

21

0
dz −

1

0

1

0
Qσ1 ∫ (|Dhz|

2 + a2|hz|
2)dz

1

0
] < 0.  

(33) 

Now, if permissible, let Rs = R1 + R2 ≥ R. Then, in that case, we derive from Eq. (17) and 

the inequalities(18), (23),(25), (32)and (33) that 

[
σ(π2+a2)

P1
−

Rsa
2σ

(π2+a2)
(1 + A(τ1 + τ2))] ∫ |w|2d𝑧 + Qσ ∫ |(D2 − a2)hz|

2dz
1

0

1

0
< 0 ,     (34) 

which clearly implies that  

Rs >
(
(π2+a2)

2

a2 )

P1(1+A(τ1+τ2)
 , 

so that we necessarily have 

Rs >
4π2

P1(1+A(τ1+τ2))
 ,          (35) 

sincethe minimum value of 
(π2+a2)

2

a2  (for a2 = π2) is 4π2.  

Hence ifRs = R1 + R2 ≤
4π2

P1(1+A(τ1+τ2))
,then we must have 

Rs = R1 + R2 < 𝑅.                                                                                                     (36) 

This establishes the theorem. 
 

The essential content of the theorem from the physical point of view are that magneto 

hydrodynamic triply diffusive convection in densely packed porous medium with one of the 
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components as heat with diffusivity κ cannot manifest as oscillatory motions of growing 

amplitude in an initially bottom heavy configuration if the two concentration Rayleigh 

numbers R1 and R2, the Lewis numbers τ1 and τ2 for the two concentrations with 

diffusivitiesκ1 and κ2 respectively (with no loss of generality κ > κ1 > κ2),the Porous 

parameterA and a constant P1satisfy the inequality R1 + R2 ≤
4π2

P1(1+A(τ1+τ2))
 . It is further 

established that this result is uniformly valid for any combination of free and/or rigid 

perfectly boundaries.  
 

CONCLUSION: 

The onset of magnetohydrodynamic triply diffusive convectionin a horizontal layer of fluid 

heated and soluted from below is investigated usinglinear stability analysis. The Darcy model 

has been utilized to derive amathematical theorem which disapprove the existence of 

oscillatory motions of growing amplitude in an initially bottom heavymagnetohydrodynamic 

triply diffusive configurations in a densely packed porous medium.The work done in the 

present paper will certainly pave the way for further theoretical and experimental 

investigations in this field of enquiry.   
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ABSTRACT: 

The eigenvalue problem governing the Veronis type thermohaline convection in a viscoelastic 

fluid layer in the presence of uniform rotation is mathematically investigated for both linear and 

nonlinear stability. The expressions for Rayleigh numbers are derived for various orders of 

stability problems using linear and nonlinear stability analysis, for the cases of infinite and finite 

amplitude of disturbances, respectively. The effects of various parameters namely; rotation, 

stress relaxation time, strain retardation time and concentration gradient on steady and 

oscillatory thermal Rayleigh numbers have been discussed numerically for infinite amplitude of 

distubances and the results are depicted graphically. It is observed that the stress relaxation time 

has destabilizing effect, however the strain retardation time, concentration gradient and rotation 

have stabilizing effect on the onset of oscillatory thermohaline convection in a viscoelastic fluid. 

Also, it is observed from expression for Rayleigh number for steady second order nonlinear 

stability problem for finite disturbances that the viscoelastic parameters have no effects on the 

onset of instability. However, the concentration gradient and rotation reinforce each other and 

have destabilizing effect on the onset of instability.  

 

KEYWORDS: Thermohaline convection; Oscillatory convection; Viscoelastic fluid; Rotation; 

Finite amplitude; Critical Rayleigh number. 

 

1. INTRODUCTION: 

Thermohaline convection or, more generally, double diffusive convection is an important 

phenomenon that involves the motions driven by two different density gradients diffusing at 

different rates, namely; thermal and concentration gradients. Thermohaline convection has its 

importance in the fields of oceanography, modelling of solar ponds, geophysics, astrophysics, 

chemical engineering, atmospheric pollution, etc. and various applications of the problem have 

aroused the interest of many research workers in this subject. 

 

Stern [1] was the first to study the thermohaline (double diffusive) convection in the context of 

ocean by considering stable temperature and unstable concentration gradients, now known as 

Stern’s type configuration and derived some results concerning the instability of this 

configuration. He found that both steady as well as oscillatory motions of growing amplitudes 

occur in this configuration and steady motion is preferred one. Veronis [2] also studied the 

thermohaline configuration heated from below and salted from above creating destabilizing 

temperature gradient and stabilizing concentration gradient and derived the expressions for 

Rayleigh numbers for both stationary as well as oscillatory convection, when disturbances are 

infinitesimal small. This configuration is known as Veronis’ type configuration. The 
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thermohaline convection problems of Stern and Veronis types have been revisited by Gupta et 

al[3] in the context of initially bottom/top heavy configurations and derived certain conditions 

for the stability and the bounds for the growth rate of oscillatory convection for both bottom/top 

heavy configurations, which are valid for all combinations of dynamically free rigid boundaries. 

 

Veronis [2] in his analysis also discussed the two dimensional convective rolls in thermohaline 

convection by considering finite amplitude disturbances and predicted that the system becomes 

unstable to finite amplitude steady disturbances before it becomes unstable to disturbances of 

infinitesimal amplitude. Gupta and Gupta [4] extended the analysis of Veronis to include the 

effect of uniform rotation on thermohaline convective rolls and studied the effect of Taylor’s 

number on the onset of steady as well as oscillatory convection with both finite and infinite 

disturbances. 

 

For a broad view of the thermohaline convection, one may be referred to Turner and 

Stommel[5], Bains and Gill [6], Turner [7], Huppert and Turner [8], Brandt and Fernando [9], 

Radko[10]. 

 

Fluids are classified as Newtonian or non-Newtonian on the basis of the linear or non-linear 

relation between shearing stress to the rate of strain, respectively. A non-Newtonian fluid may 

not have well defined viscosity, therefore it is inadequate to describe the behaviour of the non-

Newtonian fluids and is best studied through other rheological properties. Viscoelastic fluids fall 

in the category of non-Newtonian fluids. Idealized viscoelastic fluids are those fluids whose 

behaviour at sufficiently small variable shear stresses can be characterized by three constants i.e. 

coefficient of viscosity, relaxation time and retardation time. A non-linear theory of class of 

isotropic incompressible viscoelastic fluid with the stress relaxation time (λ̅1) and strain 

retardation time (λ̅2) are known as Oldroydian fluid (Oldroyd [11, 12]) and the viscoelastic fluid 

is termed as Maxwellian fluid when strain retardation time in the constitutive relation is absent 

(i. e.  λ̅2 = 0). However, when both stress relaxation time and strain retardation time are zero 

(i. e.  λ̅1 = λ̅2 = 0), the above constitutive relation reduced to a relation applicable for 

Newtonian viscous fluid. Industrial fluid are basically non-Newtonian; in particular viscoelastic 

fluids have been relevance in industrial applications. The characteristics of heat transfer in a 

viscoelastic fluid layer are important in chemical processing industries. Viscosity and elasticity 

of the fluid have certain effects on the heat transfer rate and thus can alter the instability of the 

system in comparison to Newtonian fluid (cf. Basu and Layek [13]). 

 

The present study is motivated by the above analysis of Veronis [2] and Gupta and Gupta [4] for 

thermohaline convection for Newtonian fluids. Many authors including Chandrasekhar [14], 

Gupta and Gupta [4] and Murthy and Ram [15] have shown that the uniform rotation have 

stabilizing effect on the onset of convection for Newtonian fluids. Also viscosity  and the elastic 

properties of non-Newtonian fluids together have destabilizing effect on the stability (Rosenblat 

[16]). So, our aim is to study the combined effect of rotation and concentration gradient on 

thermohaline convection on the Oldroydian viscoelastic fluid layer heated from below. Linear 

stability analysis for infinitesimal amplitude disturbances and weakly non-linear stability 
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analysis for finite amplitude disturbances are carried out and the effects of various parameters on 

the convection have been computed numerically. 

 

2. Mathematical Formulation of the Physical Problem 

An infinite horizontal layer of viscoelastic incompressible fluid is statically confined between 

two horizontal boundaries in the force field of gravity, which are respectively maintained at 

uniform temperatures 𝑇0 and  𝑇0 − ∆𝑇 and uniform concentrations 𝑆0 and 𝑆0 − ∆𝑆 in the 

presence of uniform rotation with angular velocity �⃗�  along vertical z-axis. We consider two-

dimensional rolls, so that all the physical quantities are independent of the y-coordinate. The 

boundaries are taken to be isothermal and dynamically free (on which tangential stresses vanish). 

 
Figure 1. Schematic representation of the physical problem 

 

The basic hydrodynamical equations governing the thermohaline convection problem in rotating 

viscoelastic fluid, in view of Boussinesq approximation, representing equation of continuity, 

equations of motion, equations of heat and mass transfer and equation of state, are respectively 

given by (cf. Veronis [2], Gupta and Gupta [4] and Sengupta and Kumar [17]);  

∇. 𝑣 = 0 (1) 

(1 + �̅�1
𝜕

𝜕𝑡
) (

𝜕�⃗� 

𝜕𝑡
+ 𝑣 . ∇𝑣 ) = −(1 + �̅�1

𝜕

𝜕𝑡
) ∇ (

𝑃

𝜌0
−
1

2
|�⃗� × 𝑟 |

2
) + (1 + �̅�1

𝜕

𝜕𝑡
)
𝜌

𝜌0
𝑔 −

(1 + �̅�1
𝜕

𝜕𝑡
) (2�⃗� × 𝑣 ) + (1 + �̅�2

𝜕

𝜕𝑡
) 𝜈∇2𝑣  (2) 

𝜕𝑇

𝜕𝑡
+ 𝑣 . ∇𝑇 = 𝜅𝑇∇

2𝑇 (3) 

𝜕𝑆

𝜕𝑡
+ 𝑣 . ∇𝑆 = 𝜅𝑠∇

2𝑆 (4) 

and 𝜌 =  𝜌0[1 − 𝛼(𝑇 − 𝑇0) + 𝛼
′(𝑆 − 𝑆0)] (5) 

 

In the above equations; 𝜌 is density, 𝑔 = (0,0, −𝑔) is the external force, 𝑣 = (𝑢, 𝑣, 𝑤) are the 

components of velocity, 𝑇 and 𝑆 are respectively the temperature and the concentration at any 

point on the layer, 𝑃 is the pressure, 𝜈 is the kinematic viscosity, 𝑐𝑣 is the specific heat at 

constant volume, 𝜅𝑇 (=
𝐾0

𝜌0𝐶𝑣0
) is the thermometric diffusivity, 𝜅𝑠 is the coefficient of salt 

diffusion, �̅�1 is stress relaxation time, �̅�2 is strain retardation time, 𝛼 and 𝛼 ′ are respectively the 

thermal and solutal coefficients of volume expansion, 𝜌0  is the reference density of the fluid at 

𝑂 

 

𝑥 
𝑇0, 𝑆0 

) 𝑦 

𝑧 = 0 

 

𝑧 = 𝑑 

 

𝑧 

𝑇 = 𝑇0 − ∆𝑇, 𝑆 = 𝑆0 − ∆𝑆 

𝑔 = (0,0,−𝑔) 𝜌 =  𝜌0[1 − 𝛼(𝑇 − 𝑇0) + 𝛼
′(𝑆 − 𝑆0)] 

�⃗�  
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lower boundary. 

Initially, when there are no motions, the basic state is assumed to be quiescent state. So, the 

initial state is represented by; 

𝑣 ≡ 0,              𝑇 ≡ 𝑇(𝑧),              𝑆 ≡ 𝑆(𝑧),               𝜌 ≡ 𝜌(𝑧),           𝑃 ≡ 𝑃(𝑧) (6) 

and hence the initial stationary state solutions are given by; 

𝑣 = (𝑢, 𝑣, 𝑤) = (0, 0, 0),        𝑇 =  𝑇0 − 𝛽𝑧,       𝑆 =  𝑆0 − 𝛽′𝑧,        𝜌 =  𝜌0[1 + 𝛼𝛽𝑧 − 𝛼′𝛽′𝑧],  

𝑃 = 𝑃0 –𝑔 𝜌0  [𝑧 + (𝛼𝛽 − 𝛼′𝛽′)
𝑧2

2
], (7) 

where, 𝑃0 is the pressure at the lower boundary, 𝛽 =
∆𝑇

𝑑
 and 𝛽′ =

∆𝑆

𝑑
 are respectively the 

maintained uniform adverse temperature gradient and the non-adverse concentration gradient. 

Imparting the infinite amplitude perturbations in the basic state, the perturbed state is given by; 

�⃗� = 0 + 𝑣 ′⃗⃗⃗  ,                                        𝑆̅ =  𝑆0 − 𝛽′𝑧 + 𝜙′,                                �̅� =  𝑇0 − 𝛽𝑧 + 𝜃′, 

𝑃 = 𝑃0 –𝑔 [𝑧 + (𝛼𝛽 − 𝛼′𝛽′)
𝑧2

2
] + 𝛿𝑃′,       𝜌 =  𝜌0[1 +  𝛼(𝑇0 − 𝑇 − 𝜃′)– 𝛼′(𝑆0 − 𝑆 − 𝜙′)] (8) 

where, 𝑣′⃗⃗⃗  , 𝜙′, 𝜃′ and 𝛿𝑃′ are perturbed variables. 
 

Now, substituting the perturbed quantities given by (8) in equations (1)-(4), using the basic state 

solution given by equations (7) and using the stream function 𝜓 (for two dimensional flow) 

defined by 𝑢′ = 𝜕𝜓 𝜕𝑧⁄ , 𝑤′ = −𝜕𝜓 𝜕𝑥⁄ , and then non-dimensionalizing the resulting equations 

upon using the following non-dimensional quantities; 

𝜓 = 𝜅𝑇�̂�,          𝑡 =
𝑑2

𝜅𝑇
�̂�,         (𝑥, 𝑦, 𝑧) = 𝑑(�̂�, �̂�, �̂�),          𝜃 ′ = Δ𝑇. 𝜃,         𝜙′ = Δ𝑆. �̂�,  

𝛿𝑃′ =
�̂�𝜌0𝜈𝜅𝑇

𝑑2
,                         v =

𝜅𝑇

𝑑
v̂,                       �̂�1 = �̅�1

𝜅𝑇

𝑑2
,                      �̂�2 = �̅�2

𝜅𝑇

𝑑2
,  

we have the following dimensionless system of equations, after eliminating �̂� from the resulting 

equations of motions and dropping the caps for the convenience in writing; 

[
1

𝜎
(1 + 𝜆1

𝜕

𝜕𝑡
)
𝜕

𝜕𝑡
− (1 + 𝜆2

𝜕

𝜕𝑡
) ∇2] ∇2𝜓 = (1 + 𝜆1

𝜕

𝜕𝑡
) [−𝑅

𝜕𝜃

𝜕𝑥
+ 𝑅𝑠

𝜕𝜙

𝜕𝑥
] + 𝑌 (1 + 𝜆1

𝜕

𝜕𝑡
)
𝜕𝑣

𝜕𝑧
+

1

𝜎
(1 + 𝜆1

𝜕

𝜕𝑡
) 𝐽(𝜓, ∇2𝜓) (9) 

[
1

𝜎
(1 + 𝜆1

𝜕

𝜕𝑡
)
𝜕

𝜕𝑡
− (1 + 𝜆2

𝜕

𝜕𝑡
) ∇2] v = −𝑌 (1 + 𝜆1

𝜕

𝜕𝑡
)
𝜕𝜓

𝜕𝑧
+

1

𝜎
(1 + 𝜆1

𝜕

𝜕𝑡
) 𝐽(𝜓, v) (10) 

(
𝜕

𝜕𝑡
− ∇2) 𝜃 = 𝐽(𝜓, 𝜃) −

𝜕𝜓

𝜕𝑥
 (11) 

(
𝜕

𝜕𝑡
− 𝜏∇2)𝜙 = 𝐽(𝜓, 𝜙) −

𝜕𝜓

𝜕𝑥
 (12) 

where, 𝜏 =
𝜅𝑠

𝜅𝑇
, 𝜎 =

𝜈

𝜅𝑇
, 𝑅 =

𝑔𝛼Δ𝑇𝑑3

𝜈𝜅𝑇
, 𝑅𝑠 =

𝑔𝛼′Δ𝑆𝑑3

𝜈𝜅𝑇
 are respectively, the Lewis number, the 

Prandtl number, the thermal Rayleigh number and the salinity Rayleigh number. Also 𝑌2 =

4Ω
2d4 𝜈2⁄  is the Taylor number and v is the azimuthal component of velocity induced by 

rotation and 𝐽(. , . ) are the Jacobians which represent the nonlinear terms. 

 

The above system of equations is to be solved under the following stress free and isothermal 

non-dimensional boundary conditions; 

𝜓 =
𝜕2𝜓

𝜕𝑧2
= 𝜙 = 𝜃 =

𝜕v

𝜕𝑧
= 0 at 𝑧 = 0 and 1.  (13) 
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3. Linearized Stability Analysis: 

In order to study the effects of various parameters on the onset of convection; when the 

disturbances are infinite, we use the linear stability analysis theory. So, linearizing the system of 

equations (9)-(12) by dropping the nonlinear terms, we have the following linearized 

perturbation equations governing the problem; 

[
1

𝜎
(1 + 𝜆1

𝜕

𝜕𝑡
)
𝜕

𝜕𝑡
− (1 + 𝜆2

𝜕

𝜕𝑡
) ∇2] ∇2𝜓 = (1 + 𝜆1

𝜕

𝜕𝑡
) [−𝑅

𝜕𝜃

𝜕𝑥
+ 𝑅𝑠

𝜕𝜙

𝜕𝑥
] + 𝑌 (1 + 𝜆1

𝜕

𝜕𝑡
)
𝜕𝑣

𝜕𝑧
 (14) 

[
1

𝜎
(1 + 𝜆1

𝜕

𝜕𝑡
)
𝜕

𝜕𝑡
− (1 + 𝜆2

𝜕

𝜕𝑡
) ∇2] v = −𝑌 (1 + 𝜆1

𝜕

𝜕𝑡
)
𝜕𝜓

𝜕𝑧
 (15) 

(
𝜕

𝜕𝑡
− ∇2) 𝜃 = −

𝜕𝜓

𝜕𝑥
 (16) 

(
𝜕

𝜕𝑡
− 𝜏∇2)𝜙 = −

𝜕𝜓

𝜕𝑥
 (17) 

Consider the solutions of the above linearized equations (14)-(17) satisfying the boundary 

conditions (13) of the following form; 

𝜓 = 𝐴𝑒𝑝𝑡 sin 𝜋𝑎𝑥 sin 𝑛𝜋𝑧,           𝜙 = 𝐵𝑒𝑝𝑡 cos 𝜋𝑎𝑥 sin 𝑛𝜋𝑧 ,

v = 𝐶𝑒𝑝𝑡 sin 𝜋𝑎𝑥 cos 𝑛𝜋𝑧,            𝜃 = 𝐷𝑒𝑝𝑡 cos 𝜋𝑎𝑥 sin 𝑛𝜋𝑧 .
} (18) 

where, 𝑎 is the wave number, 𝑝 = 𝑝𝑟 + 𝑖𝑝𝑖 is the complex constant, 𝑛 is an integer and 

𝐴, 𝐵, 𝐶, 𝐷 are real constants. 

 

Substituting the above periodic solutions in equations (14)-(17), eliminating the constants 𝐴, 𝐵, 𝐶 

and  𝐷 amongst the resulting equations after taking 𝑝 = 0 for the steady marginal state solution, 

we have the following equation; 

𝜎𝜋3(𝑛2 + 𝑎2)2 +
𝜎𝑎2𝑅𝑠

𝜏𝜋(𝑛2+𝑎2)
+

𝑛2𝜎𝑌2

𝜋(𝑛2+𝑎2)
−

𝜎𝑎2𝑅

𝜋(𝑛2+𝑎2)
= 0 (19) 

For the lowest mode, 𝑛 = 1, we have the following expression for the Rayleigh number for 

steady convection; 

𝑅𝑆𝑡𝑒𝑎𝑑𝑦 =
𝜋4(1+𝑎2)

3

𝑎2
+
𝑅𝑠

𝜏
+
𝑌2

𝑎2
. (20) 

 

The critical value of above Rayleigh number for corresponding minimum value of 𝛼 for steady 

case can be easily obtained following (Chandrasekhar [14]);  

𝑅𝑐
𝑆𝑡𝑒𝑎𝑑𝑦

= 3𝜋4 (
𝑌2

2𝜋4
)

2

3
+
𝑅𝑠

𝜏
 (21) 

and 𝑎𝑚𝑖𝑛 = (
1

2
𝜋2𝑌2)

1

6
. (22) 

 

When 𝑅𝑠 = 0, the value of critical Rayleigh number 𝑅𝑐
𝑆𝑡𝑒𝑎𝑑𝑦

 coincides with the value of critical 

Rayleigh number obtained by Chandrasekhar [14] for rotatory thermal convection. 
 

Further, for the case when marginal state is oscillatory, we have 𝑝 = 𝑖𝑝𝑖, 𝑝𝑖being real. 

Substituting solutions (18) in equations (14)-(17) with 𝑝 = 𝑖𝑝𝑖 and eliminating constants 𝐴, 𝐵, 𝐶 

and  𝐷 amongst the resulting equations, we obtain a single expression, the real and imaginary 

parts of which for 𝑛 = 1 (the lowest mode), respectively yield the following expressions for the 

thermal Rayleigh number for overstable case and for frequency of oscillations; 
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𝑅𝑂𝑣 = (
1+𝑎2

𝜎𝑎2
)
[𝜎𝜋2(1+𝑎2){𝜋2(1+𝑎2)(1+𝜆1𝜆2𝑝𝑖

2)−𝑝𝑖
2(𝜆2−𝜆1)}−𝑝𝑖

2(1+𝜆1
2𝑝𝑖

2)]

(1+𝜆1
2𝑝𝑖

2)
+ 𝑅𝑠

[𝜏𝜋4(1+𝑎2)
2
+𝑝𝑖

2]

[𝜏2𝜋4(1+𝑎2)2+𝑝𝑖
2]
+

(
𝜎𝑌2

𝑎2
)
[{𝜎𝜋4(1+𝑎2)

2
−𝜆1𝜋

2(1+𝑎2)𝑝𝑖
2(1+𝜎)+𝜆1

2𝑝𝑖
4}+𝑝𝑖

2{1+𝜆1𝜆2𝜎𝜋
4(1+𝑎2)

2
+𝜆1𝜋

2(1+𝑎2)+𝜆2𝜎𝜋
2(1+𝑎2)}]

[{𝜎𝜋2(1+𝑎2)−𝜆1𝑝𝑖
2}
2
+𝑝𝑖

2{1+𝜆2𝜎𝜋2(1+𝑎2)}2]
 (23) 

and      𝐸𝑥4 + 𝐹𝑥3 + 𝐺𝑥2 + 𝐻𝑥 + 𝐼 = 0 (24) 

where, 𝑥 = 𝑝𝑖
2 is the square of frequency, and the constants occurring in (24) are given by;  

𝐸 = [𝜆1
2(1 + 𝑎2){𝜋2𝜆1

2(1 + 𝑎2) + 𝐵1𝜆1𝜆2}], (25) 

𝐹 = [{(1 + 𝜆2𝐵1)
2 − 2𝜆1𝐵1}{𝜆1

2𝜋2(1 + 𝛼2) + 𝜆1𝜆2𝐵1}(1 + 𝑎
2) + 𝜆1

2𝜋2(1 + 𝑎2)2 +
𝜆1
2𝐵1{1 + (𝜆2 − 𝜆1)(1 + 𝑎

2)𝜋2}(1 + 𝑎2) + 𝐴1
2𝜆1
2{𝜆1

2𝜋2(1 + 𝑎2) + 𝜆1𝜆2𝐵1}(1 + 𝑎
2) +

𝜎2𝑌2𝜆1
2{𝜆1𝜆2𝐵1 − 𝜆1

2𝜋2(1 + 𝑎2)} + 𝑅𝑠(𝜏 − 1)𝐵1𝑎
2𝜆1
4],  (26) 

𝐺 = 𝐵1
2{𝜋2𝜆1

2(1 + 𝑎2) + 𝐵1𝜆1𝜆2}(1 + 𝑎
2) + {(1 + 𝜆2𝐵1)

2 − 2𝜆1𝐵1}𝜋
2(1 + 𝑎2)2 +

𝐵1{(1 + 𝜆2𝐵1)
2 − 2𝜆1𝐵1}{1 + (𝜆2 − 𝜆1)(1 + 𝑎

2)𝜋2}(1 + 𝑎2) + 𝐴1
2{(1 + 𝜆2𝐵1)

2 −
2𝜆1𝐵1}{𝜆1

2𝜋2(1 + 𝑎2) + 𝐵1𝜆1𝜆2}(1 + 𝑎
2) + 𝐴1

2𝜆1
2𝜋2(1 + 𝑎2)2 + 𝐴1

2𝐵1𝜆1
2{1 + (𝜆2 − 𝜆1)(1 +

𝑎2)𝜋2}(1 + 𝑎2) + 𝜎2𝑌2𝜆1
2{𝐵1 + 𝜆1𝜋

2(1 + 𝑎2)𝐵1 − 𝜋
2(1 + 𝑎2) − 𝜋2𝜆2(1 + 𝑎

2)𝐵1} +
𝜎2𝑌2(1 + 𝐴1

2𝜆1
2){𝜆1𝜆2𝐵1 − 𝜆1

2𝜋2(1 + 𝑎2)} + 𝑅𝑠(𝜏 − 1)𝐵1𝑎
2𝜆1
2{1 + (1 + 𝜆2𝐵1)

2 − 2𝜆1𝐵1}, (27)  

𝐻 = 𝐵1
2𝜋2(1 + 𝑎2)2 + 𝐵1

3{1 + (𝜆2 − 𝜆1)(1 + 𝑎
2)𝜋2}(1 + 𝑎2) + 𝐴1

2𝐵1
2{𝜆1

2𝜋2(1 + 𝑎2) +
𝐵1𝜆1𝜆2}(1 + 𝑎

2) + 𝐴1
2𝜋2(1 + 𝑎2)2{(1 + 𝜆2𝐵1)

2 − 2𝜆1𝐵1} + 𝐴1
2𝐵1{(1 + 𝜆2𝐵1)

2 − 2𝜆1𝐵1}{1 +
(𝜆2 − 𝜆1)(1 + 𝑎

2)𝜋2}(1 + 𝑎2) + 𝜎2𝑌2(1 + 𝐴1
2𝜆1
2){𝐵1 + 𝜆1𝜋

2(1 + 𝑎2)𝐵1 − 𝜋
2(1 + 𝑎2) −

𝜋2𝜆2(1 + 𝑎
2)𝐵1} + 𝜎

2𝑌2𝐴1
2{𝜆1𝜆2𝐵1 − 𝜆1

2𝜋2(1 + 𝑎2)} + 𝑅𝑠(𝜏 − 1)𝐵1𝑎
2{(1 + 𝜆2𝐵1)

2 −

2𝜆1𝐵1 + 𝐵1
2𝜆1
2}, (28) 

𝐼 = [𝐴1
2𝐵1

2𝜋2(1 + 𝑎2)2 + 𝐴1
2𝐵1

3{1 + (𝜆2 − 𝜆1)(1 + 𝑎
2)𝜋2}(1 + 𝑎2) + 𝜎𝑌2𝐴1

2{𝐵1 +

𝜆1𝜋
2(1 + 𝑎2)𝐵1 − 𝜋

2(1 + 𝑎2) − 𝜋2𝜆2(1 + 𝑎
2)𝐵1} + 𝑅𝑠(𝜏 − 1)𝐵1

3𝑎2 ]  (29) 

𝐴1 = 𝜏𝜋
2(1 + 𝑎2)        and     𝐵1 = 𝜎𝜋

2(1 + 𝑎2) (30) 

 

4. Weakly Nonlinear Stability Analysis 

Following Veronis [2] and Gupta and Gupta [4], for the steady convection (with 𝜕 𝜕𝑡⁄ = 0), 

when the disturbances are of finite amplitude, expressing all dependent variables in powers of 

small perturbation parameter 𝜀 subjected to boundary conditions (13), we have; 

𝑓 = 𝜀𝑓0 + 𝜀
2𝑓1 + 𝜀

3𝑓2 +⋯,                                 where    𝑓 ≡ (𝜓, v, 𝜙, 𝑅). 
Substituting these expansions for 𝜓, v, 𝜃, 𝜙 and 𝑅 in governing equations (9)-(12), we obtain the 

following equations; 

(−∇4𝜓0)𝜀 + (−∇
4𝜓1)𝜀

2 + (−∇4𝜓2)𝜀
3 = [𝑅𝑠

𝜕𝜙0

𝜕𝑥
− 𝑅0

𝜕𝜃0

𝜕𝑥
+ 𝑌

𝜕v0

𝜕𝑧
]𝜀 + [𝑅𝑠

𝜕𝜙1

𝜕𝑥
− 𝑅0

𝜕𝜃1

𝜕𝑥
−

𝑅1
𝜕𝜃0

𝜕𝑥
+ 𝑌

𝜕v1

𝜕𝑧
+

1

𝜎
𝐽(𝜓0, ∇

2𝜓0)]𝜀
2 + [𝑅𝑠

𝜕𝜙2

𝜕𝑥
− 𝑅0

𝜕𝜃2

𝜕𝑥
− 𝑅1

𝜕𝜃1

𝜕𝑥
− 𝑅2

𝜕𝜃0

𝜕𝑥
+ 𝑌

𝜕v2

𝜕𝑧
+

1

𝜎
{𝐽(𝜓0, ∇

2𝜓1) + 𝐽(𝜓1, ∇
2𝜓0)}]𝜀

3  (31) 

(−∇2v0)𝜀 + (−∇
2v1)𝜀

2 + (−∇2v2)𝜀
3 = [−𝑌

𝜕𝜓0

𝜕𝑧
]𝜀 + [−𝑌

𝜕𝜓1

𝜕𝑧
+

1

𝜎
𝐽(𝜓0, v0)]𝜀

2 + [−𝑌
𝜕𝜓2

𝜕𝑧
+

1

𝜎
{𝐽(𝜓0, v1) + 𝐽(𝜓1, v0)}  ]𝜀

3 (32) 

(−∇2𝜃0)𝜀 + (−∇
2𝜃1)𝜀

2 + (−∇2𝜃2)𝜀
3 = [−

𝜕𝜓0

𝜕𝑥
]𝜀 + [𝐽(𝜓0, 𝜃0) −

𝜕𝜓1

𝜕𝑥
]𝜀2 + [𝐽(𝜓0, 𝜃1) +

𝐽(𝜓1, 𝜃0) −
𝜕𝜓2

𝜕𝑥
]𝜀3 (33) 
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(−𝜏∇2𝜙0)𝜀 + (−𝜏∇
2𝜙1)𝜀

2 + (−𝜏∇2𝜙2)𝜀
3 = [−

𝜕𝜓0

𝜕𝑥
]𝜀 + [𝐽(𝜓0, 𝜙0) −

𝜕𝜓1

𝜕𝑥
]𝜀2 + [𝐽(𝜓0, 𝜙1) +

𝐽(𝜓1, 𝜙0) −
𝜕𝜓2

𝜕𝑥
]𝜀3 (34) 

To obtain the first (lowest), second and third order system of equations, comparing the 

coefficients of 𝜀, 𝜀2 and 𝜀3 respectively, we can have three sets of four equations each.  

Now eliminating v0, 𝜃0, 𝜙0 from the lowest order system obtained from equations (31)-(34), we 

get 

ℒ𝜓0 = −[∇6 + 𝑌2
𝜕2

𝜕𝑧2
+ (

𝑅𝑠

𝜏
− 𝑅0)

𝜕2

𝜕𝑥2
] 𝜓0 = 0.  (35) 

Similarly, eliminating v1, 𝜃1, 𝜙1 from the second order and v2, 𝜃2, 𝜙2 from the third order 

system of equations, we have the following equations; 

ℒ𝜓1 = −𝑅1
𝜕2𝜓0

𝜕𝑥2
−

𝑌

𝜎

𝜕

𝜕𝑧
[𝐽(𝜓0, v0)] + 𝑅0

𝜕

𝜕𝑥
[𝐽(𝜓0, 𝜃0)] −

𝑅𝑠

𝜏

𝜕

𝜕𝑥
[𝐽(𝜓0, 𝜙0)] +

1

𝜎
𝐽(∇2𝜓0, ∇

4𝜓0)(36) 

ℒ𝜓2 = −𝑅2
𝜕2𝜓0

𝜕𝑥2
− 𝑅1

𝜕

𝜕𝑥
[
𝜕𝜓1

𝜕𝑥
− 𝐽(𝜓0, 𝜃0)] + 𝑅0

𝜕

𝜕𝑥
[𝐽(𝜓0, 𝜃1) + 𝐽(𝜓1, 𝜃0)] −

𝑌

𝜎

𝜕

𝜕𝑧
[𝐽(𝜓0, v1) +

𝐽(𝜓1, v0)]  −
𝑅𝑠

𝜏

𝜕

𝜕𝑥
[𝐽(𝜓0, 𝜙1) + 𝐽(𝜓1, 𝜙0)] +

1

𝜎
[𝐽(∇2𝜓0, ∇

4𝜓1) + 𝐽(∇
2𝜓1, ∇

4𝜓0)]  (37) 

Let us consider the following periodic solution of the linearized stability problem governed by 

the above first order system of equations satisfying the boundary conditions (13); 

𝜓0 = −
2

𝜋𝑎
sin 𝜋𝑎𝑥 . sin 𝑛𝜋𝑧, v0 =

2𝑌

𝑎𝜋2(𝑎2+1)
sin 𝜋𝑎𝑥 . cos 𝑛𝜋𝑧, 

𝜃0 =
2

𝜋2(𝑎2+1)
cos 𝜋𝑎𝑥 . sin 𝑛𝜋𝑧, 𝜙0 =

2

𝜏𝜋2(𝑎2+1)
cos 𝜋𝑎𝑥 . sin 𝑛𝜋𝑧. (38) 

Substituting solution (38), with 𝑛 = 1 (for lowest mode), in equation (36), we get  

ℒ𝜓1 = −𝑅1(2𝜋𝑎 sin 𝜋𝑎𝑥 . sin 𝜋𝑧) = 𝜋2𝑎2𝑅1𝜓0 (39) 

where, all the nonlinear terms represented by Jacobians are zero. 

Now, equation (39) implies that 𝑅1 = 0 when 𝑅1 is to be evaluated to cancel the form of 𝜓0 as it 

is a secular term and shall affect the periodicity of the above solution. Therefore, we must have 

ℒ𝜓1 = 0 and its solution which satisfy the boundary conditions (13) is now given by; 

𝜓1 = 0 (40) 

Using the above value of 𝜓1 in the equations obtained for second order system by comparing the 

coefficients of 𝜀2, we can deduce the following solutions satisfying the boundary conditions 

(13); 

v1 =
𝑌

2𝜋3𝑎3𝜎(𝑎2+1)
sin 2𝜋𝑎𝑥

𝜃1 = −
1

2𝜋3(𝑎2+1)
sin 2𝜋𝑧

𝜙1 = −
1

2𝜏2𝜋3(𝑎2+1)
sin 2𝜋𝑧}

 
 

 
 

  (41) 

Hence, using equation (41) in equation (37), we get 

ℒ𝜓2 = [−
𝑌2

𝜋𝑎3𝜎2(𝑎2+1)
+
𝑎𝑅𝑐

𝑆𝑡𝑒𝑎𝑑𝑦

𝜋(𝑎2+1)
− 2𝜋𝑎𝑅2 −

𝑎𝑅𝑠

𝜋𝜏3(𝑎2+1)
] sin 𝜋𝑎𝑥 . sin 𝜋𝑧 +  

𝑌2

𝜋𝑎3𝜎2(𝑎2+1)
sin 3𝜋𝑎𝑥 . sin 𝜋𝑧 + [

𝑎𝑅𝑠

𝜋𝜏3(𝑎2+1)
−

𝑎𝑅0

𝜋(𝑎2+1)
] sin 3𝜋𝑧 . sin 𝜋𝑎𝑥. (42) 

On comparing the value of 𝜓0 given in (38), one observes that the first term on the right hand 

side of (42) is of the form of 𝜓0 and hence must vanish. Therefore, we have 
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𝑅2 =
𝑅𝑐
𝑆𝑡𝑒𝑎𝑑𝑦

2𝜋2(𝑎2+1)
−

𝑌2

2𝜋2𝑎4𝜎2(𝑎2+1)
−

𝑅𝑠

2𝜏3𝜋2(𝑎2+1)
,   (43) 

where 𝑅𝑐
𝑆𝑡𝑒𝑎𝑑𝑦

 is the critical Rayleigh number at the onset of steady convection with respect to 

infinitesimal disturbances. From the above expression for Rayleigh number for second order, we 

observe that viscoelastic parameters have no effects on the finite amplitude steady convection, as 

have also been observed for the infinite amplitude by linear stability analysis for the steady case. 

 

5. RESULTS AND DISCUSSIONS: 

To study the effects of various parameters on the thermal Rayleigh number for steady and 

oscillatory cases, we have carried out the numerical computations of the respective expressions 

given by (20) and (23)  for some fixed values of 𝜏 = 0.01,   𝜎 = 7,  𝑅𝑠 = 10,  𝜆1 = 0.75 and 

𝜆2 = 0.40 (cf. Basu and Layek [13], Chandrasekhar [14], Kiran [18]). 

 

The variations of thermal Rayleigh number for steady case (𝑅𝑆𝑡𝑒𝑎𝑑𝑦) and overstable case (𝑅𝑂𝑣) 

for some fixed values of other parameters given above with respect to square of wave number 

(𝑎2)  is computed numerically and the results are shown in Figure 2. It is observed from the 

figure that oscillatory convection is the preferred mode in the thermohaline convection problem 

for viscoelastic fluids in the presence of rotation, when disturbances are infinite. Also, it is 

evident from the figure that rotation has stabilizing effect on the onset of both steady as well as 

oscillatory convection. Further one can easily note that in the absence of viscoelastic behaviour 

of the Newtonian fluid, the value of critical Rayleigh number for oscillatory case (𝑅𝑐
𝑂𝑣) is higher 

than for non-Newtonian fluid. Hence, we can conclude that viscoelasticity has destabilizing 

effect on the onset of thermohaline instability.  

 

Further, the effect of concentration gradient represented by 𝑅𝑠 on the Rayleigh number for same 

fixed values of other parameters with 𝑌2 = 100, has been studied numerically and is depicted 

graphically in Figure 3 and Figure 4 respectively, for 𝑅𝑆𝑡𝑒𝑎𝑑𝑦 and 𝑅𝑂𝑣. It is clear from the 

figures that non-adverse concentration gradient postpones the onset of steady as well as 

oscillatory convection in viscoelastic fluid layer heated from below. 

 

Figure 5 and Figure 6 show the effects of viscoelastic parameters 𝜆1 (stress relaxation time) and 

𝜆2 (strain retardation time) on the thermal Rayleigh number (𝑅𝑂𝑣) for the above fixed values of 

other parameters and under the condition 𝜆1 < 𝜆2 (cf. Basu and Layek [13]). It is observed from 

the figures that stress relaxation time has destabilizing effect whereas strain retardation time has 

stabilizing effect on the onset of oscillatory thermohaline convection. From Figure 5, we also 

observed that Oldroydian fluid model is more stable than Maxwellian fluid model (𝜆1 > 0, 𝜆2 =
0). 

 

From above analysis, we concluded that the viscoelastic parameters have the same effects on the 

double diffusive convection as that in single diffusive (thermal) convection. Also, we concluded 

that salinity gradient and rotation have usual effects on the onset of convection in viscoelastic 

fluid layer as in the case of thermohaline convection for Newtonian fluid. 
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Figure 2. Variations of Rayleigh number with square of wave number for various values of 

𝒀𝟐 with  𝑹𝒔 = 𝟏𝟎, 𝝉 = 𝟎. 𝟎𝟏 and 𝝈 = 𝟕. 

0.5 1.0 1.5 2.0 2.5 3.0 3.5 4.0 4.5 5.0

1500

2000

2500

3000

3500

4000

4500

5000

5500

6000

6500

7000

7500

R
S

te
a

d
y

a


 R
s
=10

 R
s
=20

 R
s
=30

0.0 0.5 1.0 1.5 2.0 2.5 3.0

600

700

800

900

1000

1100

1200

R
o

v

a


 R
s
=10 (


=


=0.4)

 R
s
=30 (


=


=0.4)

 R
s
=50 (


=


=0.4)

 R
s
=10 (


=


=0)

 R
s
=30 (


=


=0)

 R
s
=50 (


=


=0)

 
 

 

 

 

Figure 3. Variations of Rayleigh 

number with square of wave number 

for steady convection for various 

values of 𝑹𝒔 with 𝒀𝟐 = 𝟏𝟎𝟎, 𝝉 =
𝟎. 𝟎𝟏 and  𝝈 = 𝟕. 

Figure 4. Variations of Rayleigh 

number with square of wave number 

for oscillatory convection for various 

values of 𝑹𝒔 with 𝒀𝟐 = 𝟏𝟎𝟎, 𝝉 = 𝟎. 𝟎𝟏 

and  𝝈 = 𝟕. 
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6. CONCLUSIONS: 

We have analysed the effects of concentration gradient, stress relaxation time, strain retardation 

time and rotation in thermohaline convection problem by using linear and non-linear stability 

analysis against infinite and finite amplitudes, respectively. Following are the main conclusions; 
 

Using linear stability analysis, when disturbances are of infinite amplitudes, we observed from 

the expressions for Rayleigh numbers for stationary and oscillatory instability in two-

dimensional convective rolls that overstability is preferred mode of instability. This means that 

the onset of instability is through oscillations, before becomes unstable through steady infinite 

disturbances. Also, concentration gradient (𝑅𝑆) has stabilizing effect on the onset of convection. 

This may be due to the enhancement of density of the fluid due to mass concentration, which 

decreases the heat transfer rate. The stress relaxation time  (𝜆1) and strain retardation time (𝜆2) 
has no effect on stationary Rayleigh number, however, for an oscillatory mode of convection, 𝜆1 

has destabilizing effect and 𝜆2 has stabilizing effect on the onset of instability. These behaviour 

of 𝜆1 and 𝜆2 on the onset of convection can be validated from the results obtained by Basu and 

Layek [13] and Kiran [18]. The Taylor number (𝑌), which represents the coriolis force has 

stabilizing effect on the onset of convection, as has also been analysed by Gupta and Gupta [4].  
 

Using non-linear stability analysis, when disturbances are of finite amplitudes, we observed from 

the expression for Rayleigh number for stationary mode of instability in two-dimensional 

convective rolls that the viscoelastic parameters 𝜆1 and 𝜆2 have no effects on the onset of 

instability. This behaviour of the viscoelastic parameters is expected in the lines of linear 

Figure 5. Variations of Rayleigh 

number with square of wave number 

for oscillatory convection for various 

values of 𝝀𝟐 with 𝒀𝟐 = 𝟏𝟎𝟎, 𝑹𝒔 = 𝟏𝟎, 

𝝀𝟏 = 0.75, 𝝉 = 𝟎. 𝟎𝟏 and  𝝈 = 𝟕. 

Figure 6. Variations of Rayleigh 

number with square of wave number 

for oscillatory convection for various 

values of 𝝀𝟏 with 𝒀𝟐 = 𝟏𝟎𝟎, 𝑹𝒔 = 𝟏𝟎, 

𝝀𝟐 = 0.2, 𝝉 = 𝟎. 𝟎𝟏 and  𝝈 = 𝟕. 
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stability analysis with infinite amplitude. Also, the concentration gradient (𝑅𝑆) and rotation (𝑌) 
reinforce each other and have destabilizing effect on the onset of instability. The destabilizing 

behaviour of 𝑅𝑆 contrary to the linear stability case is justified by the reason provided by 

Kiran[18] that the effect of solutal Rayleigh number is to increase Nusselt number, which means 

𝑅𝑆 has destabilizing effect in this case. Though the presence of a stabilizing gradient (solute 

concentration) prevent the onset of convection, the strong finite amplitude motions, which exist 

for large Rayleigh numbers, tend to mix the solute and redistribute it so that the interior layers of 

the fluid are more neutrally stratified. This effect of rotation on instability has also been proved 

by Gupta and Gupta [4] in their analysis. 
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ABSTRACT: 

An analysis of flow of a viscous incompressible and electrically conducting fluid produced 

by harmonically oscillating wall of infinte extent in presence of transvese magnetic field is 

considered. Exact solutions for velocity, induced magnetic field, electrical current density 

and skin friction are obtained when the magnetic pradntl number is unity. The numerical 

results for velocity, induced magnetic field, electrical current density and skin friction for 

different parameters involved in the problem are expressed through graphs. The final results 

are discussed in detail at the last section of the paper.  

 

INTRODUCTION: 

The effect of a transversely applied magnetic field on the flow of an electrically conducting 

viscous fluid has been discussed widely owing to its physical, geophysical and engineering 

application. Literature survey also reveals that in an electrically conducting viscous fluid 

subject to an externally applied magnetic field has also received significant attention. 

Hartmann (1937) analyzed the effect of a transverse uniform magnetic field on the flow of a 

viscous incompressible electrically conducting fluid exiting through parallel stationary plates 

that are insulated. Rassow (1957) considered the impulsive motion of an infinite plate in a 

viscous incompressible magnetic fluid in the presence of an external magnetic field. The flow 

of a magnetic field near an infinite flat wall which oscillates in its own plate has been 

discussed by Ong and Nicholls (1959). Romig (1964) studied the influence of an electric and 

magnetic field on heat transfer to electrical conducting fluids. Soundalgekar (1965) discussed 

the hydromagnetic flow near an accelerated plate in the presence of magnetic field. Cramer 

and Pai (1973) discussed the utility of magneto fluid dynamics for engineers and applied 

physicists. Hydromagnetic flow near an oscillating porous flat plate under the action of body 

force was discussed by Kishan and Sharma (1979). An attempt has been made in this paper 

to study the effect of constant suction and periodic suction in hydromagnetic flow near an 

oscillating wall. The effect of suction consists in the removal of decelerated fluid particles 

from the boundary layer before they are given a chance to cause separation. A new boundary 

layer which is again capable of overcoming a certain adverse pressure gradient is allowed to 

form in the region behind the slit. With a suitable arrangement of the slits and under the 

favorable conditions separations can be prevented completely. 

 

MATHEMATICAL FORMULATION OF THE PROBLEM: 

We take the coordinate origin o, at an arbitrary point on an infinite wall, which is taken to be 

an electrical insulator. Cartesian coordinate system has been used with axis ox and oy along 

and perpendicular to the wall, respectively. The electrostatic system of units has been used 

throughout, and we assume that all physical quantities as functions of the space coordinate y 

and time t only. An attempt has been made in this paper to study the effect of constant 

suction and periodic suction in hydromagnetic flow near an oscillating wall. 
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Figure 4A.1 Geometrical Interpretation of the Problem 

 

Using Bossinesq approximation and following Pande et. al. (1975), a fluid model has been 

developed as follows: 

Case 1: Analysis for constant suction, here we have consider the suction of the type 

 v∗ = −v0, 

The basic equations governing the flows 

Equation of Continuity 
∂v∗

∂y∗ = 0 ⇒ v∗ = −v0    (1) 

Equations of motion 
∂u∗

∂t
− v0

∂u∗

∂y∗ = ν
∂2u∗

∂y∗2 +
μ0

ρ
Hy

∗ ∂Hx
∗

∂y∗   (2) 

Equation of magnetic induction 
∂Hx

∗

∂t
− v0

∂Hx
∗

∂y∗ =
1

σμ0

∂2Hx
∗

∂y∗2 + Hy
∗ ∂u∗

∂y∗  (3) 

The initial and boundary conditions for the velocity field are exactly the same as those given 

by Stokes (1851) for the hydrodynamic case: namely, 
u∗(y∗, 0) = 0,                     for y∗ ≥ 0

u∗(0, t) = U0 cos ωt, u∗(∞, t) → 0
}  (4) 

where ω denotes the frequency of oscillations of the wall and U0 the maximum velocity of 

the wall. 

The appropriate boundary conditions on Hx
∗ are 

Hx
∗(0, t) = 0,     Hy

∗(0, t) = H0

Hx
∗(∞, t) → 0, Hy

∗(∞, t) → H0
}  (5) 

From Maxwell’s equations the components of electrical current density are given by 

Jx = Jy = 0 and Jz = − (
∂Hy

∗

∂y∗
)  (6) 

And the divergence equation for the magnetic field gives 

Hy
∗ = constant = H0  (7) 

where H0 is externally applied transverse magnetic field. 

 

Substituting equation (7) in equation (2), (3) and (6),  and introducing the following non-

𝐱∗ 
𝐎 

−𝐱∗ 

𝐲∗ 

𝐯∗ = −𝐕𝟎 

𝐮∗(𝟎, 𝐭) = 𝐔𝟎 𝐜𝐨𝐬 𝛚𝐭 
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dimensional quantities 

y = y∗ (
ω

2ν
)

1
2⁄

, H = Hx
∗ (

μ0

ρ
)

1
2⁄

, λ =
V0

√2νω
, M = H0 (

μ0

ρ
)

1
2⁄

(2ων)−1
2⁄ , Pm = νρμ

0
,  

α = (σμ
0

)
−1

.    

By using above non-dimensional quantities in equations (2), (3) and (6), we get the following 

non-dimensional set of governing equations, 
∂2u

∂y2
−

2

ω

∂u

∂t
+ 2M

∂H

∂y
+ 2λ

∂u

∂y
= 0   (8) 

1

Pm

∂2H

∂y2 −
2

ω

∂H

∂t
+ 2M

∂u

∂y
+ 2λ

∂H

∂y
= 0  (9) 

Jz = − (
ρω

2μ0υ
)

1
2⁄

∂H

∂y
   (10) 

where  Pm represents the magnetic prandtl number. 

Following  Pande et al. (1976), we seek the solution of the equation (8) and (9) as follows 
u(y, t) = U0cos(ωt)f(y)

H(y, t) = U0os(ωt)g(y)
}  (11) 

with periods 
2π

ω
, substituting (11) into (8) and (9), we find that f(y) and g(y) must satisfy the 

equation 
∂2f

∂y2 − 2if + 2M
∂g

∂y
+ 2λ

∂f

∂y
= 0  (12) 

1

Pm

∂2g

∂y2
− 2ig + 2M

∂f

∂y
+ 2λ

∂g

∂y
= 0  (13) 

which are to be solved under the boundary conditions 
f(0, t) = 1,    g(o, t) = 0

f(∞, t) → 0, g(∞, t) → 0
}  (14) 

If we assume the magnetic Prandtl number Pm = 1, then the appropriate solution of (12) and 

(13) satisfying the boundary conditions (14), are 

f =
1

2
[e−(a+λ+M)ηe−

iy

a + e−(b+λ+M)ηe−
iy

b ]   (15) 

g =
1

2
[e−(a+λ+M)ηe−

iy

a − e−(b+λ+M)ηe−
iy

b ]  (16) 

where 2a2 = (M + λ)2 + {(M + λ)4 + 4}
1

2⁄  and  

2b2 = (M − λ)2 + {(M − λ)4 + 4}
1

2⁄       

Thus the expression for the velocity and induced magnetic field are given by 
u

U0
=

1

2
[e−(a+λ+M)ycos (ωt −

y

a
) + e−(b+λ+M)ycos (ωt −

y

b
)]  (17) 

H

U0
=

1

2
[e−(a+λ+M)y cos (ωt −

y

a
) − e−(b+λ+M)ycos (ωt −

y

b
)]  (18) 

The skin friction in presence of magnetic field 

τ = μ (
∂u

∂η
)

η=0
= −

μU0

2
[(a + b + 2λ) cos ωt − (

1

a
+

1

b
) sin ωt]  (19) 

Ratio of skin friction at the wall in the presence and absence of magnetic field is 

τ

τ0
=

[(a+b+2λ) cos ωt−(
1

a
+

1

b
) sin ωt]

2[(a+λ) cos ωt−
1

a
sin ωt]

   (20) 

where τ and τ0 represents, the skin friction in presence and absence of the magnetic field. 

On substituting the value of H from equation (18) into (10), we get the expression for electric 

current density as 
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Jz

U0
=

1

2
[{(a + M + λ)e−(a+λ+M)y − (b + M + λ)e−(b+λ−M)y} cos (ωt −

y

a
) − {

1

a
e−(a+λ+M)y −

1

b
e−(b+λ−M)y} sin (ωt −

y

b
)]  (21) 

 

Case 2: Analysis for periodic suction, when v = −v0 cos(ωt) , 

If we assume the magnetic Prandtl number Pm = 1, then the appropriate solution of the 

equation (12) and (13)  are 

f =
1

2
[e

−(a+V0cosωt√
2

νω
+M)y

e−
iy

a + e
−(b+V0cosωt√

2

νω
+M)y

e−
iy

b ]  (22) 

g =
1

2
[e

−(a+V0cosωt√
2

νω
+M)y

e−
iy

a − e
−(b+V0cosωt√

2

νω
+M)y

e−
iy

b ]  (23) 

Where 2a2 = (M + V0cosωt√
2

νω
)

2

+ {(M + V0cosωt√
2

νω
)4 + 4}

1
2⁄

 and  

2b2 = (M − V0cosωt√
2

νω
)

2

+ {(M − V0cosωt√
2

νω
λ)4 + 4}

1
2⁄

      

Thus the expression for the velocity and induced magnetic field are given by 

u

U0
=

1

2
[e

−(a+V0cosωt√
2

νω
λ+M)y

cos (ωt −
y

a
) + e

−(b+V0cosωt√
2

νω
+M)y

cos (ωt −
y

b
)]  (24) 

H

U0
=

1

2
[e

−(a+V0cosωt√
2

νω
+M)y

cos (ωt −
y

a
) − e

−(b+V0cosωt√
2

νω
+M)y

cos (ωt −
y

b
)]  (25) 

 

RESULTS AND DISCUSSION: 

The oscillation of the wall will produce wave-like disturbances within the boundary layer. 

The velocity profile has the form of damped harmonic oscillations, i.e., the velocity decays 

exponentially as the distance from the wall increases. In the neighborhood of the wall, its 

amplitude decreases by the presence of the magnetic field. A fluid layer at a distance y has a 

phase lag given by
 y

a⁄ =
y∗ (

ω

2ν
)

1
2⁄

a
⁄

 with respect to the oscillations of the wall; which 

depends on the strength of the applied magnetic field besides the frequency of oscillation and 

the viscosity of the fluid. This phase lag decreases as the strength of the magnetic field 

increases for given ω and ν. Conversely the smaller the strength of the applied magnetic field 

and the viscosity of the fluid and higher the frequency, the faster the rate of decrease of 

velocity with the increase in y, for given U0  . This fact is evident from figure 1 which 

represents the motion for several instant of time.  

The induced magnetic field have phase lags given by
y (

ω

2ν
)

1
2⁄

a
⁄

, similar to the one discussed 

earlier for the case of velocity profile. Also, we observe that near the wall, the velocity 

amplitudes increases with Hartmann number(M). Table 1 shows the periodic variation of the 

velocity.  

 

It is also useful to note that, in the absence of suction parameter (λ = 0), our results become 
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identical with the results of Pande et al. (1975) as shown in figure 6. 

 

 

 

 
Figure 1. Velocity profiles with 𝐲 for 𝐌 = 𝟎. 𝟓, 𝟏 and 𝛌 = 𝟎. 

 

 

 

 

 

 

 

 
Figure 2. Velocity profiles with 𝐲 for 𝐌 = 𝟎. 𝟓, 𝟏 and 𝛌 = 𝟎. 𝟐. 

 

𝐮 𝐔𝟎⁄  

𝐮 𝐔𝟎⁄  
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Figure 3. Velocity profiles for different values of 𝛌 and 𝐌. 

 

 

 

 

 

 

 

 
Figure 4. Induced magnetic field profiles with 𝐲 for 𝐌 = 𝟎. 𝟓, 𝟏 and 𝛌 = 𝟎. 𝟐. 

𝐇 𝐔𝟎⁄  

 

η 

 

𝐮 𝐔𝟎⁄  

 

Curve 𝐌 𝛌 

I 0.5 0 

II 0.5 0.5 

III 1 0.5 

IV 0.5 1 
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Figure 5. Induced magnetic field profiles with 𝐲 for 𝐌 = 𝟎. 𝟓, 𝟏 and 𝛌 = 𝟎. 

 

 

 

 
Figure 6. Velocity profiles with 𝐲 for 𝐌 = 𝟏, 𝛌 = 𝟎 and 𝛌 = 𝟎. 𝟐. 
 

 

 

Table 1. Variation of velocity for different values of 𝐭. 
𝐭/𝐲 0 1 2 3 4 5 

0 0.5 0.1274 -0.01619 -0.0689 -0.00546 -0.01673 

1 0.3535 0.1984 0.08171 -0.01337 -0.05363 -0.04448 

2 0 0.1530 0.07818 -0.00025 -0.04554 0.14776 

 

 

 

𝐇 𝐔𝟎⁄  

 
𝛌 = 𝟎 

𝛌 = 𝟎. 𝟐 
 

𝐮 𝐔𝟎⁄  
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ABSTRACT:  

The onset of Triple-Diffusive convection in Rivlin-Ericksen fluid with varying gravity field 

is studied analytically in the presence of uniform vertical magnetic field in porous medium. 

For the case of stationary convection, the magnetic field, varying gravity field and the stable 

solute gradients have stabilizing effects whereas the medium permeability has destabilizing 

(or stabilizing) effect on the system under certain conditions. A linear stability analysis 

theory and normal mode analysis method have been carried out to study the onset 

convection. The kinematic viscoelasticity has no effect on the stationary convection. The 

solute gradients, magnetic field, varying gravity field, porosity and kinematic viscoelasticity 

introduce oscillatory modes in the system, which were non-existent in their absence. The 

sufficient conditions for the non-existence of overstability are also obtained. The results are 

shown graphically. 

 

KEYWORDS: Rivlin-Ericksen Fluid, Solute Gradients, Triple-Diffusive Convection, 

Varying Gravity Field. 

 

1. INTRODUCTION: 

The theoretical and experimental results of the onset of thermal instability in a fluid layer 

under varying assumptions of hydrodynamics and hydromagnetics have been treated by 

Chandrasekhar[8]. Veronis [5] studied the problem of thermohaline convection in a layer of 

fluid heated and soluted from below. 

 

With the growing importance of non-Newtonian fluids in geophysical fluid dynamics, 

chemical technology and petroleum industry, the investigations on such fluids are desirable. 

The Rivlin-Ericksen fluid [6] is one such fluid. The idealization of uniform gravity field can 

be hardly justified in the presence of large scale convection phenomenon occurring in 

atmosphere, the ocean or the mantle of the earth. 

 

Pradhan et al [4] studied the thermal instability of the fluid layer under variable gravitational 

field.  

 

A comprehensive review of the literature concerning thermosolutal convection in a fluid-

saturated porous medium may be found in the book written by Nield and Bejan [3]. The 

thermosolutal instability in Walters’ B' fluid in the presence of Hall currents in porous 

medium in hydromagnetics has been studied by Kango et al [9]. S. Chand [7] studied triple-

diffusive convection in Walters’ (Model B') fluid in porous medium in hydromagnetics.  

 

The solution behaviour in the double-diffusive convection problem is more interesting than 

that of the single component situation in so much as new instability phenomena may occur 
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which is not present in the classical Benard problem. When temperature and two or more 

agencies, or two different salts, are present, the physical and mathematical situation becomes 

increasingly richer. Very interesting results in triply-diffusive convection have been obtained 

by Pearlstein et al., [1]. They demonstrate that for triple diffusive convection linear instability 

can occur in discrete sections of the Rayleigh number domain with the fluid being linearly 

stable in a region in between the linear instability ones. This is because for certain parameters 

the neutral curve has a finite isolated oscillatory instability curve lying below the usual 

unbounded stationary convection one. Straughan and Walker [2] derive the equation for non-

Boussinesq convection in a multi-component fluid and investigate the situation analogous to 

that of Pearlstein et al., but allowing for a density non-linear in a temperature field. In reality 

the density of a fluid is never a linear function of temperature, and so the work of Straughan 

and Walker applies to the general situation where the equation of state is one of the density 

quadric in temperature. This is important, since they find that departure from the linear 

Boussinesq equation of state changes the perfect symmetry of the heart shaped neutral curve 

of Pearlstein et al. 

 

Keeping in view the recent increase in the number of non iso-thermal situations, our interest, 

in the present paper is to study the triple-diffusive convection in Rivlin-Ericksen Fluid with 

varying gravity field in porous medium. 

 

2. MATHEMATICAL FORMULATION OF THE PROBLEM: 

Consider an infinite, horizontal, incompressible layer of thickness d of an electrically non-

conducting Rivlin-Ericksen fluid heated and salted from below. The temperature T  and 

solute concentrations 1
C  and 2

C  at the bottom and top surfaces 0,z d=  are 

0T and 1T ; 1

0C , 1

1C and 2

0C , 2

1C respectively, and a uniform temperature gradient β (=dT/dz) and 

uniform solute gradients are
1

( dC / dz )  =   and 
2

( dC / dz )  =   are maintained. A uniform 

magnetic field (0,0, )H=H  and the gravity field (0,0, )g= −g , where 0g =g 0( 0)g  is the 

value of g at z=0 and  can be +ve or –ve according to whether gravity increases or decreases 

upwards from its value 0g ; pervades the system. The equations relevant to the problem are: 

0 0 0

1 1 1 1
( . ) ( ) (1 ) ( ) ,

4

ep
t k t


 

    

 
+  = −  + + − + +  

 

   
  

   

q
q q g q H H                          (1) 

. 0, =q                                                                                                                                    (2) 

2
( . ) ,

T
E T T

t



+  = 


q                                                                                                         (3) 

1
1 2 1

( . ) ,
C

E C C
t



 +  = 


q                                                                                                      (4) 

2
2 2 2

( . ) .
C

E C C
t




 +  = 


q                                                                                                      (5) 

The density equation of state is 
1 1 2 2

0 1 ( ) ( ) ( ) ,a a aT T C C C C     = − − + − + −                                                                     (6) 

where 0, , , , , , , , , , ,, t             q g  are the fluid density, reference density, velocity, time, 

gravitational acceleration, the kinematic viscosity, the kinematic viscoelasticity, the thermal 

diffusivity, the solute diffusivities and  , thermal and solvent coefficients of expansion 
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  and respectively. aT is the average temperature given by 0 1( ) / 2aT T T= +  where 0T  and 

1T are the constant average temperatures of the lower and upper surfaces of the layer and 1

aC  

, 2

aC are the average concentrations given by 1 1 1

0 1( ) / 2aC C C= + and 2 2 2

0 1( ) / 2aC C C= + , 

where 1

0C , 1

1C and 2

0C , 2

1C  are the constant average concentrations of the lower and upper 

surfaces of the layer. Maxwell’s equations yield 

2
( . ) ,

t
 


=  + 


H
H q H                                                                                                         (7) 

. 0. =H                                                                                                                                  (8) 

Here 
0

(1 ) s s

i

C
E

C


 


= + − is a constant and E , Eare analogous to E but corresponding to 

solute rather that heat. s , sC and 0 , iC stand for density and heat capacity of solid and fluid 

respectively. The steady state solution is 
1 1 2 2

0 1(0,0,0), , , , ( ) / ,a a aT z T C z C C z C T T d    = = − + = − + = − + = −q  

1 1 2 2

1 0 1 0 0( ) / , ( ) / , 1 ).(C C d C C d z z z             = − = − = + − −                                        (9) 

The change in density , caused by the perturbations  in temperature and ,    in 

concentrations, is given by 

0 ).(         = − − −                                                                                                      (10) 

Then the linearized perturbation equations become 

0

0 0

1 1 1
( ) ) ( ) ,

4
( ( ) ep g

t k t


       

  
 

 
   = −  − − − − + +  

 

q
q h H                           (11) 

. 0, =q                                                                                                                                  (12) 

2
,E w

t


  


= + 


                                                                                                                (13) 

2
,E w

t


  


  = + 


                                                                                                              (14) 

2
,E w

t


  


   = + 


                                                                                                            (15) 

2
( . ) ,

h

t
 


 + 


= H h                                                                                                             (16) 

. 0. =h                                                                                                                                  (17) 

 

3.  DISPERSION RELATION: 

Analyzing the disturbances into normal modes, we assume that the perturbation quantities are 

of the form 

[ , , , , ] [ ( ), ( ), ( ), ( ), ( )]exp ( ),z x yw h W z z K z z z i ik x ik y nt    =    + +                                          (18) 

where ,x yk k are the wave numbers along the x and y directions, respectively and 

2 2

x yk k k= + is the resultant wave number and n is, in general, a complex constant. Eq. (11)-

(17), using (18), in non-dimensional form become  
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2 2
2 2 2 20

0

0

1
1 ( ) 0,

4
[ ( )]( ) ( )

l

Hg a d eF D a W g D a DK
P


    

  




 + + − + −  −  − − =          (19) 

2 2

2( ) ,
Hd

D a p K DW


− − = −
 
 
 

                                                                                       (20) 

2
2 2

1( ) ,
d

D a Ep W





− −  = −
 
 
 

                                                                                         (21) 

2
2 2

1( ) ,
d

D a E q W






− −  = −

 
 

 
                                                                                         (22) 

2
2 2

2( ) ,
d

D a E q W






− −  = −

 
 

 
                                                                                        (23) 

where 1

2
,l

k
P

d
=  is the non-dimensional parameter for medium permeability; 1

1

,p
k


=  is the 

thermal Prandtl number; 

1 2, ,q q
 

 
= =

 
 are the analogous Schmdit numbers accounting for two solutes, 

respectively and
2

, , , .
nd d

a kd z zd D
dz




= = = =  

The appropriate boundary conditions w.r.t. which eqns. (19)-(23) must be solved 

(Chandrasekhar [8]). 
2 0, 0,W D W= =  =  =  =  at 0z = and 1z =  and 0K =  on the perfectly conducting 

boundaries and , ,x y zh h h are continues.                                                                              (24) 

The case of two free boundaries, though little artificial, is the most appropriate for stellar 

atmospheres.Using the above boundary conditions, it can be shown that all the even order 

derivatives of W must vanish for 0z =  and 1z =  and hence the proper solution of 

W characterizing the lowest mode is 

0 sinW W z= , where 0W  is a constant.                                                                               (25) 

Eliminating , , ,K  between equations (19)-(23) and substituting (25), we obtained the 

dispersion relation 

( )

( )

( )

( )
1 1

2 1

1 1 1 11 1
1 1 1 1 1 1

1 1 2 1

1 11 (1 )(1 )
[ 1

(1 ) 1 1

1
(1 ]( ) [ ,..

x iEp x iEpi Qx x x iEp
R iF x iEp S S

x x ipx P x iE q x iE q

  
 

   

+ + + ++ + + +
= + + +

+ +  + + + +
+ − + + (26)

 

where 
4

1 4

g d
R




= , is the Rayleigh number; 

4 4

1 24 4
,

g d g d
S S

   

  

   
= =

 
 are the analogous 

solute Rayleigh numbers; 
2 2

1 2

04

eQ
H d

 
= , is the Chandrasekhar number;

2

2

a
x


= , is the 

dimensionless wave number and
2l

P
P


=  

and 1 2
i





= .  



Proceeding of International Conference on Mathematics in Space and Applied Sciences  

(ICMSAS-2019) 

Published by Knowledge and Research Publisher, Nagpur India                  ISBN-978-81-942641-8-7 
 

 

82 

 

Equation (26) the required dispersion relation studying the effects of magnetic field, variable 

gravity field, medium permeability, kinematic viscoelasticity and stable solute gradients on 

the triple-diffusive convection of Rivlin-Ericksen fluid in porous medium. 

 

4. STATIONARY CONVECTION 

For the case of stationary convection,   = 0 and Equation (26) reduces to 

 
2

1 1 1 2

(1 ) 1
,

x x
R Q S S

xP x 
 

+ +
= ++ +                                                                                        (27) 

which expresses the modified Rayleigh number 1R  as a function of the dimensionless wave 

number x  and the parameters 1Q , 1S ,  2S  and P. For stationary convection the parameter F 

accounting for the kinematic viscoelasticity effect vanishes and thus the Rivlin-Ericksen 

elastico-viscous fluid behaves like an ordinary Newtonian fluid. Equation (27) yields 

1

1

1,
dR

dS
= + 1

2

1,
dR

dS
= +                                                                                                             (28) 

which imply that the stable solute gradients have a stabilizing effect on the system. 

1

1

1
,

x

x

dR

dQ 

+
=                                                                                                                        (29) 

The magnetic field, therefore, has a stabilizing effect on the system when gravity is 

increasingly upwards ( 0  ) and destabilizes the system when gravity is decreasing 

upwards. 
2

1 (1 )
,

x

xP

dR

dP 

+
= −                                                                                                                    (30) 

which is always negative, showing destabilizing effect of medium permeability and for 

constant varying gravity. The dispersion relation (27) is analyzed numerically.  

 

In Fig.1, 1R  is plotted against x for 1 30,Q = 1,P =  2, = 2 100S = & 1 100,200,300S = . The 

stabilizing role of solute gradient is clear from the increase in the Rayleigh number with 

increasing parameter value 1S . 

 

 
Fig. 1 

 

In Fig.2, 1R  is plotted against x for 1 30,Q = 1,P = 2, =  1 100S = & 2 100,200,300S = . The 

stabilizing role of solute gradient is clear from the increase in the Rayleigh number with 
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increasing parameter value 2S . 

  

 
Fig. 2 

 

In Fig.3, 1R  is plotted against x for 1,P =  2, =  1 100,S =  2 100S =  and 1 30,60,90Q = . The 

stabilizing role of magnetic field is clear from the increase in the Rayleigh number with 

increasing parameter value 1Q . 

 

 
Fig. 3 

 

In Fig.4, 1R  is plotted against x for 1 30,Q =  2, =  1 100,S =  2 100S = and 2,4,6P = . The 

destabilizing role of medium permeability is clear from the decrease in the Rayleigh number 

with increasing parameter value 2S . 
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Fig. 4  

  

 

5. STABILITY OF THE SYSTEM AND OSCILLATORY MODES: 

Here we examine the possibility of oscillatory modes, if any, in the stability problem due to 

the presence of magnetic field, varying gravity field, kinematic viscoelasticity and stable 

solute gradients. Multiplying Eq. (19) by W*, the complex conjugate of W, integrating over 

the range of z and making use of Eq. (23) - (27) together with the boundary conditions 

(29) and putting r ii  = +  & equating the real and imaginary parts, we obtain 
2 2 2

0 0 0
1 1 3 1 5 2 7 2 9

0

2 2 2

0 0 01
2 4 6 8

0

1
[( ) ( ) ( ) ( ) ]

4

[ ],
4

e
r

l

e

l

g a g a g aF
I Ep I E q I E q I p I

P

g a g a g aI
I I I I

P

      


     

      

    

   
 − − + + +

 

   
= − − + + +

 

       (31) 

2 2 2

0 0 0
1 1 3 1 5 2 7 2 9

0

1
[( ) ( ) ( ) ( ) ] 0,

4

e
i

l

g a g a g aF
I Ep I E q I E q I p I

P

      


     

   
 − + − − − =

 
 (32) 

The integrals 1 9,..........,I I  are all positive definite, where 

( ) ( ) ( )
1 1 1 1 1

2 2 2 2 2 2 2 2 2 2 2

1 2 3 4 5
0 0 0 0 0

| | | | , | | | | , | | , | | | | , | | ,I DW a W dz I D a dz I dz I D a dz I dz= + =  +  =  =  +  =       

( ) ( ) ( )
1 1 1 1

2 2 2 2 2 2 2 2 4 2 2 2 2

6 7 8 9
0 0 0 0

| | | | , | | , | | 2 | | | | , | | | | ,I D a dz I dz I D K a DK a K dz I DK a K dz=  +  =  = + + = +     

It follows from equation (31) that r  may be positive or negative which means that the 

system may be stable or unstable. It is clear from (32) that i  may be zero or non-zero, 

meaning that the modes may be non-oscillatory or oscillatory. The oscillatory modes are 

introduced due to the presence of kinematic viscoelasticity, varying gravity field, magnetic 

field and stable solute gradients which were non-existent in their absence. 

 

6. THE CASE OF OVERSTABILITY 

Here we discuss the possibility of whether instability may occur as overstability. If we equate 

real and imaginary parts of (26) and eliminate 1R  between them, we obtain  
3 2

3 1 2 1 1 1 0 0,A c A c A c A+ + + =                                                                                                      (33) 

where we have put 2

1 1c = , 1b x= +  and 2 2 1
3 1 2

1 1
( ) ( ) [ ( )]

EpF F
A b E q E q b

P P P 
 = − + −           (34) 
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3 3
5 21

0 1 1 1 2 1 2 1 1 22 3 2 2

1
[ ( ) 1)[ ( ) ( )]) ( )] (

Epb F b b
A b b S Ep E q S Ep E q Q Ep p

P P P P P
 


 = − + − + + −+ − −  (35) 

As 1  is real for instability, the four values of ( )2

1 1c =  must be positive. The product of the 

roots of (33) is 0 3/A A− , which is possible if 1 1 1 2 1 2, , 0,Ep E q Ep E q Ep p      and
1F

P 
   (36) 

which implies that , , , 0E E E E E              and 1k



 .                                   (37) 

                                                                               

Thus Equations (37) are, therefore, the necessary conditions for the non-existence of 

overstability, the violation of which does not necessarily imply the occurrence of 

overstability. 
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ABSTRACT: 

The two-dimensional problem of piezothermoelasticity has been considered to investigate the 

disturbance in homogeneous, transversely isotropic (6mm class) generalized cylindrical 

piezothermoelastic continuum subjected to continuous mechanical load acting on thermally 

insulated and electrically shorted surface. Integral transform technique has been adopted, 

namely: Laplace transform for time variable and Hankel transform for space variables. These 

transforms technique have been employed to express the boundary conditions in the 

transformed domain. The formal solutions are employed to obtain the system of simultaneous 

linear algebraic equations. These systems of equations are solved by using Gauss elimination 

process for the unknowns. These values of unknowns are used to find the expressions of 

displacements, temperature change, electric potential, stresses and electric displacement in 

the transformed domain. The inverse transform integrals are evaluated by using numerical 

technique. Temperature, normal stress and shear stress so obtained in the physical domain, 

are computed numerically from the relevant expressions and relations code for PZT-5A 

material. Finally, the illustration of the results for classical and non-classical models of 

thermoelasticity has been presented graphically.  

 

KEYWORDS: Generalized piezothermoelastic; Integral transforms; Relaxation time; Eigen 

value; Electrically shorted. 

 

INTRODUCTION: 

Composite structures can be exposed to variety of fields in the different environment. The 

knowledge of its response to the different loads is necessary to predict its capability to the 

elastodynamical stresses induced by sudden loading, which is essential for the proper and 

safe design. The general solution for transversely isotropic piezothermoelastic materials has 

been used by Hou et al. [1] to construct the three-dimensional solution of a steady point heat 

source acting on the apex of cone. Non-linear transient behavior of a piezothermoelastic 

laminate deviated from equilibrium state has been analyzed by Watanabe et al. [2]. The 

response of a functionally graded, radially polarized hollow cylinder under dynamic 

axisymmetric loadings has been studied by Babaei and Chen [3]. The one-dimensional 

problem of functionally graded medium excited by moving heat source has been investigated 

by Babaei and Chen [4].  

 

Ailawalia and Khurana [5] studied the deformation of transversely isotropic piezoelectric 

medium with an overlying infinite viscous fluid due to moving load acting at the interface of 

both media by applying Fourier transforms. The bending behavior of a circularly curved, 

functionally graded piezoelectric cantilever actuator under an applied electric load and heat 

conduction has been studied by Zaman et al. [6]. Akbarzadeh et al. [7] investigated the 

dynamic response of a functionally graded piezoelectric medium (FGPM) subjected to a 
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moving heat source. The thickness response of a piezothermoelastic panel, which is occupied 

by a material of hexagonal crystal class, has been studied by Montanaro [8] under quasi-

static boundary conditions with one of the bounding surface subjected to prescribed 

temperature.  

 

FORMULATION OF THE MODEL: 

We consider a homogeneous, transversely isotropic, thermally conducting, linear generalized 

piezothermoelastic cylindrical medium. Initially, the medium is assumed to be undisturbed 

and at uniform temperature 0T . The origin of cylindrical co-ordinate system ( )zr ,,  is taken 

at any point on the surface ( )0=z  and −z axis pointing vertically downward into the 

medium. It is assumed that disturbances are caused by continuous point mechanical load 

acting at the surface 0=z . Due to symmetry, all the field quantities are independent of   co-

ordinate. The governing field equations of linear piezothermoelasticity for homogeneous, 

transversely isotropic (6mm class) axisymmetric cylindrical body upon employing Lord and 

Shulman [9] and Green and Lindsay [10] models of thermoelasticity, in the absence of 

charge density, heat sources and body forces; are given by Thakur et al. [11]. This system of 

equations can be expressed in the matrix form as: 

( ) 02 =++ 
ZCBA DD          (1) 

( )ZBAσ
 += D               

where  

 T

zzrzzrr D=
σ              (2) 
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where 
rrr 


+




=

1
2

2
2

1 , 







+




=

rr

1
2        (3) 

 

Initial and Regularity Conditions: 

The initial and regularity conditions are given by:  

 ( ) ( )0,,00,, zruzru == , ( ) ( )0,,00,, zrwzrw == , ( ) ( )0,,00,, zrTzrT == , 

( ) ( )0,,00,, zrzr  == , for  0=t  , 0z , 0r  and                        (4) 

( ) 0,, =tzru , ( ) 0,, =tzrw , ( ) 0,, =tzrT , ( ) 0,, =tzr , for 0t , →+ 22 zr .    (5) 

 

Boundary Conditions:  

The following boundary conditions are to be satisfied in non-dimensional form at the surface 

0=z of the solid half-space. 

( )
( ) ( )

r

tgr
trzz






2
,0, 0



−= , ( ) 0,0, =trzr , ( ) 0,0,, =trT z , ( ) 0,0, =tr    (6) 

where 
01

0
0

T


 =  denotes intensity of the mechanical  load. 
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FORMAL SOLUTION: 

In order to solve the proposed model, we apply Laplace transform (Churchill [12]) with 

respect to time‘ t ’ defined by:  

( ) ( ) dtptexptzrpzr )(,,,,
0

−= 


ZZ , ( ) ( ) dtptexptzrpzr )(,,,,
0

−= 


σσ   (7) 

where the functions ( )pzr ,,Z  and ( )pzr ,,σ  represent the Laplace transforms of column 

vectors ( )tzr ,,Z and ( )tzr ,,σ , respectively.  

We define the Hankel transform with respect to ‘ r ’ as: 

( ) ( ) ( )drqrJpzrrpzq n


=
0

,,,,
~

ZZ , ( ) ( ) ( )drqrJpzrrpzq n,,,,~

0

σσ 


=    (8) 

where 0=n  for ( )pzrw ,, , ( )pzrT ,,  and 1=n  in the case of ( )pzru ,, . Here ( )qrJn  is a Bessel 

function of first kind and of order n . Applying Laplace and Hankel transform from equations 

(7) and (8) to equations (1) and (2), we obtain:  

( ) 0
~~~2 =++ 
ZCBA DD ,                               (9) 

( )ZBAσ
~~~  += D                      (10) 
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where 0

1

0 tp += − , 01

1

0 tp k += −
, ktp 21

1

1  += −
.  

In order to solve the matrix ordinary differential equations (9), we assume its solution as: 

( ) ( ) ( )zmexppqpzq ,,,
~ = XZ                       (12) 

Upon substituting solution (12) in equation (10), we obtain:   

( ) ( ) 0,
~~2 =++  pqmm XCBA                                (13) 

which is a eigenvalue problem. The system of equations (13) has a non-trivial solution if and 

only if: 

( ) 0
~~2 =++ 
CBA mmdet                          (14) 

On simplification this determinantal equation leads to polynomial characteristic equation 

given as: 

04

2

3

4

2

6

1

8 =+−+− fmfmfmfm                                          (15) 
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where  
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Quantities F , ka and kA ( )3,2,1=k  used in equation (16) are defined in the Appendix. The 

characteristic equation (15), being biquadratic in 2m provides four pairs of characteristic roots 

given by 

1

2

1 fm = , 2

2

2

2

1 fmm = ,  3

2

3

2

2

2

1 fmmm = ,   4

2

4

2

3

2

2

2

1 fmmmm =       (17) 

The formal solution of equation (12) can be written as:  

( ) ( ) ( ) ( ) ( )
=



++

 +−=
4

1

44 ,,,,
~

k

kkkkkk zmexppqBzmexppqBpzq XXZ          (18)   

where ( )  T

kkkk SWVpq  = 1,X , 4,3,2,1=k ; kmm −=  

         ( )  T

kkkk SWVpq 
+ −−= 1,4X , 4,3,2,1=k ; kmm =        (19)   

where   
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321131 qelqmpqmecpqmQ kkk +−−+−+−=     
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The quantities k ( )13to1=k  used in equation (21) are defined in the Appendix. 

The formal solution of equation (12) satisfying the requirement of boundedness is given by: 

( ) ( )
=

−=
4

1

,),,(
~

k

kkk zmexpBpqpzq *
XZ           (22)  

Upon using solution (22) in equation (10), we get: 

( ) ( )
=

−=
4

1

,~

k

kkk zmexpBpq*
XYσ                           (23) 

 

where 
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m
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k

kk

kk

k ABY      (24) 

This gives the formal solution for piezothermoelastic (6mm class) cylindrical continua.  

 

SOLUTION OF THE PROBLEM: 

Upon applying integral transforms defined by equations (7) and (8) to the boundary 

conditions (6) and using the solution (22) and (23), we get a system of equations with four 
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unknown arbitrary constants kB  (k = 1, 2, 3, 4) as:             

( )pgqBDBDBDBD ~
0414313212111

 −=+++  ,   0424323222121 =+++  BDBDBDBD      

 044332211 =+++ BWBWBWBW , 0444333222111 =+++ BSmBSmBSmBSm         

      (25) 

where ( )  −−−−= kkkkkk SpWmVmcccqD 11231  ,  −−−= kkkk WqeVqcmcD 2222
    

for 4,3,2,1=k . 

On solving equation (25) with the help of Gauss elimination technique, we obtain the value 

of kB  (k = 1, 2, 3, 4  

( ) ( )pg
Θ

Θ
qB kk

k
~1 0 



−=  , 4,3,2,1=k                                     (26)   
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  In this case, the displacements, electric potential, temperature change, stresses and electrical 

displacement are obtained as: 

( ) ( ) ( )
=
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0 ,,,1)1(
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which provides us the solution for this particular set of boundary conditions. 

 

INVERSION OF THE TRANSFORMS: 

According to Bradie [13], the various quadrature formulae such as Newton-Cotes, Romberg 

and Gaussian quadrature etc. can be used to approximate the value of an improper integral, 

provided the integral exists. However, some changes of variable generally must be made to 

achieve theoretical order of convergence, if required. Due to the existence of damping terms, 

the dependence of characteristic roots km ( )4,3,2,1=k  on p is very complicated and hence the 

inversion of integral transform is quite difficult task analytically. But this can be 

conveniently managed through numerical evaluations of the inversion integrals (Sharma and 

Kumar [14]; Thakur et al. [11]). In order to obtain the solution of the instant problem in the 

physical domain, we have to invert the integral transforms in equations (27) and (28) 

numerically.  

 

NUMERICAL RESULTS AND DISCUSSION: 

The piezothermoelastic material PZT-5A has been chosen for the purpose of numerical 

calculations, physical data for which is given by Thakur et al. [11]. For computation purpose 

the intensity of the mechanical load ( )0  has been considered as unity. The non-dimensional 
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temperature change and stresses has been computed by taking values of thermal relaxation 

times as 5.00 =t  and 3.01 =t  in the context of LS, CT and GL models of thermoelasticity. 

The computations are carried out for two instants of times 1.0=t  and 25.0=t  for thermally 

insulated half-space at 0.1=z . The computer simulated quantities have been plotted in Figs. 

1 to 3.  
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Fig. 1: Variation of non-dimensional            Fig. 2: Variation of non-dimensional normal  

temperature change with radial distance.      stress with radial distance.  

 

Fig. 1 presents the variation of absolute temperature change ( )T  in the context of GL, LS and 

CT models of thermoelasticity due to continuous point mechanical load. The magnitude of 

temperature change ( )T  decreases with radial distance and observes oscillating behavior to 

vanish at a certain value of radial distance ( )0.1r . The oscillating behavior of the 

temperature change is attributed to compression and expansion of the solid.  
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Fig. 3: Variation of non-dimensional shear stress with radial distance 
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From Fig. 2 it is noticed that the magnitude of normal stress ( )zz  is quite large in the 

domain 2.00  r , decreases afterward and finally dies out in an oscillating manner at 

certain value of radial distance ( )0.1r  due to compression and expansion of the solid. Fig. 3 

reveals that the shear stress ( )zr  follows oscillatory behavior with varying amplitude due to 

continuous load. The shear stress has maximum magnitude near the vicinity of the load 

which decreases and ultimately dies out in an oscillating fashion with increasing radial 

distance.  

 

CONCLUDING REMARKS: 

The magnitudes of all the considered field functions have been observed to be quite large 

near the vicinity of point source which follow decreasing trends as we move away from the 

source and are noticed to vanish after certain value of radial distance, which shows the 

existence of wave-fronts. There exists no wave-front of temperature and stress distributions 

in case of coupled (CT) thermoelastic model due to diffusive nature of heat conduction 

equation. The shear stress development is comparatively small as compared to normal stress 

and temperature change. This means major portion of the energy is carried by the normal 

stress and thermal waves and only meager amount propagates in the form of shear stress 

waves as expected. 
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APPENDIX 

The quantities F , ka  and kA ( )3,2,1=k  used in equation (16) are obtained as:  
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The quantities k  ( )13to1=k  used in equation (21) are defined as:  

131 p−=  , 112 cp+=  , 313 1  c+= , 3214  −= ep , 2215 ecp  += , 

( )2136 cc +=  , 3117  −= ep , ( ) ( ) ( )  2
133113221238 11 eceececpc ++−−+−+= , 

( )33219  cee += , ( )313221110 cececec −−+=  , 232111 ecce −= ,

2
11132221312 22 ecececcc +−+=  , 22 312213 +−= ceec . 



Proceeding of International Conference on Mathematics in Space and Applied Sciences  

(ICMSAS-2019) 

Published by Knowledge and Research Publisher, Nagpur India                  ISBN-978-81-942641-8-7 
 
 

95 

 

ON THE BOUNDS FOR OSCILLATIONS IN DOUBLE DIFFUSIVE 

CONVECTION WITH CROSS-DIFFUSIONS EFFECTS IN POROUS 

MEDIUM: DARCY MODEL 
 

Joginder Singh Dhiman#, Poonam Sharma* 
#Department of Mathematics, Himachal Pradesh University, Summerhill, Shimla-171005 

(H.P.) India. 

*Atal Bihari Vajpayee Govt, Degree College, Bangana, (Una) H.P. 

Email: jsdhiman66@gmail.com 

 

ABSTRACT: In the present paper, the stability analysis of double-diffusive convection 

problems (Veronis and Stern Types) with cross-diffusions effects (Soret and Dufour effects) 

have been carried out mathematically in porous medium using Darcy model. The eigen 

values equations governing these problems have been casted into mathematically tractable 

forms for stability analysis using some linear transformations. The stability of the oscillatory 

modes and consequently the bounds for the complex growth rate for arbitrary neutral or 

unstable oscillatory perturbations are derived which are valid for each combinations of rigid 

(slip free) and dynamically free (stress-free) boundaries. Various consequences of the derived 

results are also worked out. 

 

KEYWORDS:  Double-Diffusive Convection;  oscillatory motions; porous medium, Darcy 

model, complex growth rate; eigenvalues problem; Soret effect; Dufour effect; 

 

INTRODUCTION: 

A broader range of dynamical behaviour is observed in the convective motions that may 

occur in a gravitational field containing two components (for example, temperature and 

solute) of different diffusivities that affect the density of the fluid and the phenomenon is 

known as double-diffusive convection. These phenomena of double-diffusive convection 

occur when the temperature and concentration gradients are of comparable magnitude and 

operate on different scales and lead to large scale convection. These kinds of double-

diffusion processes are found in astrophysics (big Helium-stars), the earth core, metal alloy, 

refilling of gas reservoirs, etc. Double-diffusive convection is also of importance in various 

other fields of practical importance such as high quality crystal production oceanography, 

production of pure medication, solidification of molten alloys, limnology and engineering. 

 

The double diffusive process was first recognized by Arons and Stommel [1] through his 

‘thought experiment’ with ocean flow/circulation in mind. Two fundamental configurations 

have been studied in the context of thermohaline instability problem, the first one by 

Stern[2],wherein the temperature gradient is stabilizing and the concentration gradient is 

destabilizing and the second one by Veronis [3], wherein the temperature gradient is 

destabilizing and the concentration gradient is stabilizing. Stern found that the steady motion 

is the preferred mode of onset of instability whereas Veronis observed that oscillatory mode 

of instability is the preferred mode of convective instability.  Since then numerous authors 

have investigated the double diffusive convection problems under varying assumptions of 

hydrodynamics both numerically and analytically. For a broader view of the subject of 
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double-diffusive convection one may refer to Turner [4], Brandt and Fernando [5], Schmitt[6 

] andNield [7]. 

The stability properties of binary fluids are quite different from pure fluids because of Soret 

and Dufour effects[8,9]. An externally imposed temperature gradient produces a chemical 

potential gradient and the phenomenon known as the Soret effect, whereas the analogous 

effect that arises from a concentration gradient which produces a heat flux is called the 

Dufour effect. When considering the isothermal coupled diffusion between a solvent and two 

solutes, we need to include these two cross diffusion effects as each property gradient has a 

significant influence on the flux of the other property.  The stability of Dufour-Soret driven 

double-diffusion convection in a horizontal layer of a fluid subjected to thermal and solutal 

gradients has been investigated theoretically by means of a linear stability analysis by many 

authors including Groot and Mazur [8] and Fitts [9]and McDougall [10]. 
 

Convective instability in porous media has been studied with great interest for more than half 

century. Convection given by buoyancy has found increased applications in underground 

coal gasification, solar energy extraction and many more areas as discussed by Nield and 

Bejan [11], Ingham [12] in industrial application, harmful particles can be filtered from a 

fluid stream by passing it through. 
 

When we consider flow in porous medium, we have to take into consideration some 

additional complexities, which are principally due to the interactions between the fluids and 

the porous material. When a fluid permeates a porous medium, we cannot follow analytically 

the actual path of an individual fluid particle, because of the fluid-rock boundary conditions, 

which must be considered. Thus in aporous medium one generally considered. The fluid 

motion in termsof volume or ensemble average of the motion of individual fluid elements 

over regions of space. This is usually done by famous Darcy’s law and as a result of this the 

viscous term in the equation of fluid motion will be replaced by the resistance term −
𝜇

𝐾1
�⃗� 

where, 𝜇 is the dynamic viscosity of fluid,𝑘1 is the permeability of the medium and �⃗� is the 

seepage velocity of the fluid. A macroscopic equation which describes incompressible 

creeping flow of a Newtonian fluid of viscosity 𝜇 through a macroscopically homogenous 

and isotropic porous medium of permeability is well known Darcy’s equation [13] 

−
𝜇

𝐾1
�⃗� = ∇𝑝 

where, p is interstitially averaged pressure within the porous medium and �⃗�  is the filter 

velocity (or Darcian velocity). 
 

The stability of flow of a fluid through porous medium was studied by Lapwood [14] and 

Wooding [15] and have studied double diffusive convection in porous medium by 

considering the Darcy flow model which is relevant to densely packed, low permeability 

porous medium.  
 

The problem of double diffusive convection in porous medium has been extensibly 

investigated and growing volume of work in this area is well documented by Ingham and 

Pop[12].In this Paper  we  have studied double–diffusive convection  problem in porous 

mediumby considering the Darcy flow model which is relevant to densely packed, low 

permeability porous medium. The aim of the present analysis is to investigate the effect of 
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cross-diffusions terms (Dufour and Soret effects) on the onset of Double Diffusive 

Convective instability. 

 

However, experiments conducted with several combinations of solids and fluids covering 

wide ranges of governing parameters indicate that most of the experimental data do not agree 

with the theoretical predictions based on the Darcy flow model. Hence, non-Darcy effects on 

double diffusive convection in porous media have received a great deal of attention in recent 

years. 
 

PHYSICAL CONFIGURATION AND EIGENVALUE PROBLEM: 

Consider a horizontal layer of viscous fluid saturating a porous medium between two parallel 

boundaries atz = 0 and z = 1,which are heated and salted from below in the force field of 

gravity.  The temperature and concentration difference between the bounding planes are ∆T 

and ∆𝑆, respectively. We assume the Oberback-Bosssinesq approximation is valid and flow 

in porous medium is governed by Darcy’s law. The extra effect we consider here is that of 

the coupled fluxes of the two properties due to irreversible thermodynamic effects. The 

governing equations for the Double Diffusive convection problem with cross-diffusions 

effects in a horizontal fluid saturating a porous medium under Boussinesq approximation are 

given by 
∂ui

∂t
= 0   (1) 

ρ0

ϵ
[

𝜕𝑢𝑖

𝜕𝑡
+

𝑢𝑖

𝜖

𝜕𝑢

𝜕𝑥𝑗
] = −

𝜕𝑝

𝜕𝑥𝑖
+ 𝜌𝑔 −

𝜇

𝜅
𝑢𝑖  (2) 

𝐸′ 𝜕𝑇

𝜕𝑡
+ 𝑢𝑖

𝜕𝑇

𝜕𝑥𝑗
= 𝜅

𝜕2𝑇

𝜕𝑥𝑗
2 + 𝑆1

𝜕2𝑆

𝜕𝑥𝑗
2  (3) 

𝐸" 𝜕𝑆

𝜕𝑡
+ 𝑢𝑖

𝜕𝑆

𝜕𝑥𝑗
= 𝜂𝑠

𝜕2𝑆

𝜕𝑥𝑗
2 + 𝐷1

𝜕2𝑇

𝜕𝑥𝑗
2  (4) 

𝜌 = 𝜌0[1 − 𝛼(𝑇 − 𝑇0) + 𝛼 ′(𝑆 − 𝑆0)]  (5) 

 

Here, 𝑢𝑖 = (𝑢, 𝑣, 𝑤) is the velocity,𝑇 is the temperature, 𝑆is the solute concentration, 𝑝 is the 

pressure,𝜌  is the density,𝑇0,𝑆0  and 𝜌0  are referencetemperature, concentration and density 

respectively, 𝑔is the accerlation due to gravity,𝜇 is the fluid viscosity, 𝜀 𝑖𝑠 the porosity, 𝜅 is 

the effective thermal diffusivity and 𝜂𝑠 is the solute diffusivity. The suffix ‘0’ denotes the 

values of the various parameters at some suitably reference temperature 𝑇0  and concentration 

𝐶0. Further, 

 

𝐸′ = 𝜖 + (1 − 𝜖)
𝜌𝑠𝑐𝑠

𝜌0𝑐𝑓
is a constant related to heat and 𝐸"  is a constant analogous to 

concentration 𝜅1 is the permeability of the porous medium, where 𝜌𝑆 ,𝐶𝑆 𝑎𝑛𝑑  𝜌0, 𝐶𝑓 stand for 

density and heat capacity of the solid (porous matrix) material and fluid, respectively.  

 

Following the usual steps of linear stability theory, the non dimensional linearized 

perturbation equations and boundary conditions governing The aim of the present analysis is 

to investigate the effect of cross-diffusions terms (Dufour and Soret effects) on the onset of 

Double Diffusive Convective instability 
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The  following non-dimensional linearized perturbation equations 

(
𝑝

𝜎𝜀
+

1

𝑃1
) (𝐷2 − 𝑎2)𝑤 = −𝑅𝑇𝑎2𝜃 + 𝑅𝑆𝑎2𝜑                                            (6) 

 [𝐷2 − 𝑎2 − 𝐸′𝑝]𝜃 + 𝐷𝑇[𝐷2 − 𝑎2]𝜑                                                          (7) 

[𝐷2 − 𝑎2 −
𝐸"𝑝

𝜏
] 𝜑 + 𝑆𝑇[𝐷2 − 𝑎2]𝜃 = −

𝑤

𝜏
                                                (8) 

where 

 𝑎∗ = 𝑘𝑑 , 𝜃∗ =
�̂�𝜅

𝛽1𝑑2  , 𝑛 =
𝑝∗𝜅

𝑑2 𝜑∗ =
�̂�𝜅

𝛽2𝑑2  , 𝑤∗ = �̂�, 𝑅𝑇 =
𝑔𝛼𝛽1𝑑4

𝜗𝜅
 , 𝑅𝑆 =

𝑔𝛼′𝛽2𝑑4

𝜈𝜅
, 𝑆𝑇 =

𝑆𝑓𝛽1

𝜏𝜅𝛽2
, 𝐷𝑇 =

𝐷𝑓𝛽2

𝜅𝛽1
 

together with the boundary conditions  

Case1:Both boundaries are dynamically free 

𝑤 = 𝜃 = 𝜑 = 0 = 𝐷2w at z = 0 and z = 1 (9) 

Case2: Both boundaries are  rigid 

𝑤 = 𝜃 = 𝜑 = 0 = 𝐷𝑤 at z = 0 and z = 1 (10) 

Case3:Lower boundary rigid and upper boundary free 

𝑤 = 𝜃 = 𝜑 = 0 = 𝐷𝑤 𝑎𝑡 𝑧 = 0 𝑎𝑛𝑑 𝑤 = 𝜃 = 𝜑 = 0 = 𝐷2𝑤 𝑎𝑡 𝑧 = 1  (11) 

or 

𝑤 = 0 = 𝜃 = 𝜑 = 𝐷𝑤 𝑎𝑡 𝑧 = 0 𝑎𝑛𝑑 𝑤 = 0 = 𝜃 = 𝜑 = 𝐷2𝑤 𝑎𝑡 𝑧 = 1 (12) 

we use the linear transformations to transform the above eigenvalue problem to a 

mathematically tractable form. 

Let us define the linear transformation given by; 

𝑤 ′ = (𝑆𝑇𝐸" + 𝐵𝐸′)𝑤, 𝜃 ′ = 𝐸𝜃 + 𝐹𝜑, 𝜑′ = 𝑆𝑇𝜃 + 𝐵𝜑 (13) 

where, E=(
𝑆𝑇𝐸"+𝐵𝐸′

𝐸′𝐷𝑇+𝐴𝐸") 𝐴 , 𝐹 = (
𝑆𝑇𝐸"+𝐵𝐸′

𝐴𝐸"+𝐸′𝐷𝑇
) 𝐷𝑇 , 𝐵 = −

𝐴𝐸′

𝜏𝐸" 

and A is any positive root of equation  

 𝐴2𝐸" + 𝐴(𝜏𝐸′ − 𝐸") − 𝜏𝑆𝑇𝐷𝑇𝐸′ = 0 

 The system of equations (6)-(8) together with boundary conditions (9)-(12) upon 

using the linear transformation defined by (13) assume the following forms; 

(
𝑝

𝜎𝜀
+

1

𝑃1
) (𝐷2 − 𝑎2)𝑤 = −�̂�𝑇𝑎2𝜃 + �̂�𝑆𝑎2𝜑 (14) 

[�̂�1(𝐷2 − 𝑎2) − 𝐸′𝑝]𝜃 = −𝑤 (15) 

[�̂�2(𝐷2 − 𝑎2) −
𝐸"𝑝

𝜏
] 𝜑 = −

𝑤

𝜏
 (16) 

and boundary conditions  remains the same as described above by(9)-(12). 

 

Here, �̂�1 = 1 +
𝜏𝑆𝑇𝐷𝑇𝐸′

𝐴𝐸′′
 𝑎𝑛𝑑 �̂�2 = 1 +

𝑆𝑇𝐷𝑇𝐸"

𝜏𝐸′𝐵
 are non-negative constant, since 0 ≤

𝑆𝑇𝐷𝑇

𝐴
≤ 1 

as 𝑆𝑇 𝑎𝑛𝑑 𝐷𝑇 > 0are Soret and Dufour numbers and A is a constant as defined earlier. 

 Also, �̂�𝑇 =
(𝐷𝑇𝐸′+𝐴𝐸")(𝑅𝑇𝐵+𝑅𝑆𝑆𝑇)

𝐴𝐵−𝑆𝑇𝐷𝑇
 , �̂�𝑆 =

(𝑆𝑇𝐸"+𝐵𝐸′)(𝑅𝑇𝐷𝑇+𝑅𝑆𝐴)

𝐴𝐵−𝑆𝑇𝐷𝑇
 is the modified thermal 

Rayleigh number and modified concentration Rayleigh number respectively. 

 

Further, the dashes have been dropped in writing the perturbed quantities in the above 

equations for the sake of convenience. 
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Remarks A..We note that system of equations (14)- (16) yields the following non-

dimensional linearized perturbation equations governing; 

(i) Dufour Driven Double-Diffusive Convection(DDDDC) problem with porous media, 

when𝑆𝑇=0.We have  

�̂�𝑇 = 𝑅𝑇 (𝐸" +
𝐷𝑇𝐸′

𝐴
) , �̂�𝑆 = 𝐸′ (𝑅𝑆 +

𝑅𝑇𝐷𝑇

𝐴
) , �̂�1 = 1 �̂�2 = 1 

And equations (14)-(16) reduce to 

 (
𝑝

𝜎𝜀
+

1

𝑃1
) (𝐷2 − 𝑎2)𝑤 = −𝑅𝑇 (𝐸" +

𝐷𝑇𝐸′

𝐴
) 𝑎2𝜃 + 𝐸′ (𝑅𝑆 +

𝑅𝑇𝐷𝑇

𝐴
) 𝑎2𝜑 (17) 

 [(𝐷2 − 𝑎2) − 𝐸′𝑝]𝜃 = −𝑤 (18) 

 [(𝐷2 − 𝑎2) −
𝐸"𝑝

𝜏
] 𝜑 = −

𝑤

𝜏
 (19) 

(ii) Soret Driven Double-Diffusive Convection (SDDDC) problem with porous media, 

when 𝐷𝑇 = 0. We have 

�̂�𝑇 = 𝐸" (𝑅𝑇 +
𝑅𝑆𝑆𝑇

𝐵
) , �̂�𝑆 =

𝑅𝑆

𝐵
(𝑆𝑇𝐸" + 𝐵𝐸′), �̂�1 = 1, �̂�2 = 1 

And equations (14)- (16) reduce to 

 (
𝑝

𝜎𝜖
+

1

𝑃1
) (𝐷2 − 𝑎2)𝑤 = −𝐸" (𝑅𝑇 +

𝑅𝑆𝑆𝑇

𝐵
) 𝑎2𝜃 +

𝑅𝑆

𝐵
(𝑆𝑇𝐸" + 𝐵𝐸′)𝑎2𝜑 (20) 

 [(𝐷2 − 𝑎2) − 𝐸′𝑝]𝜃 = −𝑤 (21) 

 [(𝐷2 − 𝑎2) −
𝐸"𝑝

𝜏
] 𝜑 = −

𝑤

𝜏
 (22) 

(iii) Double-Diffusive Convection (DDC) problem with porous media, When  𝑆𝑇 =
0, 𝐷𝑇 = 0.We have �̂�𝑇 =  𝐸"𝑅𝑇 , �̂�𝑆 = 𝑅𝑆𝐸′,  
 equations (14)- (16) reduces to 

 (
𝑝

𝜎𝜖
+

1

𝑃1
) (𝐷2 − 𝑎2)𝑤 = −𝑅𝑇𝐸"𝑎2𝜃 + 𝑅𝑆𝐸′𝑎2𝜑 (23) 

 [(𝐷2 − 𝑎2) − 𝐸′𝑝]𝜃 = −𝑤 (24) 

 [(𝐷2 − 𝑎2) −
𝐸"𝑝

𝜏
] 𝜑 = −

𝑤

𝜏
 (25) 

 

MATHEMATICAL ANALYSIS: 

On the Stability of Oscillatory modes: 

We shall now investigate the stability of the oscillatory modes for Double-Diffusive 

convection problem with cross-diffusions for Darcy model in porous medium. 

Theorem1.If (𝑝, 𝑤, 𝜃, 𝜑), 𝑝 = 𝑝𝑟 + 𝑖𝑝𝑖, 𝑝𝑖 ≠ 0 , �̂�𝑇 > 0, �̂�𝑆 > 0 is a non-trivial solution of 

equations (14)-(16)together with one of the boundary conditions(9)-(12) and �̂�𝑇 ≤
27𝜋4𝑃1𝜏�̂�2�̂�1+16𝜋2𝜎𝐾1∈𝐸"

4𝜖𝐸"𝜎𝑃1
,then𝑝𝑟 < 0. 

Proof: Multiplying both side of equation (14) by 𝑤∗  and then integrating the resulting 

equation over the range of 𝑧𝜖[0,1], we have 

(
𝑝

𝜎𝜀
+

1

𝑃1
) ∫ 𝑤∗1

0
(𝐷2 − 𝑎2)𝑤𝑑𝑧 = −�̂�𝑇𝑎2 ∫ 𝜃𝑤∗𝑑𝑧 + �̂�𝑆

1

0
𝑎2 ∫ 𝜑𝑤∗1

0
𝑑𝑧 (26) 

 

Taking the complex conjugate of both side of equations (15) and (16) and then using the 

resulting equations in equation (26), we get 
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(
𝑝

𝜎𝜀
+

1

𝑃1
) ∫ 𝑤∗(𝐷2 − 𝑎2)𝑤𝑑𝑧 = �̂�𝑇𝑎21

0
∫ 𝜃[�̂�1(𝐷2 − 𝑎2) − 𝐸′𝑝∗]

1

0
𝜃∗𝑑𝑧 −

�̂�𝑆𝑎2𝜏 ∫ 𝜑 [�̂�2(𝐷2 − 𝑎2) −
𝐸"𝑝∗

𝜏
] 𝜑∗𝑑𝑧

1

0
 (27) 

 

Now, integrating the various terms of equation (27) by parts an appropriate number of times 

and making use of either of boundary conditions (9)-(12), we get 

(
𝑝

𝜎𝜀
+

1

𝑃1
) ∫ [|𝐷𝑤|2 + 𝑎2|𝑤|2]

1

0
𝑑𝑧 − �̂�𝑇𝑎2 ∫ [�̂�1(|𝐷𝜃|2 + 𝑎2|𝜃|2) + 𝐸′𝑝∗|𝜃|2]

1

0
𝑑𝑧 +

�̂�𝑆𝑎2𝜏 ∫ [�̂�2(|𝐷𝜑|2 + 𝑎2|𝜑|2) + 𝐸′𝑝∗|𝜑|2]
1

0
𝑑𝑧 = 0 (28) 

Equating the real and imaginary parts of both side of equation (28)and cancelling𝑝𝑖 ≠
0 throughout from the obtained imaginary part of the equation, wehave 

(
𝑝𝑟

𝜎𝜀
+

1

𝑃1
) ∫ [|𝐷𝑤|2 + 𝑎2|𝑤|2]

1

0
𝑑𝑧 − �̂�𝑇𝑎2 ∫ [�̂�1(|𝐷𝜃|2 + 𝑎2|𝜃|2) + 𝐸′𝑝𝑟|𝜃|2]

1

0
𝑑𝑧 +

�̂�𝑆𝑎2 ∫ [𝜏�̂�2(|𝐷𝜑|2 + 𝑎2|𝜑|2) + 𝐸"𝑝𝑟|𝜑|2]
1

0
𝑑𝑧 = 0 (29) 

and 

[
1

𝜀𝜎
∫ (|𝐷𝑤|2 + 𝑎2|𝑤|2)𝑑𝑧 + �̂�𝑇𝑎2𝐸′ ∫ |𝜃|2𝑑𝑧 −

1

0

1

0
�̂�𝑆𝑎2𝐸" ∫ |𝜑|21

0
𝑑𝑧] = 0 (30) 

 

If permissible,𝑝𝑟 ≥ 0.Multiplying equation (30) by 𝑝𝑟and adding the resulting equation to 

equation (27), we have 

(
2𝑝𝑟

𝜎𝜀
+

1

𝑃1
) ∫ [|𝐷𝑤|2 + 𝑎2|𝑤|2]

1

0
− �̂�𝑇𝑎2 ∫ [�̂�1(|𝐷𝜃|2 + 𝑎2|𝜃|2)]𝑑𝑧 +

1

0
�̂�𝑆𝑎2 ∫ [𝜏�̂�2(|𝐷𝜑|2 +

1

0

𝑎2|𝜑|2)]𝑑𝑧 = 0 (31) 

Equation also (30) implies that 
1

𝜎𝜀
∫ (|𝐷𝑤|2 + 𝑎2|𝑤|2)

1

0
𝑑𝑧 < �̂�𝑆𝑎2𝐸" ∫ |𝜑|21

0
𝑑𝑧 (32) 

 

Since,𝑤, 𝜃, 𝜑 vanish at z = 0 and z = 1,therefore by the use of Rayleigh Ritz inequality, we 

have 

∫ |𝐷𝑤|21

0
𝑑𝑧 ≥ 𝜋2 ∫ |𝑤|2𝑑𝑧

1

0
 (33) 

∫ |𝐷𝜃|21

0
𝑑𝑧 ≥ 𝜋2 ∫ |𝜃|21

0
𝑑𝑧 (34) 

∫ |𝐷𝜑|21

0
𝑑𝑧 ≥ 𝜋2 ∫ |𝜑|21

0
𝑑𝑧 (35) 

Combining inequalities (33) and (34), we get 
(𝜋2+𝑎2)

𝜀𝜎
∫ |𝑤|2𝑑𝑧

1

0
< �̂�𝑆𝑎2𝐸" ∫ |𝜑|21

0
𝑑𝑧 (36) 

Also upon using inequality (35), we can have 

∫ [|𝐷𝜑|2 + 𝑎2|𝜑|2]
1

0
𝑑𝑧 ≥ (𝜋2 + 𝑎2) ∫ |𝜑|21

0
𝑑𝑧 (37) 

Also, upon using inequality (36) and (37) we get 

�̂�𝑆𝑎2𝐸" ∫ [|𝐷𝜑|2 + 𝑎2|𝜑|2]
1

0
𝑑𝑧 ≥

(𝜋2+𝑎2)
2

𝜀𝜎
∫ |𝑤|21

0
𝑑𝑧 (38) 

 

Further, multiplying equation (15) by its complex conjugate and then integrating the resulting 

equation over the range of 𝑧, we get 

∫ [�̂�1(𝐷2 − 𝑎2) − 𝐸′𝑝]
1

0
𝜃𝑑𝑧 ∫ [�̂�1(𝐷2 − 𝑎2) − 𝐸′𝑝∗]𝜃∗𝑑𝑧

1

0
= ∫ 𝑤𝑤∗𝑑𝑧

1

0
 (39) 
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∫ |�̂�1
2

(𝐷2 − 𝑎2)𝜃|
2

𝑑𝑧 + 2𝑝𝑟
1

0
�̂�1𝐸′ ∫ [|𝐷𝜃|2 + 𝑎2|𝜃|2]

1

0
𝑑𝑧 + (𝐸′)2|𝑝|2 ∫ |𝜃|21

0
𝑑𝑧 =

∫ |𝑤|21

0
 𝑑𝑧 (40) 

Since𝑝𝑟 ≥ 0, therefore inequality (40) yields 

∫ |�̂�1
2

(𝐷2 − 𝑎2)𝜃|
21

0
𝑑𝑧 ≤ ∫ |𝑤|2𝑑𝑧

1

0
 (41) 

Now, in view of inequality (34), we can have 

∫ |(𝐷2 − 𝑎2)𝜃|2
1

0

= ∫ [|𝐷2𝜃|2 + 2𝑎2|𝐷𝜃|2 + 𝑎4|𝜃|2]
1

0

𝑑𝑧 ≥ (𝜋2 + 𝑎2)2 ∫ |𝜃|2
1

0

𝑑𝑧 

  (42) 

Using inequality (42) in inequality (41),we have 

�̂�1
2

(𝜋2 + 𝑎2)2 ∫ |𝜃|21

0
𝑑𝑧 ≤ ∫ |𝑤|21

0
𝑑𝑧 (43) 

Also, we know that 

∫ |𝑤|2𝑑𝑧 = ∫ {|𝑤|2}
1

2
1

0

1

0
𝑑𝑧 ∫ {|𝑤|2}

1

2
1

0
𝑑𝑧 (44) 

 

which upon using inequalities(41) and (43) yields 

∫ |𝑤|2𝑑𝑧 ≥
1

0
(𝜋2 + 𝑎2)�̂�1

2
∫ {|(𝐷2 − 𝑎2)𝜃|2}

1

2
1

0
𝑑𝑧 ∫ [|𝜃|2]

1

2
1

0
𝑑𝑧 (45) 

≥ �̂�1
2

(𝜋2 + 𝑎2) ∫ |−𝜃∗(𝐷2 − 𝑎2)𝜃𝑑𝑧|
1

0

 

≥  �̂�1
2

(𝜋2 + 𝑎2) ∫ [|𝐷𝜃|2 + 𝑎2|𝜃|2]
1

0
𝑑𝑧 (46) 

Since,pr ≥ 0 and for given 
pr

ε
 positive,equation (31) can be written as 

1

𝑃1
∫ [|𝐷𝑤|2 + 𝑎2|𝑤|2]

1

0
𝑑𝑧 + �̂�𝑆𝑎2𝜏𝐾2 ∫ [|𝐷𝜑|2 + 𝑎2|𝜑|2] < �̂�𝑇

1

0
𝑎2𝐾1 ∫ [|𝐷𝜃|2 + 𝑎2|𝜃|2]

1

0
dz (47) 

Using inequalities (33), (38), (46) in inequality (47), 

[
�̂�1(𝜋2+𝑎2)

2

𝑎2𝑃1
+

(𝜋2+𝑎2)
3

𝜏�̂�2�̂�1

𝑎2𝜀𝐸"𝜎
− �̂�𝑇] ∫ |𝑤|2𝑑𝑧 < 0

1

0
  (48) 

Since, minimum value of 
(𝜋2+𝑎2)

2

𝑎2 with respect to a2  is 4𝜋2,and 
(𝜋2+𝑎2)

3

𝑎2 is
27𝜋4

4
, therefore 

inequality (48) yields that 

[
𝐾14𝜋2

𝑃1
+

27𝜋4𝜏�̂�2�̂�1

4𝜀𝐸"𝜎
− �̂�𝑇] ∫ |𝑤|21

0
𝑑𝑧 < 0 (49) 

which can be written as 

[
16𝜋2𝐾1𝜀𝐸" + 27𝜋4𝑃1𝜏�̂�2�̂�1

4𝜀𝐸"�̂�𝑇𝑃1

] < 1 

or, we have  

�̂�𝑇 ≥
(16𝜋2�̂�1𝜀𝐸"𝜎+27𝜋4𝑃1𝜏�̂�2�̂�1)

4𝜀𝐸"𝑃1𝜎
 (50) 

This is a contradiction to the hypothesis of the theorem. 

Hence, we must have  𝑝𝑟 < 0. 
This completes the proof. 

 

Using Remark A (i-iii), we have the following corollaries;  

Corollary 1.Under the hypothesis of Theorem1, for DDDDC problem with porous 

medium,if 𝑅𝑇𝐸" +
𝑅𝑇𝐷𝑇𝐸′

𝐴
≤

[27𝜋4𝜏𝑃1+16𝜋2𝜖𝐸"𝜎]

4𝑃1𝜖𝐸"𝜎
, 𝑡ℎ𝑒𝑛 𝑝𝑟 < 0. 
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Corollary 2.Under the hypothesis of Theorem 1, for SDDDC with porous medium𝑅𝑇𝐸" +
𝐸"𝑅𝑆𝑆𝑇

𝐵
≤

[27𝜋4𝜏𝑃1+16𝜋2𝜖𝐸"𝜎]

4𝑃1𝜖𝐸"𝜎
, 𝑝𝑖 ≠ 0, then 𝑝𝑟 < 0. 

Corollary 3.Under the hypothesis of Theorem4,For DDC with porous medium, �̂�𝑇 =

𝑅𝑇𝐸", �̂�𝑆 = 𝑅𝑆𝐸′, 𝑝𝑖 ≠ 0, 𝑅𝑇𝐸" ≤
[27𝜋4𝜏𝑃1+16𝜋2𝜀𝐸"𝜎]

4𝑃1𝜀𝐸"𝜎
, 𝑡ℎ𝑒𝑛 𝑝𝑟 < 0. 

 

It is remarkable to note that when we consider the compliment of the above sufficient 

condition as stated in Theorem above, for the stability of the oscillatory motions i.ewhen 

�̂�𝑇 >
27𝜋4𝑃1𝜏�̂�2�̂�1+16𝜋2�̂�1∈𝐸"𝜎

4𝜖𝐸"𝑃1𝜎
, the oscillatory modes of growing amplitudemay exists. Hence, 

it becomes important to prescribe the bounds for the growth rate of these motions. In the 

following Theorem, we have derived such bounds which arrest the complex growth rate of 

the arbitrary neutral or unstable 𝑝𝑟 ≥ 0 oscillatory motions (𝑝𝑖 ≠ 0). 
 

In the following theorem, we have derived bounds which arrest the complex growth of the 

arbitrary neutral or unstable 𝑝𝑟 ≥ 0 oscillatory motions 𝑝𝑖 ≠ 0. 
 

Bound for the complex Growth Rate: 

Theorem 2. If (𝑝, 𝑤, 𝜃, 𝜑) , 𝑝 = 𝑝𝑟 + 𝑖𝑝𝑖 , 𝑝𝑟 ≥ 0 , 𝑝𝑖 ≠ 0 , �̂�𝑇 > 0, �̂�𝑆 > 0,  is a non-trivial 

solution ofequations(14)-(16) together with one of the boundary conditions(9)-(12)and  for 

𝐻 > 1, then|𝑝| <
�̂�1(𝜋2+𝑎2)√𝐻2−1

𝐸′
, where 

𝐻 =
4�̂�𝑇𝑃1𝜀𝜎𝐸"

[27𝜋4𝜏�̂�2�̂�1+16𝜋2𝑃1𝜀𝐸"�̂�1]
 . 

Proof : Since 𝑝𝑟 ≥ 0, therefore from equation (42), we can have 

∫ |�̂�1
2

(𝐷2 − 𝑎2)𝜃|
2

𝑑𝑧 + (𝐸′)2|𝑝|2 ∫ |𝜃|2𝑑𝑧 < ∫ |𝑤|21

0

1

0

1

0
𝑑𝑧 (51) 

Using inequality (44) in inequality (51), we get 

�̂�1
2

(𝜋2 + 𝑎2)2 [1 +
(𝐸′)

2
|𝑝|2

�̂�1
2

(𝜋2+𝑎2)2
] ∫ |𝜃|21

0
𝑑𝑧 < ∫ |𝑤|2𝑑𝑧

1

0
 (52) 

Since 

∫ [|𝐷𝜃|2 + 𝑎2|𝜃|2]𝑑𝑧
1

0

= |− ∫ 𝜃∗(𝐷2 − 𝑎2)
1

0

𝜃| 𝑑𝑧 ≤ ∫ |𝜃|
1

0

|(𝐷2 − 𝑎2)𝜃|𝑑𝑧 

≤ ∫ {|𝜃|2}
1

2𝑑𝑧 ∫ {|(𝐷2 − 𝑎2)𝜃|2}
1

2
1

0

1

0
𝑑𝑧  (Using Schwartz inequality) 

≤
1

�̂�1
2

(𝜋2+𝑎2)
[1 +

(𝐸′)
2

𝜎2|𝑝|2

�̂�1(𝜋2+𝑎2)
]

−1

2

∫ |𝑤|2𝑑𝑧
1

0
 (53) 

 Making use of inequalities (39), (43) and(53) in equation (47) we get 

(
1

𝑃1
) ∫ [|𝐷𝑤|2 + 𝑎2|𝑤|2]

1

0
𝑑𝑧 + �̂�𝑆𝑎2𝜏�̂�2 ∫ [|𝐷𝜑|2 + 𝑎2|𝜑|2]

1

0
𝑑𝑧 < �̂�𝑇𝑎2�̂�1 ∫ [|𝐷𝜃|2 +

1

0

𝑎2|𝜃|2] 𝑑𝑧 (54) 

which on simplification yields 

[(
1

𝑃1
)

�̂�1(𝜋2+𝑎2)
2

𝑎2
+

𝜏�̂�2(𝜋2+𝑎2)
3

�̂�1

𝜀𝐸"𝜎𝑎2
] [1 +

(𝐸′)
2

|𝑝|2

�̂�1(𝜋2+𝑎2)
]

1

2

< �̂�𝑇 (55) 
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Since, minimum values of 
(𝜋2+𝑎2)

2

𝑎2  and
(𝜋2+𝑎2)

3

𝑎2  with respect to a2 is  4π2 and 
27π4

4
, inequality 

(55) yields that 

[
4𝜋2

𝑃1
+

𝜏�̂�227𝜋4�̂�1

𝜀𝐸"4𝜎
] [1 +

(𝐸′)2|𝑝|2

�̂�1(𝜋2 + 𝑎2)
]

1

2

< �̂�𝑇 

which yields 

|𝑝| <
�̂�1(𝜋2+𝑎2)

𝐸′
√𝐻2 − 1 (56) 

This completes the proof of the theorem. 

Theorem above from point of view of hydrodynamic stability theory may be stated as: 

 

The complex growth rate 𝑝 = 𝑝𝑟 + 𝑖𝑝𝑖  of an arbitrary oscillatory perturbation of growing 

amplitude (𝑝𝑟 ≥ 0) lies inside a semi-circle in the right-half of the 𝑝𝑟𝑝𝑖 −plane whose centre 

is at the origin and whose radius is
�̂�1(𝜋2+𝑎2)

𝐸′
√𝐻2 − 1. 

Using Remarks A. (i-iii),we have the following corollaries  

 

Corollary 4. For DDDDC problem with porous medium, 𝑝𝑖 ≠ 0, the complex growth rate is  

given by, |𝑝| <
(𝜋2+𝑎2)

𝐸′
√𝐻′2 − 1, where, 𝐻′ =

4𝑅𝑇𝑃1𝜖𝐸"𝜎(𝐸"+
𝐷𝑇𝐸′

𝐴
)

[27𝜋4𝜏𝑃1+16𝜋2𝜖𝐸"𝜎]
 

Corollary 5. For SDDDC with porous medium, 𝑝𝑖 ≠ 0, the complex growth rate is given 

by,|𝑝| <
(𝜋2+𝑎2)

𝐸′
√𝐻′′2 − 1, where, 𝐻′′ =

4𝑃1𝜖𝐸"𝜎(𝑅𝑇𝐸"+
𝐸"𝑅𝑆𝑆𝑇

𝐵
)

[27𝜋4𝑃1(𝜏)+16𝜋2𝜖𝐸"𝜎]
 . 

Corollary 6.For DDC with porous medium, 𝑝𝑖 ≠ 0,  the complex growth rate is  given 

by,|𝑝| <
(𝜋2+𝑎2)

𝐸′
√𝐻′′′2 − 1. where, 𝐻′′′ =

4𝑃1𝜖𝐸"𝑅𝑇𝐸′

[27𝜋4𝑃1(𝜏)+16𝜋2𝜖𝐸"]
 . 

 

RESULTS AND CONCLUSIONS: 

We studied the Double-Diffusive Convection problem saturating porous medium (Darcy 

Model) in order to study the effects of cross diffusion terms. For general nature of boundary 

conditions, a sufficient condition for the stability of oscillatory modes is obtained. Moreover, 

when compliment of this condition is supposed to be true, the bounds for growth rate for 

arbitrary perturbations of growing amplitude are obtained and various consequences of these 

results for DDDDC, SDDDC, DDC are obtained in the presence of porous medium. 

However, the presence of porous media  prepones  the onset of convection. 
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ABSTRACT:  

This paper concerns with investigation of propagation of thermoelastic waves in 

homogeneous isotropic plate in context of two temperature generalized theory of 

thermoelasticity. The surfaces of plate are subjected to stress free, rigid insulated and 

isothermal boundary conditions. Secular equations in closed form and isolated mathematical 

conditions for symmetric and skew symmetric wave mode propagation are derived. The 

results for uncoupled, coupled, Lord-Shulman and Green-Lindsay theories of 

thermoelasticity have been obtained as particular cases from the derived secular equations. 

The effect of two temperatures on the propagation of thermoelastic waves is presented 

graphically and the results are compared theoretically as well as numerically with the one 

temperature theory as well as existing previous literature. 

 

Keywords: Generalized Thermoelasticity, Two Temperature, Rayleigh-Lamb waves, Secular 

Equations 

 

1. INTRODUCTION: 

The classical uncoupled theory of thermoelasticity, the heat conduction equation is parabolic 

in nature and hence it predicts infinite speed of propagation for thermal signals and the 

elastic deformation is independent of temperature. Biot [1] introduced the coupled theory of 

thermoelasticity in 1956. Generalized Theories of Thermoelasticity predict finite speed for 

the propagation of thermal signals. The first generalized theory of thermoelasticity has been 

given by introducing one relaxation time in Fourier’s heat conduction law [2]. Another 

generalized theory of thermoelasticity is proposed by improving the classical energy equation 

and the stress-strain temperature relations [3]. Other models of generalized thermoelasticity 

are given in [4-6]. Model proposed in [5] is non-linear and applicable in low temperatures 

such as laser pulse heating. The theory of heat conduction, which depends on two distinct 

temperatures viz the conductive temperature and the thermodynamic temperature has been 

described in [7] and [8]. The difference between two temperatures is proportional to heat 

supply for in case of no heat supply and time independent situations, the two temperatures 

are equal. The wave propagation in the two temperature thermoelasticity theory [9]. 

Harmonic plane waves in two temperature theory have been investigated in [10]. Two 

temperature generalized thermoelasticity theory has been formulated by Youssef [11]. The 

effect of thermal relaxation time on plane wave propagation under two temperature theory 

has also been investigated [12].  
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In this article, Youssef’s model of two temperature generalized thermoelasticity has been 

used to investigate the wave propagation. 

 

2. FORMLATION OF PROBLEM: 

Let us consider an infinite homogeneous, isotropic thermoelastic plate of thickness 2d at 

uniform temperature 0T . The origin of the coordinate system is taken on the middle surface of 

the plate such that z-axis is in thickness direction.  

 

The surfaces z = ±d are assumed to be Stress free insulated or isothermal. We have 

considered the x-z plane as the plane of incident and assume that the solutions are explicitly 

independent of y coordinate, but they depend implicitly so that the transverse component of 

displacement does not vanish.  

 

The field equations in the context of generalized thermoelasticity with two temperatures in 

absence of body forces and heat sources are: 

Equations of motions  
2 2 2 2

2 2 2

u w u u
( 2 ) ( ) (1 )

x z t xx z t

     
 +  +  + + −  +  = 

     
 (1) 

2 2 2 2

2 2 2

w u w w
( ) ( 2 ) (1 )

z x t zx z t

     
 +  +  +  +  −  +  = 

     
 (2) 

 
2 2

2 2

v v
( ) v

x z

 
 + = 
 

   (3) 

Generalized heat conduction equation is  

2 2 2

E 02 2 2

2

0 0 0 2

K( ) C ( )
tx z t

u w
T n

t x zt

      
+ =  +  +

  

     
 +  +        

     (4) 

where   and   are given by  

, 0&ii Ta TT   = −− =    (5) 

Constitutive relations for non-vanishing stresses are  

( 2 ) ( )

2 , 2 ( )

  
= + + − +

  

  
= = +

  

zz

yz xz

w u

z x t

v u w

z z x


      

   

            (6)  

2
zz

w u
(1 2 ) ( ) 0

z x t

  
 = + −  −  +  =
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where 0n  is constant;  ,   are Lame’s parameters, K  is the thermal conductivity; 

 and EC are the density and specific heat at constant strain respectively, 

(3 2 ) ,t t    = + is the linear thermal expansion. Taking 0 0a = = = , one can obtain 

results for coupled thermoelasticity, In case of Lord & Shulman  theory 

0 01, 0, 0, 0n a =  = = and Green & Lindsay theory 0 00, 0, 0, 0n a =   = . 

Introducing non dimensional quantities  

1 1

1 1 0 0

x z u c w c
x , z , u ,w

c c T T

        
   = = = =

   

0 0 tt t, , , (3 2 )    =   =    =    =  +  
 

22
2 0

2
E 0 01

Ta
a ,, , , ,

( 2 ) C ( 2 ) T Tc

    
  =  = =  =  =

 +    + 
           (7) 

where 

2 2 E
1 2

( 2 ) C ( 2 )
c , c ,

K

 +    + 
= =  =

                (8) 

Equations (1), (2) and (4) are obtained as  

2 2 2 2
2 2

2 2 2

u w u u
(1 ) ( )

x z x tx z t

     
+ −  +  −  +  =

                 (9) 

2 2 2 2
2 2

2 2 2

w u w w
(1 ) ( )

x z z tz x t

     
+ −  +  −  +  =

                 (10) 

2 2 2 2

0 0 02 2 2 2

u w
( ) n

t t x zx z t t

            
+ = +  + +  +            

           (11) 

Further, the mechanical boundary conditions at z = ±d in non-dimensional form are given by  

2
zz

w u
(1 2 ) ( ) 0

z x t

  
 = + −  −  +  =

                (12) 

2
xz yz

u w v
( ) 0, 0

z x z

  
 =  + =  = =

  
. 

and the thermal conditions are given as h 0
z


+  =


        (13) 

 where h denotes surface heat transfer coefficient. The limiting case h 0→ corresponds to 

thermally insulated boundaries and h → leads isothermal boundaries. 

 

3. SOLUTION OF THE PROBLEM: 

In order to solve equations (9) to (11), introducing potential functions   and   such that  

  ,
   

= + = −
   

u w
x z z x

              (14) 

and consider the solutions of the form   
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( )  , , ( ), ( ), ( ) exp[ ( )]  = −f z g z h z i x ct              (15)  

where  /=c  is the phase velocity,   is the frequency and  is the wave number. 

Inserting (14) in equations (9) to (11), applying the solution defined by (15) in resulting 

equations and then solving the resulting system of differential equations, the expressions for 

u, v, w and   are obtained as 

3 1 4 1 5 2 6 2

7 8

u(x,z, t) [i (C cosm z C sin m z C cosm z C sin m z)

C sin z C cos z]exp[i (x ct)]

=  + + +

−  +    −
           (16) 

1 3 1 1 4 1 2 5 2

2 6 2 7 8

w(x,z, t) [ m C sin m z m C cos m z m C sin m z

m C cos m z i (C cos z C sin z)]exp[i (x ct)]

= − + − +

−   +   −
           (17) 

3 1 4 1
1

5 2 6 2
2

1
(C cosm z C sin m z)

(x,z, t) exp[i (x ct)]
1

(C cosm z C sin m z)

 
+ + 

  =  −
 

+ 
 

          (18) 

2 2
1

3 1 4 1
1

2 2
2

5 2 6 2
2

{1 a( m )}
(x,z, t) [ (C cosm z C sin m z)

{1 a( m )}
(C cosm z C sin m z)]exp[i (x ct)]

+  +
 = + +



+  +
+  −



          (19) 

where 
2 2 2 2

2 1 2 2
1 22 2 2 2

1 2

i t {1 a( m )} i t {1 a( m )}
,

m m

−  +  + −  +  +
 =  =

 −  −

2 2 2 2
1 2

1 1
m [ (A A 4B)], m [ (A A 4B)]

2 2
= + − = − −

( )( )

( )( )

2 2 2 2 2
0 2 3 1 2 3 1

2
1 2 3

4 4 2 2 2 2 2
0 0 2 3 1 2 3 1

2
1 2 3

2 1 t i t t a t 2i t t 2 t
A ,

1 a (t i t t )

t 1 t i t t a t i t t t
B

1 a (t i t t )

 −  + −  +  +   − 
=

− +  − 

− − +   + −  + − −   + 
=

− +  − 

1 1 1 1
0 0 1 2 3 0 0t i , t 1 i , t i , t n i− − − −=  +  = +  =  +  =  +   

( )
2

2 2 2 2 2

2

c
c 1 , 1

 
 =  −  =  − 

  
. 

 

4. SECULAR EQUATIONS: 

Using the above expressions (16) to (19) and applying boundary conditions (12) and (13), a 

homogeneous system of linear equations in terms of unknowns iC is obtained. The obtained 

system of equations will have non trivial solution iff the determinant of coefficient matrix 

vanishes which gives the secular equations for stress free thermally insulated and isothermal 

boundaries, respectively are obtained as 

 

1 12 2 2 2
1 1 1 2 2

2 2 2 2
3 32 2 1

2 2 2 2 2
1 2 1

2 2 2 2 2 2 2
2 1

tan m d m ( m )(1 a( m )) tan m d

tan m d tan m dm ( m )(1 a( m ))

4 m (m m )(1 a( ))

( ) ( m )(1 a( m )

 
    − +  +

−       − +  +   

  − +  + 
=

 −  − +  +

          (20) 
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1 12 2 2 2
1 2 1 2 2

2 2 2 2
3 31 2 1

2 2 2 2 2 2 2
2 1

2 2 2 2 2
1 2 1

tan m d m ( m )(1 a( m )) tan m d

tan m d tan m dm ( m )(1 a( m ))

( ) (m m )(1 a( ))

4 m ( m )(1 a( m )

 
    − +  +

−       − +  +   

 − − +  + 
=

   − +  +

 

In above secular equations, the superscripts +1 and −1 correspond to skew symmetric and 

symmetric wave modes respectively. 

 

5. NUMERICAL R ESULT AND DISCUSSIONS  

In order to describe theoretical results presented in above equations, numerical results are 

presented. Here, we have chosen copper material for evaluation of numerical results and 

physical data for which is as given below 

10 1 2 10 1 2

3 1 1
E

1 1 5 1
t 0

13 13
0

7.76 10 Kg m s , 3.86 10 Kg m s

0.0168, 8954Kg m ,C 383.1J Kg K

k 386W m K , 1.78 10 K ,T 293K

6.131 10 s, 8.765 10 s,d 1.0

− − − −

− − −

− − − −

− −

 =   = 

 =  = =

=  =  =

 =   =  =

  

The phase velocities of symmetric and skew symmetric modes of wave propagation have 

been computed for various values of wave number from the dispersion relation (20) for stress 

free insulated boundary conditions for Lord and Shulman theory of thermoelasticity.  
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Figure 1: Variation of phase velocity with wave number 

 

Figure 1 presents the variation of non-dimensional phase velocity with wave number for n =0, 

1, 2 in case of skew symmetric mode. Curves with dark circles as markers correspond to two 

temperature theory in both figures. The phase velocity in all the three wave modes has higher 

magnitude in two temperature theory as compared to corresponding one temperature theory 

of thermoelasticity. Similar behavior has been observed for other theories as well. Figure 2 

presents the variation of phase velocity with wave number for symmetric modes of vibrations. 

In symmetric modes of vibration phase velocity in case of two temperature thermoelasticity 

is having smaller magnitude.  



Proceeding of International Conference on Mathematics in Space and Applied Sciences  

(ICMSAS-2019) 

Published by Knowledge and Research Publisher, Nagpur India                  ISBN-978-81-942641-8-7 
 

 110 

 

Figure 2: Variation of phase velocity with wave number  

 

5. CONCLUSIONS:  

The trends of variation of the phase velocity in two and one temperature thermoelasticity are 

similar however in skew symmetric modes magnitude is higher but in symmetric modes it is 

reversed.   
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ABSTRACT: 

In this paper, the gravitational instability of a self-gravitating viscoelastic medium has been 

analyzed in the presence of dissipative effects, using standard Jeans mechanism. A dispersion 

relation is derived for viscoelastic medium from the perturbation equations of the problem, using 

normal mode analysiswhen the bulk viscosity affects the first order dynamics. The instability 

conditions under both strongly (kinetic) and weakly (hydrodynamic) coupling limitsare obtained 

from the dispersion relation.    It is observed for strongly coupled viscoelastic medium, the 

instability criterion gets modified due to the presence of dissipative effect which is represented 

by the Stokes-Kirchoff’s factor and the critical wave number decreases, hence have stabilizing 

effect on the onset of instability. However, for weakly coupledfluid, the Jeans Criterion governs 

the onset of instability.  

 

KEY WORDS: Gravitational instability, Jeans criteria, Dissipation energy. Normal mode 

analysis, viscoelastic medium, wave propagation, Coupling limits. 

 

1. INTRODUCTION: 

Generally accepted theoretical framework for the formation of the solar systems and the other 

planetary systems, in the domain of astrophysics and geophysics, is that of the Gravitational 

Instability(GI). GI is the key idea in explaining the way in which structures evolve in the 

universe. The star formation begins with small density fluctuations in an initially nearly uniform 

medium that are amplified by gravity in process called gravitational instability.During last 

century, the problem of self-gravitational instability has been a broad area of research in 

astrophysics, plasma physics and many other crucial phenomena of the interstellar medium. GI 

is a theory that recognizes the gravity as the only force capable of creating structures by 

accumulating material in space. Whenever the internal pressure of a gas is too weak to balance 

the self-gravitational force of a mass density perturbation, a collapse occurs; such mechanism 

was first studied by Jeans [1, 2] in terms of the wavelengths of a fluctuation. The dynamical 

mechanism responsible behind aggregation of matter and formation of various astrophysical 

structures, such as comets, asteroids, etc., in astro-comic environments are widely described and 

studied by gravitational or Jeans instability. The Jeans instability was later rigorously 

investigated by anumber of other authors including; Eddington [3], Mestel and Spitzer [4] and 

Chandrasekhar [5]. Dhiman and Dadwal [6,7] havealso studied the gravitational instability of a 

stratified homogeneous medium under varying assumptions of hydrodynamic and 

hydromagnetic, however Chandrasekhar [5] has given a detailed account of the Jeans instability 

under the influence of rotation or/and magnetic field and has derived the Jeans criteria for the 

various problems.For more details on gravitational instability, one may refer to Jeans [2]. 
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TheJeans Instability in various kinds of plasma environment, e.g. gaseous plasma, fluid 

plasmaand dusty plasma have been investigated by many authors. In astrophysical domain, there 

are so many objects including interstellar medium which are composed of viscoelastic fluidsand 

possess both viscous and elastic properties. Elastic effects in fluid play an important role similar 

to thermal pressure, which lower the growth rate of gravitational instability. Janaki et al. [8] have 

discussed the Jeans instability of viscoelastic medium and found that the threshold for the onset 

of instability appears at higher wavelength in viscoelastic medium than in the case of ordinary 

gaseous medium. Prajapati and Chhajalni[9] have also investigated the linear self-gravitational 

instability of finitely conducting, magnetized viscoelastic fluid using the modified generalized 

hydrodynamic model.Rosenberg and Shukla [10] used the Generalized Hydrodynamic Model 

(GH) to describe the behavior of viscoelastic fluid and reported that the GH model describes the 

effects of strong correlations through the introduction of viscoelastic coefficients.  Further,Kaw 

and Sen[11] suggested that the viscoelastic properties of the medium are characterized by the 

relaxation time 𝜏which provides a characteristic timescale to distinguish two classes of low 

frequency modes; one when the frequency 𝜎 ≪
1

𝜏
  known as hydrodynamic limit(weakly 

couplinglimit) and the other frequency 𝜎 ≫
1

𝜏
 known as kinetic limit (strongly couplinglimit) 

where 𝜎is the wave frequency and 𝜏 is the viscoelastic relaxation time. Recently, Dhiman and 

Sharma [12] have investigated the effect of rotation on the growth rate of magneto gravitational 

instability of a viscoelastic medium under both of these limits and investigated the growth rate of 

the instability for both longitudinal and transverse modes of wave propagation. 

 

Janaki [8] discussed that a central idea in the study of instability by including various factors is 

to find the ways of arresting the gravitational collapse.Heat in the interstellar medium play 

important role in the gravitational collapse which means dissipation energy effects of 

viscoelastic medium on GI. The viscous coefficients are not constant and we have to express 

their dependence on the state parameters of the fluid. Since we are interested to treat isotropic 

and homogeneous perturbative cosmological models. In fact, in such models there is no 

displacement of matter with respect to each other and this kind of viscosity represents the energy 

dissipation due to this effect(cf.Carlevaro and Montani [13]). 

 

The present paper is motivated by the above discussions and aimed to study the effect of 

dissipative energy on the onset of gravitational instability of the viscoelastic fluid. For this, 

following [13], we shall consider the bulk viscosity expressed (in the first order)in terms of the 

thermo dynamical parameters of the fluid without neglecting the shear viscosity effect.We have 

followed the normal mode analysis to analyze linear perturbation of density in the governing 

equations and have obtained and a general dispersion relation. The stability criteria for both 

strongly and weakly coupled fluids under kinetic and hydrodynamical limitsare obtained from 

the dispersion relation in terms of wave numbers of the self-gravitating system,using the 

Hurwitz Criterion given by Guillemin[14]. 

 

2. Mathematical Formulation of the Problem: 

We have considered the GH model to treat the viscoelastic properties ofan infinite 

homogeneous,self-gravitatingviscoelastic fluid. Under these assumptions, the generalized basic 
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equations of continuity, motion and Poisson equation governing the physical problem (cf. Janaki 

et al. [8] and Dhiman and Sharma [12])are given by: 
𝜕𝜌

𝜕𝑡
+ ∇. (𝜌𝒖) = 0          (1) 

(1 + 𝜏
𝜕

𝜕𝑡
) [𝜌 (

𝜕𝒖

𝜕𝑡
+ (𝒖. ∇)𝒖) − 𝜌∇𝜙 + 𝑐𝑠

2∇𝜌] = 𝜇∇2𝒖 + (𝜁 +
𝜇

3
) ∇(∇. 𝒖)   (2) 

∇2𝜙 = −4𝜋𝐺(𝜌 − 𝜌0)         (3) 

In the above equations;𝒖and 𝒓 represent respectively the velocity and position vectors, 

𝜏, 𝜌, 𝜙, 𝜇, 𝐺 and𝑐𝑠 respectively denote the relaxation time, density of fluid, gravitational 

potential, coefficient of viscosity, the universal gravitational constant and the speed of sound in 

isothermal medium. Further, the term (𝜁 +
𝜇

3
) is the coefficient of bulk viscosity and (1 +

𝜏
𝜕

𝜕𝑡
)denotes the Frenkel’s term or viscoelastic operator which accounts for the relaxation 

effects(cf. Frenkel [15]). 

 

Following Carlevaro and Montani [13], the fundamental hypothesis of Jeans modelfor a static 

and uniform solution for the zeroth-order dynamics are; 

𝑢0 = 0, 𝜌0 = const.  , 𝜙0 = 𝑐𝑜𝑛𝑠𝑡.        (4) 

 

Mathematically, we can say that when the density and pressure of the medium 𝜌0 , 𝑝0 are 

constant, and the mean velocity 𝑣0 is zero, it follows from equation (2) that ∇𝜙0 = 0. On the 

other hand, Poisson equation (3) requires that ∇2𝜙0 = −4𝜋𝐺𝜌0. This assumption contradicts the 

gravitational equation andthese two requirements are inconsistent unless 𝜌0  = 0. This is known 

as Jeans Swindle. Physically, there are no pressure gradients in a homogeneous medium to 

balance gravitational attraction (cf. Larson [16]). Thus, in order to avoid theJeans Swindle, we 

have taken Poisson equation as; 

∇2𝜙 = −4𝜋𝐺(𝜌 − 𝜌0) 

where the density −𝜌0is a repulsion term and may be regarded as a Newtonian analogue of 

Einstein’s cosmological constant (cf.Kiessling [17]). 

 

3.Linearized Perturbation Equations and Dispersion Relation: 

To investigate the instability of the self-gravitating system governed by basic equations (1)-(3), 

let the initial stationary state solution (4) be slightly perturbed by giving infinitesimal small 

perturbations 𝛿𝜌(𝒓, 𝑡), 𝛿𝜙, 𝛿𝒗(𝒓, 𝑡) in the density 𝜌0, gravitational potential 𝜙0, and velocity𝒖, 

respectively. In treating bulk-viscosity perturbations, we use the expansions 

𝜁 = 𝜁0 + 𝛿𝜁, where 𝜁0 = 𝜁(𝜌0) = 𝑧𝜌0
𝑠 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡  and 

 𝛿𝜁 = 𝛿𝜌 (
 𝜕𝜁

𝜕𝜌
) + ⋯  = 𝑧𝑠𝜌0

𝑠−1𝛿𝜌 + ⋯ 

Here,𝜁 = 𝑧𝑒𝑠 defines the intensity of dissipative effects, with 𝑠 = 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡 and 𝑧 is a 

parameterwhich defines the intensity of viscous effects. 

 

Thus, the perturbations are now represented by; 

𝜌 = 𝜌0 + 𝛿𝜌 , 𝜙 = 𝜙0 +  𝛿𝜙 , 𝒖 = 0 +  𝛿𝒗, 𝜁 = 𝜁0 + 𝛿𝜁     (5) 

Using these perturbed quantities in equations (1)-(3) and then linearizing the resulting equations, 

we get the following linearized perturbation equations of continuity, motion and Poisson 
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equation respectively,for the present problem for the case of viscoelastic medium with 

dissipative effects; 
𝜕𝛿𝜌

𝜕𝑡
+ ∇. (𝜌0𝛿𝒗) = 0          (6) 

(1 + 𝜏
𝜕

𝜕𝑡
) [𝜌0 (

𝜕𝛿𝒗

𝜕𝑡
) − 𝜌0∇ 𝛿𝜙 + 𝑐𝑠

2∇𝛿𝜌] = 𝜇∇2𝛿𝒗 + (𝜁0 +
𝜇

3
) ∇(∇. 𝛿𝒗)   (7) 

∇2 𝛿𝜙 = −4𝜋𝐺 𝛿𝜌          (8) 

Using equation (6) in (7), we get  

(1 + 𝜏
𝜕

𝜕𝑡
) [𝜌0 (

𝜕𝛿𝒗

𝜕𝑡
) − 𝜌0∇ 𝛿𝜙 + 𝑐𝑠

2∇𝛿𝜌] = 𝜇∇2𝛿𝒗 −
(𝜁0+

𝜇

3
)

𝜌0
∇ (

𝜕𝛿𝝆

𝜕𝑡
)   (9) 

Taking the divergence of both sides of the above equation and using equation (8), we get 

(1 + 𝜏
𝜕

𝜕𝑡
) [− (

𝜕2𝛿𝜌

𝜕𝑡2 ) + 4𝜋𝐺𝜌0𝛿𝜌 + 𝑐𝑠
2∇2𝛿𝜌] = −

𝜇

𝜌0
∇2 (

𝜕𝛿𝝆

𝜕𝑡
) −

(𝜁0+
𝜇

3
)

𝜌0
∇2 (

𝜕𝛿𝝆

𝜕𝑡
)  (10) 

To study the properties of 𝛿𝜌, we now consider a solution of the form;𝛿𝜌~ exp [−𝑖(𝜔𝑡 − 𝒌. 𝒓)]. 
Here,𝜔 is the frequency and𝒌is the wave vector of the mode under consideration. 

Using the above dependence of  𝛿𝜌 in the above equation, we have 

(1 − 𝑖𝜔𝜏)[𝜔2 + 𝜔𝑗
2 − 𝑘2𝑐𝑠

2] = −𝑖𝜔
𝑘2

𝜌0
(𝜁0 +

4𝜇

3
)      (11) 

Equation (11) can be written as 

(1 + 𝜎𝜏)[−𝜎2 + 𝜔𝑗
2 − 𝑘2𝑐𝑠

2] − 𝜎
𝑘2

𝜌0
(𝜁0 +

4𝜇

3
) = 0     (12) 

where,𝜎 = −𝑖𝜔  is frequency of harmonic disturbance. 

Following Dhiman and Sharma [12], the above equation (12)under strongly coupling limit 

(kinetic limit) 𝜏𝜎 ≫ 1, yields the following dispersion relation 

𝜎2 +
𝑘2

𝜏𝜌0
(𝜁0 +

4𝜇

3
) + 𝑘2𝑐𝑠

2 − 𝜔𝑗
2 = 0        (13) 

where, 𝜔𝑗
2 = 4𝜋𝐺𝜌0 is the Jean’s frequency.  

Equation (13) can be written in the following form 

𝜎2 + 𝑘2 (𝑐𝑠
2 +

𝐷𝑣
2

𝜏
) − 𝜔𝑗

2 = 0         (14) 

This is the required dispersion relation.  

Here, 𝐷𝑣
2 =

(𝜁0+
4𝜇

3
)

𝜌0
  is the square of modified Stokes-Kirchoff’s factor (cf.García-Colín and 

Sandoval-Villalbazo [18]) representing the dissipative effects.  

 

It is to note that the dispersion relation (14) is modified version of the relation obtained by 

Janaki et al. [8]. Now, invoking the Hurwitz criterion as discussed by Guillemin [14] for the sign 

of roots, which implies that if the constant term of equation (14) is negative, we have the 

condition for the onset of gravitationalinstability given as; 

𝑘2 (𝑐𝑠
2 +

𝐷𝑣
2

𝜏
) − 𝜔𝑗

2 < 0         (15) 

The above condition of instability is the modified form of instability criterion given byJanaki et 

al. [8] for the case of viscoelastic medium and now represent the effect of dissipative energy in 

the form of Stokes-Kirchoff’s factor. Thus, the bulk and shear viscosityof the viscoelastic 

medium with dissipative effects modifies this criterion of Jeans instability.  

The expression of critical Jeans wave number is given by; 
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𝑘 < 𝑘𝑗  𝑤ℎ𝑒𝑟𝑒  𝑘𝑗 =
𝜔𝑗

√𝑐𝑠
2 +

𝐷𝑣
2

𝜏

 

It is obvious that as the viscosity with dissipative effects in the viscoelastic fluid increases the 

corresponding critical Jeans wave number decreases. 

Further under weakly coupling limit (hydrodynamic limit)when  𝜏𝜎 ≪ 1, the dispersion relation 

(12) yields the following dispersion relation 

𝜎2 + 𝑘2 𝐷𝑣
2

𝜏
𝜎 + 𝑘2𝑐𝑠

2 − 𝜔𝑗
2 = 0         (16) 

Again, by using Guillemin [14] criterion,we have the following condition for instability given 

by; 

𝑘2𝑐𝑠
2 − 𝜔𝑗

2 < 0          (17) 

which is the same Jeans Criterion as obtained by Chandrasekhar [5] for gaseous medium.  
 

4. RESULTS AND DISCUSSION: 

In the present analysis, the effect of bulk and shear viscosity on the onset of gravitational 

instability have been studied by considering the bulk viscosity as the first-order dynamics via a 

power-law function of the energy density. Here, we have derived a general dispersion relation 

form the linearized perturbation equations using normal mode analysis, under both strongly and 

weakly coupling limits for viscoelastic medium. The instability conditions are derived for both 

of these cases. It is observed that under the strongly coupling limit, the instability criterion 

obtained by Janaki et al. [8] gets modified due to the presence of dissipative effect of viscosity 

and is represented by the Stokes-Kirchoff’s factor. Hence, for the viscoelastic medium the 

dissipative effect of bulk viscosity decreases the critical wave number and hence postpones the 

onset of instability. Further, in case of weakly coupling limit, theJeans Criterion as obtained by 

Chandrasekhar governs the onset of instability. 
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ABSTRACT:  

An endless mysterious numbers are known to exist having various kind of strangeness. 

Kaprekar and Indian mathematician revealed an interesting property of the number 6174, 

which was subsequently named the Kaprekar constant. This number is truly a strange 

numbers. At first glance, it might not seem so obvious, but rearranging the digits of every 

four digit number where the digits are not all the same, also if one or more of the digits is 

zero to make it a four digit number, they must be embedded in the left side of minimum 

number to obtain the largest and smallest numbers from the digits can make. On using 

Kaprekar's operation that is subtracting the smallest number from the largest to obtain a new 

number, and carry on repeating the operation for each new number, reaches 6174 under 

Kaprekar's process, and in at most seven steps. Similarly using Kaprekar's operation for 3-

digit numbers then most sequences (i.e., other than repeated digits such as 111) will 

terminate in the value 495 in at most 6 iterations. In this article Computer Algebra System’s 

new algorithm is being used to demonstrate this operation for any number of digits for 

unlimited number of iterations.  Various properties of the results obtained are discussed and 

compared with the results available in the literature.  Results obtained are also exhibited 

graphically. 

 

1. INTRODUCTION: 

Mathematics, mainly theory of numbers, is no more complicated than any other subject. If 

one’s have the enthusiasm, endurance, and time to work on and do the effort, then number 

theory is worth studying and we will find that this branch of mathematics can be amusing and 

entertaining. Science of numbers is for eternity at the heart of mathematics and has a natural 

attraction from the beginning of to the studentship. Mathematics is the conception and is part 

of the character of the human intelligence; it arises from the individual mind as it comes into 

contact with the world. Every individual demonstrate mathematical inclination and tends to 

guess, desires to identity, quantify, difference, similarity, and summarize, to make classify 

and generalize. A branch of pure mathematics. 

 

Mathematics is not all regarding numbers–higher mathematics such as, real analysis, abstract 

algebra, complex analysis and topology, etc. is scarcely build upon numbers, but on 

definitions and concepts. However, the numbers are the most important component of 

mathematics since the beginning of its history. 

 

Even after nearly seven decades Kaprekar constant continues to fascinate mathematicians, 

mathematics scholar, teachers and recreational mathematics. Kaprekar [1-3] revealed an 

exciting and amazing process, known as Kaprekar’s operation. This process when functional 

to any positive four digit number not all the same i.e. avoiding numbers with four identical 

digits like 9999, converges to the same number 6174 in at most seven iterations. To 

understand the process, choose an four digits integer N (all digits of N are not all equal), and 

arranges its digits in descending and ascending order, subtract them, repeat the above 

procedure certain number of times (at the most 7 times). Thus the Kaprekar process for any 

mailto:klverma@cpuh.edu.in
https://en.wikipedia.org/wiki/495_(number)
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four digit number is remarkable for two reasons. Firstly process converges to the same 

number 6174 and in no more than 7 iterations. Yutaka Nishiyama [4] described that at 

fleeting look, the number 6174 is might not seem so obvious, but it is really a mysterious 

number. Naranan [12] has also discussed this magical number. Patil and Shah [5] have 

derived the Kaprekar numbers and its analog equations. A variation on the two-digit kaprekar 

routine is studied by Anne Ludington Young [8]. Various authors have studied problems and 

intriguing questions linked with the above process. (See [6]-[11].)  

 

In this paper Computer Algebra System’s innovative algorithm is being used to demonstrate 

this operation for a number of any numbers of digits which can be checked for unlimited 

iterations.  Various properties of the results obtained for a number consisting of 2-digitd, 3-

digits ….. n-digits are discussed and compared with the results available in the literature.  

Results obtained are also exhibited graphically that how the results obtain in the process 

converges to constants (2-digitd, and 4-digits) and behaviors of all two digits number. 

 

2. The Kaprekar Process: 

Consider any number where all the digits are different, firstly reshuffle the digits to make the 

largest (arranging the digits in a descending order) and smallest (arranging the digits in a 

ascending order) numbers. Also if you consider say 5, and want to apply Kaprekar operation 

for three 3-digits or 4-digits number, then arrange the number as 005 or 0005 respectively. 

Secondly subtract the smaller number from the larger one For the resulting number, repeat 

the procedure, and keep repeating. 

 

2.1 Four digit number: 

Try N = 2019 (the current year) 

9210-0129 = 9081 

9810-0189 = 9621 

9621-1269 = 8352 

8532-2358 = 6174 

7641-1467 = 6174 

 

Interestingly it took four iterations to converge 6174 and to repeats it i.e after reaching at 

6174 it creates an infinite loop on the constant 6174.  

Let us try N= 2510 

5210 − 0125 = 5085 

8550 − 0558 = 7992 

9972 − 2799 = 7173 

7731 − 1377 = 6354 

6543 − 3456 = 3087 

8730 − 0378 = 8532 

8532 − 2358 = 6174 

7641 − 1467 = 6174 

 

it took seven iterations (maximum) to converge 6174 and to repeats it.   
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Figure 1. Variation of numbers 2019 (a) and 2510 (b) with iteration using Kaprekar’s  

operation for 4-digits numbers. 

 

2.2 Frequency and Number of iterations of 4-digits numbers converges to constant: 

Many researchers have worked on the Kaprekar’s operation by writing algorithm in various 

software and computer algebra systems to work out for all the 4-digits. Yutaka Nishiyama 

[2012] have checked all 4-digits 8991 numbers and found that every four digit number where 

the digits aren't all equal converges to 6174 in at most seven steps under Kaprekar's process 

and consequently concluded that if you do not reach 6174 after using Kaprekar's operation 

seven times, then categorically there is a mistake in the computation and try it again. 

 

Number of iterations 0 1 2 3 4 5 6 7 

Frequency 1 356 5192 2124 1124 1379 1508 1980 

 

2.3 Three digit number: 

On considering any three digit numbers not all the digits are same, the identical phenomenon 

occurs. In this case the process converges to the same number 495 and in no more than 6 

iterations.  

For example applying Kaprekar's operation to the three digit number 753 gives the following:  

                        753→396→594→495 

The number 495 is the unique kernel for the operation on three digit numbers, and all three 

digit numbers reach 495 using the operation. Why don't you check it yourself? 

1 2 3 4 5 6 7 8 9 10
6000

7000

8000

9000

1 10
4

Variation with three digit number 2019

Iteration 

N
u
m

b
e
r 

a
ft

e
r 
e
a
c
h
 i
te

ra
ti

o
n

Fig1 

1 2 3 4 5 6 7 8 9 10
3000

4000

5000

6000

7000

8000

9000
Variation with three digit number 2510

Iteration 

N
u
m

b
e
r 

a
ft

e
r 

e
a
c
h

 i
te

ra
ti

o
n

Fig1 



Proceeding of International Conference on Mathematics in Space and Applied Sciences  

(ICMSAS-2019) 

Published by Knowledge and Research Publisher, Nagpur India                  ISBN-978-81-942641-8-7 
 

120 
 

 
Figure 2. Variation of numbers 753 (a) and 110 (b) with iteration using Kaprekar’s  

operation for 3-digits numbers. 

 

2.2  Two digit number: 

In case of four and three digit numbers reach a unique kernel 6174 and 495 respectively.  On 

attempting the process for a two digit number, unlike for three and four digit numbers, there 

is no unique kernel for two digit numbers. Outcome is given in the following table:  

 

2.3  Kaprekar operation on two digits number: 

For all numbers 01-98 except where the digits are same (that is not 11, 22,,...,99).   

 

Table:1 For all numbers 01-98 except where the digits are same (that is not 11, 22,,...,99) 

Kaprekar’s  operation for 2-digits numbers. 

Pattern outcome Number (01-98) except where the digits are same 

{9,81,63,27,45} 01 12 

10 

23 

21 

34 

32 

45 

43 

56 

54 

67 

65 

78 

76 

89 

87 

98 

{18,63,27,45,9,81} 02 13 20,  

24 

31,35 42,46 53.57 64,

68 

75,

79 

86 97 

{27,45,9,81,63} 03 14 25 30,36 41,47 52,58 63,

69 

74 85 96 

{36,7,45,9,81,63 } 04 15 26 ---,37 40,48 51,59 62 73 84 95 

{45,9,81,63,27} 05 16 27 --, 38 ---,49 50,--- 61 72 83 94 

{54,9,81,63,27,45} 06 17 28 --,39 Ä Ä 60 71 82 93 

{63,27,45,9,81} 07     18 29 Ä Ä Ä Ä 70 81 92 

{72,27,45,9,81,63} 08 19 Ä Ä Ä Ä Ä Ä 80 91 

{81,63,27,45,9} 09 Ä Ä Ä Ä Ä Ä Ä Ä 90 
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Figure 3. Variation of numbers 23 (a) and 91 (b) with iteration using Kaprekar’s  

operation for 2-digits numbers. 

 

2.4  Five digits, six and for any digit number... 

Thus there are unique kernel for 3-digit and 4-digit numbers. Algorithm in the computer 

algebra system take no  time to check what happens for six or more digits, and output  

becomes extremely monotonous, and  found that there is no kernel for 2-digits, 5-digits, 7-

digit numbers where as there are two kernels  for 6-digits, 8-digits, 9-digit ……and 10-digit 

numbers having three kernels, which is in agreement with algorithm by  

 
Figure 4. Variation of number 201904 with iteration using Kaprekar’s  operation for 6-

digits numbers. 

 

The computer algebra system (Mathcad) implementation of the method developed here is 

shown below: 
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3. RESULTS AND CONCLUSIONS: 

From the algorithm written in computer algebra system for the Kaprekar’s  operation and the 

graphical representation in figures 1-4, of the results obtained it appears that Kaprekar's 

operation every number converges to a unique kernel only for three and four digit numbers.  

 

Whereas for two digits numbers under the Kaprekar’s  operation it   is  observed that Number 

and on reversing the digit of a number has the same representation.  Numbers which are 

congruent to ±2, ±4, ±6, ±8 show extra two digit number in beginning before settling for a 

repeating sequence. First and last two digit numbers and numbers preceding and succeeding 

(11, 22,,...,99) also have same representation. Sequence of each number which is repeating in 

any pattern has sum 9. i.e repeating two digit numbers with digit sum 9 are only {9, 27, 36, 

45, 63, 81} whereas 18, 36, 54 and72 are not repeating. Interestingly non-repeating two digit 

numbers 18, 36, 54 and72 of sequences (congruent to ±2, ±4, ±6, ±8) has property that 20-02 

=18, 40-04=36, 60-06-54 and 80-08=72. Any two digit number, if the sum is not 9 then it is 

not in any repeating sequence. Number of two digits which has representation I to IX has 
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terms in AP are 18,16.,14,…,2. In jth Pattern each number is  ±j (modulo 11),  j =1,2,…9 . 

Every column of the table has 9 numbers. Variation of number  6-digit number 201904 upto 

50 iteration using Kaprekar’s  exhibited in Figure 4.  Various progresses in science and 

mathematics have been driven by ‘mistakes’. Mathematicians, all over the world are still 

working that some great theory of mathematics might lie behind this process also. 

 

REFERENCES: 

1. D. R. Kaprekar. Another Solitaire Game." ScriptaMathematica 15 (1949):244-45. 

2. D. R. Kaprekar. An Interesting Property of the Number 6174. Scripta Mathematica 21, 

(1955):304. 

3. D. R. Kaprekar. The New Constant 6174. Devali, 1959. 

4. Y. Nishiyama, The weirdness of number 6174, International Journal of Pure and Applied 

Mathematics Volume 80 No. 3 (2012), 363-373 

5. M. Patil Kailash , Nikhil P. Shah, Kaprekar Numbers and its Analog Equations, 

International Journal of Mathematical Archive-7(6), (2016), 126-134 

6. Young, Anne Ludington: A variation on the two-digit Kaprekar routine.  Zbl 0776.11004 

, Fibonacci Q. 31, No. 2, (1993), 138-145 . 

7. C. W. Trigg. Kaprekar's Routine with Two-Digit Integers. Fibonacci Quarterly 9.2 

(1971):189-93 

8. A. L. Ludington. "A Bound on Kaprekar Constants." J. Reine Agnew. Math. 310 (1979): 

196-203. 

9. M. Jeger, The Kaprekar-number 6174. A computer approach in the field of  elementary  

number theory. Die Kaprekar-Zahl 6174. Ein Computer-Approach auf dem Felde der 

elementaren Zahlentheorie. (1984) MathEduc 

10. K. E Eldridge,&S. Sagong,The Determination of Kaprekar Convergence and Loop 

Convergence of All Three-Digit Numbers. The American Mathematical Monthly, 95(2), 

(1988), 105–112. 

11. Ray, Prated Kumara: On the number 495 - a constant similar to Kaprekar’s constant 

(2002) MathEduc 

12. S. Naranan at Tata Institute of Fundamental Research. S. Naranan · 34.5 · Tata Institute 

of Fundamental. https://www.researchgate.net› publication›  275653923 Kaprekar 

Constant 

 

 

https://zbmath.org/authors/?q=ai%3Ayoung.anne-ludington
https://zbmath.org/?q=an%3A0776.11004
https://zbmath.org/serials/?q=se%3A00000420
https://zbmath.org/?q=in%3A00013389
http://www.swmath.org/article_ed/02432409
http://www.swmath.org/article_ed/02432409
http://www.swmath.org/article_ed/02432409
http://www.swmath.org/article_ed/02351351
http://www.swmath.org/article_ed/02351351


Proceeding of International Conference on Mathematics in Space and Applied Sciences  

(ICMSAS-2019) 

Published by Knowledge and Research Publisher, Nagpur India                  ISBN-978-81-942641-8-7 
 

 

124 
 

A SHORT STUDY OF PRIME NUMBERS 
 

Jagjit Singh 

Department of Mathematics, NSCBM Govt. College Hamirpur (H.P.)-177005, India 

Email: jagjitsinghpatial@gmail.com 

 

ABSTRACT:  

In this paper, a review of some general properties of prime numbers has been given. Distance 

between two neighboring prime numbers and simple  distance  between  two  prime numbers 

have been defined and some results about the distance between two prime numbers have 

been presented. All prime numbers have one of the digits 1, 3, 7, 9 at unit place ; a short 

explanation of this concept has been considered, Fermat’s theorems play an important role in 

the study of prime numbers, thus some results have been derived using a Fermat’s theorem 

and application of these results has been given. Idea of Mersin’s numbers has also been 

considered. A study of sum of consecutive prime numbers has also been done. 

 

KEYWORDS:  prime, composite, neighboring, consecutive, odd, even, divisible. 

 

INTRODUCTION:  

Here in this paper, we shall study some simple properties of prime numbers. The natural 

number system has been the main topic of human interest for the beginning of the 

civilization. The natural number system can be considered as the seed of mathematics. Once 

begin to play with natural number system, you will across various interesting results of 

natural numbers. Once dive deeply in the natural number system, you will dive in this system 

again and again because innumerable interesting results attract you greatly.  

 

Among the natural numbers, there exists special type of numbers called prime numbers. A 

prime number is that natural which is divisible by one and itself. 1 is not considered a prime 

number, 2 is the only even prime number and all other primes are odd. Here one thing is note 

worthy that the existence of even numbers is due to the even prime 2 because if there were 

not 2, there won’t have been even natural numbers. We can easily decide that natural 

numbers which are divisible by 2, 3, 5, and 11, because all even numbers are divisible by 2, 

all those numbers, the sum of whose digits is divisible by 3 , are divisible by 3, all those 

natural numbers ending with 5 or 0 are divisible by 5, and all those natural numbers, the 

difference  of the sums of alternating digits of that number, is 0, are divisible by 11. We can 

call them separable prime numbers. There exists innumerable conjectures about prime 

numbers, but there exists no short cut formula for determining that a particular number is a 

prime number, there exist only long and time consuming algorithms for deciding a particular 

natural number to be a prime number. Prime numbers are infinite in numbers and their 

distribution does not follow any rule. Now we study some interesting results regarding prime 

numbers. 

 

SOME GENERAL PROPERTIES OF PRIME NUMBERS: 

First and last even prime number is 2, and all other prime numbers are odd. So we can write 

every odd prime number as 2𝑛 + 1. Further every prime greater than or equal to 5 can be 

expressed as  6𝑛 ± 1 , this can be proved as: 

Consider three consecutive naturals  2𝑛, 2𝑛 + 1, 2𝑛 + 2. If any one of them is prime then that 



Proceeding of International Conference on Mathematics in Space and Applied Sciences  

(ICMSAS-2019) 

Published by Knowledge and Research Publisher, Nagpur India                  ISBN-978-81-942641-8-7 
 

 

125 
 

will be 2𝑛 + 1. Any one of three consecutive naturals is divisible by 3. If  2𝑛 + 1 is prime 

then it will not be divisible by 3. Thus if 2𝑛 is divisible by 3, then 𝑛 = 3𝑘 , 𝑘 ∈ 𝑁.  Therefore  

2𝑛 + 1 = 6𝑘 + 1 ∀ 𝑘 ∈ 𝑁  

If 2𝑛 + 2 is divisible by 3, then 𝑛 + 1 = 3𝑘 , 𝑘 ∈ 𝑁 ⇒ 𝑛 = 3𝑘 − 1 , 𝑘 ∈ 𝑁 . 
Therefore  2𝑛 + 1 = 2(3𝑘 − 1) + 1 = 6𝑘 − 2 + 1 = 6𝑘 − 1  ∀ 𝑘 ∈ 𝑁 . 

So we find that every prime number ≥5, can be expressed in the form 6𝑛 ± 1 ∀ 𝑛 ∈ 𝑁 . 

Therefore  if p≥ 5 be a prime number then 𝑝 = 6𝑛 ± 1 ∀ 𝑛 ∈ 𝑁. 

 

Further each prime number ≥ 5 is sum of two consecutive natural numbers such that one of 

them is divisible by 3. This can be easily verified as 6𝑘 + 1 = 3𝑘 + 3𝑘 + 1 ∀ 𝑘 ∈ 𝑁 and 

6𝑘 − 1 = 3𝑘 − 1 + 3𝑘 ∀ 𝑘 ∈ 𝑁. 

Now consider (6𝑛 ± 1)2 = 36𝑛2 ± 12𝑛 + 1. 

                                            = 12𝑛(3𝑛 ± 1) + 1.              (1) 

If 𝑛 is even let 𝑛 = 2𝑘, 𝑘 ∈ 𝑁, then 3𝑛 ± 1 = 6𝑘 ± 1.        (2) 

Using the values given in (2) in (1), we have  

        (6𝑛 ± 1)2 = 24𝑘(6𝑘 ± 1) + 1                                  (3) 

If 𝑛 is odd let 𝑛 = 2𝑘 − 1, 𝑘 ∈ 𝑁, then 3𝑛 ± 1 = 3(2𝑘 − 1) ± 1        

                                                                                = 6𝑘 − 2 𝑜𝑟 6𝑘 − 4 

                                                                                 2(3𝑘 − 1)𝑜𝑟2(3𝑘 − 2)   
∴      if  𝑛 = 2𝑘 − 1, then 3𝑛 ± 1 = 2(3𝑘 − 1𝑜𝑟2)            (4) 

Using the values given in (4) in (1), we have  

(6𝑛 ± 1)2 = 24(2𝑘 − 1)(3𝑘 − 1𝑜𝑟2) + 1                      (5) 

 

From (3) and (5), we conclude that if 𝑝 ≥ 5  be a prime number then 𝑝2 − 1  is always 

divisible by 24. 

 

One interesting property of the natural numbers is that all those naturals which end with 0 or 

2 or4 or 6 or 8 , that are always divisible by 2 and all those naturals which end with 0 or 5 , 

that are always divisible by 5.  We can find associated natural number by placing 0 or 2 or 4 

or 6 or 8 at the end of a prime numbers and dividing the resulting number again and again by 

2 until the obtained number has not factor 2. Similarly we can find associated natural number 

by placing 0 or 5 at the end of a prime numbers and dividing the resulting number again and 

again by 5 until the obtained number has not factor 5.   

 

Consider a prime number 5, place 0 at the end of 5, we get 50, divide 50 by 2, we get 25, 

therefore 25 is the associated natural of prime 5 under the division by 2. Similarly, divide 50 

by 5, we get 10, divide 10 by 5, we get 2, therefore 2 is the associated natural of prime 5 

under the division by 5. 
 

If we get a prime number on subtracting a prime number from a even number then both the 

primes are called complementary primes of the used even number. For example 11 and 13 

are complementary primes of 24. There may be more than one pair of complementary 

primes. For example, 5, 19 and 7, 17 are other complementary primes of 24. 
 

DISTANCE BETWEEN TWO NEIGHBORING PRIME NUMBERS:  

Two prime numbers are called neighboring prime numbers if there exists no other prime 

number between them. For example, 2 and 3, 3 and 5, 5 and 7, 7 and 11 etc are neighboring 
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prime numbers. 

Distance between two neighboring prime numbers, is defined as number of composite 

numbers between them. Distance between neighboring prime numbers 2 and 3 is 0, distance 

between neighboring prime numbers 3 and 5 is 1, distance between neighboring prime 

numbers 5 and 7 is 1, distance between neighboring prime numbers 113 and 127 is 13 and so 

on.  

 

It can be easily seen that if 𝑝1 and 𝑝2 (𝑝1<𝑝2) are two neighboring prime numbers then the 

distance between them is 𝑝2 − 𝑝1 − 1 or |𝑝1 − 𝑝2 | − 1, let  𝑑𝑝(𝑝1, 𝑝2) = |𝑝1 − 𝑝2 | − 1.  

2 and 3 are the only neighboring prime numbers such that distance between them is 0, 

minimum distance between any two odd neighboring prime numbers, is 1, but it is not yet 

known that what is maximum distance between any two odd neighboring prime numbers. 

 

Maximum distance between any two neighboring prime numbers up to 100, is 7,  and 

maximum distance between any two neighboring prime numbers between 100 and 200, is 13 

and it is between two neighboring prime numbers 113 and 127. 

 

It can be proved that the maximum distance between any two neighboring odd primes, is 

finite.  Suppose, if possible, the distance 𝑑 = 𝑑𝑝(𝑝1, 𝑝2) = 𝑝2 − 𝑝1 − 1, between any two  

neighboring odd primes 𝑝1 and 𝑝2 (𝑝1<𝑝2) , is infinite, this implies 𝑝2 − 𝑝1 − 1 = 𝑑 = ∞ 

⇒ 𝑝2 = ∞  ⇒ there exists no prime number after 𝑝1  

 ⇒ there are finite number of prime numbers which is a contradiction as there are infinite 

number of prime numbers. Therefore our supposition that the distance between any two 

neighboring prime numbers is infinite, is wrong and hence the distance between any two 

neighboring prime numbers is finite. 

 

DISTANCE BETWEEN ANY TWO PRIME NUMBERS: 

Distance between any two prime numbers is defined as the number of natural numbers 

occurring between them whether primes or composites. If 𝑝 𝑎𝑛𝑑 𝑞(𝑝 < 𝑞) are two prime 

numbers, then distance between them is denoted by 𝑑𝑝(𝑝, 𝑞) and defined as 𝑑𝑝(𝑝, 𝑞) = 𝑞 −

𝑝 − 1 = |𝑝 − 𝑞| − 1. Distance between prime numbers 7 and 29 is 𝑑𝑝(7, 29) = 29 − 7 −

1 = |7 − 29| − 1 = 21.   
 

𝑑𝑝(3, 5) = 1, 𝑑𝑝(5, 7 ) = 1, thus 3, 5, 7 are equidistant prime numbers and 5 is the central 

prime of 3 and 5. The numbers 5, 11, 17, 23, 29 are equidistant prime numbers as 

𝑑𝑝(5, 11) = 𝑑𝑝(11, 17 ) = 𝑑𝑝(17, 23) = 𝑑𝑝(23, 29 ) = 6  here 17 is the central prime. 

There are infinite equidistant triples of prime numbers such as 3, 5, 7; 3, 7, 11; 3, 11, 19; 3, 

13, 23; 3, 23, 43 etc. are equidistant triples of primes with 3 as first prime. We can call the 

ordered set of equidistant prime numbers as a chain of equidistant prime numbers and 

number of prime numbers in this chain, is called the length of the chain. 
 

SIMPLE DISTANCE BETWEEN ANY TWO PRIMES: 

Simple distance between any two prime number is the difference of the larger and smaller 

primes i.e. if 𝑝 > 𝑞 are two primes then simple distance between them is 𝑑(𝑝, 𝑞) = 𝑝 − 𝑞. 

Equidistant prime numbers remain equidistant under any of the two definitions of distance 

between any two primes. 
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Now a question arises that what will be the maximum length of the equidistant chain of 

prime numbers, it may be 5 because if we assume that first prime of the chain is 6𝑛 − 1  and 

𝑑 is the common difference then equidistant chain of prime numbers will be of the form  

 6𝑛 − 1, 6𝑛 − 1 + 𝑑, 6𝑛 − 1 + 2𝑑, 6𝑛 − 1 + 3𝑑, 6𝑛 − 1 + 4𝑑, 6𝑛 − 1 + 5𝑑 , then one of 

these prime will be divisible by 3 or 5. Thus the maximum length of equidistant chain of 

primes may be 5. 

DIGITS AT THE UNIT PLACE OF THE PRIME NUMBERS: 

1, 3, 7, 9 are the digits which are at unit place in prime numbers, 5 has been excluded from 

odd digits. 13, 17, 37, 79 are prime numbers when their order is reversed; we get primes 31, 

71, 73, 97. Consider all the permutation of 1, 3, 7; which are 137, 173, 317, 371, 713, 731; 

then 137, 173, 317 are primes but 371, 713, 731 are not primes.  Consider now the 

permutations of 1, 3, 9 ; which are 139, 193, 319, 391, 913, 931; then 139, 193, 319 are 

primes but 391, 913, 931 are not primes. .  Consider now the permutations of 1, 7, 9; which 

are 179, 197, 719, 791, 917, 971; then 179, 197, 719, 971 are primes but 791, 917 are not 

primes.  Consider now the permutations of 3, 7, 9; which are 379, 397, 739, 793, 937, 973; 

then 379, 397, 739, 937 are primes but 793, 973 are not primes. Similarly we can check the 

all the permutations of 1, 3, 7, 9 for prime numbers. 

 

RESULTS RELATED TO FERMAT’ S THEOREM:  

There are many results related to prime numbers due to Fermat ‘s theorems (Hardy and 

Wright [1])  one of them is the following theorem stated as: “if p is a prime number and n is 

any positive integer, then 𝑛𝑝 ≡ 𝑛(𝑚𝑜𝑑 𝑝)”. Some more results relating to prime numbers 

can be derived from this theorem. 

 

Theorem-1:  If 𝑚, 𝑛 ∈ 𝑁such that  𝑚 + 𝑛 = 𝑝 (𝑝𝑟𝑖𝑚𝑒), 𝑚𝑝 + 𝑛 ≡ 0(𝑚𝑜𝑑 𝑝). 
Proof: By the Fermat’s theorem as stated above, we have 

𝑚𝑝 ≡ 𝑚(𝑚𝑜𝑑 𝑝) 

⇒ 𝑚𝑝 − 𝑚 = 𝑘𝑝 , 𝑘 ∈ 𝑁                                                            

 ⇒ 𝑚𝑝 − 𝑚 + 𝑚 + 𝑛 = 𝑘𝑝 + 𝑚 + 𝑛 , 𝑘 ∈ 𝑁        

   ⇒ 𝑚𝑝 + 𝑛 = 𝑘𝑝 + 𝑝 , 𝑘 ∈ 𝑁                                                            

     ⇒ 𝑚𝑝 + 𝑛 = (𝑘 + 1)𝑝 , 𝑘 ∈ 𝑁             

      ⇒ 𝑚𝑝 + 𝑛 ≡ 0(𝑚𝑜𝑑 𝑝).                           
Theorem-2:  If 𝑚, 𝑛 ∈ 𝑁such that  𝑚 + 𝑛 = 𝑝 (𝑝𝑟𝑖𝑚𝑒), 𝑛𝑝 + 𝑚 ≡ 0(𝑚𝑜𝑑 𝑝). 
Proof: By the Fermat’s theorem as stated above, we have 

𝑛𝑝 ≡ 𝑛(𝑚𝑜𝑑 𝑝) 

⇒ 𝑛𝑝 − 𝑛 = 𝑘𝑝 , 𝑘 ∈ 𝑁                                                            

 ⇒ 𝑛𝑝 − 𝑛 + 𝑛 + 𝑚 = 𝑘𝑝 + 𝑛 + 𝑚 , 𝑘 ∈ 𝑁        

   ⇒ 𝑛𝑝 + 𝑚 = 𝑘𝑝 + 𝑝 , 𝑘 ∈ 𝑁                                                            

     ⇒ 𝑛𝑝 + 𝑚 = (𝑘 + 1)𝑝 , 𝑘 ∈ 𝑁             

      ⇒ 𝑛𝑝 + 𝑚 ≡ 0(𝑚𝑜𝑑 𝑝).              
 

Above stated Fermat’s theorem can be stated in another way as ““if p is a prime number and 

n is any positive integer, then 𝑛𝑝−1 ≡ 1(𝑚𝑜𝑑 𝑝)”.  From this, we can derive the following 

result. 

Theorem-3: if 𝑘, 𝑙, 𝑚, 𝑛 ∈ 𝑁 𝑎𝑛𝑑 𝑝 be a prime such that 𝑚𝑘 + 𝑛 ≡ 0(𝑚𝑜𝑑 𝑝), then 

𝑚𝑘+𝑙(𝑝−1) + 𝑛 ≡ 0(𝑚𝑜𝑑 𝑝) 
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Proof: Given 𝑚𝑘 + 𝑛 ≡ 0(𝑚𝑜𝑑 𝑝)  

⇒ 𝑚𝑘 + 𝑛 = 𝑟𝑝 , 𝑟 ∈ 𝑁  

⇒ 𝑚𝑘 = 𝑟𝑝 − 𝑛 , 𝑟 ∈ 𝑁                 (6) 

Also       𝑚𝑝−1 ≡ 1(𝑚𝑜𝑑 𝑝) 

⇒  𝑚𝑙(𝑝−1) ≡ 1(𝑚𝑜𝑑 𝑝)  

⇒  𝑚𝑙(𝑝−1) = 1 + 𝑠𝑝, 𝑠 ∈ 𝑁           (7) 

Therefore, by (6) and (7), we get 

𝑚𝑘 𝑚𝑙(𝑝−1) = (𝑟𝑝 − 𝑛 )(1 + 𝑠𝑝)  

⇒ 𝑚𝑘+𝑙(𝑝−1) = 𝑟𝑝 + 𝑟𝑠𝑝2 − 𝑛 − 𝑛𝑠𝑝 

⇒ 𝑚𝑘+𝑙(𝑝−1) + 𝑛 = 𝑟𝑝 + 𝑟𝑠𝑝2 − 𝑛𝑠𝑝 

⇒ 𝑚𝑘+𝑙(𝑝−1) + 𝑛 = 𝑝(𝑟 + 𝑟𝑠𝑝 − 𝑛𝑠) 

⇒ 𝑚𝑘+𝑙(𝑝−1) + 𝑛 ≡ 0(𝑚𝑜𝑑 𝑝)           (8) 

If we take 𝑘 = 𝑙 = 1 𝑖𝑛 (8), we get 𝑚𝑝 + 𝑛 ≡ 0(𝑚𝑜𝑑 𝑝) which is the result of theorem-1 

Application of these results is given below as: 

5 + 2 = 7(𝑎 𝑝𝑟𝑖𝑚𝑒) ⇒ 57 + 2 𝑎𝑛𝑑 27 + 5 are divisible by 7, this can be easily verified. 

By Fermat’s theorem, 10𝑝−1 ≡ 1(𝑚𝑜𝑑 𝑝) 

⇒ a prime number 𝑝 divides a number in which any one of the digit out of the digits 1, 2, 3, 

4, 5, 6, 7, 8, 9; is repeated 𝑝 − 1 times. 

e.g. consider the number 111111 in which digit I is repeated 7 − 1 = 6 times, thus 111111 is 

divisible by 7 and 
111111

7
= 15873  or 15873 × 7 = 111111 

Similarly  
777777777777

13
= 59829059829 

⇒ 59829059829 × 13 = 777777777777 

65359477124183× 17 = 1111111111111111 

It should be noted that if 
𝑝−1

2
+ 1 =

𝑝+1

2
 is again a prime then the prime number 𝑝 divides the 

number in which any one of the digit out of the digits 1, 2, 3, 4, 5, 6, 7, 8, 9; is repeated 
𝑝−1

2
 times. 

e.g. 
13−1

2
+ 1 =

13+1

2
= 7 and 7 is prime therefore 13 divides 111111, 222222,….,999999 

each containing 6 digits. Since 
111111

13
= 8547 

Another example of this type is 𝑝 = 37 such that 
37−1

2
+ 1 =

37+1

2
= 19  and 19 is prime 

therefore 37 divides 111111111111111111, 222222222222222222,…., 

999999999999999999 each containing 18 digits. Since 
111111111111111111

37
=

3003003003003003. In fact 37 divides all numbers of type 111, 111111, 111111111, …. 

Now we express the natural numbers as a geometrical expression which has fixed repetition 

i.e. number of the form 237237237237, 825382538253 etc. 

Now 

       1 + 10𝑘 + 102𝑘 + ⋯ + 10(𝑛−1)𝑘 =
10𝑛𝑘−1

10𝑘−1
 , 𝑝 ≠ 2, 5. 

Therefore  1010101 = 1 + 102 + 104 + 106 =
108−1

102−1
 

Using Fermat’s theorem, we can derive the following result: 

10𝑘(𝑝−1) ≡ 1(𝑚𝑜𝑑 𝑝)  

⇒ 10𝑘(𝑝−1) − 1 ≡ 0(𝑚𝑜𝑑 𝑝) 



Proceeding of International Conference on Mathematics in Space and Applied Sciences  

(ICMSAS-2019) 

Published by Knowledge and Research Publisher, Nagpur India                  ISBN-978-81-942641-8-7 
 

 

129 
 

⇒ (10𝑘 − 1) (
10𝑘(𝑝−1)−1

10𝑘−1
) ≡ 0(𝑚𝑜𝑑 𝑝) 

⇒ 𝑝 divides  
10𝑘(𝑝−1)−1

10𝑘−1
                     (9) 

From (9), we find that  
102(7−1)−1

102−1
= 10101010101  is divisible by 7 and 

10101010101

7
=

1443001443. Similarly, that  
102(13−1)−1

102−1
= 10101010101010101010101 is divisible by 13 

and 
10101010101010101010101

13
= 777000777000777000777. 

Similarly 13 divides 1001001001001001 as 
1001001001001001

13
= 77000077000077 

If 𝑝 divides 
10𝑘(𝑝−1)−1

10𝑘−1
, then 𝑝  divides  𝑛 (

10𝑘(𝑝−1)−1

10𝑘−1
) , 𝑛 ∈ 𝑁. 

Therefore 171717171717, 191919191919, 232323232323, 179179179179179179, 

175317531753175317531753 etc. are divisible by 7 and 13. 

Prime numbers of the form 22𝑛
+ 1, 𝑛 ∈ 𝑁 are called Fermat’s numbers and prime numbers 

of the form 2𝑛 − 1 are called Mersin’s numbers (Hardy and Wright [1]). Thus 221
+ 1 =5, 

222
+ 1 =17, 223

+ 1 =257 etc. are Fermat’s numbers. Similarly 22 − 1 =3, 23 − 1 =7, 

25 − 1 = 31,  27 − 1 = 127 etc. are Mersin’s numbers. 

Now consider the numbers of the form 11111, 1111111, 11111111111, ….etc. where 1 is 

repeated as a prime number of times i.e. 5, 7, 11, 13,… times. 

Then 11111=41× 271, here 1 is repeated 5 times and 
41−1

8
= 5, some relation exists among 

11111, 41 and 5.  

Similarly 1111111=239× 4649 

From this it seems that 11111111111=5 digits prime number × 6 digits prime number  
And 1111111111111=6 digits prime  × 7 digits number prime 

There is possibility that 5 digits prime factor of 11111111111 will start from 4 and end with 

1, 6 digits prime factor of 11111111111 will start from 2 and end with 1, 6 digits prime factor 

of 1111111111111 will start from 2 and end with 9, 7 digits prime factor of 1111111111111 

will start from 4 and end with 9.  
 

Also 101010101, 1001001001001,... are divisible by 41 and 271. Similarly 1010101010101, 

1001001001001001001,… are divisible by 239 and 4649. We notice that 41 − 1 = 40 , 

271 − 1 = 270 both are divisible by 5, similarly 239 − 1 = 238, 4649 − 1 = 4648 both 

are divisible by 7. 

 

SUM OF CONSECUTIVE PRIME NUMBERS: 

Let us check the sum of prime numbers from the first prime number 2 to succeeding 

consecutive primes as follows: 

 

Let  𝑆𝑝, denotes sum of all prime numbers from 2 to p so that 

𝑆2 = 2, 𝑆3 = 2 + 3 = 5, 𝑆5 = 2 + 3 + 5 = 10, 𝑆7 = 2 + 3 + 5 + 7 = 17,      𝑆11 = 2 + 3 +
5 + 7 + 11 = 28, 𝑆13 = 2 + 3 + 5 + 7 + 11 + 13 = 41 , 𝑆17 = 2 + 3 + 5 + 7 + 11 + 13 +
17 = 58, 𝑆19 = 2 + 3 + 5 + 7 + 11 + 13 + 17 + 19 = 58,  etc. we prepare table to write 

these sums conveniently as follows 
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Prime 

numbers 

Cumulative 

sum 

Prime 

numbers 

Cumulative 

sum 

Prime 

numbers 

Cumulative 

sum 

2 2=𝑆2 59 440= 𝑆59 137 1988= 𝑆137 

3 5= 𝑆3 61 501= 𝑆61 139 2127= 𝑆139 

5 10= 𝑆5 67 568= 𝑆67 149 2276= 𝑆149 

7 17= 𝑆7 71 639= 𝑆71 151 2427= 𝑆151 

11 28= 𝑆11 73 712= 𝑆73 157 2584= 𝑆157 

13 41= 𝑆13 79 791= 𝑆79 163 2747= 𝑆163 

17 58= 𝑆17 83 874= 𝑆83 167 2914= 𝑆167 

19 77= 𝑆19 89 963= 𝑆89 173 3087= 𝑆173 

23 100= 𝑆23 97 1060= 𝑆97 179 3266= 𝑆179 

29 129= 𝑆29 101 1161= 𝑆101 181 3447= 𝑆181 

31 160= 𝑆31 103 1264= 𝑆103 191 3638= 𝑆191 

37 197= 𝑆37 107 1371= 𝑆107 197 3835= 𝑆197 

41 238= 𝑆41 109 1480= 𝑆109 199 4034= 𝑆199 

43 281= 𝑆43 113 1593= 𝑆113 211 4245= 𝑆211 

47 328= 𝑆47 127 1720= 𝑆127 223 4468= 𝑆223 

53 381= 𝑆53 131 1851= 𝑆131 227 4695= 𝑆227 

 

From this table of sum of all primes from 2 to p(prime), we find some interesting facts e.g. 

10, 100 are sum of consecutive primes; the primes 5, 17, 41, 197, 281 are sum of consecutive 

primes, but it is interesting that there is no prime after 281, which is the sum of the 

consecutive primes up to 𝑆227 or perhaps further, beginning from 2.  

 

CONCLUSION:  

There are innumerable interesting facts, conjectures about natural numbers and prime 

numbers which can be explored. In this paper, there are unsolved problems like maximum 

distance between any two neighboring prime numbers, maximum length of the chain of a 

prime numbers with same common difference (distance). One can try to solve these 

problems. More results on prime numbers can be derived by using the property that if  𝑝 

divides 
10𝑘(𝑝−1)−1

10𝑘−1
, then 𝑝  divides  𝑛 (

10𝑘(𝑝−1)−1

10𝑘−1
) , 𝑘, 𝑛 ∈ 𝑁. Two more problems are that there 

may be no prime of the form 111, 1111, 11111, 111111, 1111111,… and 111, 11111, 

1111111, 11111111111,.. have only two prime factors. 
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Research aim:  

Considering micro structure of modern sensing devices the aim of this present study is to 

analyse the propagation behavior of horizontally polarized shear waves in an elastic layer 

overlying semi-infinite micropolar elastic substrate. Here micropolar theory is preferred 

instead of classical model due to its capability to expound size effects on micro scale. The 

closed form expression of dispersion relation for the existence of horizontally polarized shear 

waves is obtained analytically. Possible particular case has been derived and validated with 

the existing result of the classical Love wave equation. To exemplify the competence of the 

problem numerical computations are executed by considering aluminium-epoxy as a 

micropolar elastic material. The substantial effects of micropolarity and thickness of elastic 

layer have been examined and depicted graphically on the phase velocity profiles of the wave 

for the considered structure. 

 

Brief literature survey:  

Surface wave propagation in a composite structure has numerous applications in geoscience, 

engineering, ocean acoustics, NDE techniques, as well as in designing of surface acoustic 

wave (SAW) devices. Numerous researchers have investigated the propagation behavior of 

SH-waves in layered structure comprising of elastic material (Liu et al., 2001, Sahu et al., 

2014). Detailed investigations have been done on the propagation behavior of SH-waves in 

different materials based on classical model. But due to inadequacy of classical model to 

explain the behaviour of materials viz. aluminium epoxy, cellular solids, platelet composites, 

polymers and many other having complex microstructures, micropolar theory is preferred as 

it has ability to explain size effects on microscale by auditing the additional degree of 

freedom. Certain discrepancies were occurred and unexplained by the classical theory.  In 

order to remove these shortcomings Voigt (1887) introduced the concept of couple stresses in 

elasticity by introducing additional couple vector to explicate particle interactions in a body. 

Eringen and Suhubi (1964) introduced the theory of linear and nonlinear micropolar elastic 

continua and Eringen (1966) generalized the classical theory of elasticity by considering 

three rotational degrees of freedom in addition to three classical displacement degrees of 

freedom. Due to the practical applicability in various fields of science and technology such as 

acoustics, seismology, aerospace and marine structures an extensive study is available on the 

wave propagation phenomenon in micropolar solids.Propagation of Love-type surface waves 

in homogeneous micropolar elastic media were studied by Midya (2004). Tomar (2005) 

investigated wave propagation in a micropolar elastic plate with voids. Kaur et al. (2017) 

examined shear wave propagation in vertically homogeneous viscoelastic layer over a 

micropolar elastic half-space. Kundu et al. (2017) investigated Love wave propagation in 

heterogeneous micropolar media. 
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Problem formulation:  

This paper studies the propagation characteristics of horizontally polarized shear waves in a 

structure comprised of elastic layer perfectly bonded over semi-infinite micropolar elastic 

substrate. Both materials are isotropic in nature. An elastic layer of thickness h overlying 

semi-infinite micropolar elastic substrate is considered. The Cartesian coordinate system is 

considered such that shear wave is propagating in the y-direction and x-axis is positive in 

vertically downward direction as shown in fig. 1. The elastic material is polarized along z-

direction perpendicular to x-y plane. The displacement components will be independent of z-

coordinate. Let �⃗� = (𝑢1, 𝑢2, 𝑢3) and 𝑣 = (𝑣1, 𝑣2, 𝑣3) are the mechanical displacement 

components for an elastic layer and the micropolar substrate respectively.  

 

 

 

             

             

             

             

             

             

       

 

The governing equation for the elastic layer in the absence of body forces is given by: 

𝜕2𝑢3

𝜕𝑥2
+

𝜕2𝑢3

𝜕𝑦2
=

1

𝛼1
2

𝜕2𝑢3

𝜕𝑡2
                                                                                                                 (1) 

 

The governing equations and constitutive relations for micropolar elastic half-space (Eringen, 

1966) in the vector form in the absence of body forces are 

(𝜆 + µ)𝛻(𝛻. 𝑣 ) + (µ + 𝜅)𝛻2𝑣 + 𝜅(𝛻 × �⃗� ) = 𝜌
𝜕²�⃗� 

𝜕𝑡²
,      (4) 

(𝛼 + 𝛽 + 𝛾)𝛻(𝛻. �⃗� ) − 𝛾𝛻 × (𝛻 × �⃗� ) + 𝜅(𝛻 × 𝑣 ) − 2𝜅�⃗� = ɉ𝜌
𝜕²�⃗⃗⃗� 

𝜕𝑡²
,   

 (5) 

𝜎𝑖𝑗 = 𝜆𝑣𝑘,𝑘𝛿𝑖𝑗 + µ(𝑣𝑖,𝑗 + 𝑣𝑗,𝑖) + 𝜅(𝑣𝑗,𝑖 − 𝜖𝑖𝑗𝑘𝜙𝑘),      (6) 

𝑚𝑖𝑗 =  𝛼𝜙𝑘,𝑘𝛿𝑖𝑗 + 𝛽𝜙𝑖,𝑗 + 𝛾𝜙𝑗,𝑖,        (7) 

 

where i, j, k=1, 2, 3.α, β, γ, κ are micropolar material parameters. λ and µ are Lame’s 

constants. ρ is the mass density,  ɉ is micro inertia.𝜎𝑖𝑗and 𝑚𝑖𝑗 are the stress tensor and couple 

stress tensor. 𝛿𝑖𝑗 is kronecker delta. 𝜖𝑖𝑗𝑘 is alternating tensor.�⃗� = (�⃗� 1, �⃗� 2, �⃗� 3) is the 

microrotation vector.  

 

The admissible boundary conditions will be applied and dispersion relation will be obtained 

by taking the determinant of the coefficients of unknown variables equal to zero, for the 

propagation of SH-waves in an elastic layered structure. In the absence of micropolar 

constants the classical Love wave equation (Love, 1911) is obtained from the dispersion 

relation for the sake of validation. 

 

 

Z 

X 

Y O h 

h 

Elastic layer 

Micropolar elastic 

half-space  
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Solution methodology:  

The solutions are obtained analytically by using general differential equations with 

corresponding boundary conditions. 

 

Significant conclusions: 

• Existence of shear waves in the composite structure consisting of an elastic layer bonded 

perfectly to the micropolar elastic material and micropolarity has significant effect on the 

propagation of SH-waves. As micropolarity constant (
𝜅

µ
)increases phase velocity of the 

wave increases. 

• Thickness of elastic layer also has eminent effect on the phase velocity profile of the SH-

wave. As the thickness of elastic layer is increasing, the phase velocity of the wave also 

increases. 

 

REFERENCES: 

1. H. Liu, Z. K. Wang, and T. J. Wang, “Effect of initial stress on the propagation behavior 

of Love waves in a layered piezoelectric structure, International Journal of Solids and 

Structures”, 38 (1), 37-51, (2001). 

2. S. A. Sahu, P. K. Saroj and N. Dewangan, “SH-waves in viscoelastic heterogeneous layer 

over half-space with self-weight, Archive of Applied Mechanics”, 84 (2), 235-245, 

(2014). 

3. W. Voigt, “Theoretische Studien Ãber die ElastizitÃtsverhÃltnisse der 

Kristalle(Theoretical studies on the elasticity relationships of crystals), Abhandlungen der 

Gesellschaft der Wissenschaften zu GÃttingen”, 34, 3-51, (1887). 

4. A.C. Eringen and E.S. Suhubi, “Non-linear theory of simple micro-elastic solid-I, 

International journal of Engineering Science”, 2,189-203, (1964). 

5. A.C. Eringen, “Linear theory of micropolar elasticity, Journal of Mathematics and 

Mechanics”, 15,909-923, (1966). 

6. S.K. Tomar, “Wave propagation in a micropolar elastic plate with voids, Journal of 

vibration and control”, 11,849-863, (2005). 

7. G.K. Midya, “On Love-type surface waves in homogeneous micropolar elastic media. 

International Journal of Engineering and Science”, 42, 1275-1288, (2004). 

8. T. Kaur, S.K. Sharma, and A.K. Singh, “Influence of imperfectly bonded micropolar 

elastic half-space with non-homogeneous viscoelastic layer on propagation behavior of 

shear wave. Waves in Random and Complex Media”, 26(4), 650–670, (2016). 

9. S. Kundu, A. Kumari, D. K. Pandit, and S. Gupta, “Love wave propagation in 

heterogeneous micropolar media. Mechanics Research Communications”, 83, 6-11, 

(2017). 

10. A. E. H. Love. Some Problems in Geodynamics, Cambridge University Press, London, 

(1911). 

 



Proceeding of International Conference on Mathematics in Space and Applied Sciences  

(ICMSAS-2019) 

Published by Knowledge and Research Publisher, Nagpur India                  ISBN-978-81-942641-8-7 
 

134 
 

ON THE REGION OF COMPLEX GROWTH RATES IN TRIPLY 

DIFFUSIVE CONVECTION IN POROUS MEDIUM 
 

RENUKA RANA**, KAKA RAM*, VIRENDER SINGH* AND JYOTI PRAKASH* 

*Department of Mathematics and Statistics, Himachal Pradesh University, Summer Hill, 

Shimla-171005, India. 

**Department of Mathematics, School of Applied Science and Research,  

APG Shimla University, Shimla-171009, India. 

 

ABSTRACT:  

In the present paper, the problem of triply diffusive convection in porous medium is studied 

by using Darcy-Brinkman model. Upper bounds for the complex growth rates of an arbitrary 

oscillatory disturbance of growing amplitude, neutral or unstable, are obtained which are 

important especially when both the boundaries are not free so that exact solutions in the 

closed form are not obtainable. It is further proved that the result obtained herein is uniformly 

valid for any combination of rigid and free boundaries.  
 

KEYWORDS: Triply diffusive convection; Porous Medium; Darcy-Brinkman model; 

Rayleigh number; Concentration Rayleigh number. 
 

INTRODUCTION: 

The convective fluid motion under the simultaneous action of a uniform vertical temperature 

gradient and a gravitationally opposite uniform vertical concentration gradient (known as 

double diffusive convection) has been an area of great research activity for the last many 

decades. Double diffusive convection is now well known. For a broad view of the subject 

one may refer to Stern (1960), Veronis (1965), Nield (1967), Baines and Gill (1969), Turner 

(1974),Huppert and Turner (1981),Banerjee et al. (1981, 1993a,b), Gupta et al. (1982, 1983, 

2001), Brandt and Fernado (1996), Basu and Layek (2013), Radko (2013), Kellner and 

Tilgner (2014), Yang et al. (2015,2016), Chen et al. (2016,2017), Safi and Benissaad (2017) 

etc. 
 

The presence of more than two components in a fluid having different diffusive properties, 

can lead to convective instabilities, often well before a fluid system would become statically 

unstable. It is now well established that (Griffiths (1979a), Moroz (1989), Pearlstein et al. 

(1989), Lopez et al. (1990), Terrones (1993), Prakash et al. (2014a,b,c,d,e, 2015a,b,c,d, 

2016a), Patil et al. (2018a,b),etc.) the small concentration of a third component with a 

smaller mass diffusivity can have a significant effect upon the nature of instability; and 

‘diffusive convection’ (oscillatory modes) and direct ‘salt finger’ modes (steady convection) 

may simultaneously exist under a wide range of conditions, even if the over-all density 

distribution is gravitationally stable.  
 

The subject of systems having more than two components in porous medium has also 

attracted many researchers recently due to its importance in the study of geothermally heated 

lakes, earth core, solidification of molten alloys, underground water flow, natural phenomena 

such as contaminant transport, warming of stratosphere and magmas and their laboratory 

models and sea water etc. For the broad view of the subject one may be referred to Vafai 

(2005), Straughan et al. (2008),Rionero (2013), Abdullah et al. (2018),Zhao et al. (2014), 

Ghalambaz et al. (2016), Prakash et al. (2016b,c, 2017), Roy (2017), Hewitt (2017), 

Raghunatha et al. (2018)etc. 
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Since instability in triply diffusive configurations in porous and non-porous media may occur 

in the form of oscillatory motions, the problem of deriving the upper limits for the linear 

growth rate of an arbitrary neutral or unstable oscillatory disturbance of growing amplitude 

in triply diffusive convection has its own importance in fluid dynamics, especially when at 

least one of the boundaries is rigid so that exact solutions in the closed form are not derivable 

as was possible for the cases treated by Griffiths (1979a), Poulikakos (1985) and Rudraiah 

and Vortmeyer (1982).  

 

In the present paper we have studied triply diffusive convection (with heat and one 

concentration component as destabilizing agent and the second concentration component as 

stabilizing agent) in a sparsely distributed porous medium by using Darcy-Brinkman model. 

Darcy flow model is relevant only to densely packed, low permeability porous medium. 

Also, experiments conducted with several combinations of solids and fluids covering wide 

ranges of governing parameters indicate that most of the experimental data do not agree with 

the theoretical predictions based on the Darcy flow model. The Brinkman (1947) extension 

of the Darcy’s law has overcome these difficulties by adding a viscous like term to the 

equations. 

 

Mathematical Formulation and Analysis: 

Consider a viscous finitely heat conducting Boussinesq fluid layer, saturating a sparsely 

distributed porous medium, of infinite horizontal extension statically confined between two 

horizontal boundaries 𝑧 = 0 and 𝑧 = 𝑑 which are respectively maintained at uniform 

temperatures 𝑇0  and 𝑇1(< 𝑇0) and uniform concentrations 𝑆10,𝑆20 and𝑆11(< 𝑆10),𝑆21(>
𝑆20)(see Fig.1.). It is assumed that the saturating fluid is incompressible and the porous 

medium is a constant porosity medium. It is further assumed that the cross-diffusion effects 

of the stratifying agencies can be neglected. The Darcy-Brinkman model has been used to 

investigate the triply diffusive convection in porous medium. 

 

 
Fig.1. Physical configuration. 

 

The basic hydrodynamics equations that govern the motion of a triply diffusive fluid layer in 

porous medium in their non-dimensional form with 𝑅 > 0, 𝑅1 > 0, 𝑅2 < 0 are given(Vafai 

(2005), Prakash et al. (2017)): 

𝛬(𝐷2 − 𝑎2)2𝑤 − (𝑝 + 𝐷𝑎
−1)(𝐷2 − 𝑎2)𝑤 =  𝑅𝑎2𝜃 − 𝑅1𝑎2𝜙1 + |𝑅2|𝑎2𝜙2,         (1) 

(𝐷2 − 𝑎2 − 𝐸𝜎𝑝)𝜃 = −𝑤,          (2) 

(𝐷2 − 𝑎2 −
𝐸1𝜎 𝑝

𝜏1
) 𝜙1 =  − 

𝑤

𝜏1
        (3) 

𝑑 

 

𝒙 

 

𝒛 

 

𝑔 = (0,0, −𝑔) 

 

𝑇1 

 

𝑇0(> 𝑇1) 

) 

 

𝑆11 

 

𝑆20(< 𝑆21) 

) 

 

𝑆10(> 𝑆11) 

) 

 

𝑆21 

 

Porous medium 

 

 

𝒚 

 

𝑜 

 

𝑧 = 𝑑 

𝑧 = 0 
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and 

(𝐷2 − 𝑎2 −
𝐸2𝜎 𝑝

𝜏2
) 𝜙2 =  − 

𝑤

𝜏2
.        (4) 

Equations (1) – (4) are to be solved by using the following boundary conditions 

𝑤 = 𝜃 = 𝜙1 = 𝜙2 = 𝐷𝑤 = 0 at 𝑧 = 0 and 𝑧 = 1(both the boundaries are rigid)  (5) 

Or 𝑤 = 𝜃 = 𝜙1 = 𝜙2 = 𝐷2𝑤 = 0 at 𝑧 = 0 and  𝑧 = 1(both the boundaries are free) (6) 

or
𝑤 =  𝜃 =  𝜙1 = 𝜙2 =  𝐷𝑤 =  0 at 𝑧 =  0   (lower boundary is rigid)

 and 𝑤 =  𝜃 =  𝜙1 = 𝜙2 =  𝐷2𝑤 =  0 at 𝑧 =  1  (upper boundary is free)
}  (7) 

or
𝑤 =  𝜃 =  𝜙1 = 𝜙2 =  𝐷2𝑤 =  0 at 𝑧 =  0 (lower boundary is free)

  and 𝑤 =  𝜃 =  𝜙1 = 𝜙2 = 𝐷𝑤 =  0 at 𝑧 =  1   (upper boundary is rigid)
},  (8) 

 

where 𝑧 is the real independent such that 0 ≤ 𝑧 ≤  1, 𝐷 is the differentiation w.r.t. 𝑧,  𝑎2 is 

square of the wave number, 𝜎 > 0 the Prandtl number, 𝜏1 > 0 and 𝜏2 > 0 are the Lewis 

numbers for two concentration components with mass diffusivity 𝜅1, 𝜅2 respectively, 𝐷𝑎 > 0 

is the Darcy number, 𝑅 > 0 is the Rayleigh number, 𝑅1 > 0 and 𝑅2 < 0 are the two 

concentration Rayleigh numbers, 𝑝 =  𝑝𝑟 +  𝑖𝑝𝑖 is the complex growth rate where  𝑝𝑟 and  𝑝𝑖 

are the real constants, 𝑤 is the vertical velocity, 𝜃 is the temperature, 𝜙1 and 𝜙2 are the 

respective concentrations of the two components, 𝐸1 > 0 and 𝐸2 > 0 are constants.  

 

It may further be noted that equations (1) – (8) describe an eigenvalue problem for 𝑝 and 

govern triply diffusive convection in a porous medium for any combination of dynamically 

free and rigid boundaries. 

 

MATHEMATICAL ANALYSIS: 

Now we derive upper bounds for the complex growth rate in triply diffusive convection in 

porous medium. We prove the following theorem. 

Theorem. If 𝑅 > 0,  𝑅1 > 0, 𝑅2 < 0,  𝜏1 > 𝜏2, 𝐸1 > 0,  𝐸2 > 0, 𝜎 > 0, 𝑝𝑟 ≥ 0, 𝑝𝑖 ≠ 0, then a 

necessary condition for the existence of non-trivial solution (𝑤, 𝜃, 𝜙1, 𝜙2, 𝑝) of equations 

(1) – (4) together with either of the boundary conditions (5) – (8) is that 

|𝑝|2 <
𝑅1

𝐸1𝜎
−

27𝜋4

4

𝜏1
2

𝐸1
2𝜎2. 

Proof: Multiplying equation (1) by 𝑤∗ (the superscript ∗ hence forth denotes the complex 

conjugation) on both sides and integrating over vertical range of 𝑧, we obtain 

𝛬 ∫ 𝑤∗1

0
(𝐷2 − 𝑎2)2𝑤 𝑑𝑧 − (𝑝 + 𝐷𝑎

−1) ∫ 𝑤∗1

0
(𝐷2 − 𝑎2)𝑤 𝑑𝑧 = 𝑅𝑎2 ∫ 𝑤∗1

0
𝜃 𝑑𝑧 −

𝑅1𝑎2 ∫ 𝑤∗1

0
𝜙1 𝑑𝑧 + |𝑅2|𝑎2 ∫ 𝑤∗1

0
𝜙2 𝑑𝑧.    (9) 

 

Making use of equations (2) – (4), and the fact, that 𝑤(0) = 0 = 𝑤(1), we can write 

𝑅𝑎2 ∫ 𝑤∗1

0
𝜃 𝑑𝑧 = −𝑅𝑎2 ∫ 𝜃

1

0
(𝐷2 − 𝑎2 −  𝐸 𝜎 𝑝∗)𝜃∗𝑑𝑧,    (10) 

𝑅1𝑎2 ∫ 𝑤∗1

0
𝜙1𝑑𝑧 = −𝑅1𝑎2𝜏1 ∫ 𝜙1

1

0
(𝐷2 − 𝑎2 −  

𝐸1𝜎 𝑝∗

𝜏1
) 𝜙1

∗𝑑𝑧 `  (11) 

and 

|𝑅2|𝑎2 ∫ 𝑤∗1

0
𝜙2𝑑𝑧 = −|𝑅2|𝑎2𝜏2 ∫ 𝜙2

1

0
(𝐷2 − 𝑎2 −  

𝐸2𝜎 𝑝∗

𝜏2
) 𝜙2

∗𝑑𝑧.   (12) 

Combining equations (9) – (12), we obtain 

𝛬 ∫ 𝑤∗1

0
(𝐷2 − 𝑎2)2𝑤 𝑑𝑧 − (𝑝 + 𝐷𝑎

−1) ∫ 𝑤∗1

0
(𝐷2 − 𝑎2)𝑤 𝑑𝑧 = −𝑅𝑎2 ∫ 𝜃

1

0
(𝐷2 − 𝑎2 −

 𝐸 𝜎 𝑝∗)𝜃∗𝑑𝑧 + 𝑅1𝑎2𝜏1 ∫ 𝜙1
1

0
(𝐷2 − 𝑎2 − 

𝐸1𝜎 𝑝∗

𝜏1
) 𝜙1

∗𝑑𝑧 − |𝑅2|𝑎2𝜏2 ∫ 𝜙2
1

0
(𝐷2 − 𝑎2 −
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𝐸2𝜎 𝑝∗

𝜏2
) 𝜙2

∗𝑑𝑧.          (13) 

Integrating various terms of equation (13), by parts, for an appropriate number of times and 

making use of the boundary conditions (5) – (8) and the equality 

∫ 𝜓∗𝐷2𝑛𝜓𝑑𝑧 = (−1)𝑛 ∫ |𝐷2𝜓|2𝑑𝑧
1

0

1

0
,      (14) 

𝜓 = 𝑤(𝑛 = 1,2) or 𝜓 = 𝜃,  𝜙1, 𝜙2 (𝑛 = 1), 

we may rewrite equation (13) in the form  

𝛬 ∫ (|𝐷2𝑤|2 + 2𝑎2|𝐷𝑤|2 + 𝑎4|𝑤|2)
1

0
𝑑𝑧 + (𝑝 + 𝐷𝑎

−1) ∫ (|𝐷𝑤|2 + 𝑎2|𝑤|2)
1

0
𝑑𝑧 =

𝑅𝑎2 ∫ (|𝐷𝜃|2 + 𝑎2|𝜃|2 + 𝐸𝜎𝑝∗|𝜃|2)
1

0
𝑑𝑧− 𝑅1𝑎2𝜏1 ∫ (|𝐷𝜙1|2 +  𝑎2|𝜙1|2 +

1

0

 
𝐸1𝜎 𝑝∗

𝜏1
|𝜙1|2) 𝑑𝑧 + |𝑅2|𝑎2𝜏2 ∫ (|𝐷𝜙2|2 +  𝑎2|𝜙2|2 +  

𝐸2𝜎 𝑝∗

𝜏2
|𝜙2|2) 𝑑𝑧

1

0
.  (15) 

Equating imaginary parts of both sides of equation (15), and cancelling 𝑝𝑖(≠ 0) throughout, 

we have 

∫ (|𝐷𝑤|2 +  𝑎2|𝑤|2) 𝑑𝑧 = − 
1

0
𝑅𝑎2𝐸𝜎 ∫ |𝜃|2𝑑𝑧

1

0
+ 𝑅1𝑎2𝐸1𝜎 ∫ |𝜙1|2𝑑𝑧

1

0
− |𝑅2|𝑎2𝐸2𝜎 ∫ |𝜙2|2𝑑𝑧

1

0
.

 (16) 

Since 𝑤, 𝜃,  𝜙1, 𝜙2 satisfy 𝑤(0) = 0 = 𝑤(1), 𝜃(0) = 0 = 𝜃(1), 𝜙1(0) = 0 = 𝜙1(1) and 

𝜙2(0) = 0 = 𝜙2(1), by Rayleigh-Ritz Inequality, we have  

∫ |𝐷𝑤|21

0
𝑑𝑧 ≥  𝜋2 ∫ |𝑤|2𝑑𝑧

1

0
,        (17) 

∫ |𝐷𝜃|21

0
𝑑𝑧 ≥  𝜋2 ∫ |𝜃|2𝑑𝑧

1

0
,        (18) 

∫ |𝐷𝜙1|21

0
𝑑𝑧 ≥  𝜋2 ∫ |𝜙1|2𝑑𝑧

1

0
       (19) 

and 

∫ |𝐷𝜙2|21

0
𝑑𝑧 ≥  𝜋2 ∫ |𝜙2|2𝑑𝑧

1

0
.       (20) 

Using inequality (17), we have  

∫ (|𝐷𝑤|2 +  𝑎2|𝑤|2) 𝑑𝑧 
1

0
≥ (𝜋2 + 𝑎2) ∫ |𝑤|2𝑑𝑧.

1

0
     (21) 

Combining equations (16) and (21), we have 

𝑅1𝐸1𝜎𝑎2 ∫ |𝜙1|2𝑑𝑧
1

0
 ≥ (𝜋2 + 𝑎2) ∫ |𝑤|2𝑑𝑧.

1

0
     (22) 

Now, multiplying equation (3) by its complex conjugate and integrating the resulting 

equation for a suitable number of times and using the boundary conditions on 𝜙1, namely, 

𝜙1(0) = 0 = 𝜙1(1), we obtain 

∫ (|𝐷2𝜙1|2 + 2𝑎2|𝐷𝜙1|2 +  𝑎4|𝜙1|2)
1

0
 𝑑𝑧 +

2𝐸1𝜎𝑝𝑟

𝜏1
∫ (|𝐷𝜙1|2 +  𝑎2|𝜙1|2)𝑑𝑧

1

0
+

𝐸1
2𝜎2|𝑝|2

𝜏1
2 ∫ |𝜙1|2𝑑𝑧

1

0
=

1

𝜏1
2 ∫ |𝑤|2𝑑𝑧

1

0
.                            (23) 

 

Now, we have (Banerjee et al (1993b)) 

∫ |𝐷2𝜙1|21

0
𝑑𝑧  ≥  𝜋4 ∫ |𝜙1|21

0
𝑑𝑧.       (24) 

Using (19) and (24), we have 

∫ (|𝐷2𝜙1|2 + 2𝑎2|𝐷𝜙1|2 +  𝑎4|𝜙1|2)
1

0
 𝑑𝑧 ≥ (𝜋2 + 𝑎2)2 ∫ |𝜙1|2𝑑𝑧

1

0
.  (25) 

 

Substituting (25) in (23), we have 

(𝜋2 + 𝑎2)2 ∫ |𝜙1|2𝑑𝑧 +
2𝐸1𝜎𝑝𝑟

𝜏1
∫ (|𝐷𝜙1|2 +  𝑎2|𝜙1|2)𝑑𝑧

1

0
+

𝐸1
2𝜎2|𝑝|2

𝜏1
2 ∫ |𝜙1|2𝑑𝑧

1

0
≤

1

𝜏1
2 ∫ |𝑤|2𝑑𝑧.

1

0

1

0

 (26) 

Since 𝑝𝑟 ≥ 0, it follows from equation (26) that  
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(𝜋2 + 𝑎2)2 ∫ |𝜙1|2𝑑𝑧 +
1

0

𝐸1
2𝜎2|𝑝|2

𝜏1
2 ∫ |𝜙1|2𝑑𝑧

1

0
≤

1

𝜏1
2 ∫ |𝑤|2𝑑𝑧

1

0
    (27)  

which gives 

𝑅1𝐸1𝜎𝑎2 ∫ |𝜙1|2𝑑𝑧 ≤
1

0

𝑅1

𝐸1𝜎

𝑎2

|𝑝|2 ∫ |𝑤|2𝑑𝑧
1

0
−

(𝜋2+𝑎2)2

|𝑝|2

𝜏1
2

𝐸1
2𝜎2 . 𝑅1𝐸1𝜎𝑎2 ∫ |𝜙1|2𝑑𝑧

1

0
. (28) 

Using (22) in (28), we have 

𝑅1𝐸1𝜎𝑎2 ∫ |𝜙1|2𝑑𝑧 ≤
1

0

𝑅1

𝐸1𝜎

𝑎2

|𝑝|2 ∫ |𝑤|2𝑑𝑧
1

0
−

(𝜋2+𝑎2)3

|𝑝|2

𝜏1
2

𝐸1
2𝜎2 ∫ |𝑤|2𝑑𝑧.

1

0
   (29) 

Utilizing (29) in (16), we obtain 

∫ |𝐷𝑤|2𝑑𝑧 +
1

0
𝑅𝑎2𝐸𝜎 ∫ |𝜃|2𝑑𝑧

1

0
+ |𝑅2|𝑎2𝐸2𝜎 ∫ |𝜙2|2𝑑𝑧 + 𝑎21

0
{1 −

𝑅1

𝐸1𝜎

1

|𝑝|2 +

(𝜋2+𝑎2)3

𝑎2

𝜏1
2

|𝑝|2𝐸1
2𝜎2

} ∫ |𝑤|2𝑑𝑧
1

0
≤ 0. (30) 

Since minimum value of  
(𝜋2+𝑎2)3

𝑎2
  is  

27𝜋4

4
 for 𝑎2 =

𝜋2

2
, inequality (30) yields 

∫ |𝐷𝑤|2𝑑𝑧 +
1

0
𝑅𝑎2𝐸𝜎 ∫ |𝜃|2𝑑𝑧

1

0
+ |𝑅2|𝑎2𝐸2𝜎 ∫ |𝜙2|2𝑑𝑧 + 𝑎21

0
{1 −

𝑅1

𝐸1𝜎

1

|𝑝|2
+

27𝜋4

4
.

𝜏1
2

|𝑝|2𝐸1
2𝜎2

} ∫ |𝑤|2𝑑𝑧
1

0
≤ 0.  (31) 

Inequality (31) clearly implies that 

|𝑝|2 <
𝑅1

𝐸1𝜎
−

27𝜋4

4

𝜏1
2

𝐸1
2𝜎2

.        (32) 

This proves the theorem. 

The above theorem states, from the physical point of view that the complex growth rate 
(𝑝𝑟 , 𝑝𝑖) of an arbitrary neutral or unstable oscillatory perturbation of growing amplitude, in a 

triply diffusive fluid layer saturating a porous medium using Darcy-Brinkman model with 

one of the components as heat with diffusivity 𝜅 must lie inside a semicircle in the right half 

of the (𝑝𝑟 , 𝑝𝑖) – plane whose centre is origin and radius equals √
𝑅1

𝐸1𝜎
−

27𝜋4

4

𝜏1
2

𝜎2𝐸1
2 , where 

𝑅1(> 0) and 𝑅2(< 0) are the Rayleigh numbers for the two concentration components with 

diffusivities 𝜅1 and 𝜅2 , 𝜎 is the Prandtl number, 𝐸1 and 𝐸2  are constants. This result is 

uniformly valid for any combinations of rigid or free boundaries. 

 

A general plot showing the region of complex growth rate is given below: 

 

𝑝𝑟  

 

 

𝑝𝑖  

 

 

𝐴 

 

𝑂(0,0) 

 

 
Fig.2. Shaded region shows that the region of complex growth rate 
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(𝑂𝐴)2 <
𝑅1

𝐸1𝜎
−

27𝜋4

4

𝜏1
2

𝜎2𝐸1
2. 

CONCLUSIONS: 

The linear stability theory is used to derive the upper bounds for the complex growth rate in 

triply diffusive convection of a fluid layer in porous medium heated from below. The Darcy-

Brinkman model has been used which is more compatible for the flow through high porosity 

medium. These bounds are important especially when both the boundaries are not free so the 

exact solutions in the closed form are not obtainable. Further, since the result derived herein 

involve only the non-dimensional quantities and are independent of the wave number are, 

thus, of uniform applicability.  
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INTRODUCTION: 

In the current orientation of the world, the technologies have advanced so much that most of 

the individuals prefer using the internet as the primary mean to relegate data from one end to 

another across the world. There are many possible ways to broadcast data using the internet: 

via e-mails, chats, etc. The data transition is made very cinch, fast and accurate using the 

internet. However, one of the main challenge with sending data over the internet is the 

“security threat” it poses i.e. the personal or privy data can be bagged or hacked in many 

ways. Therefore, it becomes very important to take data security into consideration, as it is 

one of the most necessary factors that need attention during the process of data transferring 

[1].  

 

Plain or normal text, which is send over the network, is firstly get transformed into cipher 

text so that only the sender and the recipient can use the information.  

Cipher Text, it is a data that has been encrypted. Cipher text is unreadable until it has been 

converted into Plain text with key.  

Encryption, the process of encoding plain text messages into cipher text messages.  

Decryption, transformation process of cipher text again into plain text.  

 

Decryption is just opposite to encryption. In computer-to-computer communications, the 

computer at sender’s end usually transforms a plain text messages into cipher text messages 

by performing encryption. Then this message is sent to the receiver over the network. The 

receiver’s computer takes the encrypted message and performs the decryption process to 

obtain plain text.  

 

The process of encryption and decryption is known as Cryptography. In general, 

cryptography is the art and science of achieving security by encoding message to make them 

non-readable. It can be used to hide the meaning of information in any form. It can also be 

applied to software, graphics or voice. 

 
Cryptography Process 

 

Cryptography is the art of secret coding. The basic service provided by cryptography is the 

ability to send the information between participants in a way that prevents others reading it. 
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The main purpose of the cryptography is used not only to provide confidentiality, but also to 

provide solutions for other problems like: data integrity, authentication, non-repudiation [2].  

Network Security: 

System and Network Technology is a key technology for a wide variety of applications. It is 

a critical requirement in current situation networks, there is a significant lack of security 

methods that can be easily implemented. There exists a “communication gap” between the 

developers of security technology and developers of networks. Network design is a 

developed process that is depends on the Open Systems Interface (OSI) model. The OSI 

model has several advantages when designing network security. It offers modularity, ease-of-

use, flexibility, and standardization of protocols. The protocols of different layers can be 

easily combined to create stacks, which allow modular development. In contrast to secure 

network, design is not a well- developed process. There is not a methodology to manage the 

complexity of security requirements. When considering about network security, it should be 

emphasized that the complete network is secure. It does not only concern with the security in 

the computers at each end of the communication chain. When transferring from one node to 

another node data the communication channel should not be vulnerable to attack. A hacker 

will target the communication channel, get the data, and decrypt it and reinsert a duplicate 

message. Though securing the network is just as important as securing the computers and 

encrypting the message. While developing a secure network, the following needs to be 

considered [3]. 

 

Network Security Services:  

The classification of security services are as follows: 

Confidentiality: Ensures that the information in a computer system and transmitted 

information are accessible only for reading by authorized parties. e.g. printing, displaying 

and other forms of disclosure. 

Authentication: Ensures that the origin of a message or electronic document is correctly 

identified, with an assurance that the identity is not false. 

Data Integrity: Ensures that only authorized parties are able to modify computer system 

assets and transmitted information. Modification includes writing, changing status, deleting, 

creating and delaying or replaying of transmitted messages. 

Non-repudiation: Requires that neither the sender nor the receiver of a message be able to 

deny the transmission [4].  
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Cryptography is the methods that allow information to be sent in a secure from in such a way 

that the only receiver able to retrieve this information. Presently continuous researches on the 

new cryptographic algorithms are going on. However, it is a very difficult to find out the 

specific algorithm, because we have already known that they must consider many factors like 

security, the features of algorithm, the time complexity and space complexity [2].  

 

Techniques/ Methods/ Types of Cryptography:   

There are two main categories of cryptography depending on the type of security keys used 

to encrypt/decrypt the data. These two categories are asymmetric and Symmetric encryption 

techniques i.e. Symmetric and Asymmetric Encryptions: 

 
1) Symmetric Encryption: 

It is also called as single key cryptography. It uses a single key. In this encryption process the 

receiver and the sender has to agree upon a single secret (shared) key. Given a message 

(called plaintext) and the key, encryption produces unintelligible data, which is about the 

same length as the plaintext was. Decryption is the reverse of encryption, and uses the same 

key as encryption [5]. 

 
 

ADVANTAGES AND DISADVANTAGES OF SYMMETRIC CRYPTOSYSTEM 

ADVANTAGES: 

• A symmetric cryptosystem is faster. 

• In Symmetric Cryptosystems, encrypted data can be transferred on the link even if there 

is a possibility that the data will be intercepted. Since there is no key transmitted with the 

data, the chances of data being decrypted are null.  

• A symmetric cryptosystem uses password authentication to prove the receiver’s identity.  

• A system only, which possesses the secret key, can decrypt a message. 
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DISADVANTAGES: 

• Symmetric cryptosystems have a problem of key transportation. The secret key is to be 

transmitted to the receiving system before the actual message is to be transmitted. Every 

means of electronic communication is insecure as it is impossible to guarantee that no one 

will be able to tap communication channels. Therefore, the only secure way of exchanging 

keys would be exchanging them personally. 

• Cannot provide digital signatures that cannot be repudiated [6].  

 

2) Asymmetric Encryption: 

It is also called as public key cryptography. It uses two keys: public key, which is known to 

the public, used for encryption and private key, which is known only to the user of that key, 

used for decryption. The public and the private keys are related to each other by any 

mathematical means. In other words, data encrypted by one public key can be encrypted only 

by its corresponding private key. Encryption and decryption procedure [5].  

 

 
 

ADVANTAGES AND DISADVANTAGES OF ASYMMETRIC CRYPTOSYSTEM 

ADVANTAGES 

• In asymmetric or public key, cryptography there is no need for exchanging keys, thus 

eliminating the key distribution problem. 

• The primary advantage of public-key cryptography is increased security: the private keys 

do not ever need to be transmitted or revealed to anyone. 

• Can provide digital signatures that can be repudiated.  

 

DISADVANTAGES 

A disadvantage of using public-key cryptography for encryption is speed: there are popular 

secret-key encryption methods which are significantly faster than any currently available 

public-key encryption method [6].  

 

MAJOR TYPES OF ATTACKS 

Many attacks are possible over any ongoing communication within a network.  

Some major types of attacks are explained below: -  

(a) Security Threats: - Security threats are attacks where the system of the user is hampered 

in some manner that leads to loss of confidential data. This includes activities like service 

denying, attacking with viruses, malwares, spywares and Trojan horses. In addition, activities 
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like intruding database or accessing Internet without permission.  

(b) Data capturing and cryptanalysis: - This attack is performed while data is travelling in 

communication channels. The confidential data is captured or stolen from the channels and 

cryptanalysis is performed on it to extract the original data.  

(c) Unauthorized Installing of Applications: - Installing unauthorized or uncertified 

applications within the system leads to virus intrusion and security breaching. To avoid it 

only certified applications must be allowed and unwanted applications such as audios, 

videos, games or other Internet applications must be avoided.  

(d) Unauthorized Access: - Intrusion of any unauthorized person within the network 

resources or in data records leads to loss of confidential information. Hence proper 

authentication techniques for user’s identity must be used and only resources must be 

monitored and checked from time-to-time.  

(e) Virus Infection: - When network or resources are attacked with viruses, malware, Trojan 

horses or spywares leads to loss or manipulation of confidential data. It may sometimes 

destroy different resources and components of the network by effecting their source codes or 

hardware. 

 

CYBER SECURITY TECHNIQUES: 

To overcome or undo the attacks on networks different technologies are used these days. 

Some of the major techniques are given below:-  

(a) Authentication: - All data and documents received must be authenticated if they are sent 

by trusted sender or not. They must also be checked for unwanted breaching or alterations 

within data. 

(b) Antivirus: - Antivirus software must be installed and updated on regular time intervals. 

Also network and systems checks must be conducted regularly. 

(c) Firewalls: - This software keeps track of inward and outward traffic of any system. It 

also inform user about unpermitted access and usage. 

(d) Access Control: - Each user must have their particulars like username and passwords so 

that only intended users may log in. 

(e) Cryptography: - It is the technique of encoding plain text into cipher text before 

transmitting it over channel for avoiding stealing of confidential data [7]. 

 

CONCLUSION AND FUTURE WORK: 

With the explosive growth in the Internet, network and data security have become an 

inevitable concern for any organization whose internal private network is connected to the 

Internet. The security for the data has become highly important. User’s data privacy is a 

central question over cloud. With more mathematical tools, cryptographic schemes are 

getting more versatile and often involve multiple keys for a single application.  

 

In this concern, Cryptography plays a vital role in computer science area because the amount 

of work done is only kept secret. There are various techniques and algorithm studied and 

different types of research have been done. This paper further studied that symmetric key 

cryptography are faster than asymmetric systems. However, asymmetric key cryptography 

are more scalable and provide more authentication and non- repudiation easily.  

 

In the future, work can be done on key distribution and management as well as optimal 

cryptography algorithm for data security over clouds. 
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ABSTRACT: 

Linear equations play an important role in Science and Technology, Engineering and various 

social problems.Here in this paper, simple method has been developed to solve the problems 

occurring in the simultaneous linear equations having two or three unknowns. Some 

problems based on simultaneous linear equations have been solved also. 
 

KEYWORDS :- Linear equations, simultaneous equations, co-efficients. 
 

INTRODUCTION :-  

There are so many methods to solve simultaneous linear equations having two or three 

unknowns like Graphical Method, Substitution Method, Elimination Method, Cross 

multiplication Methods, Crammer Rule, Matrix Method, Gauss Jacob’s Method, Gauss 

Jordan Method, Gauss elimination method, Gauss Seidal Method etc. In this paper, we 

introduce a technique to solve simultaneous linear equations having two or three unknowns 

which is the modification of crammer’s rule. 
 

1. Method to solve the simultaneous linear equations having two unknowns 

(Variables). 

Consider two  linear equations having two variables such that  

𝑎1𝑥 + 𝑏1𝑦 =  𝑐1  

𝑎2𝑥 + 𝑏2𝑦 =  𝑐2 
 

Method : 

Write constants which is as follows : 

𝑎1          𝑏1          𝑏1          𝑐1          𝑐1          𝑎1 

𝑏2          𝑎2          𝑐2          𝑏2          𝑎2          𝑐2 
(1) ∆ = 𝑎1𝑏2 − 𝑏1𝑎2    
(2)  ∆1=  𝑏1𝑐2 − 𝑐1𝑏2   

(3) ∆2=  𝑐1𝑎2 − 𝑎1𝑐2 
 

Now to find the value of 𝑥 𝑎𝑛𝑑 𝑦 

 ∴  𝑥 =  −
∆1

∆
 ,     𝑦 = −

∆2

∆
 

 

*Some problems based on two un-knowns: 

Example 1.  Solve the following system of equations : 2𝑥 + 3𝑦 = 9 , 3𝑥 − 2𝑦 = 7. 
Solution : Given system of equations are   2𝑥 + 3𝑦 = 9 , 3𝑥 − 2𝑦 = 7 

Here 𝑎1 = 2   𝑏1 = 3   𝑐1 = 9  and 𝑎2 = 3   𝑏2 = −2   𝑐2 = 7   

Method :  𝑎1          𝑏1          𝑏1          𝑐1          𝑐1          𝑎1 

                   𝑏2          𝑎2          𝑐2          𝑏2          𝑎2         𝑐2 

i.e.            2             3            3           9            9           2 

               −2            3            7         −2           3           7 
 

∆ = 𝑎1𝑏2 − 𝑏1𝑎2 = 2× −2 − 3 × 3 =  −4 − 9 =  −13 
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∆1=  𝑏1𝑐2 − 𝑐1𝑏2= 3× 7 − 9 × −2 = 21 + 18 =    39 

∆2=  𝑐1𝑎2 − 𝑎1𝑐2 = 9× 3 − 2 × 7 = 27 − 14  =   13 

Now to find the value of 𝑥 𝑎𝑛𝑑 𝑦 

∴ 𝑥 =  −
∆1

∆
=  −

39

−13
= 3 

   𝑦 =  −
∆2

∆
=  −

13

−13
= 1 

Hence the solution. 
 

Example 2.  Solve the following system of equations : 𝑥 − 2𝑦 = 4 , −3𝑥 + 5𝑦 = −7. 
Solution : Given system of equations are   𝑥 − 2𝑦 = 4 , −3𝑥 + 5𝑦 = −7 

Here 𝑎1 = 1   𝑏1 = −2   𝑐1 = 4  and 𝑎2 = −3   𝑏2 = 5   𝑐2 = −7   

Method :  𝑎1          𝑏1          𝑏1          𝑐1          𝑐1          𝑎1 

                   𝑏2          𝑎2          𝑐2          𝑏2          𝑎2         𝑐2 

i.e.            1           −2         −2          4             4           1 

                  5           −3         −7          5           −3       −7 

∆ = 𝑎1𝑏2 − 𝑏1𝑎2 = 1× 5 − (−2) × (−3) =  5 − 6 =  −1 

∆1=  𝑏1𝑐2 − 𝑐1𝑏2= −2× −7 − 4 × 5 = 14 − 20 =   −6 

∆2=  𝑐1𝑎2 − 𝑎1𝑐2 = 4× −3 − 1 × −7 = −12 + 7  =  −5 

Now to find the value of 𝑥 𝑎𝑛𝑑 𝑦 

∴ 𝑥 =  −
∆1

∆
=  −

−6

−1
= −6 

   𝑦 =  −
∆2

∆
=  −

−5

−1
= −5 

Hence the solution. 

 

Example 3.  Solve the following system of equations : 3𝑥 − 2𝑦 = 4, 4𝑥 − 3𝑦 = 5. 
Solution : Given system of equations are   3𝑥 − 2𝑦 = 4 , 4𝑥 − 3𝑦 = 5 

Here 𝑎1 = 3   𝑏1 = −2   𝑐1 = 4  and 𝑎2 = 4   𝑏2 = −3   𝑐2 = 5   

Method :  𝑎1          𝑏1          𝑏1          𝑐1          𝑐1          𝑎1 

                   𝑏2          𝑎2          𝑐2          𝑏2          𝑎2         𝑐2 

i.e.            3           −2         −2          4             4           3 

               −3             4             5       −3             4          5 

∆ = 𝑎1𝑏2 − 𝑏1𝑎2   = 3× −3 − (−2) × 4 =  −9 + 8 =  −1 

∆1=  𝑏1𝑐2 − 𝑐1𝑏2  = −2× 5 − 4 × −3 = −10 + 12 =   2 

∆2=  𝑐1𝑎2 − 𝑎1𝑐2  = 4× 4 − 3 × 5 = 16 − 15  =  1 

Now to find the value of 𝑥 𝑎𝑛𝑑 𝑦 

∴ 𝑥 =  −
∆1

∆
=  −

2

−1
= 2 

   𝑦 =  −
∆2

∆
=  −

1

−1
= 1 

Hence the solution. 

 

2. Method to solve the simultaneous linear equations having three unknowns 

(Variables). 

Consider three  linear equations having three variables such that  

        𝑎1𝑥 + 𝑏1𝑦 + 𝑐1𝑧 =  𝑑1  

       𝑎2𝑥 + 𝑏2𝑦 + 𝑐2𝑧 =  𝑑2 

       𝑎3𝑥 + 𝑏3𝑦 + 𝑐3𝑧 =  𝑑3 
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Method : 

(1) First of all Write constants i.e. 𝑎 , 𝑏 , 𝑐  which is as follows : 

𝑎1          𝑎1          𝑏1          𝑏1          𝑐1          𝑐1 

𝑏2          𝑏3          𝑐2          𝑐3          𝑎2          𝑎3 

𝑐3          𝑐2          𝑎3          𝑎2          𝑏3          𝑏2 

 
(1) ∆ = (𝑎1𝑏2𝑐3 − 𝑎1𝑏3𝑐2) + (𝑏1𝑐2𝑎3 − 𝑏1𝑐3𝑎2) + (𝑐1𝑎2𝑏3 − 𝑐1𝑎3𝑏2).   
 

(II)   Write constants i.e. 𝑏 , 𝑐 , 𝑑 which is as follows : 

𝑏1          𝑏1          𝑐1          𝑐1          𝑑1          𝑑1 

𝑐2          𝑐3          𝑑2          𝑑3          𝑏2          𝑏3 

𝑑3          𝑑2          𝑏3          𝑏2          𝑐3          𝑐2 

 

∆1= (𝑏1𝑐2𝑑3 − 𝑏1𝑐3𝑑2) + (𝑐1𝑑2𝑏3 − 𝑐1𝑑3𝑏2) + (𝑑1𝑏2𝑐3 − 𝑑1𝑏3𝑐2).   
 

(III)   Write constants i.e. 𝑐 , 𝑑 , 𝑎 which is as follows : 

𝑐1          𝑐1          𝑑1          𝑑1          𝑎1          𝑎1 

𝑑2          𝑑3          𝑎2          𝑎3          𝑐2          𝑐3 

𝑎3          𝑎2          𝑐3          𝑐2          𝑑3          𝑑2 

 

∆2= (𝑐1𝑑2𝑎3 − 𝑐1𝑑3𝑎2) + (𝑑1𝑎2𝑐3 − 𝑑1𝑎3𝑐2) + (𝑎1𝑐2𝑑3 − 𝑎1𝑐3𝑑2).   
 

(IV)   Write constants i.e. 𝑑 , 𝑎 , 𝑏 which is as follows : 

𝑑1          𝑑1          𝑎1          𝑎1          𝑏1          𝑏1 

𝑎2          𝑎3          𝑏2          𝑏3          𝑑2          𝑑3 

𝑏3          𝑏2          𝑑3          𝑑2          𝑎3          𝑎2 

 

∆3= (𝑑1𝑎2𝑏3 − 𝑑1𝑎3𝑏2) + (𝑎1𝑏2𝑑3 − 𝑎1𝑏3𝑑2) + (𝑏1𝑑2𝑎3 − 𝑏1𝑑3𝑎2).   
Now to find the value of 𝑥 , 𝑦 𝑎𝑛𝑑 𝑧 

∴ 𝑥 =  
∆1

∆
  , 𝑦 =  −

∆2

∆
   ,      𝑧 =  

∆3

∆
. 

 

* Some problems based on three un-knowns: 

 

Example 1.  Solve the following system of equations : 3𝑥 + 2𝑦 − 𝑧 = 4, −𝑥 − 𝑦 + 3𝑧 =
6, 5𝑥 − 3𝑦 + 𝑧 = 2. 
Solution :- Given system of equations are  3𝑥 + 2𝑦 − 𝑧 = 4, −𝑥 − 𝑦 + 3𝑧 = 6, 5𝑥 − 3𝑦 +
𝑧 = 2 

Here 𝑎1 = 3, 𝑏1 = 2, 𝑐1 = −1, 𝑑1 = 4  , 𝑎2 = −1, 𝑏2 = −1, 𝑐2 = 3, 𝑑2 = 6  , 𝑎3 = 5, 𝑏3 =
−3, 𝑐3 =  1, 𝑑3 = 2   

Method 

(I) 

𝑎1          𝑎1          𝑏1          𝑏1          𝑐1          𝑐1 

𝑏2          𝑏3          𝑐2          𝑐3          𝑎2          𝑎3 

𝑐3          𝑐2          𝑎3          𝑎2          𝑏3          𝑏2 

i.e.  

    3          3          2          2          −1          −1 
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 −1          −3          3          1          −1          5 

   1          3          5          −1          −3          −1 

 

∆ = (3 × −1 × 1 − 3 × −3 × 3) + (2 × 3 × 5 − 2 × 1 × −1) + {−1 × −1 × −3 −
(−1) × 5 × −1 }  
   =  (−3 + 27) + (30 + 2) + (−3 − 5) 

   = 24+32-8 

   = 56-8 = 48 

∆=48 

 

(II)  𝑏1          𝑏1          𝑐1          𝑐1          𝑑1          𝑑1 

        𝑐2          𝑐3          𝑑2          𝑑3          𝑏2          𝑏3 

       𝑑3          𝑑2          𝑏3          𝑏2          𝑐3          𝑐2 

i.e.  

2          2          −1          −1          4          4 

3          1          6          2          −1          −3 

2          6          −3          −1          1          3 

 

∆1= (2 × 3 × 2 − 2 × 1 × 6) + {−1 × 6 × −3 − (−1) × 2 × −1} + (4 × −1 × 1 −
4 × −3 × 3)   
    = (12 − 12) + (18 − 2) + (−4 + 36) 

    = 0 + 16 + 32 = 48 

∆1= 48 

 

(III) 𝑐1          𝑐1          𝑑1          𝑑1          𝑎1          𝑎1 

        𝑑2          𝑑3          𝑎2          𝑎3          𝑐2          𝑐3 

        𝑎3          𝑎2          𝑐3          𝑐2          𝑑3          𝑑2 

 

i.e.  

 

−1          −1          4          4          3          3 

  6             2         −1          5          3          1 

  5          −1           1           3          2          6 

 

∆2= {−1 × 6 × 5 − (−1) × 2 × −1} + (4 × −1 × 1 − 4 × 5 × 3) + (3 × 3 × 2 −
3 × 1 × 6) 

    = (−30 − 2) + (−4 − 60) + (18 − 18) 

    = -32-64+0 = -96+0 = -96 

∆2=  −96 

 

(IV) 𝑑1          𝑑1          𝑎1          𝑎1          𝑏1          𝑏1 

         𝑎2          𝑎3          𝑏2          𝑏3          𝑑2          𝑑3 

         𝑏3          𝑏2          𝑑3          𝑑2          𝑎3          𝑎2 

i.e. 

   4          4            3            3            2          2 

−1          5          −1        −3            6          2 

−3          −1          2          6          5          −1 
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∆3= (4 × −1 × −3 − 4 × 5 × −1) + (3 × −1 × 2 − 3 × −3 × 6) + (2 × 6 × 5 −
2 × 2 × −1) 

     = (12 + 20) + (−6 + 54) + (60 + 4) 

     = 32 + 48 + 64 = 144 

∆3= 144 

 

Now to find the value of 𝑥 , 𝑦 𝑎𝑛𝑑 𝑧 

∴ 𝑥 =  
∆1

∆
=  

48

48
= 1 

   𝑦 =  −
∆2

∆
=  −

−96

48
= 2 

  𝑧 =  
∆3

∆
=  

144

48
= 3  

∴ 𝑥 = 1, 𝑦 = 2, 𝑧 = 3 

Hence the solution. 

 

Example 2.  Solve the following system of equations : 6𝑥 − 9𝑦 − 20𝑧 = −4, 4𝑥 − 15𝑦 +
10𝑧 = −1, 2𝑥 − 3𝑦 − 5𝑧 = −1. 
Solution :- Given system of equations are  6𝑥 − 9𝑦 − 20𝑧 = −4, 4𝑥 − 15𝑦 + 10𝑧 =
−1, 2𝑥 − 3𝑦 − 5𝑧 = −1  

Here 𝑎1 = 6, 𝑏1 = −9, 𝑐1 = −20, 𝑑1 = −4  , 𝑎2 = 4, 𝑏2 = −15, 𝑐2 = 10, 𝑑2 = −1  , 𝑎3 =
2, 𝑏3 = −3, 𝑐3 =  −5, 𝑑3 = −1   

Method 

(I) 

𝑎1          𝑎1          𝑏1          𝑏1          𝑐1          𝑐1 

𝑏2          𝑏3          𝑐2          𝑐3          𝑎2          𝑎3 

𝑐3          𝑐2          𝑎3          𝑎2          𝑏3          𝑏2 

i.e.  

    6               6          −9          −9          −20          −20 

 −15          −3          10          −5             4               2 

  −5            10           2             4            −3           −15 

 

∆ = (6 × −15 × −5 − 6 × −3 × 10) + (−9 × 10 × 2 − (−9) × −5 × 4) + {−20 × 4 ×
−3 − (−20) × 2 × −15 }  
   =  (450 + 180) + (−180 − 180) + (240 − 600) 

   =  630 − 360 − 360 

   =  630 − 720 

∆=  −90 

 

(II)  𝑏1          𝑏1          𝑐1          𝑐1          𝑑1          𝑑1 

        𝑐2          𝑐3          𝑑2          𝑑3          𝑏2          𝑏3 

       𝑑3          𝑑2          𝑏3          𝑏2          𝑐3          𝑐2 

i.e.  

−9          −9          −20          −20          −4          −4 

 10          −5          −1             −1          −15          −3 

−1          −1          −3            −15          −5          10 
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∆1= (−9 × 10 × −1 − (−9) × −5 × −1) + {−20 × −1 × −3 − (−20) × −1 × −15} +
 (−4 ×            −15 × −5 − (−4) × −3 × 10)   
    = (90 + 45) + (−60 + 300) + (−300 − 120) 

    = 135 + 240 − 420 = 375 − 420 

∆1= −45 

(III) 𝑐1          𝑐1          𝑑1          𝑑1          𝑎1          𝑎1 

        𝑑2          𝑑3          𝑎2          𝑎3          𝑐2          𝑐3 
        𝑎3          𝑎2          𝑐3          𝑐2          𝑑3          𝑑2 

i.e.  

−20          −20          −4          −4           6             6 

 −1            −1               4             2          10          −5 

   2               4           −5            10          −1          −1 

 

∆2= {−20 × −1 × 2 − (−20) × −1 × 4} + (−4 × 4 × −5 − (−4) × 2 × 10) +
(6 × 10 × −1 − 6 ×            −5 × −1) 

     = (40 − 80) + (80 + 80) + (−60 − 30) 

    =  −40 + 160 − 90 =  −130 + 160 = 30 

∆2=  30 

 

(IV) 𝑑1          𝑑1          𝑎1          𝑎1          𝑏1          𝑏1 

         𝑎2          𝑎3          𝑏2          𝑏3          𝑑2          𝑑3 

         𝑏3          𝑏2          𝑑3          𝑑2          𝑎3          𝑎2 

i.e. 

   −4          −4            6            6            −9          −9 

      4            2          −15        −3           −1          −1 

   −3          −15          −1        −1             2             4 
 

∆3= (−4 × 4 × −3 − (−4) × 2 × −15) + (6 × −15 × −1 − 6 × −3 × −1) + (−9 × −1 ×
2 −          (−9) × −1 × 4) 

     = (48 − 120) + (90 − 18) + (18 − 36) 

     = −72 + 72 − 18 = −18 

∆3= −18 
 

Now to find the value of 𝑥 , 𝑦 𝑎𝑛𝑑 𝑧 

∴ 𝑥 =  
∆1

∆
=  

−45

−90
=  

1

2
 

   𝑦 =  −
∆2

∆
=  −

30

−90
=

1

3
 

  𝑧 =  
∆3

∆
=  

−18

−90
=

1

5
  

∴ 𝑥 =
1

2
 , 𝑦 =

1

3
 , 𝑧 =  

1

5
  

Hence the solution. 
 

Example 3.  Solve the following system of equations : 3𝑥 − 4𝑦 + 5𝑧 = 25, 2𝑥 + 3𝑦 +  𝑧 =
4, 𝑥 −  𝑦 + 2𝑧 = 9. 
Solution :- Given system of equations are  3𝑥 − 4𝑦 + 5𝑧 = 25, 2𝑥 + 3𝑦 +  𝑧 = 4, 𝑥 −  𝑦 +
2𝑧 = 9  
Here 𝑎1 = 3, 𝑏1 = −4, 𝑐1 = 5, 𝑑1 = 25  , 𝑎2 = 2, 𝑏2 = 3, 𝑐2 = 1 , 𝑑2 = 4  , 𝑎3 = 1, 𝑏3 =
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−1, 𝑐3 =  2, 𝑑3 = 9   

Method 

(I) 

𝑎1          𝑎1          𝑏1          𝑏1          𝑐1          𝑐1 
𝑏2          𝑏3          𝑐2          𝑐3          𝑎2          𝑎3 

𝑐3          𝑐2          𝑎3          𝑎2          𝑏3          𝑏2 

i.e.  

    3               3          −4          −4            5              5 

    3            −1             1             2             2               1 

   2                1            1              2           −1             3 

 

∆ = (3 × 3 × 2 − 3 × −1 × 1) + (−4 × 1 × 1 − (−4) × 2 × 2) + (5 × 2 × −1 −
5 × 1 × 3 })  
   =  (18 + 3) + (−4 + 16) + (−10 − 15) 

   =  21 + 12 − 25 

   = 33 − 25 

∆=  8 

 

(II)  𝑏1          𝑏1          𝑐1          𝑐1          𝑑1          𝑑1 

        𝑐2          𝑐3          𝑑2          𝑑3          𝑏2          𝑏3 

       𝑑3          𝑑2          𝑏3          𝑏2          𝑐3          𝑐2 
i.e.  

−4          −4           5             5          25          25 

   1             2            4             9          3          −1 

   9            4          −1            3          2             1 

 

∆1= (−4 × 1 × 9 − (−4) × 2 × 4) + (5 × 4 × −1 − 5 × 9 × 3) +  (25 × 3 × 2 −
25 × −1 × 1)   
    = (−36 + 32) + (−20 − 135) + (150 + 25) 

    = −4 − 155 + 175 = −159 + 175 

∆1= 16 

 

(III) 𝑐1          𝑐1          𝑑1          𝑑1          𝑎1          𝑎1 

        𝑑2          𝑑3          𝑎2          𝑎3          𝑐2          𝑐3 
        𝑎3          𝑎2          𝑐3          𝑐2          𝑑3          𝑑2 

i.e.  

  5          5          25          25           3             3 

  4          9           2             1            1             2 

  1         2           2             1            9             4 

 

∆2= (5 × 4 × 1 − 5 × 9 × 2) + (25 × 2 × 2 − 25 × 1 × 1) + (3 × 1 × 9 − 3 × 2 × 4) 

     = (20 − 90) + (100 − 25) + (27 − 24) 

    =  −70 + 75 + 3 =  −70 + 78 = 8 

∆2=  8 

 

(IV) 𝑑1          𝑑1          𝑎1          𝑎1          𝑏1          𝑏1 

         𝑎2          𝑎3          𝑏2          𝑏3          𝑑2          𝑑3 
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         𝑏3          𝑏2          𝑑3          𝑑2          𝑎3          𝑎2 

i.e. 

     25          25            3            3            −4          −4 

      2            1              3        −1              4              9 

   −1            3               9          4               1             2 

 

∆3= (25 × 2 × −1 − 25 × 1 × 3) + (3 × 3 × 9 − 3 × −1 × 4) + (−4 × 4 × 1 −
(−4) × 9 × 2) 

     = (−50 − 75) + (81 + 12) + (−16 + 72) 

     = −125 + 93 + 56 = −125 + 149 

∆3= 24 

 

Now to find the value of 𝑥 , 𝑦 𝑎𝑛𝑑 𝑧 

∴ 𝑥 =  
∆1

∆
=  

16

8
=  2 

   𝑦 =  −
∆2

∆
=  −

8

8
= −1 

  𝑧 =  
∆3

∆
=  

24

8
= 3  

∴ 𝑥 = 2 , 𝑦 = −1 , 𝑧 =  3  
Hence the solution. 

 

CONCLUSION: 

This method is another technique which is helpful to find the solution of the simultaneous 

linear equations of two or three un-knowns or variables as compared to other methods. This 

is also the simplest approach to find the solution of the simultaneous linear equations of two 

or three un-knowns or variables. 
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ABSTRACT: 

The thermosolutal instability of a couple-stress fluid heated from below in a porous medium 

acted upon by uniform vertical magnetic field and rotation is investigated. Following the 

linearized stability theory and normal mode analysis, the paper mathematically established 

the conditions for characterizing the oscillatory motions which may be neutral or unstable for 

rigid boundaries at the top and bottom of the fluid. It is established that all non-decaying  

slow motions starting from rest, in a couple-stress fluid of infinite horizontal extension and 

finite vertical depth, which is acted upon by uniform vertical magnetic field and rotation, and 

a constant vertical adverse temperature gradient,  are necessarily non-oscillatory in the 

regime  
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  ,  

where the sR  is the thermosolutal Rayliegh number, AT  is the Taylor number, Q is the 

Chandrasekhar number,  is the porosity, lP  is the dimensionless medium permeability of 

the porous medium and F is the couple-stress parameter. The result is important since it holds 

for all wave numbers and the exact solutions of the problem investigated are not obtainable 

in closed form when both the boundaries are perfectly conducting and rigid. A similar 

characterization theorem is also proved for Stern type of configuration. 

 

KEY WORDS: Thermal convection; Couple-Stress Fluid; Rotation; Magnetic Field; PES; 

Rayleigh number; Chandrasekhar Number; Taylor number. 

MSC 2000 No.: 76A05, 76E06, 76E15; 76E07; 76U05. 

 

1. INTRODUCTION: 

A detailed account of the theoretical and experimental study of the onset of thermal 

instability in Newtonian fluids, under varying assumptions of hydrodynamics and 

hydromagnetics, has been given by Chandrasekhar  1  and the Boussinesq approximation has 

been used throughout, which states that the density changes are disregarded in all other terms 

in the equation of motion, except in the external force term. The formation and derivation of 

the basic equations of a layer of fluid heated from below in a porous medium, using the 

Boussinesq approximation, has been given in a treatise by Joseph  2 . When a fluid permeates 

through an isotropic and homogeneous porous medium, the gross effect is represented by 

Darcy’s law. The study of layer of fluid heated from below in porous media is motivated 

both theoretically and by its practical applications in engineering. Among the applications in 

engineering disciplines one can name the food processing industry, the chemical processing 

industry, solidification, and the centrifugal casting of metals. The development of geothermal 
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power resources has increased general interest in the properties of convection in a porous 

medium. The problem of thermohaline convection in a layer of fluid heated from below and 

subjected to a stable salinity gradient has been considered by Veronis  3 . Double-diffusive 

convection problems arise in oceanography (salt fingers occur in the ocean when hot saline 

water overlies cooler fresher water which believed to play an important role in the mixing of 

properties in several regions of the ocean), limnology and engineering. The migration of 

moisture in fibrous insulation, bio/chemical contaminants transport in environment, 

underground disposal of nuclear wastes, magmas, groundwater, high quality crystal 

production and production of pure medication are some examples where double-diffusive 

convection is involved. Examples of particular interest are provided by ponds built to trap 

solar heat Tabor and Matz  4 and some Antarctic lakes Shirtcliffe  5 . The physics is quite 

similar in the stellar case in that helium acts like salt in raising the density and in diffusing 

more slowly than heat. The conditions under which convective motions are important in 

stellar atmospheres are usually far removed from consideration of a single component fluid 

and rigid boundaries, and therefore it is desirable to consider a fluid acted on by a solute 

gradient and free boundaries. 

 

The flow through porous media is of considerable interest for petroleum engineers, for 

geophysical fluid dynamists and has importance in chemical technology and industry. An 

example in the geophysical context is the recovery of crude oil from the pores of reservoir 

rocks. Among the applications in engineering disciplines one can find the food processing 

industry, chemical processing industry, solidification and centrifugal casting of metals. Such 

flows has shown their great importance in petroleum engineering to study the movement of 

natural gas, oil and water through the oil reservoirs; in chemical engineering for filtration and 

purification processes and in the field of agriculture engineering to study the underground 

water resources, seepage of water in river beds. The problem of thermosolutal convection in 

fluids in a porous medium is of importance in geophysics, soil sciences, ground water 

hydrology and astrophysics. The study of thermosolutal convection in fluid saturated porous 

media has diverse practical applications, including that related to the materials processing 

technology, in particular, the melting and solidification of binary alloys. The development of 

geothermal power resources has increased general interest in the properties of convection in 

porous media. The scientific importance of the field has also increased because hydrothermal 

circulation is the dominant heat-transfer mechanism in young oceanic crust Lister  6 . 

Generally it is accepted that comets consists of a dusty ‘snowball’ of a mixture of frozen 

gases which in the process of their journey changes from solid to gas and vice - versa. The 

physical properties of comets, meteorites and interplanetary dust strongly suggest the 

importance of porosity in the astrophysical context Mc Donnel  7 . The effect of a magnetic 

field on the stability of such a flow is of interest in geophysics, particularly in the study of 

Earth’s core where the Earth’s mantle, which consists of conducting fluid, behaves like a 

porous medium which can become convectively unstable as a result of differential diffusion. 

The other application of the results of flow through a porous medium in the presence of a 

magnetic field is in the study of the stability of a convective flow in the geothermal region. 

Also the magnetic field in double-diffusive convection has its importance in the fields of 

engineering, for example, MHD generators and astrophysics particularly in explaining the 

properties of large stars with a helium rich core. Stommel and Fedorov  8  and Linden  9  

have remarked that the length scales characteristics of double-diffusive convective layers in 

the ocean may be sufficiently large that the Earth’s rotation might be important in their 
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formation. Moreover, the rotation of the Earth distorts the boundaries of a hexagonal 

convection cell in a fluid through a porous medium and the distortion plays an important role 

in the extraction of energy in the geothermal regions. Brakke  10  explained a double - 

diffusive instability that occurs when a solution of a slowly diffusing protein is layered over a 

denser solution of more rapidly diffusing sucrose. Nason et al.  11  found that this instability, 

which is deleterious to certain biochemical separations, can be suppressed by rotation in the 

ultracentrifuge.  

 

The theory of couple-stress fluid has been formulated by Stokes  12 . One of the applications 

of couple-stress fluid is its use to the study of the mechanisms of lubrications of synovial 

joints, which has become the object of scientific research. A human joint is a dynamically 

loaded bearing which has articular cartilage as the bearing and synovial fluid as the lubricant. 

When a fluid film is generated, squeeze - film action is capable of providing considerable 

protection to the cartilage surface. The shoulder, ankle, knee and hip joints are the loaded – 

bearing synovial joints of the human body and these joints have a low friction coefficient and 

negligible wear. Normal synovial fluid is a viscous, non-Newtonian fluid and is clear or 

yellowish. According to the theory of Stokes  12 , couple-stresses appear in noticeable 

magnitudes in fluids with very large molecules. Since the long chain hyaluronic acid 

molecules are found as additives in synovial fluids, Walicki and Walicka  13  modeled the 

synovial fluid as a couple-stress fluid. The synovial fluid is the natural lubricant of joints of 

the vertebrates. The detailed description of the joint lubrication has very important practical 

implications. Practically all diseases of joints are caused by or connected with malfunction of 

the lubrication. The efficiency of the physiological joint lubrication is caused by several 

mechanisms. The synovial fluid is due to its content of the hyaluronic acid, a fluid of high 

viscosity, near to gel. Goel et al.  14   have studied the hydromagnetic stability of an 

unbounded couple-stress binary fluid mixture under rotation with vertical temperature and 

concentration gradients. Sharma et al.  15   have considered a couple - stress fluid with 

suspended particles heated from below. In another study, Sunil et al.  16   have considered a 

couple- stress fluid heated from below in a porous medium in the presence of a magnetic 

field and rotation. Kumar et al.  17   have considered the thermal instability of a layer of 

couple-stress fluid acted on by a uniform rotation, and have found that for stationary 

convection the rotation has a stabilizing effect whereas couple-stress has both stabilizing and 

destabilizing effects. 

 

Pellow and Southwell  18   proved the validity of PES for the classical Rayleigh-Bénard 

convection problem. Banerjee et al  19  gave a new scheme for combining the governing 

equations of thermohaline convection, which is shown to lead to the bounds for the complex 

growth rate of the arbitrary oscillatory perturbations, neutral or unstable for all combinations 

of dynamically rigid or free boundaries and, Banerjee and Banerjee  20  established a 

criterion on characterization of non-oscillatory motions in hydrodynamics which was further 

extended by Gupta et al  21 . However no such result existed for non-Newtonian fluid 

configurations in general and in particular, for Rivlin-Ericksen viscoelastic fluid 

configurations. Banyal  22   have characterized the oscillatory motions in couple-stress fluid.   
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Keeping in mind the importance in geophysics, soil sciences, ground water hydrology, 

astrophysics and various applications mentioned above, the thermosolutal convection in 

couple-stress fluid in porous medium in the presence of uniform rotation and uniform 

magnetic field has been considered in the present paper. It is established that all non-

decaying  slow motions starting from rest, in a couple-stress fluid of infinite horizontal 

extension and finite vertical depth, which is acted upon by uniform vertical magnetic field 

and rotation, and a constant vertical adverse temperature gradient,  are necessarily non-

oscillatory in the regime  

                                      1
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  ,  

where the sR  is the thermosolutal Rayliegh number, AT  is the Taylor number, Q is the 

Chandrasekhar number,  is the porosity, lP  is the dimensionless medium permeability of 

the porous medium and F is the couple-stress parameter. The result is important since it holds 

for all wave numbers and the exact solutions of the problem investigated are not obtainable 

in closed form when both the boundaries are perfectly conducting and rigid. A similar 

characterization theorem is also proved for Stern  23 type of configuration. 

 

2. FORMULATION OF THE PROBLEM AND PERTURBATION EQUATIONS: 

Here we consider an infinite, horizontal, incompressible couple-stress fluid layer of thickness 

d, heated and soluted from below so that, the temperatures, densities and solute 

concentrations at the bottom surface z = 0 are T0, 0 and C0 and at the upper surface z = d are 

Td, d and Cd respectively, and that a uniform temperature gradient  
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 and a uniform 

solute gradient / 
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 are maintained. The gravity field )g,0,0(g −


, a uniform vertical 

magnetic field )H,0,0(H


 and a uniform vertical rotation ),0,0( 


 pervade the system. This 

fluid layer is assumed to be flowing through an isotropic and homogeneous porous medium 

of porosity  and medium permeability k1. 

 

Let p, , T, C, , /, g, , e and ),,( wvuq


denote respectively, the fluid pressure, density, 

temperature, solute concentration, thermal coefficient of expansion, an analogous solvent 

coefficient of expansion, gravitational  acceleration, resistivity, magnetic permeability and 

fluid velocity. The equations expressing the conservation of momentum, mass, temperature, 

solute concentration and equation of state of couple-stress fluid (Chandrasekhar  1 ; 

Joseph  2 ; Stokes  12 )   are 
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C
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 ,          (4) 

 = 0 [1 -  (T-T0) + / (C-C0)],         (5) 

Where the suffix zero refers to values at the reference level z = 0 and in writing equation (1), 

use has been made of Boussinesq approximation. Here E = 
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 is a constant 

and E/ is a constant analogous to E but corresponding to solute rather that heat; s, Cs and o , 

Ci stand for density and heat capacity of solid (porous matrix) material and fluid, 

respectively. The magnetic permeability e, the kinematic viscosity, couple-stress viscosity 

/, the thermal diffusivity   and the solute diffusivity / are all assumed to be constants. 

 The Maxwell’s equations yield 


→→→

→
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= HqH

dt

Hd 2 ,         (6) 

and ,0=
→

H            (7) 

where +



 − q

tdt

d 1  stands for the convective derivative. 

 The steady state solution is  

=
→

),,( wvuq (0,0,0), T = T0-z, C = C0
  - /z,  

 = 0 (1+ z - //z).            (8) 

Here we use linearized stability theory and normal mode analysis method. Consider a small 

perturbation on the steady state solution, and let p, , ,  ,  ),,( zyx hhhh
→

and ),,( wvuq
→

 

denote, respectively, the perturbations in pressure p, density , temperature T, solute 

concentration C, magnetic field )0,0,0(
→

H and velocity )0,0,0(
→

q . The change in density, 

caused mainly by the perturbations  and  in temperature and concentration, is given by 

 = - 0 (  − / ).            (9) 

Then the linearized perturbation equations become 
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3. NORMAL MODES ANALYSIS: 

Analyzing the disturbances into normal modes, we assume that the perturbation quantities are 

of the form 

  ( ) ( ) )(),(),(),(,,,,,,, zXzZzzKzzWhw z =  exp(ikxx + ikyy + nt),  (16) 

where kx, ky are the wave numbers along the x- and y- directions respectively, k= ( 22
yx kk + ) 

is the resultant wave number and n is the growth rate which is, in general, a complex 

constant. 
y

u

x

v




−




=  and  

y

h

x

h
xy




−




=  stand for the z-components of vorticity and 

current density, respectively. )(),(),(),( zZzzKzW   and )(zX  are the functions of z only. 

Using (16), equations (10)-(15), within the framework of Boussinesq approximations, in the 

non-dimensional form transform to 
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( ) WEpaD −=−− 1
22

,                  (19) 

( ) WpEaD −=−− 3
/22 ,                   (20) 

( ) DWKpaD −=−− 2
22

,                   (21) 

and    

( ) DZXpaD −=−− 2
22

,                   (22) 

Where we have introduced new coordinates ( )',',' zyx  = (x/d, y/d, z/d) in new units of length 

d and '/ dzdD = . For convenience, the dashes are dropped hereafter. Also we have 

substituted ,,
2




nd
kda ==




=1p , is the thermal Prandtl number;, 

'3



=p  is the 

thermosolutal Prandtl number; 



=2p  is the magnetic Prandtl number; 

2
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Pl =  is the 

dimensionless medium permeability, 


 )/( 2
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F = , is the dimensionless couple-stress 

parameter;  
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R = , is the thermal Rayleigh number; 
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and dDD = , and dropped ( )  for convenience. 

 

We now consider the cases where the boundaries are rigid-rigid or rigid-free or free-rigid or 

free-free at z = 0 and z = 1 respectively, as the case may be, are perfectly conducting and 
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maintained at constant temperature and solute concentration. Then the perturbations in the 

temperature and solute concentration are zero at the boundaries. The appropriate boundary 

conditions with respect to which equations (17)--(22), must possess a solution are 

     W = 0 =DW =Z=DX =K= = ,           on both the horizontal boundaries,           (23) 

 

Equations (17)-(22), along with boundary conditions (23), pose an eigenvalue problem for   

and we wish to characterize i , when 0r . 

We first note that sinceW , K  and Z  satisfy )1(0)0( WW == , )1(0)0( KK ==  and 

)1(0)0( ZZ == , in addition to satisfying to governing equations and hence we have from the 

Rayleigh-Ritz inequality  24  
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Further, for )1(0)0( WW == , )1(0)0( KK ==  and )1(0)0( ZZ == , Banerjee et al.  25   have 

shown that 
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4. MATHEMATICAL ANALYSIS 

We prove the following lemma: 

Lemma 1:  For any arbitrary oscillatory perturbation, neutral or unstable 
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Proof: Multiplying equation (19) by   (the complex conjugate of  ), integrating by parts 

each term of the resulting equation on the right hand side for an appropriate number of times 

and making use of boundary condition on   namely )1(0)0( == , it follows that 
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                                    (Utilizing Cauchy-Schwartz-inequality), 

So that the fact that 0r , we obtain from the above that 
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And thus, we get   
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a

dz ,                  (27) 

Since 0r  and 01p , hence inequality (26) on utilizing (27) and (24), gives 
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This completes the proof of lemma 1. 

Lemma 2:  For any arbitrary oscillatory perturbation, neutral or unstable 
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Proof: Multiplying equation (20) by   (the complex conjugate of  ), integrating by parts 

each term of the resulting equation on the right hand side for an appropriate number of times 

and making use of boundary condition on   namely )1(0)0( == , it follows that 
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                                    (Utilizing Cauchy-Schwartz-inequality), 

So that, since 0r , we obtain from the above that 

And thus, we get   
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Since 0r  and 01p , hence inequality (29) on utilizing (30) and (24), gives 
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This completes the proof of lemma 2. 

 

Lemma 3:  For any arbitrary oscillatory perturbation, neutral or unstable 
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Proof: Multiplying equation (21) by K  (the complex conjugate of K ), integrating by parts 

each term of the resulting equation on the left hand side for an appropriate number of times 

and making use of boundary conditions on K  namely )1(0)0( KK == , it follows that 
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This gives that   
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 Inequality (33) on utilizing (24), gives  
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Since 0r  and 02 p , hence inequality (32) on utilizing (34), give 
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This completes the proof of lemma 3. 

 

Lemma 4: For any arbitrary oscillatory perturbation, neutral or unstable 

                              dzDW
PF

P
dzZ

l

l

 −


1

0

2

2

1

0

2

)2( 
     

 

Proof: Multiplying equation (18) by Z  (the complex conjugate of Z), integrating by parts 

each term of the resulting equation on the left hand side for an appropriate number of times 

on utilizing equation (22) and  appropriate boundary conditions (23), it follows that 
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This gives that   
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 inequality (36) on utilizing (37), gives  
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This completes the proof of lemma 4. 

Now we prove the following theorems: 

 

Theorem 1: If  R  0 , 0sR  F  0, 0Q , AT 0, 0lP , 01p , 02 p , 0r  and 0i  then 

the necessary condition for the existence of non-trivial solution  ( )XZKW ,,,,,   of  

equations  (17) – (22), together with boundary conditions (23)  is that 
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Proof: Multiplying equation (17) by  W  (the complex conjugate of W) throughout and 

integrating the resulting equation over the vertical range of z, we get 
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Taking complex conjugate on both sides of equation (19), we get 

( )  −=−− WEpaD 1
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,                 (40) 

Therefore, using (40), we get  
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Taking complex conjugate on both sides of equation (20), we get 
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Therefore, using (42), we get  

( ) 
 −−−=

1

0

1

0

3

'22 dzpEaDdzW  ,               (43) 

Also taking complex conjugate on both sides of equation (18), we get 
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Integrating by parts the third term on left hand side and using equation (22), and appropriate 

boundary condition (23), we get 
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Also taking complex conjugate on both sides of equation (21), we get 
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22 ,                        (46) 

Therefore, equation (46), using appropriate boundary condition (23), we get  
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Substituting (41), (43), (45) and (47), in the right hand side of equation (39), we get 
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Integrating the terms on both sides of equation (48) for an appropriate number of times and 

making use of the appropriate boundary conditions (23), we get  
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now equating imaginary parts on both sides of equation (49), and cancelling )0(i  

throughout from imaginary part, we get 
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Now R   0, 0Q 0 02 p  and AT  0, utilizing the inequalities (31), (35) and (38), the 

equation (50) gives,  
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Where   ++=
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, is positive definite. 
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and therefore , we must have 

       1
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Hence, if 

 0r  and 0i , then 1
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  .          (53) 

And this completes the proof of the theorem. Presented otherwise from the point of view of 

existence of instability as stationary convection, the above Theorem 1, can be put in the form 

as follow:- 

 

Corollary 1: The sufficient condition for the onset of instability as a non-oscillatory motions 

of non-growing amplitude in a thermosolutal couple-stress fluid configuration of Veronis 

type in the presence of uniform vertical magnetic field and rotation in a porous medium 

heated from below is that, 1
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  , where sR  is the 

Thermosolutal Rayliegh number, AT  is the Taylor number, Q is the Chandrasekhar number, 

2p  is the magnetic Prandtl number, 3p  is the thermosolutal Prandtl number, lP  is the 

medium permeability,   is the porosity and F is the couple-stress parameter, for rigid 

boundaries at the top and bottom of the fluid  

 

or 

 

The onset of instability in a thermosolutal couple-stress fluid configuration of Veronis type in 

the presence of uniform vertical magnetic field and vertical rotation in a porous medium 

heated from below, cannot manifest itself as oscillatory motions of growing amplitude if the 

Thermosolutal Rayliegh number sR , the Taylor number AT , the Chandrasekhar number Q,  

the magnetic Prandtl number 2p , the thermosolutal Prandtl number 3p ,  the medium 

permeability lP , the porosity  and the couple-stress parameter F, satisfy the inequality 

1
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  , for rigid boundaries at the top and bottom of 

the fluid  

 

The sufficient condition for the validity of the ‘PES’ can be expressed in the form: 

 

Corollary 2: If ( ),,,,, ZKW  , ir i += , 0r  is a solution  of  equations  (17) – 

(22),  with R  0  and,   
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Then 0=i .  
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In particular, the sufficient condition for the validity of the ‘exchange principle’ i.e., 

00 == ir   if 1
)2()12( 22
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 . 

In the context of existence of instability in ‘oscillatory modes’ and that of ‘overstability’ in 

the present configuration of Veronis type, we can state the above theorem as follow:- 

 

Corollary 3: The necessary condition for the existence of instability in ‘oscillatory modes’ 

and that of ‘overstability’ in a thermosolutal couple-stress fluid configuration of Veronis type 

in the presence of uniform vertical magnetic field and vertical rotation in a porous medium 

heated from below is that the Thermosolutal Rayliegh number sR , the Taylor number AT , the 

Chandrasekhar number Q, the magnetic Prandtl number 2p , the thermosolutal Prandtl 

number 3p ,  the medium permeability lP , the porosity  and the couple-stress parameter F 

must satisfy the inequality 1
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 , for rigid boundaries 

at the top and bottom of the fluid.  

 

Special Cases: It follows from theorem 1 that an arbitrary neutral or unstable mode is non-

oscillatory in character and ‘PES’ is valid for: 

(i). Thermal convection in couple-stress fluid heated from below, i. e. when   AT  = 0 = sR = 

Q.  (Sunil et al  16 ). 

(ii). Magneto-rotatory-thermal convection in couple-stress fluid heated from below ( sR =0), 

if  
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  ,  

(iii) Magneto-thermosolutal convection of Veronis (1965) type in couple-stress fluid heated 

from below  

( AT  = 0), if 
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QppERs  . 

(iv) Rotatory-thermosolutal convection of Veronis (1965) type in couple-stress fluid heated 

from below (Q= 0), if  
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A similar theorem can be proved for thermosolutal convection in couple-stress fluid 

configuration of Stern type in a porous medium as follow:  

 

Theorem 2: If  R  0 , 0sR , F  0, 0lP , 01p , 03 p , 0r  and 0i  then the necessary 

condition for the existence of non-trivial solution ( ),,,, ZW    of  equations  (17) – (22), 

together with boundary conditions (23)  is that 
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Proof: Replacing R and sR  by  R−   and  sR−  , respectively in equations (17) – (22) and 

proceeding exactly as in Theorem 1 and utilizing the inequality (28), we get the desired 

result.   

Presented otherwise from the point of view of existence of instability as stationary 

convection, the above Theorem 2, can be put in the form as follow:- 

 

 

Corollary 4: The sufficient condition for the onset of instability as a non-oscillatory motions 

of non-growing amplitude in a thermosolutal couple-stress fluid configuration of Stern type 

in the presence of uniform vertical magnetic field and vertical rotation in a porous medium is 

that, 1
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  , where R  is the Thermal Rayliegh 

number, the Taylor number AT , Q is the Chandrasekhar number, 2p is the magnetic Prandtl 

number, 1p  is the thermal Prandtl number, lP  is the medium permeability,   is the porosity 

and F is the couple-stress parameter, for rigid boundaries at the top and bottom of the fluid  

 

or 

 

The onset of instability in a thermosolutal couple-stress fluid configuration of Stern type in 

the presence of uniform vertical magnetic field and vertical rotation in a porous medium, 

cannot manifest itself as oscillatory motions of growing amplitude if the Thermal Rayliegh 

number R , the Taylor number AT , the Chandrasekhar number Q, the magnetic Prandtl 

number 2p ,  the thermal Prandtl number 1p ,  the medium permeability lP , the porosity  and 

the couple-stress parameter F, satisfy the inequality 
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  , for rigid boundaries at the top and bottom of 

the fluid  

The sufficient condition for the validity of the ‘PES’ can be expressed in the form: 

 

Corollary 5: If ( ),,,, ZW  , ir i += , 0r  is a solution  of  equations  (17) – (22),  

with R  0  and,   
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    , 

Then 0=i .  

In particular, the sufficient condition for the validity of the ‘exchange principle’ i.e., 

00 == ir   if 1
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In the context of existence of instability in ‘oscillatory modes’ and that of ‘overstability’ in 

the present configuration of Stern’s type, we can state the above theorem as follow:- 

 

Corollary 6: The necessary condition for the existence of instability in ‘oscillatory modes’ 

and that of ‘overstability’ in a thermosolutal couple-stress fluid configuration of Stern type in 

the presence of uniform vertical magnetic field and vertical rotation in a porous medium is 

that the Thermal Rayliegh number R , the Taylor number AT , the Chandrasekhar number Q, 

the magnetic Prandtl number 2p , the thermal Prandtl number 1p ,  the medium 

permeability lP , the porosity  and the couple-stress parameter F must satisfy the 

inequality 1
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 , for rigid boundaries at the top and 

bottom of the fluid.  

 

Special Cases: It follows from theorem 1 that an arbitrary neutral or unstable mode is non-

oscillatory in character and ‘PES’ is valid for: 

(i). Thermal convection in couple-stress fluid i. e. when    AT = 0 =R=Q.  

(ii). Magneto-rotatory thermal convection couple-stress fluid (R=0), if  
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(iii). Magneto-thermal convection of Stren (1960) type in couple-stress fluid ( AT  = 0), if 
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(iv). Rotatory-thermal convection of Stren (1960) type in couple-stress fluid (Q= 0), if 
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5. CONCLUSIONS: 

Theorem 1 mathematically established that the onset of instability in a thermosolutal couple-

stress fluid configuration of Veronis (1965) type in the presence of uniform vertical magnetic 

field and vertical rotation in a porous medium, cannot manifest itself as oscillatory motions 

of growing amplitude if the Thermosolutal Rayliegh number sR , the Taylor number AT , the 

Chandrasekhar number Q, the magnetic Prandtl number 2p , the thermosolutal Prandtl 

number 3p ,  the medium permeability lP , the porosity  and the couple-stress parameter F 

satisfy the inequality 1
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 , for rigid boundaries at 

the top and bottom of the fluid  

 

The essential content of the theorem 1, from the point of view of linear stability theory is that 

for the thermosolutal configuration of Veronis (1965) type of couple-stress fluid of infinite 

horizontal extension in the presence of uniform vertical rotation in a porous medium, for 

rigid boundaries at the top and bottom of the fluid, an arbitrary neutral or unstable modes of 

the system are definitely non-oscillatory in character 
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 , and in particular PES is valid.  

 

The similar conclusions can be drawn for the thermosolutal configuration of Stern (1960) 

type of couple-stress fluid of infinite horizontal extension in the presence of uniform vertical 

rotation in a porous medium, for rigid boundaries at the top and bottom of the fluid from 

Theorem 2. 
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ABSTRACT:  

Mathematics is an important part of the most branches of engineering fields. In this paper, 

several examples of application of Numerical Analysis in chemical engineering, mechanical 

engineering, electrical engineering and computer engineering.  Numerical methods in 

chemical engineering deals with a broad range of problems related to quantum mechanical 

calculation of atoms or molecules. In mechanical engineering, numerical method deals with 

problems relating to linearization, finding root of the function, solving system of equation 

and optimization.   Illumination problems in electrical engineering and in computer 

engineering to solve problem by using MATLAB and Mathematica. 

 

KEYWORDS: Numerical methods, illumination, linearization, quantum mechanical. 

 

INTRODUCTION:  

Numerical analysis provide a way to solve problems quickly and easily.Whether the goal is 

integration or solution of complex differential equation. In engineering, application of 

numerical analysis in quantum mechanics of atoms and molecules, in first order irreversible 

series reaction, in illumination problems, in linearization problem and optimization. 
 

Applications of Numerical analysis in chemical engineering:- 

1.   Quantum mechanics of atoms and molecules, Monte Carlo and Dynamics 

Energy of an n-electron can be portioned into energy of one electron moving in the average 

field of (HF-SCF) electrons and nuclei. This is called Hartree-Fock Model. This approach 

allows that two electrons with different spins can found at the same spatial point. In this 

approach, the total Hamiltonian of the system is portioned into two pieces, zeroth order H0 

which is the Hartree-Fock Hamiltonian and a perturbation V. The exact energy is then 

expressed as an infinite sum of contribution of increasing complexity. The energy ER of a 

molecular system is obtained as a solution of the electronic part of Schrodinger for a fixed 

configuration R of a nuclei 

   H(r, R) ψ(r) = ERψR(r) 
 

The n- electron wave function ψR(r) describes the motion of the electron in the nuclei. Due to 

electron-electron interaction term in Hamiltonian, this equation cannot be solved without 

approximations. The Hamiltonian function approximation assumes that n-particles wave 

function     Ψ(r)   can be written as antisymmtrized product of n- electron function Ψi (ri)                              

Ψ1 (r1)  ψ2 (r1) ……..Ψn (r1)  

Ψ (r1,r2  ,r3…rn)  ψ1(r2) ψ2(r2) ……….      Ψn (r2)                                                     

       ⁞               ⁞                         ⁞ 

Ψ1 (rn)ψ2 (rn)…….. Ψn (rn)  
 

Equation (1) is called Slater determinant. The set of orbitals that yield the lowest energy of a 

molecular system in the sense of vibrational principle is given by the following set of H.F. 

integro differential equations 
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F (ri) Ψi (ri) =EiΨi (ri) 
 

The orbitals Ψi(ri)are  called molecular orbitals and F(ri ) is the Fock operator which 

comprises the differential operator of the kinetic  energy  and  the  electron-electron 

interaction term. The expansion of molecularorbitals Ψi (ri) into a finite series of the basic 

function ᵡi(ri)  

 

Ψi(ri) =  ᵡi(ri) Ci  =(ᵡ1(ri), ᵡ2(r2) , ᵡ3(r3) ….....ᵡm(ri)             C1i 

                 C2i 

                   ⁞       

                                                                                                            Cmi 

(2)First order irreversible series reactions: 

Numerical Analysis applied in diffusion/reaction problems. Consider the first order 

irreversible series reactions                  

                                             K1                       K2 

                                             A      →   B   → C 

governing equation for the scheme  are given as       

 

d CA                  =         - K1      CA                       (i) 

d t                    
d CB           = K1  CA - K2   CB                       (ii) 

d t 

 

Where K1and K2 are rate constants and the initial conditions are CA(0) =1 mol /L, 

CB (0) =0,CC(0) = 0. The concentration of species C(t) at any time is given by the material 

balance equation,                       CC      =1 - CA   - CB 

 
Using Maple, the solution of equation (i) and (ii) given by 
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CA      =   e-k
1

t 

CB        =   k (e-k
1

t      -e-k
2
t ) / k2  -k1 

As t approaches infinity, both CA and CB will approaches zero    and CC approaches 1  

 

(3)  Transient One Dimensional Heat Conduction: 

Consider one dimensional heat equation given by  

                  1    ∂u     =            ∂2u        with t ≥ 0 and 0 ≤ x ≤ 1 

α     ∂t                            ∂x2                    

 

This equation represents heat conduction in a rod. The boundary conditions are such that        

the temperature u is equal to 0 at both ends of the rod. 

u(x=0, t) = 0 and u(x=1, t) =0, fort ≥  0  

 

One can take the thermal diffusivity α equal to 1 cm2/s the condition is given by  

        u(x, 0) =1 for0 ≤ x ≤ 1 

The temperature can be found ND Solve (solid colored curve or Chebyshev Collocation dots) 

In various values of time, t ranging from 0.01 to 0.1 with a span of 0.01. One can set the 

number of interior pointsused by the   Chebyshev Collocation dots method. 
 

 
Temperature profile for t ranging from 0.01 to 0.1 with a span of 0.01 

 

(4) Transient Two Dimensional Heat Conduction 

Consider two dimensional heat conduction given by     

                  1    ∂u               ∂2u     +   ∂2u             with t ≥ 0 and 0 ≤ x, y ≤ 1 

         α     ∂t       ∂x2                         ∂y2                           

 

which represents heat conduction in a two dimensional domain. The boundary conditions are 

s.t. temperature u is equal to 0 on all the edges of the domain 

u(x=0,y,  t) = 0 and  u( x=1,t) =0, for t  ≥  0  and 

u(x=0, y, t) = 0 and  u( x, y =1,t) =0, for t  ≥  0  
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One can take the thermal diffusivity α equal   to 1 cm2/s. The condition is given by 

and u(x, y, 0) =0, for 0  ≤ x, y ≤ 1 

The dimensional temperature can be found by using either ND Solve (solid colored curve or 

Chebyshev Collocation dots) 

 

Contour plot of the solution obtained using Chebyshev Collocation dot 

 
Three contours of the dimensionless temperature, (i.e. 0.25, 0.5, and 0.75) at t =0.02 

 

Application in Mechanical Engineering: 

1. Linearization System: Taylor’s series expansion provides a convenient way to 

approximate a nonlinear equation or function with a linear equation. 

f(x)  =  f(a) + f  ' (a) (x-a) + f  '' (a)   (x-a)2  + …………….. 

                                             2!    
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Linearization System in Swinging Pendulum: 

Sum of forces in tangential direction:      

∑Ft = Wt = mgsinθ =mat =m d2θ  L    =m ӫ 

     dt2 

                              ӫ – gsinθ/L =0 
 

Linearize sinθ  

                            Sinθ        ≈         Sin(0) + Cos (0) (θ -0) = θ 
 

Linear System in circuit analysis:  

Kirchhoff’s Laws: - The sum of all voltages changes around any closed loop is zero.     
∑ ∆𝑉i𝑛𝑒
𝑖=1     =0 

The sum of all currents at any node is zero 

∑ ∆𝐼i𝑛𝑏
𝑖=1     =0 

 
 

Application of these two laws to an electrical circuit facilitates the formulation of a system of 

n-linear equation when n-unknown quantities exist. Given that R1=2Ω, R2=4Ω, R3=1Ω, 

ε1=6v, ε2=9v and using equation from loop-1, loop-2 and node A we find 

         6 - 2I1 -I3   = 0            

        9 + 4I2-I3   = 0 

        -I1 +I2+I3   = 0    

         -2     0      -1                I1                                                           -6 

0      4       -1          I2                             =                           -9 

-1      1        1       I3                              0 
 

                            AX = B 
 

2. Nonlinear Systems Example: Turbine Blade Analysis 

● Turbine blades are components of gas turbine engines (used for aircraft and electricity 

generation) 

● Subject to high temperature, high inertial forces and high drag forces 

● Structural and thermal analyses must be performed simultaneously (coupled non-linear 

equations). 

Methods apply to arbitrary non-linear equations (black-box function) 

                                           T(x) = f 1(L) 

                                            L = f2(T(x)) 

3. Optimization: 

To find the input variable to a function such that the function is minimized (or maximized), 
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possibly subject to constraints.  

       Negative Null Form:      min f(x) 

                      subject to   g(x) ≤ 0 

 h(x) =0                                                    

 

4. Engineering Design: 

1. Maximize performance criteria subject to failure constraints:  Minimize bicycle frame 

weight subject to structural failure constraints by varying frame shape and thickness   

2. Minimize cost subject to performance and failure constraint. Minimize vehicle cost subject 

to acceleration, top speed, handling and comfort and safety constraints by varying vehicle 

design variables.  

 

Application in Electrical Engineering: 

Illumination Problems: a courtyard is illuminated by two lights, where Pi is the illumination 

power and hi is the height of lamp. The coordinates of the lamp are (0,h1) and (s,h2),where s 

is the horizontal distance between two light sources. Let X= (x,0) be a point on the courtyard 

somewhere between two lights. We have to find a point X which will get minimum 

illumination rom two lamps. 

 

                                     r1
2 =h1

2+x2,        r2
2 =h2

2+(s-x)2 

The light intensities from the two lamps at X are given by 

l1(x) =      P1                =      P1                        

     r1
2    h1

2+x2 

l2(x)   = =      P2              =      P1                        

         r2
2      h2

2 +(s-x)2 

 
The illumination ll1(x) at point x from each lamp is given by        

lli(x) = li(x) 

 

lli(x)       =        P1h1 

                        (h1
2+x2)½ 

 

lli(x)       =    P2h2 

                     (h1
2+(s-x)2)½ 
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writing  P1  =p,   P2= q ,h1=a, h2=b.   

The total illumination is given 

'Remove the radicals by squaring the expression 

 P2a2x2      =    q2a2(s-x) 2 

(a2+x2)5   (b2+(s-x) 2)5  

 

Expanding this will produce a degree-12 polynomial. For an illustration, take p=1 kW, q= 2 

kW, a =4 m, b= 5m and s = 10m. Substituting the values to the above equation produces after 

expanded and arranging the result. F(x) =21 x12     - 100 x12     - …………..  52428000 

+2621440000 = 0 

 

Numerical solution produces three roots between 0≤x≤10. 

The value that makes C(x) minimum can be found by testing the first derivative of F(x) with 

x. 

If F’(x)>0, C(x) will be minimum. 

 

Application in Computer Engineering:- 

MATLAB is a highly level language and interactive environment that enables you to perform 

computationally intensive tasks faster with traditional programming languages such as C,C++.  

MATLAB (for matrix laboratory) is a numerical computing environment. MATLAB 

supports matrix generation operation. 

 

Matrix Generation:  

Entering a vector:  A vector is a special case of a matrix. The elements of vectors in 

MATLAB are enclosed by square brackets and are separated by spaces or columns. For 

example to enter a row vector v type 

>>v   = [1 4 7 10 13] 

v     =    

              1   4   7    10   13 

Columns vectors are created in a similar way, however, semicolon (;) must separates the 

components of a column vector, 

> w   = [1; 4;7;10; 13] 

                     1 

                    4 

                    7 

  10 

  13 

On the other hand, a row vector is converted to a column vector using the transpose operator. 

Thetranspose operation is denoted by an apostrophe or a single quote (ꞌ). 

>>w =vꞌ 

            w   = 

                   1 

                    4 

                    7 

                   10 

    13 

 Thus v (1) is the first element of vector, v (2) is the second element and so forth. To access 

blocks of elements, we use MATLAB’s colon notation (:). For example, to access the first 
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three elements of v, 

>>v (1:3) 

 

ans   = 

 1  4   7 

All elements from the third through the last elements, 

>> v (3, end) 

ans   =   

         7      10     13 

Where end signifies the last element in the last element in the vector. If v is a vector, writing  

>> v (: )  

produces a column vector,whereas writing 

>>v(1: end) 

produces a row vector. 

 

Entering a matrix: 

A matrix is an array of numbers.To type a matrix into MATLAB you must  

• Begin with a square bracket, [ 

• Separate elements in a row with spaces or commas (, ) 

• Use a semicolon ( ; ) to  separate rows  

• End the matrix with another square bracket,]. 

 

For example, to enter a matrix A, such as 

 

    A    =                   1     2      3  

                                4     5       6 

 7      8      9           

 

Type, 

>> A = [1 2 3; 4 5 6; 7 8 9] 

MATLAB then displays the 3× 3 matrix as follows  
 

 A      = 

         1    2      3 

         4     5      6 

         7      8     9 

 

Matrix indexing: 

The element of row i and column j of the matrix A isdenoted by A (i, j). Thus, A (i, j) in 

MATLAB refersto the element Aij of the matrix A. The first  index is the row number and the 

second index is the column number .For example, A(1,3) is  an element of  first row and third 

column .Here, A(1, 3) =3 . 

 

Correcting any entry is easy through indexing .Here  we substitute  A(3,3) =9 by  A(3,3) =0. 

The result is  

>>A (3, 3)   =0 
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A      =   

              1      2       3 

              4      5       6  

              7      8       0 

Single elements of a matrix are accessed as A (i, j), where i ≥ 1 and j ≥ 1 .Zero or negative 

subscripts are not supported in MATLAB. 

 

MATHEMATICA:   

It is a modern technical computing system spanning most area of technical computing 

including geometry, data science and visualization.Mathematica is a program for symbolic 

computation.  

 

It does symbolic manipulation. Solve [ax2
 + bx+ c =0, x >0 

{ {x → -b -√b2-4ac /2a} , {x →  -b  + √b2-4ac /2a } } 

It solves math problems Dsolve[{ 

xꞌꞌ [t] +3 xꞌ[t] +2 x [t] =0 ,x [0] = 1,    xꞌ [0] =0},    x [t], t] 

Plotting graph: Plot [xˆ 2, {(x, -3, 3)],plot range –{[-3, 3), (-4, 9)] } 

 
 

 

 

CONCLUSION:   

In this paper, the applications of Numerical Analysis in engineering fields have been 

presented. The problems are from real life .It is expected that the problems presented in this 

paper can motivate engineering students to understand mathematics better. Mathematics 

should be enjoyable as it has helped engineering evolved. 

 Engineering + Math = Everything. 

Engineering –Math   = Nothing. 
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ABSTRACT: 

Research paper aims to describe the scope of mathematics in management; authors described 

the role of mathematics earlier and modern context in management.  The role of Management 

science is also discussed. The authors also attempted to explore the importance of 

mathematics in various fields of management and effective decision making by means of 

using mathematics techniques, models and theories. Secondary data is used to get insight and 

discuss the role of mathematics in Management. Mathematics plays a major role in business 

management because it helps maximize profit by using techniques such as analyzing 

production costs, determining ideal pricing, discerning sales patterns and projecting future 

sales. Having strong skills in mathematics means an individual can analyze all of a 

company's finances and make changes to save the company money and time, and ultimately 

make a higher profit. Thus we concluded Mathematics is an important part of managing 

business 

 

KEYWORDS: Mathematics, Management, Techniques and Decision Making 

  

INTRODUCTION: 

Management is the process of reaching organisational goals by working with and through 

people and other organisational resources. Mathematics is used in most aspect of daily life 

and Management. Many of the top jobs such as business consultants, computer consultants, 

airline pilot’s company directors require a solid understanding of basic mathematics for 

effective performance. It also play important role in business like business mathematics by 

commercial enterprises to record and manage business operations. 

 

Until the mid 1950's, the role of mathematics (and statistics to a lesser extent) in Business 

and Management programs was minimal: some elementary business mathematics which 

included a smattering of the mathematics of finance using interest tables and some algebra, 

as well as some cookbook statistics. Beginning roughly at that time, with the infusion of 

funds from various sources, business schools entered the scientific age. Numerous 

mathematical techniques -- some new, some not so new -- were assembled to help solve 

various problems of management.  

 

Mathematics typically used in management includes elementary arithmetic’s such as 

fractions Decimal and percentages, elementary algebra, statistics and probability. Business 

management can be made more effective by use of more advanced mathematics such as 

calculus and linear programming 
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OBJECTIVES OF STUDY: 

• To describe the role of Mathematics in Management 

• To provide a overview on use of mathematics in  Business  and management 

programme and processes 

 

Managerial Decision models-A Decision making Process: 

The role of mathematics in Business decisions has very important now days in the process of 

managerial decision models. To turn to the specific aspects of the quantitative decision 

making process, it is possible to recognize three distinct phases in every decision situation. 

First is carefully defined the problem, second is a conceptual model to be generated and third 

is the selection of the appropriate quantitative model they may lead to a solution. Lastly a 

specific algorithm is selected. Algorithms are the orderly delineated sequences of 

mathematical operations that lead to a solution. The algorithms generate the decision which 

is subsequently implemented managerial action program. The entire process is shown : 

Defined problem ——> Conceptual model —> Quantitative Model —-> Algorithms—-

> Decision —- Action programs. 

 

Some basic question that reveals the use of math in daily life are- 

You need to use math to calculate compound interest rates (to see how much your 

savings can grow).  

You also need to use math to understand the monthly percentages, which are added to 

your credit cards or bank loans,  

or you could end up paying Rs10,000 in 5 year’s time for borrowing Rs2,000 today! 

This is a good reason to understand mathematics 

Another meaning of Business mathematics sometimes called commercial math, consumer 

math is group of practical subjects used in management and everyday life in schools, these 

subjects are often taught to students who are not planning a university education, in the 

United States they are typically offered in high schools and in schools that grants associate 

degree.  

 

A Business Organisation Manager should have quite knowledge of elementary arithmetic, 

including fraction decimals and percentages. Elementary algebra is often important as well as 

in the context of solving practical business problems, the practical applications typically 

includes checking accounts , price discounts mark-up and mark down , payroll calculation , 

simple and compound interest , consumer and business credit and mortgages.  

 

Role of Applied Mathematics in Management: 

Management is mainly dependent on applied mathematics a branch of mathematics, such as 

statistics is used to reach effective decision. The various statistical techniques such as 

calculation of positional averages and calculated averages are of meanwhile importance in 

business management. Some other techniques are discussed below  



Proceeding of International Conference on Mathematics in Space and Applied Sciences  

(ICMSAS-2019) 

Published by Knowledge and Research Publisher, Nagpur India                  ISBN-978-81-942641-8-7 
 

185 
 

 

Regression and Correlation are statistical techniques used to make prediction about Demand, 

production, investment, consumption, prices, profit and sales in the business. it also used to 

estimate birth rate , death rate and tax rate etc. Through correlation we can predict about the 

future eg. If there is heavy rainfall, than we can expect increase in sale of umbrellas thus 

enable us to study the relationship between two variables. 

 

Index Numbers are very helpful in framing suitable policies by government and business to 

study prices and cost of living index for future planning and progress of country. 

 

Index numbers of import and export prices are used to measure change in the trade of a 

country so economic and business policies are guided by indexes. Index numbers are also 

important to comparing living standard of people and forecasting future economic trends in 

the demand of commodity, volume of production etc. These are also widely used in 

adjustment of wages earned over a time and suggest a possible increase in wages which the 

worker accept, and useful in deflating the national income in inflation situations and help the 

government in adjusting its policies in such situation. 

 

Wholesale price index number gives us the change in the value of money. Cost of living 

index number measure real income of people so that dearness allowances may be adjusted 

.Index number of stock prices measure economic changes in purchasing power of money 

over a stock. 

 

Probability is widely used in business decision. The theory of probability has its origin in 

betting and games of chance but now it is used to take many managerial decisions. 

Probability theory is the backbone insurance companies because life tables are based of these 

theories. It is also widely used in time and motion studies, marketing decisions, input- output 

analysis, business forecasting, trade cycles, and analysis of population. 

 

In the current time customer attitude are changing, their expectations from the business 

organisations are also changing. In such demanding situations when business manager feel 

the pressure from all side, the solution to their problem can be extracted through business 

research. Business research refers to systematic collection and analysis of data with purpose 

of finding answers to problem faced by management. Business research can be carried out to 

with the objective to explore, to describe, to diagnose phenomenon. Quantitative research 

one of the branch of business research involves the measurement of phenomenon in 

quantitative terms which mainly dependent on quantitative data and application of parametric 

and non- parametric test to test the significance of hypothesis and to solve the business 

problem. 
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Management Science: 

A particular discipline called Management Science sprang up. It incorporated various 

techniques -- mathematical programming, linear algebra, network methods, queuing theory, 

stochastic processes, statistics, recursive relations, and computer simulation to solve various 

management problems. Drawing upon the above techniques, management science has as its 

philosophy the solving of a problem. As mathematics began to be established in business 

schools, applications of mathematics to various management problems became prevalent. 

Among them were the applications of quadratic programming to financial portfolio analysis 

and to the planning of production, inventories, and work force as well as the application of 

linear programming to advertising media selection. Queuing theory was used to analyze 

service facilities, such as restaurants and banks. 

 

 Other applications include the transportation method of linear programming, the economic 

lot size formula trading off inventory and order/set-up costs, CPM-PERT networks in project 

management, the use of learning curves, exponentially-weighted moving averages as a means 

of forecasting, and gravity models for site selection.  

 

Models that are used most in practice include linear programming and computer simulation. 

These models have been applied in industry for approximately twenty years. Other models 

are also in use, but not nearly as wide-spread a use as linear programming and simulation. 

Business schools differ in the extent to which they employ quantitative techniques. Some 

business school programs painstakingly avoid any reference to concepts of calculus and 

awkwardly work around instances where such concepts would be useful. For example, they 

might illustrate a simple maximization by enumerating all possibilities or by graphing the 

appropriate function. My own background (undergraduate Medical, Post graduate in 

management, and M.Phil in Mangement, Persuing PhD. in management) and experiences 

make me a staunch supporter of the mathematical end of the spectrum to solve the business 

Problem and Business management 
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I would now like to describe our BBA program at the HPU Shimla and describe what I see to 

be its strengths and weaknesses. In our undergraduate program, students take a two-semester 

sequence in Statistics for business decision and Quantitative techniques and linear algebra 

offered by the BBA department. They also take a two semester sequence in statistics and 

computing which covers BASIC programming, probability and statistics, and the use of the 

computer for statistical analysis. These courses are followed by a course titled Production 

and Operations Management, which includes a treatment of the production activities of a 

firm and an introduction to the philosophy and methodology of Management Science. In this 

course students use packaged computer programs for solving problems; they also write 

computer programs in the solution of certain other problems. Subsequent undergraduate 

courses build on the above foundation. For example, economics makes use of the calculus 

(both differential and integral), certain functional areas (such as marketing and finance) use 

some of the models used in the above courses, and several courses use the computer skills. 

 

USE OF MATHEMATICS IN BUSINESS MANAGEMENT: 

Business and mathematics go hand in hand this is because business deals with money and 

money encompasses everything in itself. There is a need for everyone to manage money as 

some point or the other to take decisions which requires everyone to know mathematics. 

Business mathematics is used by commercial enterprises to record and manage business 

operations. Commercial organizations use mathematics in accounting,, marketing, sales 

forecasting, and financial analysis. It helps you know the financial formulas, fractions; 

measurements involved in interest calculation, hire rates, salary calculation, tax calculation 

etc. which help complete business tasks efficiently. Business mathematics also includes 

statistics and provides solution to business problems. 

 

Business is always surrounded with challenges which need to be dealt with in a proper 

fashion so that they do not arise in future. These problems that occur on a daily basis can be 

effectively solved with the help of mathematical models. Hence mathematics not only helps 

to calculate but also analyze business problems and work upon them. Learning and using 

business mathematics enables a person to think out of the box, sharpens one’s thinking and 

helps in precisely formulating and structuring relationships. 

 

In order to known a business it requires skill more than the developing a product or providing 

a service. If a business has to survive ad succeed it needs to look after the finances and make 

necessary arrangements for it to prosper as well. Understanding business mathematics is 

important to maintain profitable operations and accurate keeping of records. It is required 

right from the start for pricing products/services till the end when we need to check if the 

budget was met. Let’s look at situations where business mathematics is required: 

 

https://www.educba.com/course/online-cfa-level-1-financial-reporting-and-analysis-training/
https://www.educba.com/course/tax-planning/
https://www.educba.com/course/business-intelligence/
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PRODUCTION COSTS CALCULATION: 

Before one formally starts production and establishes its business it is very important to 

estimate the costs that would be incurred in relation to the manufacturing such as the cost of 

raw materials, machinery, rent, administrative expenses etc. In addition to these basic 

expenses there are other associated costs such as marketing, warehousing, interest and 

repayment of loans etc. Once all he expenses relating to production have been included I 

would be easy to estimate the profit from it to sustain and remain competitive in the market. 

Accurately determining the cost associated with each item will make the base for the 

business strong. 

 

PRICE DETERMINATION: 

When you have successfully determined the costs, the next task is to price the products 

correctly so that it generates right amount of cash flows for future requirements of the 

business. Charging the correct selling price would ensure that the product remains profitable. 

 

PROFIT MEASUREMENT: 

These require determining the net profit by subtracting the operating costs from the total 

amount of sales/revenue during a period of time. What also needs to deducted are the tax, 

depreciation, discount expenses. This helps to find out if the products are being charged 

enough to continue the business operations and expand. 

 

FINANCIAL ANALYSIS: 

You need to project the revenue and expenses of a business if we need to analyze the 

financial health of a business. We need to do sensitivity analysis of how an increase or 

decrease in sales figure or pricing could affect the business. It helps in determining how each 

employee contributes to the business and how I would affect. Using business mathematics 

helps in making these interpretations ad take the business to a higher level. 

 

Learn marketing concepts and apply in real world. Plan and implement promotional 

campaigns. Become a successful marketing manager with our practical training. 

https://www.educba.com/ratio-analysis/
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Since all corporations require managing their money and business many mathematicians find 

employment in these fields. Mathematicians follow a logical thinking; follow a problem-

solving approach to business. 

 

CONCLUSION: 

Mathematics plays a major role in business management because it helps maximize profit by 

using techniques such as analyzing production costs, determining ideal pricing, discerning 

sales patterns and projecting future sales. Having strong skills in mathematics means an 

individual can analyze all of a company's finances and make changes to save the company 

money and time, and ultimately make a higher profit. 

 

The study of mathematics is essentially just studying number patterns, and in business, this 

means knowing how to manipulate numbers and make meaning out of large data sets. All 

companies need some sort of mathematician to look at the company's expenses, sales and 

cash flow. If a company has good documentation of where their money is coming from and 

going to, using mathematics, an individual is able to see inefficiencies in the company's 

operations and make important changes.  Thus we conclude that Mathematics is an important 

part of managing business.  
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ABSTRACT: 

Among other metal sulfide nanoparticles such as CdS, ZnS, PbS, HgS and SnS, CuS has 

attracted the attention of researchers due to its unique properties like high solar absorbance, 

antibacterial activity, etc. CuSnanoparticles are less toxic, environmentally benign and can be 

easily synthesized using simple chemical methods. In this study we have reported 

sonochemical synthesis and X-ray diffraction, UV-vis and Photoluminescence spectroscopic 

characterization of copper sulfide nanoparticles.  

 

INTRODUCTION: 

Copper sulfides (CuxS) have received greatword-wide attention due to their opto-electronic 

properties [1]. CuxS materials (where x >1) are p-type semiconductors and when x = 1 it 

exhibits metal-like behavior. Depending upon the values of x (1 ≤ x ≤ 2), the properties of 

CuxS can be tuned towards applications in different fields, such as solar cells, Li-ion 

rechargeable batteries, catalysts, sensors, etc. [2]. Covellitephase of copper sulfide is one of 

the most studied coppersulfides due to its absorption band gap in the nearinfrared region. In 

this study we are reporting the sonochemical synthesis of CuS nanoparticles using ethanol as 

reaction medium. Synthesized samples have been characterized using X-ray diffraction 

(XRD), UV-vis and Photoluminescence (PL) spectroscopic methods. The results obtained 

reveals the hexagonal structure of CuS nanoparticles.  

 

MATERIALS & METHODS: 

Copper chloride (CuCl2) and sodium sulfide (Na2S) were used as copper and sulfur 

precursors respectively without further purification. Calculated quantities of CuCl2(0.1M) 

and Na2S (0.4M) were dissolved in ethanol in to separate beakers. Copper chloride beaker 

was kept under sonication and sodium sulfide solution was added drop-wise to it and solution 

was continuously sonicated for one hour.  In another reaction ascorbic acid (0.1M) was 

mixed with copper chloride solution before addition of sodium sulfide. The precipitates thus 

obtained in both reactions were filtered and dried under vacuum oven for 16 hours. In this 

way we have synthesized two samples of CuS labeled as CuS1 and CuS2. CuS1 was 

synthesized in the presence of ascorbic acid and CuS2 was synthesized in the absence of 

ascorbic acid under similar conditions.Bothsamples have been characterized using XRD, 

UV-vis and Photoluminescence spectroscopic techniques. 

 

RESULTS AND DISCUSSION: 

X-ray diffraction Study: 

Both samples have been characterized withXRD method to determine the crystal structure. 

XRD pattern reveals the presence of (100), (101), (102), (103), (006), (110), (108) and (116) 

crystal planes in these nanoparticle samplesas shown in Figure 1. These crystal planes are 

indexed to hexagonal structure of CuS nanoparticles. The crystallite size was calculated 

using Debye Scherrer formula  
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D = 
𝐶 𝜆

𝛽 𝐶𝑂𝑆𝜃
      (1) 

Where c = 0.94is the correction factor, β is the full width at half maximum(FWHM) of the 

highest peak in radians, θ is the XRD peak position and λ = 1.540593 Å.  

 
Figure 1.XRD pattern of CuS1 and CuS2 samples. 

 

The average crystallite size for CuS1 and CuS2 are found to be ~12nm and~18nm 

respectively. It was observed that CuS1 has smaller crystallite size than CuS2 which 

indicates better nanoparticle formation in the presence of ascorbic acid.  

 

UV-Vis and Photoluminescence spectroscopy: 

The pattern of UV-vis spectrum of both samples has been shown in Figure2 (a). The bandgap 

of samples has been estimated using Tauc’s plot and shown in inset of Figure2 (a). The 

bandgap value for both nanoparticle samples was found to be ~3.8eV.   

 
Figure 2.(a) UV-vis spectrum of CuS1 and CuS2. Inset shows bandgap estimation using 

Tauc’s plot.(b)Photoluminescence spectrum of CuS1 and CuS2.  
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PL spectrum of CuS1 and CuS2 indicates peak position at 505nm as shown in Figure 2 (b).  

 

CONCLUSIONS: 

In this work we have reported the sonochemical synthesis of CuS nanoparticles with and 

without ascorbic acid in ethanol as solvent. XRD characterization reveals the crystalline 

nature and hexagonal structure of CuS nanoparticles synthesized by two different 

approaches. Smaller nanoparticle size was obtained for CuS prepared in the presence of 

ascorbic acid. Bandgap estimation for both samples gives approximately same value 3.8eV.  
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ABSTRACT: 

Weinberger used a method of a Positive Operator, a generalization of a positive matrix, to 

establish the Principle Of Exchange of Stabilities (PES). Wherein, the resolvent of the 

linearized stability operator is analyzed which is in the form of a  composition of certain 

integral operators  In the present paper, Thermohaline Problem of Veronis Type heated from 

below with variable gravity is analyzed and it is established by the method of positive 

operator of Weinberger and uses the positivity properties of Green’s function that principle 

of exchange of stabilities is valid for this general problem, when g(z) is non-negative 

throughout the fluid layer,
1

s






and Lewis number 1 . Simultaneously thermohaline 

Problem of Stern Type heated from below with variable gravity is analyzed and it is 

established by the method of positive operator of Weinberger and uses the positivity 

properties of Green’s function that principle of exchange of stabilities is valid for this general 

problem, when g(z) is non-negative throughout the fluid layer ,
1

s






and  Lewis number 

greater than one. 

KEY WORDS: Veronis and Stern Types Problems, variable gravity, Principle of Exchange 

of Stabilities, Lewis number. 

 

1. INTRODUCTION 

In classical thermal instability problems, it has been assumed that the driving density 

differences are produced by the spatial variation of single diffusing property i.e. heat. 

Recently, it has been shown that a new phenomenon occurs when the simultaneous presence 

of two or more components with different diffusivities is considered. This problem has been 

probed when we think about ocean where both heat and salt (or some other dissolved 

substances) are important. This problem has been termed as thermosolutal convection (or 

thermohaline convection). In these problems the solute is commonly, but not necessarily, a 

salt. Related effects have now been observed in other contexts, and the name ‘double–

diffusive convection’, has been used to cover this wide range of phenomena. Much of the 

theoretical work in this field has been developed directly from the linear stability calculations 

for a simple fluid heated from below. Two fundamental configurations have been studied in 

the context of the thermohaline instability problem, one by Stern [1960], wherein the 

temperature gradient is stabilizing and the concentration gradient is destabilizing, and another  

by Veronis [1965], wherein the temperature gradient is destabilizing and the concentration 

gradient is stabilizing. The main results derived by Stern and Veronis for their respective 

configurations are that both allow the occurrence of a steady motion or an oscillatory motion 

of growing amplitude, provided the destabilizing concentration gradient or the temperature 

gradient is sufficiently large. Stern [1960] was the first to consider the case of linear 

opposing gradients of two properties between horizontal boundaries at fixed concentrations, 
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and since then many others, including Gershuni and Zhukhovitskii [1963]. The problem of 

thermosolutal convection in a layer of fluid heated from below and subjected to a stable 

solute gradient has been studied by Veronis [1965]. The minimum requirements for the 

occurrence of thermosolutal convection are the following: 

i) The fluid must contain two or more components having different molecular 

diffusivities. It is the differential diffusion that produces the density differences required to 

derive the motion. 

ii) The components must make opposing contributions to the vertical density gradient. 

Further, he found that the analogous non–dimensional parameters accounting for uniform 

salinity gradient are given by 
T

4dg
S




=  and Schmidt number  

T

q



= , where   , , T  

denote  the coefficient of analogous solvent expansion, uniform solute gradient  and  solute  

diffusivity, respectively. The main large–scale engineering applications of double–diffusive 

concepts are to solar ponds, shallow artificial lakes that are density stratified. Linear 

calculations have also been made for a variety of boundary conditions by Nield [1967] and 

for an unbounded fluid by Walin [1964]. A study of the onset of convection in a layer of 

sugar solution, with a stabilizing concentration gradient, when the layer is heated from 

below, has been made by Shirtcliff [1967]. He found that the first stage of the development 

of convection layers similar to those described by Turner and Stommel [1964]. Nield [1967] 

has studied the problem of thermohaline convection in a horizontal layer of viscous fluid 

heated from below and salted from above.  When the solute gradient is stabilizing, Sani 

[1965] has found that finite amplitude subcritical instability (convection at a thermal 

Rayleigh number less than that given by the linear theory) is possible. A direct analogue of 

heat/salt diffusive convection has been used to explain the properties of large stars with 

helium–rich core, which is heated from below and thus convecting. Spiegel [1972] has 

shown that variations in the helium/hydrogen ratio can produce a density gradient that limits 

the helium transport by double–diffusive convection, though, whether this may be in layers is 

still unclear. Another example of double–diffusive convection is when metals solidify, since 

as metals solidify, undesirable inhomogeneities on the microscopic scale can be produced by 

several mechanisms, among which is double–diffusive convection. It was shown by Turner 

[1973, 1974] that the form of the resulting motions depends on whether the deriving energy 

comes from the component having the higher or lower diffusivity. When one layer of fluid is 

placed above another (denser) layer having different diffusive properties, two basic types of 

convective instabilities arise, in the ‘diffusive’ and ‘finger’ configurations. In both the cases, 

the double–diffusive fluxes can be much larger than the vertical transport in a single–

component fluid because of the coupling between diffusive and convective processes.The 

salinity gradient is not constant with depth and this has prompted theoretical studies (Walton 

[1982]) of the breakdown, which is found to occur preferentially (in agreement with 

observations) in a thin layer where the salinity gradient is a minimum. A recent 

comprehensive review of thermosolutal convection in porous media has been conducted by 

Nield and Bejan[1999]. For a broad and latest review of the subject one may be referred to 

Turner and Brandt and Fernando [1996] and Gupta et al.[2001, 2002]. Dhiman, et al.[20102] 

have also dealt with the problem On the Stationary Convection of Thermohaline Problems of 

Veronis and Stern Types.   
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In the present paper, Thermohaline Problem of Veronis Type heated from below with 

variable gravity is analyzed and it is established by the method of positive operator of 

Weinberger and uses the positivity properties of Green’s function that principle of exchange 

of stabilities is valid for this general problem, when g(z) is non-negative throughout the fluid 

layer ,

1
s






and  Lewis number 1 .But thermohaline Problem of Stern Type heated from 

below with variable gravity is analyzed and it is established by the method of positive 

operator of Weinberger and uses the positivity properties of Green’s function that principle 

of exchange of stabilities is valid for this general problem, when g(z) is non-negative 

throughout the fluid layer ,

1
s






and  Lewis number greater than one. 

 

2. MATERIALS AND METHODS: 

Mathematical Formulation of the Physical Problem. 

Basic Hydrodynamical Equations Governing The Physical  Configuration 

The basic hydrodynamic equations that govern the above physical configurations under 

Boussinesq approximation for the present problem are given by ( c. f. Veronis  [1965] ); 

Equation of Continuity 

0v. =


                                                    (1) 

Equations of Motion 

( ) vX1p
1

v.v
t

v 2

000




+













+




++


−=








+





                                               (2) 

Equation of Heat Conduction 

( ) TKT.v
t

T 2

T=+


 

.         (3) 

Equation of Mass Diffusion 

( ) SKT.v
t

S 2

S=+


 

                                                  (4) 

Equation of State    
( ) )SS(TT1 000 −+−−=

                    (5) 

In the above equations; v


is the velocity vector;  p is the pressure; −= ˆ)z(gX


 is the external 

force field (gravity); T is the temperature; S is the concentration; 0


=

 is the coefficient of  

kinematic viscosity; 

thermaltheis
c

K
K

v0

T


=

diffusivity; SK
 is the salt diffusivity and 

( )00 TT −−=
        (6) 

( )00 SS−=
              (7), 

are the variation in density due to temperature and concentration variations. 

Following the usual steps of the linearized stability theory, it is easily seen that the non 

dimensional  linearized  perturbation equations governing the physical problem described by 

equations (1)-(4) can be put into the following forms, upon ascribing the dependence of the 

perturbations of the form  
( ) tykxkiexp yx ++

, 
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(𝝈 = 𝝈𝒓 + 𝒊𝝈𝒊) (c.f.  Chandrasekhar [1961] and Siddheshwar and Krishna [2001]); 

( ) ( ) −=






 
−−− 2

s

2

T

2222 kR)z(gkRzgw
Pr

kDkD

        (8) 

( )−− 22 kD  =  - wRT               (9) 













−− 22 kD

           =     
w

R s


−

         (10) 

together with following dynamically free and thermally and electrically perfectly conducting 

boundary conditions 

wD0w 2===       at  10 == zandz        (11)  

where,     = 



=

T

4

0
T

2

K

dg
R

is the thermal Rayleigh number,   Pr= 



 is the Prandtl




==

T

4

0
s

2

s
K

dg
R

 is the salinity Rayleigh number, T

S

K

K
=

is the Lewis number. 

 

3. THE METHOD OF POSITIVE OPERATOR: 

We seek conditions under which solutions of equations (8)-(10) together with the boundary 

conditions (11) grow. The idea of the method of the solution is based on the notion of a 

‘positive operator’, a generalization of a positive matrix, that is, one with all its entries 

positive. Such matrices have the property that they possess a single greatest positive 

eigenvalue, identical to the spectral radius. The natural generalization of a matrix operator is 

an integral operator with non-negative kernel. To apply the method, the resolvent of the 

linearized stability operator is analyzed. This resolvent is in the form of certain integral 

operators. When the Green’s function Kernels for these operators are all nonnegative, the 

resulting operator is termed positive. The abstract theory is based on the Krein –Rutman 

theorem, which states that; 

“If a linear, compact operator A, leaving invariant a cone  , has a point of the spectrum 

different from zero, then it has a positive eigen value  , not less in modulus than every other 

eigen value, and this number corresponds at least one eigen vector   of the operator A, 

and at least one eigen vector 
   of the operator 

A ”. For the present problem the cone 

consists of the set of nonnegative functions. 

 

To apply the method of positive operator, formulate the above equations (8) - (10) together 

with boundary conditions (11) in terms of certain operators as; 

( ) −=






 
+ 2

s

2

T kR)z(gkRzgw
Pr

M
~

M
~

                                                               (12) 

                       

( )+M
~

     =    - wR T                                                  (13) 

                                                                             

 













+M

~

       =    
w

R s


−

                                                                (14) 
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The domains are contained in B, where 

  B 

( )








== 
1

0

22 10 dz,L 

, 

with scalar product   

( ) ( )=
1

0

dzzz, 

,      , B ;     and norm    
2

1

,=
. 

We know that 𝑳
2
(𝟎, 𝟏)  is a Hilbert space, so, the domain of M is dom M  = 

( ) ( ) 010,Bm,D/B == . 

We can formulate the homogeneous problem corresponding to equations (8)-(10) by 

eliminating  from (12) -(14) as; 

 

   (15) 

 

 

( )wKw =            (16) 

where 

( ) wMMzgMMkK S








+


−+








+= −−

−

− 11

1

12 )
~

()
~

(
Pr

~~
)(











                          (17) 

 

is the linearized stability operator. Further   and s
respectively are the thermal and 

concentration Rayleigh numbers. In the present problem the linearized stability operator 

)(K  consists of three different operators, namely












+




−+







 
+ −−

−

− 1S1

1

1 )M
~

()M
~

(and
Pr

M
~

,M
~

, 

however the operator 













+




−+ −− 1S1 )M

~
()M

~
(

 which is the difference of two operators

( ) 11

)M(
s

andM
~ −−




+




+

needs special attention in regards to the positivity of the 

operator. 

 

Defining, 

forexists
Pr







 
 ( ) ( ) 0ImPr,kReCT 2

Prk
=−=

 

and   

( ) PrkReforPrk
Pr

22

1
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−
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T
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( ) 
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1

0

df;,zgfT
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 is Green’s function kernel for the operator
1
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Let, ( )L =













+




−+ −− 1S1 )M

~
()M

~
(

. The operator  ( )L  exists for 

( ) ( ) 0Im)},,1(k.{maxReCL 2

k =−=
and

( ) 21
kL +

−

for 

( ) ( ) 0Im)},,1(kmax{Re 2 =− . L )( = [
)](T)(T s








−

 is an integral operator with 

Green’s function kernel

( )  ( ) 
−

++−−−−
=

rsinhr2

z1rcoshz1rcosh
),,z(g

 

( )  ( ) 

rsinhr2

z1rcoshz1rcosh ss



++−



−−−





 

for )},1(k.{max 2 − . 
 

( )K defined in (17), which is a composition of certain integral operators, is termed as 

linearized stability operator.  K ( ) depends analytically on    in a certain right half of the 

complex plane. It is clear from the composition of K ( ) that it contain an implicit function 

of   . 

We shall examine the resolvent of the K ( ) defined as ( )  1
KI

−
−  

( )  ( )  ( ) ( )   ( )  1

0

1

0

1

0

1
KIKKKIIKI

−−−−
−−−−=−

        (18) 

If for all 0  greater than some a, 

Remark (1)   
( )  1

0KI
−

−
 is positive, 

(2)   ( )K  has a power series about 0  in 
( )−0  with positive coefficients; i.e., 

( )o

n

K
d

d











−

 is positive for all n, then the right side of (18) has an expansion in
( )−0  

with positive coefficients. Hence, we may apply the methods of Weinberger [1969] and 

Rabinowitz , to show that there exists a real eigenvalue 1  such that the spectrum of ( )K  

lies in the set ( ) 1Re:  . This is result is equivalent to PES, which was stated earlier as 

“the first unstable eigenvalue of the linearized system has imaginary part equal to zero.” 

 

4. RESULTS AND DISCUSSION: 

THE PRINCIPLE OF EXCHANGE OF STABILITIES (PES) 

It is clear that ( )K is a product of certain operators. Condition (1) can be easily verified by 

following the analysis of Herron [2001,2002] for the present operator ( )K , i.e. ( )K  is a 

linear, compact integral operator, and has a power series about 0 in 
)( 0 −
with positive 

coefficients. Thus, ( )K  is a positive operator leaving invariant a cone (set of non negative 

functions). Moreover, for    real and sufficiently large, the norms of the operators 

( ) ( )PrTand0T  become arbitrarily small. So, 
( ) 1K 

. Hence, ( )  1KI −−  has a 
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convergent Neumann series, which implies that ( )  1−
− KI  is a positive operator. This is 

the content of condition (P1). 

To verify condition (2), we note that. Green’s function kernel g







 


Pr
,,z

 is the Laplace 

transform of the Green’s function PrG ( )tPr;,z   for the initial-boundary value problem

( )t,zG
tPr

1
k

z

2

2

2

−=











++




−

,                                                              (19) 

                                                         

where, ( )t,z −  is Dirac –delta function in two-dimension, 

with boundary conditions ( ) ( ) ( ) 00;,zGtPr;,1GtPr;,0G === , 

then ( ) 0tPr;,zG  . 

and Green’s function kernel ( ) ;,zg  is the Laplace transform of the Green’s function G (z,

)t,, defined by 

G (z, )t,, = G ( )− t;,z s ( )t;,zG  ,                                    

 (20) 

If    s
 with 1 , 

then   G (z, )t,,      0 

With boundary conditions ( ) ( ) ( ) 00;,zGt;,1Gt;,0G === ,   (21) 

Using the similar result proved in Herron [2000,2001] by direct calculation of the inverse 

Laplace transform,  we  have     ( )K  is a positive operator for all real 

)}Pr,,1(k.{max 2

0 −
 and   s

 with 1  together with  g(z) positive in the flow 

domain. 
 

Theorem.  The PES holds for (12)- (14) when g(z) is nonnegative through out the fluid 

domain and
)}Pr,,1(k.{max 2

0 −
 and   s

 with 1  

Proof: As ( ) KI −  is a nonnegative compact integral operator for 

)}Pr,,1(k.{max 2

0 −
 and for  s

 with 1 , which satisfied all the conditions of 

the  Krein-Rutman theorem and hence it has a positive eigen value 1 , which is an upper 

bound for the absolute values of all the eigenvalues, and the corresponding eigen function 

( )  is nonnegative, which is essentially the contents of condition (2) stated in Remark 1. 
 

We observe that 

( )  ( )  ( ) 01 1 −=− KI , 

Thus, if ( ) −KI  is nonnegative, then 1 1 . The methods of Weinberger and Rabinowitz 

[1969] apply thereby showing that there exits a real eigenvalue 11   such that the spectrum 

of  ( )K  lies in      the set 
( ) 1Re 

. 
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This is equivalent to the  PES. 
 

5. CONCLUSIONS: 

In this paper we have investigated  the Thermohaline Convection Problem with variable 

gravity of Veronis Type. 

 

It is established that if g(z) is positive; throughout the flow domain, then 

PES is valid for Veronis’ Thermohaline Convection  if  s
 or =

1
s






 and 1 ; 

But thermohaline Problem of Stern Type heated from below with variable gravity is analyzed 

and it is established by the method of positive operator of Weinberger and uses the positivity 

properties of Green’s function that principle of exchange of stabilities is valid for this general 

problem, when g(z) is non-negative throughout the fluid layer ,
1

s






and  Lewis number 

greater than one. 
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ABSTRACT:  

A theoretical analysis of an unsteady viscous incompressible electrically conducting fluid in 

an infinite vertical accelerated porous plate is presented. It is assumed that the plate is 

electrically non-conducting and the applied magnetic field is of uniform strength (𝐻0 )and 

perpendicular to the plate. The plate temperature is raised with time (𝑡′ > 0).The coupled 

non-linear partial differential equation are solved by using Laplace transform technique.The 

solution are expressed in terms of exponential andcomplimentary error function and the 

effect of flow parameters on velocity, temperature and induced magnetic field are presented 

through graphs.  

 

KEY WORDS: Accelerated plate, Suction, Induced magnetic field, Heat source. 

 

INTRODUCTION: 

Free and forced convection flow of an electrically conducting fluid past a porous vertical 

surface under the influence of magnetic field occur in many industrial and technical 

applications which include plasma studies, the boundary layer control in aerodynamics , 

petroleum industries, MHD power generator, cooling of nuclear reactors and crystal growth. 

Alom1 analyzed the Steady heat and mass transfer by mixed convection  flow from induced 

magnetic field, constant heat and mass fluxes. Ahmed2 presented  the study of heat and mass 

transfer on free convective three-dimensional unsteady flow over a porous vertical plate. The 

analytic study of induced magnetic field with radiating fluid over a porous vertical plate was 

presented by Ahmed3. Ahmed and Chung4 presented mixed convective three-dimensional 

heat and mass transfer flow with transversely periodic suction velocity. Ahmed et al.5 

analyzed the model of MHD mixed convective radiating fluid with viscous dissipative heat. 

Ahmed et al.6 analyzed the MHD mixed convection and mass transfer from an infinite 

vertical porous plate with chemical reaction in the presence of heat source. Ahmed et al.7 

have presented a mathematical model of megnetohydrodynamic transient free and forced 

convective flow with induced magnetic field effects. Ahmed et al.8 studied the effects of 

chemical reaction and radiation on an unsteady MHD flow past an accelerated infinite 

vertical plate with variable temperature and mass transfer. Beg et al.9obtained local non-

similarity numerical solutions for the velocity, temperature and induced magnetic field 

distribution in forced convection hydromagnetic boundary layer, over an extensive range of 

magnetic Prandtl numbers and Hartmann numbers. Ghosh et al.10 considered an exact 

solution for the hydromagnetic natural convection boundary layer flow past an infinite 

vertical flat plate under the influence of transverse magnetic field with magnetic induction 

effects.Hussain et al.11 studied the effect of radiation on free convection from a porous 

vertical plate. Prakash et al.12-13 investigated the Dufour effects on unsteady hydro magnetic 

radiative and diffusion-thermo on unsteady MHD flow through porous medium past an 
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impulsively started infinite vertical plate with variable temperature and mass diffusion.Raptis 

et al.15-18 have studied MHD flow past a steadily moving infinite vertical porous plate with 

constant heat flux in the presence of radiation. MHD Couette flow and heat transfer in a 

rotating system have studied by Seth et al.19 Seshaiah et al.20 investigated the effects of 

induced magnetic field on free convective flow of radiative, dissipative fluid past a porous 

plate with temperature gradient heat source. Singha21 analyzed the problem of MHD free 

convective flow of an electrically conducting fluid between the two heated parallel plates in 

the presence of an induced magnetic field. Singh and Singh22 presented MHD effects on heat 

and mass transfer in flow of a viscous with induced magnetic field.  MHD effects on flow of 

viscous fluid with induced magnetic field studied by Singh and Singh23. 

 

The objective of present study is to investigate the effect of induced magnetic field, heat 

source and variable temperature inhydromagnetic flow past a porous vertical accelerated 

plate. 

 

FORMULATION OF PROBLEM: 

Consider an unsteady, free convective flow of an incompressible, electrically conducting 

viscous fluid past an accelerated infinite vertical plate with variable temperature. We 

introduce a co-ordinate system with origin at the accelerated plate which is subjected to 

constant suction velocity𝑉0, the 𝑥 ′axis is taken along the plate in the upward vertical 

direction, 𝑦 ′ axis is taken along normal to the plate directed in to the fluid region. 

 

 Let(𝑢′, 𝑣 ′, 0) be the fluid velocity and(ℎ𝑥
′ , ℎ𝑦

′ , 0) be component of magnetic induction vector 

at a point(𝑥 ′, 𝑦 ′, 𝑧 ′) in the fluid. The  𝑥 ′is taken along the plate in the upward direction,𝑦 ′ is 

normal to the plate in to the fluid region. Since the plate is infinite in length in𝑥 ′ direction, 

therefore all the physical quantities except the pressure are assumed to be independent of𝑥 ′. 
Let(𝑢′, 𝑣 ′, 0)be the fluid velocity at the(𝑥 ′, 𝑦 ′, 𝑧 ′)when time(𝑡′ > 0). Initially(𝑖. 𝑒𝑤ℎ𝑒𝑛𝑡′ ≤
0)the plate is at rest relative to the fluid velocity (𝑢′ = 0)and thefluid at the plate’s surface 

has the same temperature as at theedge of the boundary layer i.e. 𝑇∞
′  respectively. At time 

(𝑡′ > 0)the plate is accelerated with a velocity 𝑢′ = 𝑎𝑡′ in its own planeand the temperature 

at the plate is raised linearly with respect to time 

 
Fig.1-Geometrical configuration of the problem. 

 

 

 

−𝑉0 𝑇∞
′  

𝑇𝑤
′  

𝑢′ 

𝐻0 

O 

𝑢∞
′  

𝑥′ 

𝑦′ 

𝑎𝑡′ 
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Under Boussinesq approximation the equations governing the flow are, Conservation of mass 
𝜕𝑣′

𝜕𝑦′
= 0             (1) 

Gauss Law of magnetism 
𝜕ℎ𝑦

′

𝜕𝑦′
= 0  which holds for  ℎ𝑦

′ = 𝐻0 = constant      (2) 

Conservation of momentum 

𝜌
𝜕𝑢′

𝜕𝑡′
+ 𝜌𝑣 ′

𝜕𝑢′

𝜕𝑦′
= −

𝜕𝑝

𝜕𝑥′
− 𝜌𝑔 + 𝜇

𝜕2𝑢′

𝜕𝑦′2
+ 𝜇𝑒𝐻0

𝜕ℎ′

𝜕𝑦′
        (3) 

Conservation of energy 
𝜕𝑇′

𝜕𝑡′
+ 𝑣 ′

𝜕𝑇′

𝜕𝑦′
=

𝜅

𝜌𝑐𝑝

𝜕2𝑇′

𝜕𝑦′2
+

𝑆′

𝜌𝑐𝑝
(𝑇 ′ − 𝑇∞

′ )      (4) 

Conservation of magnetic induction 
𝜕ℎ𝑥

′

𝜕𝑡′
+ 𝑣 ′

𝜕ℎ𝑥
′

𝜕𝑦′
=

1

𝜎𝜇𝑒

𝜕2ℎ𝑥
′

𝜕𝑦′2
+ 𝐻0

𝜕𝑢′

𝜕𝑦′
           (5) 

Since there is no large velocity gradient here, the viscous term in equation (3) vanishes for 

small 𝜇and hence for the outer flow, beside there is no induced magnetic field along 𝑥 ′-
direction gradient, so we have 

−
𝜕𝑝

𝜕𝑥′
= 𝜌∞𝑔...(6) 

By eliminating the pressure term from equations (3) and (6), we obtain 

𝜌
𝜕𝑢′

𝜕𝑡′
+ 𝜌𝑣 ′

𝜕𝑢′

𝜕𝑦′
= (𝜌∞ − 𝜌)𝑔 + 𝜇

𝜕2𝑢′

𝜕𝑦′2
+ 𝜇𝑒𝐻0

𝜕ℎ′

𝜕𝑦′
.      (7) 

By using Boussinesq approximation we have, 

𝜌∞ − 𝜌 = 𝜌∞𝛽(𝑇
′ − 𝑇∞

′ )         (8) 

On using (8) in the equation (7) and noting that is approximately equal to 1, the momentum 

equation reduces to 

𝜌
𝜕𝑢′

𝜕𝑡′
+ 𝜌𝑣 ′

𝜕𝑢′

𝜕𝑦′
= 𝑔𝛽(𝑇 ′ − 𝑇∞

′ ) + 𝜇
𝜕2𝑢′

𝜕𝑦′2
+ 𝜇𝑒𝐻0

𝜕ℎ′

𝜕𝑦′
      (9) 

The flow is governed by the following initial and boundary conditions: 

𝑡′ ≤ 0    𝑢′ = 0, 𝑇 ′ → 𝑇∞
′ , = 0, ℎ𝑥

′ = 0   for all 𝑦...(10) 

𝑡′ > 0{
𝑢′ = 𝑎𝑡′, 𝑇 ′ = 𝑇∞

′ + (𝑇𝑤
′ − 𝑇∞

′ )𝐴𝑡′, ℎ𝑥
′ = 0, 𝑎𝑡𝑦 ′ = 0

𝑢′ → 0, 𝑇 ′ → 𝑇∞
′  , → 0, ℎ𝑥

′ → 0    𝑎𝑡𝑦 ′ → ∞
}             (11) 

 

where𝑢′ and 𝑣 ′- denotes the velocity component in the boundary layer in direction 𝑥 ′-axis 

and 𝑦 ′-axis respectively; 𝑇 ′- the temperature inside the boundary layer;𝑇𝑤
′ - temperature at the 

plate;𝑇∞
′ - the temperature of the free stream; 𝛽-thermal expansion; 𝜌- density of fluid, 𝐴 =

(
𝑎2

𝜈
)

1

3
;𝑎- acceleration of the plate;𝑡′- time;ℎ𝑥

′ - induced magnetic field along 𝑥 ′direction;𝐻0- 

external applied magnetic field; 𝑔- acceleration due to gravity; 𝜇𝑒-magnetic permeability; 𝜇-

kinematic viscosity,𝛼- magnetic diffusivity. 

From equation of continuity (1), it is clear that suction velocity normal to the plate is 

constant. Hence from the equation of the continuity we obtained: 

𝑣 ′ = −𝑉0                   .(12) 

Governing equations in non-dimensional form are: 
𝜕𝑢

𝜕𝑡
− 𝑤0

′ 𝜕𝑢

𝜕𝑦
=

𝜕2𝑢

𝜕𝑦2
+𝑀

𝜕ℎ

𝜕𝑦
+ 𝐺𝑟𝜃.                 (13) 

𝑃𝑟
𝜕𝜃

𝜕𝑡
−𝑤0𝑃𝑟

′ 𝜕𝑢

𝜕𝑦
=

𝜕2𝜃

𝜕𝑦2
+ 𝑃𝑟𝑄0𝜃...                 (14) 
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𝜕ℎ

𝜕𝑡
− 𝑤0

′ 𝜕ℎ

𝜕𝑦
=

1

𝑃𝑟𝑚

𝜕2ℎ

𝜕𝑦2
+𝑀

𝜕𝑢

𝜕𝑦
 ...                  (15) 

 

where the non-dimensional quantities used above are: 

𝑢 =
𝑢′

(𝜈𝑎)
1
3

, 𝑡 = 𝑡′ (
𝑎2

𝜈
)

1

3
, 𝑦 = 𝑦 ′ (

𝑎

𝜈2
)

1

3
, ℎ =

ℎ𝑥
′

(𝜈𝑎)
1
3

(
𝜇𝑒

𝜌
)

1

2

𝑤0 =
𝑉0

(𝜈𝑎)
1
3

, 𝑀 =
𝜇𝑒

𝜌

𝐻0

(𝜈𝑎)
1
3

, 𝐺𝑟 =
𝑔𝛽(𝑇′−𝑇∞

′ )

𝑎
, 𝑃𝑟 =

𝜅

𝜇𝑐𝑝

𝑃𝑟𝑚 = 𝜎𝜇𝑒𝜈, 𝑄0 =
𝑠′

𝜌𝑐𝑝(𝑎2/𝜈)
1
3

, 𝛼 = (𝜎𝜇𝑒)
−1

}
  
 

  
 

...             (16) 

The initial and boundary condition in dimensionless form are as follows:  

𝑡 ≤ 0, 𝑢 = 0, 𝜃 = 0, ℎ = 0                               ...(17) 

𝑡 > 0 {
𝑢 = 𝑡, 𝜃 = 𝑡, ℎ = 0 𝑎𝑡𝑦 = 0
𝑢 = 0, 𝜃 = 0. ℎ = 0  𝑎𝑡𝑦 → ∞

}...(18) 

Method of solution 

The dimensionless governing equations (13) to (15) subjected to boundary conditions (17) 
and (18) are solved by using Laplace transform technique and transform to following set of 

equations:  
𝑑2𝑢

𝑑𝑦2
+𝑤0

𝜕𝑢

𝜕𝑦
− 𝑆�̅� + 𝑀

𝑑ℎ̅

𝑑𝑦
= −𝐺𝑟�̅�...                 (19) 

𝑑2�̅�

𝑑𝑦2
+𝑤0𝑃𝑟

𝑑�̅�

𝑑𝑦
+ 𝑃𝑟(𝑄0 − 𝑆)�̅� = 0                      (20) 

1

𝑃𝑟𝑚

𝑑2ℎ̅

𝑑𝑦2
+ 𝑤0

𝜕ℎ̅

𝜕𝑦
− 𝑆ℎ̅ + 𝑀

𝑑𝑢

𝑑𝑦
= 0                                    (21) 

Corresponding boundary conditions: 

�̅�=
1

𝑆2
,�̅�=

1

𝑆2
, ℎ̅ = 0   𝑎𝑡𝑦 = 0

�̅�= 0, �̅�= 0, ℎ̅ = 0    𝑎𝑡𝑦 → ∞
}                                          (22) 

Following Pande et. al.14 we assume magnetic Prandtl number𝑃𝑟𝑚 = 1, i.e. 𝜈 = 𝛼 which is a 

plausible assumption in most of the hydromagnetic problems, the solution of the equations 
(19) to (21) under the boundary condition (22)are given by following expressions. 

 

�̅�=
𝑒

−

(

 
𝑤0𝑃𝑟+√𝑤0

2𝑃𝑟
2−4𝑃𝑟(𝑄0−𝑆)

2

)

 𝑦

𝑆2
..(23) 

�̅� =
1

2

[
 
 
 
 
 
 
 
𝑒−𝐴2𝑦

𝑆2
+

𝐺𝑟

(𝑃𝑟−1)
{
𝑀1𝑒

−𝐴2𝑦

𝑆
+
𝑀2𝑒

−𝐴2𝑦

𝑆2
+
𝑀3𝑒

−𝐴2𝑦

𝑆−𝛼1
+
𝑀4𝑒

−𝐴2𝑦

𝑆−𝛽1
}

+
𝑒−𝐴3𝑦

𝑆2
+

𝐺𝑟

(𝑃𝑟−1)
{
𝑀5𝑒

−𝐴3𝑦

𝑆
+
𝑀6𝑒

−𝐴3𝑦

𝑆2
+
𝑀7𝑒

−𝐴3𝑦

𝑆−𝛼2
+
𝑀8𝑒

−𝐴3𝑦

𝑆−𝛽2
}

−
𝐺𝑟

(𝑃𝑟−1)
{

(𝑀1 +𝑀5)
𝑒−𝐴1𝑦

𝑆
+ (𝑀2 +𝑀6)

𝑒−𝐴1𝑦

𝑆2

+
𝑀3𝑒

−𝐴1𝑦

𝑆−𝛼1
+
𝑀4𝑒

−𝐴1𝑦

𝑆−𝛽1
+
𝑀7𝑒

−𝐴1𝑦

𝑆−𝛼2
+
𝑀8𝑒

−𝐴1𝑦

𝑆−𝛽2

}

]
 
 
 
 
 
 
 

...             (24) 
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ℎ̅ =
1

2

[
 
 
 
 
 
 
 
−𝑒−𝐴2𝑦

𝑆2
−

𝐺𝑟

(𝑃𝑟−1)
{
𝑀1𝑒

−𝐴2𝑦

𝑆
+
𝑀2𝑒

−𝐴2𝑦

𝑆2
+
𝑀3𝑒

−𝐴2𝑦

𝑆−𝛼1
+
𝑀4𝑒

−𝐴2𝑦

𝑆−𝛽1
}

+
𝑒−𝐴3𝑦

𝑆2
+

𝐺𝑟

(𝑃𝑟−1)
{
𝑀5𝑒

−𝐴3𝑦

𝑆
+
𝑀6𝑒

−𝐴3𝑦

𝑆2
+
𝑀7𝑒

−𝐴3𝑦

𝑆−𝛼2
+
𝑀8𝑒

−𝐴3𝑦

𝑆−𝛽2
}

+
𝐺𝑟

(𝑃𝑟−1)
{

(𝑀1 +𝑀5)
𝑒−𝐴1𝑦

𝑆
+ (𝑀2 +𝑀6)

𝑒−𝐴1𝑦

𝑆2

+
𝑀3𝑒

−𝐴1𝑦

𝑆−𝛼1
+
𝑀4𝑒

−𝐴1𝑦

𝑆−𝛽1
−
𝑀7𝑒

−𝐴1𝑦

𝑆−𝛼2
−
𝑀8𝑒

−𝐴1𝑦

𝑆−𝛽2

}

]
 
 
 
 
 
 
 

...             (25) 

 

Taking inverse Laplace transforms of the equations(23)to(25),we obtained the following 

expression for the velocity, temperature and induced magnetic field: 

 

𝑢 =

[
 
 
 
 
 
 
 

−𝑍4(𝜂1𝑒
𝑋1𝑒𝑟𝑓𝑐𝜂1 − 𝜂2𝑒

𝑋2𝑒𝑟𝑓𝑐𝜂2) + 𝑍5(𝑒
𝑋1𝑒𝑟𝑓𝑐𝜂1 + 𝑒

𝑋2𝑒𝑟𝑓𝑐𝜂2)

+𝑍6(𝑒
𝑋3𝑒𝑟𝑓𝑐𝜂3 + 𝑒

𝑋4𝑒𝑟𝑓𝑐𝜂4) + 𝑍7(𝑒
𝑋5𝑒𝑟𝑓𝑐𝜂5 + 𝑒

𝑋6𝑒𝑟𝑓𝑐𝜂6)

−𝑍8(𝜂7𝑒
𝑋7𝑒𝑟𝑓𝑐𝜂7 − 𝜂8𝑒

𝑋8𝑒𝑟𝑓𝑐𝜂8) + 𝑍9(𝑒
𝑋7𝑒𝑟𝑓𝑐𝜂7 + 𝑒

𝑋8𝑒𝑟𝑓𝑐𝜂8)

+𝑍10(𝑒
𝑋9𝑒𝑟𝑓𝑐𝜂9 + 𝑒

𝑋10𝑒𝑟𝑓𝑐𝜂10) + 𝑍11(𝑒
𝑋11𝑒𝑟𝑓𝑐𝜂11 + 𝑒

𝑋12𝑒𝑟𝑓𝑐𝜂12) +

𝑍12(𝜂13𝑒
𝑋13𝑒𝑟𝑓𝑐𝜂13 − 𝜂14𝑒

𝑋14𝑒𝑟𝑓𝑐𝜂14) − 𝑍13(𝑒
𝑋13𝑒𝑟𝑓𝑐𝜂13 + 𝑒

𝑋14𝑒𝑟𝑓𝑐𝜂14)

−𝑍6(𝑒
𝑋15𝑒𝑟𝑓𝑐𝜂15 + 𝑒

𝑋16𝑒𝑟𝑓𝑐𝜂16) − 𝑍7(𝑒
𝑋17𝑒𝑟𝑓𝑐𝜂17 + 𝑒

𝑋18𝑒𝑟𝑓𝑐𝜂18)

−𝑍10(𝑒
𝑋19𝑒𝑟𝑓𝑐𝜂19 + 𝑒

𝑋20𝑒𝑟𝑓𝑐𝜂20) − 𝑍11(𝑒
𝑋21𝑒𝑟𝑓𝑐𝜂21 + 𝑒

𝑋22𝑒𝑟𝑓𝑐𝜂22) ]
 
 
 
 
 
 
 

..    .(26) 

 

𝜃 = 2𝑍3[−𝜂13𝑒
𝑋13𝑒𝑟𝑓𝑐𝜂13 − 𝜂14𝑒

𝑋14𝑒𝑟𝑓𝑐𝜂14]                (27) 

 

ℎ =

[
 
 
 
 
 
 
 

𝑍4(𝜂1𝑒
𝑋1𝑒𝑟𝑓𝑐𝜂1 − 𝜂2𝑒

𝑋2𝑒𝑟𝑓𝑐𝜂2) − 𝑍5(𝑒
𝑋1𝑒𝑟𝑓𝑐𝜂1 + 𝑒

𝑋2𝑒𝑟𝑓𝑐𝜂2)

−𝑍6(𝑒
𝑋3𝑒𝑟𝑓𝑐𝜂3 + 𝑒

𝑋4𝑒𝑟𝑓𝑐𝜂4) − 𝑍7(𝑒
𝑋5𝑒𝑟𝑓𝑐𝜂5 + 𝑒

𝑋6𝑒𝑟𝑓𝑐𝜂6)

−𝑍8(𝜂7𝑒
𝑋7𝑒𝑟𝑓𝑐𝜂7 − 𝜂8𝑒

𝑋8𝑒𝑟𝑓𝑐𝜂8) + 𝑍9(𝑒
𝑋7𝑒𝑟𝑓𝑐𝜂7 + 𝑒

𝑋8𝑒𝑟𝑓𝑐𝜂8)

+𝑍10(𝑒
𝑋9𝑒𝑟𝑓𝑐𝜂9 + 𝑒

𝑋10𝑒𝑟𝑓𝑐𝜂10) + 𝑍11(𝑒
𝑋11𝑒𝑟𝑓𝑐𝜂11 + 𝑒

𝑋12𝑒𝑟𝑓𝑐𝜂12) −

𝑍14(𝜂13𝑒
𝑋13𝑒𝑟𝑓𝑐𝜂13 − 𝜂14𝑒

𝑋14𝑒𝑟𝑓𝑐𝜂14) + 𝑍15(𝑒
𝑋13𝑒𝑟𝑓𝑐𝜂13 + 𝑒

𝑋14𝑒𝑟𝑓𝑐𝜂14)

+𝑍6(𝑒
𝑋15𝑒𝑟𝑓𝑐𝜂15 + 𝑒

𝑋16𝑒𝑟𝑓𝑐𝜂16) + 𝑍7(𝑒
𝑋17𝑒𝑟𝑓𝑐𝜂17 + 𝑒

𝑋18𝑒𝑟𝑓𝑐𝜂18)

−𝑍10(𝑒
𝑋19𝑒𝑟𝑓𝑐𝜂19 + 𝑒

𝑋20𝑒𝑟𝑓𝑐𝜂20) − 𝑍11(𝑒
𝑋21𝑒𝑟𝑓𝑐𝜂21 + 𝑒

𝑋22𝑒𝑟𝑓𝑐𝜂22) ]
 
 
 
 
 
 
 

       (28) 

 

 
Fig.2- Variation of amplitude of velocity with 𝒕 = 𝟎. 𝟐.. 
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Fig.3- Variation of amplitude of velocity at 𝑮𝒓  = 𝟐, 𝑷𝒓 = 𝟎. 𝟕𝟏,𝑴 = 𝟐,𝑸𝟎 = 𝟎. 𝟐. 
 

 
Fig.4- Variation of amplitude of temperature at 𝒕 = 𝟎. 𝟐. 
 

 
Fig.5- Variation of amplitude of temperature. 
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Fig.6- Variation of amplitude of induced magnetic field at 𝒕 = 𝟎. 𝟐. 
 

 
Fig.7- Variation of amplitude of induced magnetic field. 

 

RESULTS AND DISCUSSION: 

In order to have a physical view of the problem, we computed the numerical calculations for 

non-dimensional amplitude of velocity profile, amplitude of temperature profile and 

amplitude of induced magnetic field at the plate for different values of physical parameters 

involved and these value have been demonstrated in graphs. Our investigations are restricted 

to Prandtl number 0.71 which corresponds to air. The values of other parameters namely 

Grashoff number, Hartmann number, suction parameter, heat source parameter and timeare 

chosen arbitrarily. Our results are in good agreement with the result of Ahmed S3 in the 

absence of mass transfer and viscous dissipation. 
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From fig.2 observed that with the increase of Grashoff number (𝐺𝑟)amplitude of velocity 

increases and with increase of Prandtl number(𝑃𝑟), Hartmann number and heat source 

parameter amplitude of velocity decreases. Fig.3. Clearly show that increase in the value of 

suction parameter and time cause rise in amplitude of velocity.From fig.4&5 it is noticed that 

fluid temperature rises due to the increasing value of heat source parameter, time and it 

decreases with the increase of Prandtl number (𝑃𝑟)and suction parameter(𝑤0). From fig. 6 & 

7 it is observed that amplitude of induced magnetic field rises with the increase in suction 

parameter, Grashoff number, time and it fall with the rise in Prandtl number, heat source 

parameter(𝑄). 
 

CONCLUSIONS: 

The main conclusion of this study is: 

(i) An increase in Hartmann number andheat source parameter leads to decelerate the 

flow velocity. 

(ii) It is observedthat with the increase in suction parameter the induced magnetic field 

and the velocity of the fluid increase. 

(iii) Fluid temperature increases with the increase in heat source parameter and decrease 

with Prandtl number. 

(iv) Fluid temperature and its velocity increases with the time. 
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ABSTRACT:  

The science of remote sensing has emerged as one of the most fascinating subjects over the 

past three decades. Earth observation from space through various remote sensing instruments 

has provided a vantage means of monitoring land surface dynamics, natural resources 

management, and the overall state of the environment itself.  

Remote sensing is defined, for our purposes, as the measurement of object properties on the 

earth’s surface using data acquired from aircraft and satellites. Remote sensing systems, 

particularly those deployed on satellites, provide a repetitive and consistent view of the earth 

that is invaluable to monitoring the earth system and the effect of human activities on the 

earth. 

 

KEYWORDS: Fascinating, Monitoring, Deployed, Vantage. 

 

INTRODUCTION: 

A huge quantity of Earth observation and geospatial data is produced daily by numerous 

satellites launched by several worldwide space agencies. The processing of remote sensing 

data requires several steps. The extraction of prominent information from remote sensing 

data requires a coordinated use of many applications and algorithms. Sharing computational 

resources among different scientists represents the sole way to approach the problem in order 

to achieve good performance.  

 

In this paper I describe advantages and disadvantages of remote sensing and their problems 

andhistorical development. The science of remote sensing has emerged as one of the most 

fascinating subjects over the past three decades. Earth observation from space through 

various remote sensing instruments has provided a vantage means of monitoring land surface 

dynamics, natural resources management, and the overall state of the environment itself.  

 

WHAT IS REMOTE SENSING:  

Remote sensing is the science of obtaining information about objects or areas from a 

distance, typically from aircraft or satellites. Remote sensors can be either passive or active. 

Passive sensors respond to external stimuli. They record natural energy that is reflected or 

emitted from the Earth's surface. 

 

Remote means something which is far away and sensing means getting information or 

getting data.It is the process of detecting and monitoring the physical characteristics of an 

area by measuring its reflected and emitted radiation at a distance from the targeted area. 

Special cameras collect remotely sensed imagesof the Earth, which help researchers "sense" 

things about the Earth. It is obtaining information about an area or phenomenon through a 

device that does not touch the area or phenomenon under study. Your eyes are a good 

example of remote sensing instrument. Many devices are onboard satellites that monitor the 

Earth from space. 
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Some Examples Are 

• Cameras on satellites and airplanes take images of large areas on the Earth's surface, 

allowing us to see much more than we can stand on the ground. 

• Sonar systems on ships can be used to create images of the ocean floor without 

needing to travel to the bottom of the ocean. 

• Cameras on satellites can be used to make images of temperature changes in the 

oceans 

 

Some specific uses of remote sensing 

• Large forest fires can be mapped from space, allowing rangers to see a much larger 

area than from the ground. 

• Tracking clouds to help predict the weather or watch erupting volcanos, and help 

watch for dust storms. 

• Tracking the growth of a city and changes in farmland or forests over several years or 

even decades. 

• Mapping the ocean bottom - Discovery and mapping of the rugged topography of the 

ocean floor (e.g., huge mountain ranges, deep canyons, and the “magnetic striping” 

on the ocean floor) 

 

How it work: It has seven steps to work the remote sensing.  

 

Energy source: The first requirement for remote sensing is to have an energy source which 

illuminate or provide electromagnetic energy to the target of interest.  

 

Radiation and atmosphere: As the energy travels from its source to the target, it will come 

in contact with or interact with the atmosphere it passes through; this interaction may take 

place a second as the energy travels from the target to the sensor. 

 

Interaction with target: once the energy makes it way to the target through the atmosphere, 

it interacts with the target depending upon the properties of both the target and radiation. 

 

Recording of energy by the sensor: after the energy has been scattered by, emitted from the 

target, we require a sensor to collect and record the electromagnetic radiation. 

 

Transmission, reception and processing: the energy required by the sensors has to be 

transmitted, often in electronic form, to receive and processing section where the data are 

produced into an image.  

 

Interpretation and analysis: The proceed image is interpreted in two types visually and 

digitally. To exact information about the target which was illuminated.  

Applications: The final element of remote sensing process is achieved when we apply the 

information- we have been able to extract from the imagery about the target in order to better 

understand and reveal some new information. 

 

SENSORS: Remote sensing instruments are of two primary types - active sensors and 

passive sensors: 
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Active sensors: They provide their own source of energy to illuminate the objects they 

observe.  LIDAR, RADAR etc. 

Passive sensors, they detect natural energy (radiation) that is emitted or reflected by the 

object or scene being observed.  ASTER, Quickbard, Ikonos, Landsat etc.  

 

ADVANTAGES AND DISADVANTAGES: 

ADVANTAGES: 

• Large area coverage. 

• Some remote sensors operate in all seasons, at night and in bad weather. 

• Remote sensing allows repetitive coverage which comes in handy when collecting 

data on dynamic themes such as water, agricultural fields and so on. 

• Remote sensors “see” over a broader portion of the spectrum than the human eye. 

• Remotely sensed data can easily be processed and analyzed fast using a computer and 

the data utilized for various purposes. 

 

DISADVANTAGES: 

• Remote sensing is a fairly expensive method of analysis especially when measuring 

or analyzing smaller areas. 

• Remote sensing requires a special kind of training to analyze the images. It is 

therefore expensive in thetechnology since extra training must be accorded to the 

users of the technology. 

• It is expensive to analyze repetitive photographs if there is need to analyze different 

aspects of the photography features. 

• It is humans who select what sensor needs to be used to collect the data, specify the 

resolution of the data and calibration of the sensor, select the platform that will carry 

the sensor and determine when the data will be collected. Because of this, it is easier 

to introduce human error in this kind of analysis. 

 

QUESTION: WHY USE SATELLITES TO STUDY THE EARTH? 

 

ANSWER:           Consistent, routine, global measurements 

• Overview of information on the hemispheric, regional, national and local scales – the 

“big picture” 

• Provide information in areas where there are no grounds – based measurements 

• Advance warning of impending environmental events and disasters. 

• Visual appeal: a picture is worth thousand words.  

 

HISTORICAL DEVELOPMENT:  

The history of remote sensing began with the invention of photograph.  The term photograph 

is derived from two words ‘phos’ means light and ‘graphy’ means writing.  

▪ In year 1038 AD AL Hazen an Arabian Mathematician explain the principle of 

camera obscura to observe solar eclipse. 

▪ After 1666 Newton experimenting with a prism and found that when a white light 

passes through a prism then it splits into seven different colours i.e. (VIBGYOR) 

▪ In 1800 Sir William Herschel measures the temperature of light splits with a prism 

into spectrum of visible colours. He had discovered thermal infrared electromagnetic 

radiation.  
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▪ In 1858 GFT Nadar takes the first aerial photograph from a captative balloon from an 

altitude of 1200 feet in Paris. 

▪ In 1889 Arthur Batut takes the first photo by using a kite in France. 

▪ In 1903 BP Crop uses pigeon to transmit message and take arial photograph. 

▪ In 1957 SPUTNIK 1 launched by Russia (world first artificial satellite launched 4 

October 1957). 

▪ In 1958 EXPLORER 1 launched by USA. 

▪ In 1970 DONG FANG HONG 1 launched by China. 

▪ In 1975 ARYABHATTA, in 1979 BHASKAR 1, in 1980 ROHINI 1 launched by 

India. 

▪ In 1982 INSAR 1A launched by India. 

▪ In 1998 IRS (INDIAN REMOTE SENSING)  

▪ In 2001 GSAT 1  

▪ In 2004 EDUSAT 

▪ In 2005 CHARTOSAT 

▪ In 2008 CHANDRAYAAN  

▪ In 2013 MANGALYAN launched by India (5th Nov. 2013 - 24 sept. 2014) 

▪ And recently in 2019 CHANDRAYAAN 2 launched by ISRO in India that was the 

biggest achievement for India 

▪ The Chandrayaan 2 has achieved 95% of itsmission objectives, the lander’s 

unsuccessful bud to touch-down on the lunar surface notwithstanding. And this all 

thanks to the chandrayaan-2 orbiter. Everything is not lost. The payloads will conduct  

 

CONCLUSION: 

Remote sensing is the gathering of information concerning the earth’s surface that does not 

involve contact with the surface or object under study. The techniques include aerial 

photography, multi-spectral, and infrared imagery, and radar. With the help of remote 

sensing, we can able to get accurate information about the earth’s surface including its 

components like forests, landscapes, water resources, oceans, etc. This information helps the 

researchers to their research activities about the earth’s components concerning its 

sustainable management and conservation and so on. 
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ABSTRACT:   

Cervical cancer is the second most common cancer in women worldwide after breast cancer. 

India contributes to one-fourth of the global burden. Cervical cancer related deaths among 

women in India are often due to late diagnosis of disease. Knowledge about disease and early 

screening is the most effective method of cervical cancer prevention. Lack of awareness, 

negative attitude and poor screening are the major causes to increase the incidence of disease.  

AIM: to assess the knowledge, attitude and practice among the general population towards 

cervical cancer screening and prevention.  

MATERIAL AND METHOD: Hospital based cross sectional study. A total of 200 

consecutive subjects attending the Gynecology OPD in a tertiary care hospital were enrolled 

after informed consent. 

STATISTICAL ANALYSIS: descriptive statistics were used to represent the socio-

demographic characteristics and levels of knowledge, attitude and practice levels.   

RESULTS: most of the subjects enrolled in the study (78%) had heard about cervical cancer 

and majority of them had heard from friends and family (41%) , media (12%). Only 54% 

women knew about symptoms , while only 33% knew the risk factors. 60% of the women 

knew about screening methods. More than half (52%) had a positive attitude towards 

screening but more than two thirds (78%) are not practicing screening methods.  

CONCLUSION: Although women are having good knowledge towards cervical cancer 

screening and prevention, still there are many who need to be educated regarding the same. 

Amongst the ones who have knowledge, there is a gap to transform it into practice. There is a 

need for more educational programs for different strata of society for larger reforms.  

 

INTRODUCTION:  

Cervical cancer is the second most common cancer in the women around the world1. It is 

second only to breast cancer. India contributes to one fourth of the global burden. According 

to National Institute of Cancer Prevention and Research, one woman dies every 8 minutes in 

India because of Cervical Cancer2. Cervical cancer causes 10% of all cancer related deaths in 

India. The stage at diagnosis is the main factor for the outcome and 5-year survival rates. The 

average 5 year survival after diagnosis is 48%. In India, most of the cases are diagnosed at a 

much advanced stage, and hence have a poor survival rate. The main reason for delayed 

diagnosis is lack of awareness amongst women regarding the screening and prevention of 

cervical cancer. Screening for cervical cancer is essential as the women are mostly 

asymptomatic until the disease has far progressed. The screening methods not only make 
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earlier diagnosis of cancer of cervix but also help in catching the premalignant lesions of the 

cervix. The most common symptoms are inter-menstrual bleeding (bleeding in between 

periods), persistent back pain, pelvic pain, foul smelling discharge, bleeding after intercourse, 

urinary urgency, weight loss etc. Cervical cancer is caused by Human Papilloma Virus 

(HPV) infection, particularly HPV 16 and 18. These HPV 16 and 18 cause 75% of the cases 

globally6. Other risk factors include multiple partners, early age of marriage, multiple child 

births and  HIV infection.  

 

Although there have been many advances like Pap smear test and HPV DNA analysis in the 

screening for cervical cancer, there have been multiple hurdles for the same. The major 

problems include lack of awareness and misconceptions regarding female cancers and 

gynecological diseases and socio-economic limitations. According to latest guidelines issued 

by the American College of Obstetricians and Gynecologists, women between age 21-29 

years should have a Pap test done every 3 years, and those between 30-65 years should have 

co-testing ( Pap test and HPV DNA testing) every 5 years3.The prevention and control of 

disease depends upon awareness, knowledge, preventive measures and screening 

procedures4. There is lack of information regarding knowledge, attitude and practice towards 

cervical cancer and its screening and hence this study was conducted.  

 

AIM : to assess the knowledge, the practice and the overall attitude of women regarding 

cervical cancer and screening in women attending the department of Obstetrics and 

Gynecology at a tertiary care hospital and to assess the relationship of these with socio-

demographic characters of the population.  
 

MATERIAL AND METHODS:  

It is a hospital based cross-sectional study conducted over a period of 3 months in the 

outpatient department of Obstetrics and Gynecology in a tertiary care hospital between July 

2019 to September 2019. 200 parous women were recruited in the study who were over 18 

years of age and were willing to participate in the study. All women who participated in the 

study were assessed using a preformed questionnaire about cervical cancer, screening and 

prevention.  
 

The questionnaire comprised of 4 parts: socio-demographic characters, knowledge, practice 

and attitude. The demographic details included age, residence (rural/urban), and socio-

economic stage using modified Kuppuswamy’s scale5. Knowledge regarding the disease was 

identified using a questionnaire which had ten questions and each question was awarded 1 

mark for appropriate knowledge and nil for either misconceptions or no knowledge.  
 

S.No. Knowledge about 1 mark Zero marks 

1.  Awareness of Ca cervix Yes No 

2. Symptoms Any 2 ≤1 

3. Risk factors Any 1 0 

4. Prevention method Any 1 0 

5. Screening methods Yes No 

6. Description about screening methods yes No 

7. Eligibility for screening yes no 

8. Frequency of screening yes No 

9. Vaccination yes No 

10. Treatment available yes No 
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Score of (A) 8 – 10 was considered good knowledge  

               (B) 5 – 7 = moderate knowledge  

               (C) <5    = Poor knowledge  

Attitude was assessed using 8 statements related to cervical cancer, its screening and 

management. The responses were assessed using Likert scale. In Likert scale the responses 

ranged from strongly agree (5), agree (4), neither agree nor disagree (3), disagree (2) and 

strongly disagree (1).  

S. no. Statement 5 4 3 2 1 

1. Cervical cancer is highly prevalent in India      

2. Any adult woman including you can acquire this      

3. Cervical cancer does not spread via contact      

4. Symptoms like intermenstrual bleeding and foul 

discharge pv need consultation by a doctor 

     

5. Screening helps prevent it      

6. Screening is not harmful      

7. Screening is not expensive and is      

8. HPV vaccination can prevent cancer      

 

Maximum score expected is 40 from all statements and minimum is 8. A score of ≥20 is 

considered a positive attitude and <20 as a negative attitude. 

 

Practice was assessed by response towards screening in last 3 years. If patient had undergone 

screening in last 3 years, it was considered as regular practice, more than 3 years since last 

screen were considered irregular and the ones who were never screened as no practice.  

 

STATISTICAL ANALYSIS:  

Epi- info software was used to analyze collected data. Frequencies and proportions were used 

to represent the socio-demographic profile , knowledge, attitude and practice for carcinoma 

of the cervix ad its screening procedures in the study population.  

 

RESULTS: 

Among the 200 women who answered the questionnaire, most were between 35 to 45 years 

of age (66%). The mean age of women was 38.4 years. Majority of the women were multi-

parous, i.e. with more than 1 live birth. The study population comprised of 74% women 

belonging to the rural area. Amongst the subjects 13% women had received no formal 

education, 34% were having matriculate certificate and the rest were graduate. 82% of the 

study population were home-makers, and 26% belonged to upper lower class, 42% into the 

lower middle class and 32% to the upper middle class according the modified kuppuswamy 

scale.  

 

78% had heard about the cervical cancer and majority of them 41% ha heard from friends 

and family members, 12% from media and rest 25% from medical personnel. Regarding 

knowledge about signs and symptoms of the cancer of the cervix, only 54% of the women 

knew about 2 or more symptoms. 40% knew about foul smelling discharge from vagina and 

irregular spotting. Only 33% of the women had an idea about the risk factors contributing to 

cervical cancer. Out of these 200 women 60% of them  knew about screening methods 

mostly Pap smear only. On assessing the attitude towards screening and prevention of the 

same, 52% had a positive attitude towards it, only 22% were practicing the screening 
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procedure. The 22% women who had been previously screened , they were screened once 

only and had no information regarding the protocol for screening.  

 

DISCUSSION:  

The present study explored the knowledge, attitude and practice among women attending the 

obstetrics and gynecology department in a tertiary care hospital in northern India, with a 

resource limited setting. Here the responders were mostly from the lower socio-economic 

strata, and many of them had no formal education.  

 

The study found out that more than two-thirds of the population had heard about cervical 

cancer, which was similar to the studies conducted by Chande HM et al6. and Abdullahi et 

al7. the results of this study are in contrast with other studies conducted in southern India by 

G.Narayana et al8 and in other under-developed countries by Anorlu9, Yifru and Asheber10 in 

which more than one fourth of the population had no information regarding cervical cancer.  

 

This study found out that more than half of the population knew about the signs and 

symptoms of the disease, which are consistent with the findings of Mukama et al11. and with 

G.narayana8 et al. Still there is lack of awareness regarding the risk factors for the same.  

 

More than two thirds of the women showed a positive attitude towards cervical cancer and 

more than half of the about its screening, which is again consistent with findings of 

G.Narayana8 et al. Despite positive attitude among women, there is a huge difference 

between attitude and practice. Less than one fourth of the women had been screened in the 

last 3 years and only 6% had been screened more than once. None of the women knew about 

the screening protocol and the need for repeated screening.  

 

Younger women i.e. between the ages 30-35 years had a positive attitude and good 

knowledge about signs, symptoms and screening methods. Similar findings were in the study 

conducted by Ogunbode and Ayinde12.  

 

STRENGTHSAND LIMITATIONS: 

There is need to conduct such studies at greater levels with larger sample size as these data 

are useful to design educational programs regarding cervical cancer. The najor limitation was 

a smaller sample size and a shorter time frame.  

 

CONCLUSION:  

The study concludes that though women have fairly good knowledge and attitude towards 

cervical cancer and its screening, there is a need to bridge the gap between knowledge and 

practice. There also is a need to educate the masses about preventive HPV vaccination.  
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ABSTRACT:  

Using the pretest probability score calculated from the Wells Clinical Prediction Rule, 

patients are stratified into three risk groups – high, moderate or low. The results from duplex 

ultrasound are incorporated as well. If the patient is in the high or moderate risk and the 

duplex ultrasound study is positive, treat for DVT. If the duplex study is negative and the 

patient is in low risk, DVT has been ruled out. If the patient is in high risk but the ultrasound 

study was negative, the patient still has a significant probability of DVT. However, if the 

patient is in low risk but the ultrasound study is positive, then before treating for DVT it is 

better to go for second confirmatory study such as a Venogram. 

 

KEYWORDS: Deep Vein Thrombosis, Venogram. 

 

Introduction of Deep Vein Thrombosis (DVT): 

DVT usually occurs in a deep leg vein, a larger vein that runs through the muscles of the calf 

and the thigh. 

 

It can cause pain and swelling in the leg and may lead to complications such as pulmonary 

embolism. This is a serious condition that occurs when a piece of blood clot breaks off into 

the bloodstream and blocks one of the blood vessels in the lungs (see below). 

 

DVT and pulmonary embolism together are known as venous thromboembolism (VTE). 

 

 
Deep vein thrombosis (DVT) is a blood clot that develops within a deep vein in the 

body, usually in the leg 

 

We aim to critically review the current state of knowledge on this subject, with a view to 

updating clinicians on the prophylaxis and treatment of DVT. 
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Symptoms of DVT: 

In some cases, there may be no symptoms of DVT. If symptoms do occur they can include: 

• pain, swelling and tenderness in one of your legs (usually your calf) 

• a heavy ache in the affected area 

• warm skin in the area of the clot 

• red skin, particularly at the back of your leg below the knee 

DVT usually (although not always) affects one leg. The pain may be worse when you bend 

your foot upward towards your knee. 

 

Objectives of DVT treatment:  

The primary objectives for the treatment of deep venous thrombosis (DVT) are to prevent 

pulmonary embolism (PE), reduce morbidity, and prevent or minimize the risk of developing 

the postthrombotic syndrome (PTS).  

If left untreated, about one in 10 people with a DVT will develop a pulmonary embolism. A 

pulmonary embolism is a very serious condition which causes: 

• breathlessness which may come on gradually or suddenly 

• chest pain which may become worse when you breathe in 

• sudden collapse 

 

Both DVT and pulmonary embolism require urgent investigation and treatment. 

Seek immediate medical attention if you have pain, swelling and tenderness in your leg and 

you develop breathlessness and chest pain. 

As well as age, there are also a number of other risk factors, including: 

• having a history of DVT or pulmonary embolism 

• having a family history of blood clots 

• being inactive for long periods such as after an operation or during a long journey 

• blood vessel damage a damaged blood vessel wall can result in the formation of a 

blood clot 

• having certain conditions or treatments that cause your blood to clot more easily than 

normal such as cancer (including chemotherapy and radiotherapy treatment), heart 

and lung disease, thrombophilia and hughes syndrome 

• being pregnant your blood also clots more easily during pregnancy 

• being overweight or obese 

 

Treatment Options: 

• Anticoagulation 

• Thrombolytic Therapy for DVT 

• Surgery for DVT 

• Filters for DVT 

• Compression Stockings 

 

Anticoagulation:  

Treatment for DVT usually involves taking anticoagulant medicines, which reduce the 

blood's ability to clot and stop existing clots getting bigger. 

 

Heparin and warfarin are two types of anticoagulant often used to treat DVT. Heparin is 

usually prescribed first because it works immediately to prevent further clotting. After initial 

treatment, you may also need to take warfarin to prevent another blood clot forming. 
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A number of anticoagulants, known as directly acting oral anticoagulants (DOACs), may also 

be used to treat conditions such as DVT. These medications include rivaroxaban and 

apixaban, and they've been shown to be as effective as heparin and warfarin with less serious 

side effects. 

 
Anticoagulant Treatment for DVT 

 

Thrombolytic Therapy for DVT: 

A mechanical thrombectomy device can remove venous clots, but it is recommended only as 

an option when the following conditions apply: “Iliofemoral DVT, symptoms for less the 

seven days (criterion used in the single randomized trial), good functional status, life 

expectancy of greater than equal to one year, and both resources and expertise are available. 

Thrombolytic Therapy does not prevent 

• Clot propagation 

• Rethrombosis, or 

• Subsequent embolisation 

• Heparin therapy and oral anticoagulant therapy always must follow a course of 

thrombolysis 

 
 

Thrombolytic Therapy for DVT: 

Surgery for DVT:  

Open surgical thrombectomy has a very limited role in the management of acute DVT. The 

limitations to the procedure are obvious, and the results are ambiguous at best. For this 

reason, open surgical thrombectomy for DVT is reserved as a last resort for those patients 

with threatened limb loss secondary to extensive DVT.  
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This patient underwent a thrombectomy. The thrombus has been laid over the 

approximate location in the leg veins where it developed 

 

Filters for DVT: 

An IVC filter is a small metal device that can stop blood clots in your veins from moving. 

It's used for conditions in which there's a chance that a blood clot could enter your lungs, 

such as deep vein thrombosis (DVT). It's placed in your body's main vein, called the 

inferior vena cava (IVC) 

 

 
 

 

 

COMPRESSION STOCKINGS: 

A compression stocking is a device that uses pressure to help prevent and ease symptoms of 

various thrombotic conditions such as deep vein thrombosis (DVT) and Post Thrombotic 

Symdrome (PTS). Compression stockings are specially made, snug-fitting, stretchy stockings 

that gently squeeze the leg. 
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Complications: 

• Acute pulmonary embolism 

• Postthrombotic Syndrom 

• Blood clot in the kidney, called renal vein thrombosis 

• Blood clot in the heart, leading to heart attack 

• Blood clot in the brain, leading to stroke 

• Chronic venous insufficiency  

 

CONCLUSION:  

Using the pretest probability score calculated from the Wells Clinical Prediction Rule, 

patients are stratified into three risk groups – high, moderate or low. The results from duplex 

ultrasound are incorporated as well. If the patient is in the high or moderate risk and the 

duplex ultrasound study is positive, treat for DVT. If the duplex study is negative and the 

patient is in low risk, DVT has been ruled out. If the patient is in high risk but the ultrasound 

study was negative, the patient still has a significant probability of DVT. However, if the 

patient is in low risk but the ultrasound study is positive, then before treating for DVT it is 

better to go for second confirmatory study such as a Venogram. 

 

An ultrasound scan can be used to detect clots in your veins. A special type of ultrasound 

called a Doppler ultrasound can also be used to find out how fast the blood is flowing 

through a blood vessel. This helps doctors identify when blood flow is slowed or blocked, 

which could be caused by a blood clot. A venogram may be used if the results of a D-dimer 

test and ultrasound scan can't confirm a diagnosis of DVT. During a venogram, a liquid 

called a contrast dye is injected into a vein in your foot. The dye travels upthe leg and can be 

detected by X-ray , which will highlight a gap in the blood vessel where a clot is stopping the 

flow of blood. 
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TREATING DVT 

Treatment for DVT usually involves taking anticoagulant medicines, which reduce the 

blood's ability to clot and stop existing clots getting bigger. 

 

Heparin and warfarin are two types of anticoagulant often used to treat DVT. Heparin is 

usually prescribed first because it works immediately to prevent further clotting. After initial 

treatment, you may also need to take warfarin to prevent another blood clot forming. 

 

A number of anticoagulants, known as directly acting oral anticoagulants (DOACs), may also 

be used to treat conditions such as DVT. These medications include rivaroxaban and 

apixaban, and they've been shown to be as effective as heparin and warfarin with less serious 

side effects. 

 

You'll also be prescribed compression stockings to wear every day, which will improve your 

symptoms and help prevent complications. 

These may include: 

• not smoking 

• eating a healthy, balanced diet 

• taking regular exercise 

• maintaining a healthy weight or losing weight if you're obese 

 

There's no evidence to suggest that taking aspirin reduces your risk of developing DVT. 

See your GP before embarking on long-distance travel if you're at risk of getting a DVT, or if 

you've had a DVT in the past. 

 

When taking a long-distance journey (six hours or more) by plane, train or car, you should 

take steps to avoid getting DVT, such as drinking plenty of water, performing simple leg 

exercises and taking regular, short walking breaks. 
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ABSTRACT: 

In this paper, the biomedical applications of magnetic nanoparticles are summarized. As a 

result of the special physical properties, the magnetic nanoparticles offer some attractive 

possibilities in biomedicine. They have controllable sizes ranging from a few nanometers up 

to tens of nanometers, which places them at dimensions that are smaller than or comparable 

to those of a cell (10–100µm), a virus (20–450nm), a protein (5–50nm) or a gene (2nm wide 

and 10–100nm long). This means that they can ‘get   close’ to a biological entity of interest. 

Firstly, a short introduction of magnetic nanoparticles is presented. Secondly, the 

applications of magnetic nanoparticles in biomedical field are summarized. In medicine, the 

application of magnetic nanoparticles in magnetic separation technique, as therapeutic agent 

in hyperthermia, a targeted drug delivery carrier as well as contrast agents in magnetic 

resonance imaging (MRI) are explained. Lastly, a perspective of the magnetic nanoparticles 

in biomedicine in future is also described. 

 

KEYWORDS: Magnetic nanoparticles, magnetic separation techniques, magnetic 

hyperthermia, targeted drug delivery, MRI contrast agent. 

 

1. INTRODUCTION: 

Magnetic nanoparticles consist of magnetic elements such as iron, cobalt, nickel, manganese, 

gadolinium, and their alloys, oxide compounds, cation complexes along with polymers etc., 

which shows ferromagnetism, paramagnetism or even superparamagnetism. The physical and 

chemical properties of magnetic nanoparticles largely rely on the chemical components, 

crystal structures, sizes and shapes, sometimes the source of magnetic nanoparticles 

synthesized. Besides the four basic effects on general nanomaterials (the quantum size effect, 

the surface effect, the small size effect and the macroscopic quantum tunnelling effect), the 

magnetic nanoparticles also possess some special magnetic properties such as 

superparamagnetism, high coercivity, low Curie temperature and high magnetic 

susceptibility. 

 

The magnetic nanoparticles are widely used in catalysis, mineralogy (such as the selection of 

ores), informatics (such as data storage), environmental science (such as pollutants 

concentration), as well as biomedicine due to their attractive properties in physics and 

chemistry. With the rapid development of nanotechnology, magnetic nanoparticles are 

particularly attractive for biology and medicine fields. The small size is able to benefit the 

interaction between magnetic nanoparticles and bioentities and enhances the ability of 

biomolecules to cover the nanoparticle surface. The magnetic nanoparticles abide by 

magnetic Coulomb’s law and are easily controlled by an external magnetic field. This long-

distance interaction combined with the penetrativity of the magnetic field is helpful for 

developing applications in transportation and immobilization of magnetic nanoparticles-

labelledbioentities in human tissues (such as delivering antitumor drugs or shuttling the 

isotope atoms to some targeted areas).The magnetic nanoparticles are able to respond the 

cyclic variation of the external magnetic field, obtain the energy from the excitation field and 

https://www.worldscientific.com/keyword/Magnetic+Nanoparticles
https://www.worldscientific.com/keyword/Magnetic+Separation+Techniques
https://www.worldscientific.com/keyword/Magnetic+Hyperthermia
https://www.worldscientific.com/keyword/Magnetic+Hyperthermia
https://www.worldscientific.com/keyword/Targeted+Drug+Delivery
https://www.worldscientific.com/keyword/MRI
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transport the heat to the targeted area, for instance different tumors. As a matter of fact, 

magnetic nanoparticles are able to be used as a heat enhancement agent for chemotherapy 

and radiotherapy, because the heated tissues can destroy effectively the malignant cancer 

cells. 

 

Due to the good magnetic guidance, biocompatibility, biodegradability, and functional 

groups, the magnetic nanoparticles can easily be conjugated with many functional molecules 

or units, such as enzyme, antibody, cell, DNA and RNA. Moreover, the surface of magnetic 

nanoparticles is easily modifiable based on different needs. The usually used modification 

agents are poly (ethylene glycol) (PEG), glucosan, polyvinyl pyrrolidone (PVP), aliphatic 

acid, polyvinyl alcohol (PVA), peptides, gelatin, chitosan, methylsilanes and lipids, such as 

liposomes, etc. These modification agents improve the biocompatibility of magnetic 

nanoparticles, decrease aggregation, prevent protein absorption, prolong their time in blood 

circulation system, reduce their toxicity, and enhance their targeting. As a result, the 

magnetic nanoparticles are widely used in biology and medicine.  

 

 
 

2. APPLICATIONS OF MAGNETIC NANOPARTICLES IN BIOMEDICAL FIELD 

2.1. MAGNETIC BIOSEPARATIONTECHNIQUE: 

Magnetic bioseparation technique is a separation technique, in which bioentities attached to 

the surface of nanomaterials with magnetic susceptibility are extracted from their bio-

environment using an external magnetic force. At present, the usually used magnetic 

nanomaterials for bioseparation purpose are the superparamagnetic nanoparticles, because 

they are easily magnetized under an external magnetic field. After the removal of external 

magnetic field, the bioentities captured by the superpapramagnetic nanoparticles are 

immediately diffused into the solutions once again. There are two steps related to the 

magnetic bioseparation technique: (i) The bioentities are conjugated and labeled with the 

(superpara-) magnetic nanomaterials; (ii) The labeled bioentities are separated from the 

solutions in a magnetic separator. The magnetic bioseparation technique has been widely 

used in the separation and purification of bioentities of different types, for example cells, 

bacteria, proteins and nucleic acids. 
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2.2.  MAGNETIC HYPERTHERMIA 

Magnetic hyperthermia is a method of cancer treatment based on magnetic nanoparticles 

producing heat under an alternating magnetic field. Under an alternating magnetic field of 

appropriate amplitude and frequency, the magnetic nanoparticles which are put inside or 

around a tumor area will raise the tumor temperature. If the temperature is over 45◦, it could 

kill the tumor cells by necrosis. Or if the temperature is reached around 42◦, it could improve 

the efficiency of chemotherapy. The concept of magnetic hyperthermia using small particles 

was proposed in 1957 by Gilchrist and others, but most of the studies were inexact 

thermometry and poor AC magnetic field parameters in animal models. In 1993 Jordan and 

his colleagues found that iron oxide nanoparticles exhibit an extraordinary specific 

absorption rate (SAR [W/g]). This was the renaissance of a cancer treatment method using 

hyperthermia techniques and made a big step since then. The size and the component of 

nanoparticles have a great influence on their hyperthermia properties. The usually used 

magnetic nanoparticles for hyperthermia are composed of iron oxide nanoparticles, though 

some metallic nanoparticles of cobalt, iron or FeCo compared to iron oxide increase their 

magnetization and the maximum SAR values. Hardly were these metallic nanoparticels used 

because of their toxicity concerned. 

 

2.3.  TARGETED DRUG DELIVERY: 

The idea of using magnetic particles as a carrier tool for drug delivery was conceived in the 

late 1970s by Widder, Senyei and their colleagues. The basic premise of this idea is that 

therapeutic agents such as targeted chemotherapy or therapeutic nucleic acid molecules are 

attached to, or encapsulated within a magnetic particle core. And this magnetic particle core 

with a layer of polymer or metal coating enables to be functionalized easily. After being 

functionalized, the magnetic particle-therapeutic agent conjugate is injected or administrated 

orally into the blood-stream system. Under the guidance of a strongly external magnetic 

field, the magnetic particle-therapeutic agent composites are guided to the area of the 

targeted sites and the drugs are delivered. 

 

2.4.  MRI CONTRAST ENHANCEMENTS: 

Magnetic resonance imaging (MRI) is a non-invasive way greatly depending on the 

relaxation properties of proton nuclei in water and lipids showing images of the inside of an 

object. MRI is widely used in imaging to show pathological or other physiological changes 

of living tissues in the body. In comparison with CT, MRI has some advantages: (i) to 

employ nonionizing radio frequency (RF) signals to obtain its images and is best matched to 

noncalcified tis-sues in the body, (ii) to be able to detect various features in tissues via 

varying scanning parameters, (iii) to create cross-sectional images in any images besides 

oblique planes, (iv) to be superior to detect and identify tumors, (v) to be best suited for 

multiple times examination successively within a short period of time, (vi) to provide 

multiple contrastmechanisms for example: T1 weighted, T2 weighted, and T2* weighted MR 

images. 

 

In MRI, T1 relaxation also called spin-lattice or longitudinal relaxation that is a time constant 

of nuclear spins returning to equilibrium. When nuclei are from the high-energy state to the 

low energy what is related to loss of energy to the surrounding nuclei. T1 relaxation is 

characterized by the longitudinal return of the net magnetization to its ground state of 

maximum length along with a direction of the main magnetic field. T1 is usually around 1s 

for tissue. T2 relaxation also named spin-spin or trans-verse relaxation that is a time constant 
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of signal decay. T2 relaxation happens during spins in the high and low energy state 

exchanging energy but not releasing energy to the surrounding lattice. The magnetic 

moments interact with each other making a decrease in the transverse magnetization or decay 

after nuclei release their excess energy. T2 is usually less than 100 ms for general tissue. T2* 

is a time that occurs for the transverse magnetization to decay to 37% of its original 

magnitude. It is produced under an inhomogeneous magnetic field and happens in all 

magnets. It is characterized by inhomogeneous B0 and loss of transverse magnetization at a 

rate greater than T2. 

 

3. FUTURE PERSPECTIVES: 

We have summarized applications of magnetic nanoparticles relied on their magnetic 

properties in biology and medicine of five aspects: magnetic separation, magnetic 

hyperthermia treatment, targeted drug delivery, MRI enhancement media and magnetofection 

technique. 

 

(1)In magnetic separation field, these magnetic nanoparticles are being widely used in cells, 

bacteria, protein, and nucleic acids etc. based on their interactions with the above-mentioned 

biomoieties integrated with rapidly developingbiosensor techniques. This technique has 

entered many laboratories for bioanalytics, cell biology, molecular biology, biomedical 

analysis, and bioassay. There are some related commercial parts or devices for sale, for 

example magnetic separation beads, and magnetic-based micro total analysis system (µTAS), 

etc. In future, the magnetic separation technique should enable to integrate with the 

intelligent technology to carry out separation, purification, detection and analysis all in one 

line and the separation devices should also be minimized. 

 

 (2)As for magnetic hyperthermia treatment area, although there have been over 17 years 

after Jordan and their colleagues made a break-through for hyperthermia treatment of tumors 

based on magnetic nanoparticles, magnetic hyperthermia treatment for tumors in humans is 

only within a Germany hospital in Berlin, despite having been proven to be effective in 

different animal models from many laboratories and medical schools around the world. As a 

result, the magnetic hyperthermia treatment techniques will enter more and more hospitals to 

benefit for the patients in the near future after the face front problems such as the treatment 

temperature control and the magnetic nanomaterials with high SAR developed, etc., being 

overcome. 

 

(3)About targeted drug delivery field based on magnetic nanoparticles, in such systems after 

the targeted molecules for crossing the cell membrane or traveling mechanosensitive ion 

channels in the membrane such as peptides, antibodies, and nucleic acids being attached on 

the surface of magnetic nanoparticles to form a multifunctional nanocomposite, the 

nanocomposite is able to shuttle the therapeutic drugs into the tumor nidi, release the drugs 

and make a therapy. It is a future and final tendency that the delivery drugs targeted, the 

release of the drugs controllable and the therapy at the tumor nidi are concentrated on a 

multifunctional nanocomposite or nanodevice based on magnetic nanoparticles. 

 

(4) Although there are a lot of exciting and interesting applications of magnetic nanoparticles 

in biology and medicine, considerable problems remainto be resolved before they benefit 

more for the health of human beings, for instance (i) the precisely control of the size of 

magnetic nanoparticles; (ii) the solubility in aqueous solutions that is a bottleneck for their 
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applications both in vitro and in vivo; (iii) the biocompatibility, which is a barrier of the 

magnetic nanoparticles to be used in biomedicine in vivo; (iv) the stability, which is a key 

factor whether the magnetic nanoparticles enable to produce their functions; (v) the toxicity 

that is a gate whether the magnetic nanoparticles enable to be used in clinic later. As a result, 

the magnetic nanoparticles would attract much more interest and could lead to new 

opportunities in both biology and medicine after the above-mentioned challenges are 

resolved finally. 

 

(5) To magnofection technique, it was introduced about two decades, compared with other 

transfection techniques based on cell biology, this technique provides a simple way to make a 

lot of cells at once with very high transfection rate. Up to now, magnetofection technique has 

been applied to all types of natural and artificial nucleic acids, nonviral transfection, viruses 

and been tested on many cell lines including different stem cells and primary cells. 

Improving the transfection rate is still the goal of magnetofection based on magnetic 

nanoparticles in the near future. 
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ABSTRACT: 

Fiber optics is the major building block in the telecommunication infrastructure. Fiber optic 

systems are important telecommunication infrastructure for world-wide broadband networks. 

Wide bandwidth signal transmission with low delay is a key requirement in present day 

applications. Optical fibers provide enormous and unsurpassed transmission bandwidth with 

negligible latency, and are now the transmission medium of choice for long distance and high 

data rate transmission in telecommunication networks. This paper gives an overview of fiber 

optic communication systems including their key technologies, and also discuss their 

technological trend towards the next generation. 

 

INTRODUCTION : 

The major driving force behind the widespread use of fiber optics communication is the high 

and rapidly increasing consumer and commercial demand for more telecommunication 

capacity (larger than both wireless connections and copper cable). Advances in technology 

have enabled more data to be conveyed through a single optical fiber over long distances. 

The transmission capacity in optical communication networks are significantly improved 

using wavelength division multiplexing. 

 

A desirable feature for future optical networks is the ability to process information entirely in 

the optical domain for the purpose of amplification, multiplexing, de-multiplexing, 

switching, filtering and correlation, since optical signal processing is more efficient than 

electrical signal processing. Several new classes of optical communication networks are 

presently emerging. For example, Code Division Multiple Access networks using optical 

signal processing techniques have recently being introduced. 

 

Despite the associated benefits of utilizing optical fiber for communication (such as its high 

reliability over long distances, low attenuation, low interference, high security, very high 

information capacity, longer life span and ease of maintenance), research is still on going to 

further improve on the present fiber optics communication system, and also to solve some of 

the challenges facing it. Future optical communication systems are envisioned to be more 

robust than the present system. 

 

Basic Principles of Fiber Optic Communication: 

Fiber optic communication is a communication technology that uses light pulses to transfer 

information from one point to another through an optical fiber. The information transmitted 

is essentially digital information generated by telephone systems, cable television companies 

and computer systems. An optical fiber is a dielectric cylindrical waveguide made from low-

loss materials, usually silicon dioxide. The core of the waveguide has a refractive index a 

little higher than that of the outer medium (cladding), so that light pulses is guided along the 

axis of the fiber by total internal reflection. Fiber optic communication systems consists of an 

optical transmitter to convert an electrical signal to an optical signal for transmission through 

the optical fiber, a cable containing several bundles of optical fibers, optical amplifiers to 

boost the power of the optical signal, and an optical receiver to reconvert the received optical 
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signal back to the original transmitted electrical signal. 

 

Optical fibers fall into two major categories, namely : step index optical fiber, which include 

single mode optical fiber and multimode optical fiber, and graded index optical fiber. Single 

mode step index optical fiber. Single mode step index optical fiber has a core diameter less 

than 10 micrometers and only allows one light path. Multimode step index optical fiber has a 

core diameter greater than or equal to 50 micrometers and allows several light paths, this 

leads to modal dispersion. 

 

Evolution of Fiber Optics Communication: 

Optical fiber was first developed in 1970 by Corning Glass Work. At the same time, GaAs 

semiconductor lasers were also developed for transmitting light through the fiber optic 

cables. The first generation fiber optic system was developed in 1975, it used GaAs 

semiconductor lasers, operated at a wavelength of 0.8 m, and bit rate of 45 Megabits/second 

with 10Km repeater spacing. 

 

In the early 1980’s, the second generation of fiber optic communication was developed, it 

used InGaAsP semiconductor lasers and operated at a wavelength of 1.3 m. By 1987, these 

fiber optic systems were operating at bit rates of up to 1.7 Gigabits/second on single mode 

fiber with 50 Km repeater spacing. The third generation of fiber optic communication 

operating at a wavelength of 1.55 m was developed in 1990. These systems were operating 

at a bit rate of up to 2.5 Gigabits/second on a single longitudinal mode fiber with 100Km 

repeater spacing. 

 

The fourth generation of fiber optic systems made use of optical amplifiers as a replacement 

for repeaters, and utilized wavelength division multiplexing (WDM) to increase data rates. 

By 1996, transmission of over 11,300Km at a data rate of 5 Gigabits/second had been 

demonstrated using submarine cables.. 

 

Future Trends in Fiber Optics Communication: 

Fiber optics communication is definitely the future of data communication. The evolution of 

fiber optic communication has been driven by advancement in technology and increased 

demand for fiber optic communication. It is expected to continue into the future, with the 

development of new and more advanced communication technology. Below are some of the 

envisioned future trends in fiber optic communication. 

 

A. All Optical Communication Networks : 

An all fiber optic communication is envisioned which will be completely in the optical 

domain, giving rise to an all optical communication network. In such networks, all signals 

will be processed in the optical domain, without any form of electrical manipulation. 

Presently, processing and switching of signals take place in the electrical domain, optical 

signals must first be converted to electrical signal before they can be processed, and routed to 

their destination. After the processing and routing, the signals are then re-converted to optical 

signals, which are transmitted over long distances to their destination. This optical to 

electrical conversion, and vice versa, results in added latency on the network and thus is a 

limitation to achieving very high data rates. 
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Another benefit of all optical networks is that there will not be any need to replace the 

electronics when data rate increases, since all signal processing and routing occurs in the 

optical domain. However, before this can become a reality, difficulties in optical routing, and 

wavelength switching has to be solved. Research is currently on going to find and effective 

solution to these difficulties. 

 

B. Multi-Terabit Optical Network : 

Dense wave Division Multiplexing (DWDM) paves the way for multi-terabit transmission. 

The world-wide need for increased bandwidth availability has led to the interest in 

developing multi-terabit optical networks. Presently, four terabit networks using 40Gb/s data 

rare combined with 100 DWDM channels exists. Researchers are looking at achieving even 

higher bandwidth with 100Gb/s. With the continuous reduction in the cost of fiber optic 

components, the availability of much greater bandwidth in the future is possible. 

 

C.  Intelligent Optical Transmission Network: 

Presently, traditional optical networks are not able to adapt to the rapid growth of online data 

services due to the unpredictability of dynamic allocation of bandwidth, traditional optical 

networks rely mainly on manual configuration of network connectivity, which is time-

consuming, and unable to fully adapt to the demands of the modern network. Intelligent 

optical network is a future trend in optical network development, and will have the following 

applications: traffic engineering, dynamic resource route allocation, special control protocols 

for network management, scalable signaling capabilities, bandwidth on demand, wavelength 

rental, wavelength wholesale, differentiated services for a variety of Quality of Service 

levels, and so on. It will take some time before the intelligent optical network can be applied 

to all levels of the network,  It will first be applied in long-haul networks, and gradually be 

applied to the network edge.  

 

D. Ultra – Long Haul Optical Transmission: 

In the area of ultra-long haul optical transmission, the limitations imposed due to 

imperfection in the transmission medium are subject for research . Cancellation of dispersion 

effect has prompted researchers to study the potential benefits of soliton propagation. More 

understanding of the interactions between the electromagnetic light wave and the 

transmission medium is necessary to proceed towards an infrastructure with the most 

favorable conditions for a light pulse to propagate. 

 

E. Improvements in Laser Technology: 

Another future trend will be the extension of present semiconductor lasers to a wider variety 

of lasing wavelengths. Shorter wavelength lasers with very high output powers are of interest 

in some high density optical applications. Presently, laser sources which are spectrally 

shaped through chirp managing to compensate for chromatic dispersion are available. Chirp 

managing means that he laser is controlled such that it undergoes a sudden change in its 

wavelength when firing a pulse, such that the chromatic experienced by the pulse is reduced. 

There is need to develop instruments to be used to characterize such lasers. 

 

F. Laser Neural Network Nodes: 

The laser neural network is an effective option for the realization of optical network nodes. A 

dedicated hardware configuration working in the optical domain and the use of ultra-fast 

photonic sections is expected to further improve the capacity and speed of 
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telecommunication networks become more complex in the future, the use of optical laser 

neural nodes can be an effective solution. 

 

G. Polymer Optic Fibers: 

Polymer optic fibers offer many benefits when compared to other data communication 

solutions such as copper cables, wireless communication system and glass fiber. In 

comparison with glass optical fibers, polymer optical fibers provide an easy and less 

expensive processing of optical signals, and are more flexible for plug interconnections. The 

use of polymer optical fibers as the transmission media for aircrafts is presently under 

research by different Research and Development groups due to its benefits. Also, in the 

future, polymer optical fiber will likely displace copper cables for the last mile connection 

from the telecommunication company’s last distribution box and the served end consumer… 

 

H. High – Altitude Platforms: 

Presently, optical satellite links and orbit-to-ground links exists, the latter suffering from 

unfavorable weather conditions. Current research explores optical communication to and 

from high altitude platforms. High altitude platforms are airships situated above the clouds at 

heights of 16 to 25 Km, where the unfavorable atmospheric impact on a laser beam is less 

severe than directly above the ground. As shown in figure 3, optical links between high-

altitude platforms, if a high-altitude platform functions as a data relay station. 

 

I. Improvements in Optical Transmitter/Receiver Technology: 

In fiber optics communication, it is important to achieve high quality transmission even for 

optical signals with distorted waveform and low signal to noise ratio during transmission. 

Research is on-going to develop optical transceivers adopting new and advanced modulation 

technology, with excellent chromatic dispersion and Optical Signal to Noise Ratio (OSNR) 

tolerance, which will be suitable for ultra-long haul communication systems. Also, better 

error correction codes, which are more efficient than the present BCH concatenated codes are 

envisioned to be available in the nearest future. 

 

J. Improvement in Optical Amplification Technology: 

Erbium Doped Amplifier (EDFA) is one of the critical technologies used in optical fiber 

communication system, In the future, better technologies to enhance EDFA performance will 

be developed. In order to increase the gain bandwidth of EDFA, better gain equalization 

technology for high accuracy optical amplification will be developed. Also, in order to 

achieve a higher output power, and a lower noise figure, high power pumping lasers that 

possess excellent optical amplification characteristics with outputs of more than +20dBm, 

and very low noise figure are envisioned to exist in the nearest future. 

 

K. Advancement in Network Configuration of Optical Submarine Systems: 

In order to improve the flexibility of network configuration in optical submarine 

communication systems, it is expected that the development of a technology for configuring 

the mesh network will be a step in the right direction. Presently, most large scale optical 

submarine systems adopt the ring configuration. By adopting the optical add/drop 

multiplexing technology that branches signals in the wavelength domain, it is possible to 

realize mesh network configuration that directly inter-connects the stations. Research is 

ongoing, and in the future such network configuration will be common. 
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L. Glass Fiber Design and Component Miniaturization: 

Presently, various impurities are added or remove from the glass fiber to change its light 

transmitting characteristic. The result is that the speed with light passes along a glass fiber 

can be controlled, thus allowing for the production of customized glass fibers to meet the 

specific traffic engineering requirement of a given route. This trend is anticipated to continue 

in the future, in order to produce more reliable and effective glass fibers. Also, the 

miniaturization of optical fiber communication components is another trend that is most 

likely to continue in the future. 

 

CONCLUSION: 

The fiber optics communications industry is an ever evolving one the growth experienced by 

the industry has been enormous this past decade. There is still much to be done to support the 

need for faster data rates, advanced switching techniques and more intelligent network 

architectures that can automatically change dynamically in response to traffic patterns and at 

the same time be cost efficient. The trend is expected to continue in the future as 

breakthroughs already attained in the laboratory will be extended to practical deployment 

thereby leading to a new generation in fiber optics communications. The future is bright. Just 

remember, the information superhighway is paved with glass.   
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ABSTRACT: 

Greater emphasis on clean and green transport technologies are because of climate and 

environment issues and are being well addressed by the adoption of zero emission Electric 

Vehicles (EVs).EVs being battery driven ensures energy security by replacing fossil fuel 

resources having an alarming status. Lithium Ion Batteries (LIBs)are the most preferred 

contenders that offer high energy density, high power density. However, issues like 

underperformance, fire contagiousness, high cost and slow charging speed of batteries have 

motivated researchers to further improve these batteries by using nanostructured materials to 

overcome these hurdles in its applications. Another important performance parameter is the 

battery SOC (State Of Charge)and its proper estimation by guiding mathematical principles 

enhances battery life. This review papercompares the various materials used for the 

fabrication of key components of LIBs and highlights the potential contribution of 

Nanotechnology to improve different structural and performance parameters of LIBs to make 

them more efficient and cost effective and finally focus on proper and accurate estimation of 

SOC of batteries to enhance their life cycle.Opportunities, challenges and latest researchin 

battery materials/ technology will alsobe discussed in this paper. 

 

Keywords: Electric Vehicles, Lithium ion batteries, nanotechnology, SOC 

 

1.   INTRODUCTION: 

Global transport emissions are still on an increasing trend despite progress in electrification 

of vehicles and their introduction. People still prefer to go for more efficient diesel vehicles 

which outweigh the impact of higher shares of electric vehicle sale globally. The initiative to 

move away from using fossil fuels as the energy source for transport use is necessary to 

ensure energy security, environmental conservation and revenue protection. The difficulties 

in controlling the GHG emissions and the over-dependence of fossil fuels play major roles in 

shaping the future of transportation. Multiple alternate energy sources are available that can 

power modern EVs but currently Lithium ion battery (LIB) is the preferred choice as it 

displays a reasonablyhigh voltage, high power density and high energy density. A major 

limitation of LIB is that it should be used within suitable voltage and temperature ranges as 

any violation in terms of operating voltage leads to safety and performance issues. Other 

challenges in LIB system are higher costs, durability and recharging issues of batteries that 

promote advancements in technology to ensure more efficiency. Moreover, according to 

USABC (United States Advanced Battery Consortium) present LIBs do not meet the 

standards of EVs. So to overcome the energy challenges, investments are being made on 

nanotechnology research for new and advanced batteries [1][2][3][4]. Further, LIBs require 

careful monitoring to avoid deterioration of battery as well as situations leading to 

explosions. SOC of a battery which determines the available capacity of battery is an 

important parameter that reflects its performance and extends battery life. So accurate SOC 

estimation of LIB is essential for a successful application in EVs [5]. LIB is a main 

component integrated in the battery management system (BMS) of an electric vehicle. To 
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prevent the dangerous situations during overcharging and to improve battery performance 

considerably BMS of EVs perform the vital operation of SOC estimation. BMS uses battery 

models and algorithms to determine the state of charge of battery [6].   

This paper highlights keytechnological developments in LIB components to improve its 

performance for transport applications. This paper also discuss various mathematical 

techniques adopted for accurate SOC estimation of LIBs for EV applications and their recent 

trends. 

 

2.   LIB: A potential energy source for Electric vehicles: 

Electric vehicles powered by electricity are advantageous over conventional vehicles for 

having lower operating costs and no tailpipe emissions.Electric vehicles are expected to 

increase to 22% of global share by 2030 [7]. There is a wide variety of electric energy 

sources that can power EVs like batteries, fuel cells, ultra capacitors and ultra-high speed 

flywheels etc. Among these energy sources, batteries in particular have been developed to 

power a diverse range of applications in transportation. In this paper we shall focus on 

Lithium ion batteries as the potential energy sources preferred by automation industry. The 

success of an Electric vehicle is governed by the efficiency of its energy storage device. John 

Goodenough [8] created the first lithium-ion batteries in 1980. Commercial lithium-ion 

batteries such as lithium cobalt oxide (LCO), lithium iron phosphate (LFP), lithium 

manganese oxide (LMO), lithium nickel manganese cobalt oxide (NMC), lithium nickel 

cobalt aluminium oxide (NCA), and lithium titanate oxide (LTO) have been widely accepted 

by electric vehicles in recent years [9]. LIBs have a fabulous combination of high energy and 

power density that makes it the technology of choice for EVs[10] [11] [12] [13] [14]. Still 

higher energy storage for delivering higher power for longer span, getting rid of thermal 

runaway problem [15], higher rate capabilities are some of the expectations for which a lot of 

research work is going on. New fabrication materials and techniques are being adopted to 

achieve the success in overcoming the barriers for widespread use of LIBs.  

 

2.1   Battery electrodes: 

The electrodes of LIB, both anode and cathode are made of materials that have the ability to 

be easily intercalated with lithium ions. The electrodes should also have high electrical 

conductivity so that the LIB can have high charging rates. Moreover the electrode material 

should remain consistent over a significant number of charge-discharge cycles that will 

ensure higher battery life and hence low costs. Also higher cell voltage is desired for 

achieving high energy density. Thus there has always been an effort to keep innovating and 

improving the existing electrode materials’ chemistries to achieve higher operating voltages, 

high stability, long life and resistant to chemicals [16][17].Lithium cobalt oxide LiCoO2 

(~140mAhg-1),Lithium transition metal oxides LiMn2O4(~110mAhg-1), and Lithium Nickel 

Manganese Cobalt Oxide (NMC) LiNiMnCoO2 (~154mAhg-1)proved to be good options for 

battery cathode [18][19][20][13] but Lithium iron phosphate(LiFePO4) (~170mAhg-1) 

cathodes with higher specific capacity  [21] are more commonly used as they are chemically 

stable, inherently safe and thermally stable in the operating temperature range of EVs. 

 

Anode of LIB is mostly made up of graphite which is an abundant and low cost material. It 

has specific capacity of 370 mAhg-1. At high charging/discharging current rate Li dendrites 

are formed which move through the separator and causes internal short circuit and thermal 

runaway(fire) in the battery. LIBs with graphite anodes are good at low temperatures only 

whereas the required temperature range for EV application is -30oC to 60oC [21]. Hunt for 
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suitable anodic material led researchers to use Silicon electrodes, Lithium metal alloys 

(LiXSn) [22], (LiXGa) [23], Transition Metal Oxides (TMO) [24], conversion electrodes [25]. 

Silicon anode has a theoretical specific capacity (~4200mAhg-1) but has the drawback of 

large volume expansion of anode during Li insertion. One of the TMO namely TiO2 anode 

having specific capacity ~180mAhg-1has the potential to suppress the Li dendrites and hence 

improves the safety and durability of LIBs. But it has low ionic diffusivity and low 

conductivity which are its limitations. A promising replacement for graphite is lithium metal, 

which has more than ten times the capacity of graphite (3860mAhg-1), and would allow for 

the development of smaller, longer-lasting batteries. Lithium dendrites with large tortuosity 

often form during lithium plating, and if these dendrites penetrate the membrane separator in 

the middle of the battery, they can create short-circuits, raising concerns about battery safety. 

Due tosafety issues and low coulombic efficiency Lithium metal battery research was 

abandoned in favour of graphite.Li-Sulphur and Li –Air batteries are also seeking much 

attention due to their high energy density (~500Wh/kg) but Li-S battery  suffer by capacity 

fade problem.Each of these materials specified above have some advantages over the other 

but overall efficiency, safety, high cost of battery could not be completely met with. 

 

2.2    Battery electrolyte: 

The electrolyteis an essential part of the battery which enable Li ions conduction between 

two electrodes. LIB electrolytes are usually based on an organic solvent with a lithium salt 

such as ethyl carbonate with LiPF6or LiBF4. But it is a flammable electrolyte so if at any 

given time the voltage exceeds the voltage window the battery runs the risk of catching fire.  

Forsafety, development of a non-flammable electrolyte or a constituent that can develop 

rapidly a solid electrolyte-interface (SEI) layer to prevent plating of Li on a carbon anode is 

required. Gel polymer electrolyte and solid polymer electrolyte are options for building safer 

LIBs. Currently solid state batteries with solid electrolytes are close to commercial reality but 

they suffer from low ionic conductivity at room temperature as compared to organic liquid 

electrolytes.  LIBs suffer thermal runaway issue at temperatures above 1300C [26]. Room 

Temperature Ionic Liquids (RTILs), a new development, can mitigate the flammability and 

volatility of organic electrolytes issue 

 

3.Nanotech improvised LIBs: 

Nanotechnology deals with materials at nano scale (10-9 m) and it can significantly 

improvethe rate capability and cyclic behaviour of electrode materials of LIB. Nanoparticles 

are formed through either by breaking down of larger particles or by controlled assembly 

processes. Nano materials are of special interest for researchers as at such a small size these 

materials possess distinguished properties and characteristics which have the ability for 

application in different fields. Nanomaterial has greater chemical reactivity due to much 

greater surface area to volume ratio as compared to conventional sized materials hence it 

greatly increases their strength. Quantum effects play an important role at nanoscale in 

determining the materials’ properties and characteristics which result in novel magnetic, 

electrical and optical behaviours. Nanotechnology finds applications in many spheres like 

pharmaceutics, advanced materials, energy production and storage [27]. Its recent 

applications in transportation[28][29] include improving the efficiency of energy generation 

from renewable resources and energy storage in batteries by providing alternative materials 

and fabrication methods to produce cost effective batteries. Nanotechnology plays a vital role 

in battery chemistry and thus increasing the energy storage capacities, energy density, safety 

and durability of conventional batteries used in EVs[29] by employing Carbon Nano Tubes 
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(CNTs), fullerenes, quantum dots and nano composites in various components of the battery 

such as electrodes, catalysts[27] and electrolyte [4][30][31]. Nano composites can also be 

used to improve energy storage capacities of batteries. Nanotechnology companies used their 

own proprietary material composition to reduce the risk of the battery catching fire. 

Nanoscale batteries can be combined together to function as a macro battery such as within a 

Nano pore battery. Nano batteries which can charge 60 times faster than conventional 

batteries have been developed using nanotechnology. Batteries that can prevent electrode 

contact prior to activation have been developed which gives limitless shelf life and longer 

active life to them. In all nanotechnology enables more energy at less cost [1]. 

 

3.1     Nanostructured LIB Electrodes: 

Faster intercalation of Li ions can be facilitated by using nanosized materials for electrodes, 

which offer high surface areas and short diffusion paths, and hence faster storage and 

delivery of energy. One prominent example is the cathode material of A123 LIBs that use 

nanosized lithium iron phosphate cathode [15]. Altair nano LIBs that use lithium titanate 

spinel electrodes do not suffer thermal runaway issue below 2500C temperature [26].Several 

other nanomaterials like graphene, carbon coated silicon nanowires [32], CNTs [33], layered 

nanostructured vanadium oxide (V2O5) [34] ,manganese oxide (MnO2), TiO2 Nanotubes[35] 

are used to replace conventional graphite electrodes in batteries to increase the surface area 

that is accessible to battery electrolyte, low volume expansion during Lithium insertion 

which enhances the electricity output [36]. Graphene, a single layer of graphite, allow 

intercalation of Li ions on both sides forming LiC3 thus doubles its capacity. Silicon 

nanowires and silicon porous structure overcomes the drawback of large volume expansion 

of  silicon anodes and successfully help in maintaining structural integrity in addition to 

enhancing cyclic performance.TiO2 based nanostructured electrodes ensure improved 

electrochemical performance when applied to lithium ion batteries. TiO2 NT arrays are one 

group of nanostructures which basically offer high structural stability and safety during 

cycling, as these are crucial requirements in many. Hence nanostructured electrodes when 

used in batteries improve the energy storage that automatically improves battery life 

[37][27]. 

 

3.2   Nanostructured Electrolyte ensures battery safety: 

Electrolytes in LIB conduct lithium ions between two electrodes. Instead of conventional 

liquid electrolytes use of solid electrolytes could ensure high-energy battery chemistries and 

better safety. A major challenge is to reduce interfacial resistance between the solid 

electrolyte and lithium based anodes and to increase lithium ion conductivity. Nano 

structuring of solid electrolytes has proven to improve the lithium ion conductivity. Al2O3, 

SiO2, or ZrO2 nanoparticles added to solid polymer gel could significantly enhance the 

conductivity and storage capacity of the electrolyte[39]. 

 

In case of the LIBs with lithium metal as anodes, lithium dendrite are formed across the 

electrolyte that leads to short circuits and overheating. Separators with nano porous structures 

can prevent the spreading of dendrites by acting as a mechanical barrier without hindering 

the ion-transport during charging and discharging cycles. Recently, a nano porous polymer-

ceramic composite separator has been reported. This laminated nano porous gamma alumina 

sheet (pore size of 100 nm) sandwiched between macro porous polymer membranes could 

prevent the spreading of dendrites and hence cell failure that is caused by short circuits [15]. 
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3.3   Nano sensors: 

In each cell of the battery nano sensors are integrated which help to monitor the State Of 

Charge (SOC) in real time which will be helpful not only for security reason but also be  

useful to maximize the use of battery [38]. Accurate SOCestimation is one of the most 

important functions in a battery management system for battery packs used in electrical 

vehicles. 

 

4.    Estimation of State Of Charge of LIBs: 

 Electric vehicles are always equipped with a battery management system (BMS) to regulate 

and monitor LIB pack. The BMS has built in battery management hardware and software 

including algorithms which predict various states, available capacity and power of battery to 

ensure high efficiency and safety [40]. To estimate SOC, battery model techniques and 

accurate battery SOC estimation algorithms are currently of extreme importance due to their 

applications in electrified transportation and energy storage systems [41]. A battery model is 

required to establish the relationship between internal and external behaviours of battery by 

mathematical modelling. In any battery model the first step is to accurately identify the 

parameters of the model for battery state estimation. . A lithium-ion battery model can be 

classified as an electrochemical model, physical model, equivalent circuit model (ECMs), 

thermal model, coupled electro-thermal model, and so on. Among them, ECMs are the most 

commonly used in lithium-ion batteries SOC estimation for EV applications due to their 

simple model structure. Various ECMs used are the Rint model, Thevenin model, Partnership 

for a New Generation Vehicle (PNGV) model, nRC model, and FOM (Fractional Order 

Model). As hundreds of single cells are connected in parallel and series to compose a battery 

pack and provide energy that can meet the requirements of an application like a smart grid or 

EV, a whole battery pack model is required [42]. 

 

The existing SOC estimation methodologies can be categorized into five groups, which are 

the direct method, model based method, the adaptive filter algorithm, the learning algorithm 

and the hybrid algorithm.  

 

4.1     Direct methods : 

These are conventional methods which utilize battery characteristics such as voltage, current 

and temperature and solve some equations to estimate SOC. 

 

(1)    Coulomb Counting (CC) method also called Ampere –hour counting method is used to 

integrate the discharging or charging current to calculate the remaining charge in the 

battery[43] given by equation 

SOC(k) = SOC(0) − T/Cn ∫0
k[η ⋅I(t)−Sd ] dt 

Where SOC(0) is the initial battery SOC, I(t) is the current at time t, T is the sampling 

period, Cn is the nominal capacity of the battery, η is the coulombic efficiency, and Sd is the 

self-discharging rate. This method however has short term accuracy and needs initial SOC 

value which pose limitations in its widespread use. The average error in estimation of SOC 

by this method is <+ 4%. 

(2)  Open Circuit Voltage (OCV) method is successful in case battery e.m.f and SOC 

relationship is stable which is not always the case.  The relationship is expressed as  

                                               SOC = f (OCV) 

Temperature and cycle life of battery can change this relationship which is no more reliable 

[44]. The average error in estimation of SOC by this method is <+ 5%. 
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(3) Impedance and internal resistance method is used to describe the intrinsic electric 

characteristic under any current excitation, if temperature, SOC, and SOH are 

fixed. Electrochemical impedance spectroscopy (EIS) involve processing of large amount of 

data and internal resistance changes slowly so not fit for SOC estimation. In general, SOC 

estimation based on the impedance and internal resistance method are not suitable for use in 

EVs [45]. 

 

4.2  Model based methods: 

Model-based methods deploy a battery model with advanced algorithms to estimate the states 

of a battery from its measured parameters such as voltage, current, and temperature. 

Electrochemical model and Equivalent circuit model (ECMs) fall under this category which 

use resistances and RCs to simulate the electrical characteristics for lithium-ion batteries. We 

can estimate SOC directly through ECM parameter identification or in association with SOC-

OCV method. These methods have a high order of accuracy and are suitable for online SOC 

estimation[46]. However ECMs cannot simulate actual battery voltage under all current 

values and also have high computational load. The average error in estimation of SOC by 

this method is <+ 5%.  

 

4.3 Adaptive Filter Algorithm: 

Adaptive techniques combine the direct and model-based methods.The flow chart depicts 

that a predetermined SOC is taken as input, a battery model selected then calculate output 

battery voltage and then gain is calculated to update the SOC by comparing measured 

voltage and model voltage. The adaptive filter algorithm improves the accuracy and 

robustness of the battery SOC estimation and reduces the noise influence on the battery 

model. Various adaptive techniques include Kalman filter (KF), a linear state-space model 

that predicts the current state from the earlier state and updates the current state to converge it 

to the real value. The average error in estimation of SOC by this method is <+ 1.76%.  

 

KF is applicable for linear systems only so to take care of non-linear systems Extended 

Kalman filter (EKF) is devised [47]. A linearization process using Taylor series expansion 

approximate the nonlinear system with a linear time varying (LTV) system then applied to 

KF to give EKF. But this method degrades SOC estimation accuracy so Unscented Kalman 

Filter (UKF) is devised to handle highly nonlinear state space model by applying a discrete-

time filtering algorithm[48]. The Particle filter (PF) algorithm is used to estimate the states, 

which approximate the probability density function of a non-linear system by using the 

Monte Carlo simulation technique. The H∞ filter is a simple design model with 

robustness,even in the presence of parameter uncertainties and modelling errors, to restrict 

the effect of exogenous disturbances on output. However, hysteresis, aging, and temperature 

effects may deviate the accuracy of the model [49].The filter algorithms based on the 

equivalent circuit model with fixed model parameters are often used to estimate the battery 

state. However, the parameters of the equivalent circuit model are often affected by 

temperature, C-rate, SOC, and battery aging. Some researchers have proposed adaptive 

filtering (AF) methods for on-line identification of battery model parameters. Practice has 

proved that these methods are easier to implement in on-line applications. Besides, these 

methods can help to compensate for parameter values for battery variations and aging. 

Therefore, some hybrid estimation methods have been proposed to handle these problems. 
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4.4   Hybrid Methods: 

The hybrid algorithm method is composed of two more algorithms. It can improve the 

efficiency and accuracy of the battery model and avoid the shortcomings of a single 

algorithm. The hybrid algorithm method not only achieves reliable and effective results, but 

also reduces the cost of the battery management system. However, this method has a very 

complex mathematical calculation, which requires a large storage memory and computing 

power unit. These methods are usually made up of two parts. The first part is used to identify 

the parameters of the model with recursive least squares (RLS) on-line. The second part is 

used to estimate the battery state parameters with filter algorithms [50]. 

 

4.5 Artificial Intelligence Based Learning Methods: 

Recently trend is to estimate battery state using datainstead of using battery models as a lot 

of improvement has been done in embedded hardware performance. Over the last five 

years,the inclusion of some probabilistic techniques or artificial intelligence has been 

incorporated to improve the performance of estimation algorithms. The Artificial Intelligence 

(AI) based learning approach including artificial neural network (ANN) modelling as well as 

the support vector machine (SVM) was proposed [51], and could be very accurate depending 

on the training data.  For EVs and HEVs, the trend is now towards the design of intelligent 

BMS, which involves research into intelligent-adaptive SOC estimation methods. 

 

5.  CONCLUSION: 

For EVs to offer environmental benefits over conventional vehicles, technological 

improvements introduced by nanomaterials must be incorporated by the manufacturers in 

batteries of EVs. Future research will be focused on bringing down cost of nanomaterials for 

batteries, and making sure these stand up to the requirements of large-scale commercial 

applications. As nano engines, nanomotors and nanostructure are already developed, it can be 

widely used in future EVs to render them highly efficient vehicles. Various research efforts 

on nanotechnology based LIB technology has already led into the production and use of high 

performance LIBs (Toshiba, A123 Systems, Altair Nano, Next Alternative Inc., etc.). Altair 

nano LIBs provide a unique feature of recharge at minus 300C which is unachievable in 

conventional LIBs. Sothese ensure excellent cold temperature performance. 

 

For accurate SOC estimation of real-time EV, the battery model must be as simple as 

possible.ECM is regarded as the most appropriate for online estimation and, based on this 

type of model the adaptive filter-based and artificial-intelligence-based approaches are 

presented to estimate the SOC with high precision. From the review, it is clear that adaptive 

filter-based algorithms are more suitable for EV applications, and those based on artificial 

intelligence are not suitable for this application due to its intensive computing. In future more 

attention must be given to develop less complex SOC estimation algorithm having less 

implementation cost for EV application. 
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ABSTRACT:  

Human Resource Development plays vital role in every organization because it is now 

considered as a part of modern management system.  HRD is helpful in development of 

employee’s physical capacities, relationships attitudes, values, knowledge and skills. The 

success of the Banks depends not only on the satisfaction of their customers but also the 

satisfaction level of the employees working in the banks. The level of satisfaction of the bank 

employees can be ensured and enhanced by effective HR-practices adopted by the Banks. 

The study is aimed at assessing the extent of HRD Practices in Punjab National Bank. For the 

purpose of the study, primary data is collected from 300 employees of Punjab National Bank 

from Bilaspur district through a structured questionnaire. The study revealed that the 

Performance appraisal, Training and Development, career planning, motivation, 

compensation management and grievance redressal are better in Punjab National Bank. 

 

KEYWORDS:  HRD Practices, Punjab national bank, Satisfaction of the Bank Employees  

 

I. INTRODUCTION: 

In India, the origin of human resource management can be traced in the 1970s, concern for 

welfare shifted towards higher efficiency, a change in professional values of human resource 

managers was visible. During the 1980s due to new technology and other environmental 

changes, Human Resource Development (HRD) became a major issue. During the 1990s, the 

overwhelming role of human factor in industry has been realized. Growing awareness about 

the significance of human side of organisation has led to the development of human resource 

management as a distinct discipline. Focus on human values and a philosophical approach, 

are likely to provide this discipline the status of a profession. 

 

Human Resource Development (HRD) is a process of developing skills, competencies, 

knowledge and attitudes of people in an organization. The people become human resource 

only when they are competent to perform organizational activities. Therefore, HRD ensures 

that the organization has such competent human resource to achieve its desired goals and 

objectives. HRD imparts the required knowledge and skill in them through effective 

arrangement of training and development programs. HRD is an integral part of Human 

Resource Management (HRM) which is more concerned with training and development, 

career planning and development and the organization development. The organization has to 

understand the dynamics of HR and attempt to cope with changing situation in order to 

deploy its HR effectively and efficiently. According to Leonard Nadler, "Human resource 

development is a series of organised activities, conducted within a specialised time and 

designed to produce behavioural changes."  

 

Banks have to understand that the capital and technology-considered to be the most important 

pillars of banking are replicable, but not human capital, which needs to be viewed as a 



Proceeding of International Conference on Mathematics in Space and Applied Sciences  

(ICMSAS-2019) 

Published by Knowledge and Research Publisher, Nagpur India                  ISBN-978-81-942641-8-7 
 

246 
 

valuable resource for the achievement of competitive advantage. The long-term vision for 

India's banking system is to transform itself from being a domestic one to the global level 

may sound far-fetched at present. To take up this industry to the heights of international 

excellence requires combination of new technologies, better processes of credit and risk 

appraisal, treasury management, product diversification, internal control, external regulations 

and human resources at the most.  The satisfaction of the employees working in the bank is 

predominant condition for the success of any bank. The satisfaction of the bank employees 

can be ensured and enhanced by effective HR-practices adopted by the Banks. An attempt to 

verify the HR-practices of one among the Punjab National Bank situated in Bilaspur District 

of Himachal Pradesh.  

 

II   Brief History of Punjab National Bank: 

PNB is an Indian banking and financial services company .The Head office of PNB in New 

Delhi, India. It serves over 80 million customer having 6968 across 764 cities. It has 9935 

ATM’s across branches over the world. PNB India’s first Swadeshi bank commenced its 

operation on April 12, 1895 from Lahore. Lala laj Path Rai played a key role in PNB’s birth. 

When the first branch opened the Rai was its account holder with 2 lakh capital and 20000 its 

working capital. India’s first Prime Minister Jawaharlal Nehru and Gandhi included the other 

customers of PNB’s over the years. After the partition PNB its register its office Lahore to 

New Delhi. Today, PNB has nearly 7000 branches in India and this bank listed on world’s 

biggest public companies. 

 

III. REVIEW OF LITERATURE: 

Sirca et.al.(2012) The aim of the paper is to theoretically and empirically describe the role of 

HR practices in the area of HR development: training and education, career development, 

performance management and reward management, on job satisfaction. The study has been 

conducted on a sample of Slovenian employees (N = 824), from medium size private and 

public sector organisations. Cluster analysis of participant responses on the HRM practices 

questionnaire shows four different groups of organisational approaches to HR development 

that are moderately related to job satisfaction. The results are discussed from four 

perspectives: individual attitudes, HRM theory, social exchange theory and the psychological 

climate theory. 

 

Kesti (2012) the article suggests that the employee quality of working life can be measured 

by working unit collective competencies consisting leadership, team culture and processes. 

However, these competencies and attributes should be first validated for each organization 

environment, situation and strategy. This is essential because effective HRD process has to 

focus on the development of organization specific human drivers of performance. This seems 

to be vital for generating optimal workplace innovations. 

 

Maier et. al. (2014) this paper proposes a framework for HR development for innovation, to 

reach the actual performance of an organization. The purpose of this framework is to offer, to 

all managers, a clear picture of existing HR capacity to innovate and possibilities to develop 

this capacity in order to improve the organization's capacity for innovation, thus increasing 

their chances of success in today's highly dynamic and competitive business environment. 

 

Rakesh (2016) in his article highlighted banking sector implement the latest ideas on 

management regarding development of human resources. Developing the individual or 
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human capacity is an integral element of building capacity and, in fact, capacity building 

initiatives are now increasingly becoming necessary. Taking the banking industry to the 

heights of excellence, especially in the present competitive environment, requires a 

combination of new technologies, better processes of credit and risk appraisal, treasury 

management, product diversification, internal control and external regulations and, not the 

least, human resources. Skilled and efficient manpower inventory is now becoming the need 

of the hour. So banks must start proper HRD practices to their future growth. 

 

IV HRD PRACTICES IN INDIAN BANKS: 

In the booming economy and the continuing expansion most of the banks facing challenges to 

do well and it outlines the fact that, contrary to public perception it is not just the new private 

sector banks that are doing well. There are few public sector banks are also doing well and 

got the place in top 10 best performing Indian banks. And it’s worth mentioning that these 

public sector banks have performed so admirably in spite of the fact that they operate with 

many handicaps, such as strong unions and the inability to offer market salaries and 

incentives and burdened with extravagant workforce. The secret of success of any company 

depends on how they treat employees and keep them satisfied. For that they have to design 

their human resource processes like recruitment, selection, training and development, 

performance appraisal and other based on employee perspective in order to benefit them.  

 

In India the banking industry is becoming more competitive than ever with private and public 

sector banking competing each other to perform well. The executives of the bank are now 

modifying their traditional human resources practice in to innovative human resource 

practices in order to meet the challenges from other competitive banks. Effective human 

resource practices relate to Bank’s performance by contributing to employee and customer 

satisfaction, innovation, productivity and development of a favourable organizational 

working climate in the Banks. In order to verify HR practices adopted by the chosen public 

sector bank in Bilaspur District, the following functions have been chosen by the author as 

attributes of HRD practices. Recruitment and selection, Training and development, 

Performance appraisal, Career development, Motivation, Compensation management, 

Grievance Handling 

 

V. OBJECTIVES OF THE STUDY: 

• To explore the HRD practices in Punjab National Bank of Bilaspur District.  

• To find out the satisfaction level of bank officers on HRD practices of their banks.  

• To measure the relationship between the demographic characteristics of bank officers 

and their level of satisfaction on HRD practices. 

 

VI. METHODOLOGY: 

Research Design: 

The methodology of the study is based on the primary data as well as secondary data. The 

study depends mainly on the primary data collected through a well-framed and structured 

questionnaire to elicit the well-considered opinions of the respondents. 

 

Targeted Population & Sample: 

Punjab National Bank operating in Bilaspur District has been chosen for the study. In 

Bilaspur District 21 Punjab National Banks are functioning. 300 officers & non officers of 

different age group, different gender, different designation and different length of work 



Proceeding of International Conference on Mathematics in Space and Applied Sciences  

(ICMSAS-2019) 

Published by Knowledge and Research Publisher, Nagpur India                  ISBN-978-81-942641-8-7 
 

248 
 

experience have been chosen as respondents for this study by using simple random sampling 

technique 

 

Source of Data: 

Data was collected from staff members of PNB through primary & secondary source of data. 

Questionnaire & interviews were used. 

 

Data Collection Tool: 

Required data had been enumerated from the chosen respondents by using structured 

schedule. The schedule contained the items related to the demographic variables of the 

employees and important attributes of HR-practices namely recruitment and selection, 

training and development, performance appraisal, career development, motivation, 

compensation management and grievance handling. Descriptive, t test and one way ANOVA 

were used as a statistical tool for the study. 

 

VII Hypotheses of the Study: 

• Gender of the Punjab National bank officers does not influence their satisfaction level 

on HR-practices. 

• There is no significant relationship between the age of the Punjab National Bank 

officers and their satisfaction level on HR-practices.  

• The level of satisfaction of the PNB officers based HR-practices does not differ with 

respect to their work experience.  

• Designation of the Punjab National Bank officers does not have any influence on the 

satisfaction level on HR-practices. 

 

VIII ANALYSIS AND INTERPRETATIONS: 

It is found from the analysis of the data that offices of PNB functioning in Bilaspur district in 

Himachal Pradesh follow HR-practices. The study has been tested by using the statistical 

tools‘t’ test and One-Way ANOVA. 

                                                        

TABLE 1: PROFILE OF THE SAMPLE UNITS 

S.no. Name of Branches          Number of respondents 

Male  Female  Total 

1 Hatwar 12 03 15 

2 Talyana 14 02 16 

3 Barmana  12 03 15 

4 Deoth 12 02 14 

5 Mehri Kaithla 11 01 12 

6 Chhakoh  12 01 13 

7 Harlog  11 01 12 

8 Jadukuljiar 10 01 11 

9 Dabatmatari  11 02 13 

10 Rani Kotla 11 02 13 

11 Panjgain 12 02 14 

12 Bilaspur 25 02 27 

13 Ghumarwin 12 02 14 

14 Jhandutta 13 02 15 
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15 Maloh 11 02 13 

16 Chandpur 11 02 13 

17 Kuthera  13 02 15 

18 Majhwar  12 02 14 

19 Samoh 11 03 14 

20 Namhol 11 03 14 

21 Dhamli 11 02 13 

 Total  258 42 300 

 

Gender wise classifications                                                                   

S.no. Particular No. of respondents %age 

1 Male  258 86.0 

2 Female  42 14.0 

 Total  300 100 

 

It is clear from the table that majority of respondents i.e. 86% belongs to the total sample of 

male category and 14 % under the category of female employees in PNB bank. 

 

Designation 

S.no Particular  No. of Respondents % age 

1 Officers  142 47.33 

2 Non-officers 158 52.67 

 Total 300 100 

 

It is clear from the table that majority of respondents i.e. 52.67% belongs to the total sample 

of non-officers category and 47.33% under the category of officers’ employees in PNB bank. 

Age wise classification 

S.no.  Particular No. of respondents  Percentage 

1 20-30 110 36.7 

2 31-40 134 44.7 

3 41-50 45 15.0 

4 51-60 11 3.7 

 Total 300 100 

 

It is clear from the table that majority of respondents i.e.44.7% belongs in the age group 

between 31-40, followed by 36.7% that is in the age group of 20-30 .very few respondents 

i.e.3.7% belongs to the age group of 51-60 years. 

 

Work experience 

S.no. Particular No. of respondents Percentage 

1 Up to 5 years 167 55.7 

2 6-10 years 89 29.7 

3 11-15 years 21 7.0 

4 More 15 years 23 7.7 

 Total 300 100 
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It is clear from the table that majority of employees 55.7% having up to 5 years of work 

experience whereas very few respondents i.e. 7% having up to 11-15 years of work 

experience. 

 

Hypothesis –I 

Ho: Gender & designation of PNB employees does not influence their satisfaction level on 

HR practices. 

 

HR Practices Gender ‘t’ value ‘p’ value 

 

 

0.57 

Male Female 

Mean  SD Mean SD -0.57 

59.77 7.765 60.55 10.098 

 

The Table 2 indicates that the calculated p value (0. 57) for the variables Gender and HR 

practices in Punjab National Bank is found to be greater than 0.05 at 5% level of significance. 

Since the calculated p value for the variables Gender and HR practices is greater than 0.05, 

the null hypothesis H0 is accepted. Hence, it was concluded that Gender of the Punjab 

National Bank does not influence their satisfaction level on the HR practices followed in their 

banks. 

HR practices  Designation t value p value 

officer Non-officer 

Mean  SD Mean SD 

 14.27 2.54 14.03 2.17 0.89 0.38 

 

The Table 2 indicates that the calculated p value (0. 38) for the Designation and HR practices 

in Punjab National Bank is found to be greater than 0.05 at 5% level of significance. Since 

the calculated p value for the designation and HR practices is greater than 0.05, the null 

hypothesis H0 is accepted. Hence, it was concluded that designation of the Punjab National 

Bank does not influence their satisfaction level on the HR practices followed in their banks. 
 

Hypothesis – II  

Results of One-Way ANOVA for Demographic Characteristics and HR Practices 

Age Group  Mean  

Below 25 11.58 

25-35 11.91 

35-45 11.40 

Above 45 11.27 

‘F’ value 0.75 

‘p’ value 0.52 
 

Work  experience  Mean  

Up to 5 years 25.26 

6-10 years 25.76 

11-15 years 26.62 

More 15 years 25.65 

‘F’ value 1.07 

‘p’ value 0.36 
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Table 3 shows that the calculated ‘p’ value for the variables ‘Age’ and HR-practices is 0.52 

which is greater than the value 0.05. So, it is needless to say that H0 is accepted. Results of 

the One-Way ANOVA reveal that there is no significant difference between the Punjab 

National Bank of different age group towards their satisfaction on HR practices adopted by 

their Banks.  
 

Table 3 depicts that the calculated ‘p’ value (0.36), for the variables “Work Experience and 

HR practices” is greater than 0.05 at 5% level of significance. Since, the “p” value is greater 

than 0.05, the H0 is not rejected for the variables work experience and HR practices. Hence, 

it is concluded that the work experience of the Punjab National Bank does not influence their 

level of satisfaction on the HR practices adopted in their banks. 

 

IX. CONCLUSION: 

The Study carried out in Punjab National Bank branches, Bilaspur District adopt HRD 

practices  discloses various facts. However, the efficiency and the performance of HRD 

practices differ among banks. Though the bank officers insignificantly differ themselves in 

the level of satisfaction on HR practices on different functional areas of HRM of their banks, 

yet all respondents have same level of satisfaction over the HR practices adopted in the 

banks. Moreover the demographic characteristics Gender, Age, Designation and Work 

Experience do not influence the level of satisfaction of the Punjab National Bank on the HRD 

Practices. 

 

X. SUGGESTIONS: 

On the basis of the findings of the study, it can be concluded that since the employees are 

assumed as the inherent force to make the progress of the banks, the managements of these 

banks should make a concerted effort to provide greater satisfaction that boost the morale of 

the employees.  

 

Bank to create more awareness among the employees that the knowledge and skill acquired 

through training to apply on the job. 

 

• PNB Bank to activate HR department which, in turn, takes initiative and interest in 

organizing training and development programs. 

• PNB Bank to organize adequate number of training programs. 

• Bank needs to motivate the superiors in developing their subordinates. 

• Banks are suggested to make the existing system of evaluation of superiors by 

subordinates more effective. 

• Bank makes the use of the existing performance appraisal system for effective utilization 

of employees. 

•  PNB Bank suggested the existing performance appraisal system strong in order to 

identify the strengths and weaknesses relating the employees’ performance. 

• The Study suggested giving more importance in giving an opportunity to employees for 

linking their growth to the future of the organization. 

• The study suggested enhancing its efforts to motivate supervisors to guide their 

subordinates for improved performance. 

• It is proposed by the researcher to PNB to strengthen the existing feedback on positive 

aspects of performance appraisal. 
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ABSTRACT: 

Applied sciences have contributed significantly towards the development of discipline of 

business management and commerce. The Quantitative,System and Contingencyapproach  

has changed the business perspective in 20thcentury .The basic applied sciences behind all 

these was mathematics , statistics , computing etc.The fuel to the fire in 21stcentury is the 

technology and innovation, which is rapidly making application of existing knowledge to 

more practical applications resulting into application oriented devices. The key to success in 

any business with the rapidly evolving technology is analysis. Therefore, field of Analytics 

has evolved to provide useful insights and help in optimising the business activities, and 

that’s how the Machine Learning and Artificial Intelligence has stepped in and now have a 

bigger role to play by using algorithms for decision making. Hence, there is a need to 

redesign and reengineer the business. The tomorrow’s successful entrepreneurs, managers 

have to apply the fundamentals of business management holistically, thoughtfully keeping in 

view all of the applied sciences relevant or becoming relevant along with the concepts like, 

Artificial Intelligence , Machine Learning, Internet of Things and Block Chain etc. 
 

KEY WORDS: Artificial Intelligence, Analytics, Block Chain, Internet of Things, Machine 

Learning. 
 

INTRODUCTION: 

Human being is capable of doing and creating so many things, it is well said that, thank God, 

we do not have wings but we have created an aeroplane which can fly faster than the speed of 

sound; thank God, we do not have fins, the man has created Ships and under water vehicles. 

We are exploring ocean as well as space. Space ships are there to travel and under water 

activities are numerous. We are capable of launching satellites in to the geo- stationary 

sphere of the earth. Satellite communication is a reality. Now we are exploring Moon and 

Mars. All these activities have been commercialised up to certain extent.Integrated Applied 

Sciences and most modern era’s evolved disciplines are making things real and virtual as 

well for the betterment of mankind but it is bringing challenges and threats also. 
 

STATEMENT OF THE PROBLEM:  

Integrated Applied Sciences are contributing a lot for the development of existing and new 

disciplines. Therefore, most of the disciplines are application oriented today. Technology is 

also converging towards digital technologies. At present the digital technologies evolved 

may be listed as 5G Networks, Machine Learning and Artificial Intelligence, Augmented 

Analytics, Smart devices, Robotic Process Automation etc. Any scientific idea or technology 

which is useful formasses turns in to a business idea. Therefore, there is a focus on the 

contribution of applied sciences in the transformation of discipline like Business 

Management and Commerce. Although, the discipline of Business Management and 

Commerce is considered as a discipline of social science but the developments stated above 
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has made it a discipline of science and technology oriented in this century. Still, more than 

eighty years are remaining of this century, the change and adaptability to change is brisk, 

therefore, we may perceive a big shift in 21st century business, 

 

OBJECTIVES: 

1. To identify the applied sciences those have contributed to the Business Management 

and Commerce. 

2. To study the contribution of applied sciences in the transformation of Business 

Management and Commerce. 

3. To study the 21st century business perspective so that quick change may be 

anticipated for further brisk change, 

 

METHODOLOGY: 

The study is to identify the contribution of applied sciences and it focuses on the 21st century 

business perspective. The methodology to be adopted here is to look at the development of 

management thought i.e., a theoretical perspective, through secondary sources of information 

from books, dallies and magazines etc. 

 

SCOPE OF THE STUDY: 

The scope of the study is very wide, since it is concerned with different individualdisciplines. 

In modern terms these disciplines have wider application orientation. This increases its scope  

manifold.  

 

LIMITATIONS OF THE STUDY:  

The study is based on the contribution then we have to look back.But the concepts are 

emerging quickly. Therefore, a big gap is felt in concepts, their development and emerging 

patterns.   The primary source based study needs time and labour. This is the main limitation 

of the study. 

 

REVIEW OF LITERATURE: 

The development of management thought in its modern term begins with the coming of 20th 

century. Initially it was considered a Rule of Thumb, then policy oriented- 

Business/Corporate Policy, Strategy oriented-Strategic, and now known as Advanced 

Strategic Management.The development of thought took many turns up to the 21st century. It 

may be perceived that during this century these turns will certainly be more and quick. All 

those turns were segmented as Classical era, Neo-classical era and Most- modern era.  

 

The classical era’s contribution may be spelled as, the concept of formal organisation, 

scientific management-productivity approach and management process –functional approach. 

The contributors were mainly from the field of engineering i.e., applied sciences. We may 

conclude that the genesis of modern management is through the thinkers who were from 

applied science – may be marked as initial contribution. 

 

During the Neo-classical era the school of thought developed through Human Relations 

approach, Behavioural and social sciences. The contributors were from the fields of Logic, 

Ethics, Philosophy, and Social Psychology. This amounted to the contribution of social 

sciences. 
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The most modern era begins with the application of Operations Research and Computerised 

Data Processing techniques. These are mainly the fields of Applied Mathematics. The 

technical and quantitative sciences resulted in to the development of Modern System Theory 

(Multidisciplinary and holistic), Contingency theories of organisations. Here, Environmental 

forces, Technology, Formal Structure, Behavioural forces and Decision Making processes 

were integrated. All from different fields of knowledge, their applied part became relevant 

for the development of modern management thought. 

 

There is another most modern way to look at the phenomenon as we term it as Industry0.0, 

Industry 1.0, Industry 2.0, Industry 3.0 and Industry4.0. These terms also signify change and 

development of diverse phenomenon relevant to the human life through industrial 

development. Industry 1.0 identified as Industrial Revolution i.e., mechanisation. Industry 

2.0 means Development of Telecommunication, Infrastructure development (Rail-Road, 

Electricity etc.), transformed society with the fast dissemination of goods, services and ideas. 

Industry 3.0 begins with the period after World War II followed by the period of 

technological progress, Information Communication Technologies, Personal Computers, 

Internet, Pager, Cellular phones etc. Industry 4.0 may have 100% Digitisation, thisperiod  

iscoming withsmart devices, even smart cities, smart homes,smart factories/ Dark factories 

so on and so forth. However, as per the Fred W. Riggs’s model of Prismatic Society- an 

intermediate society, India may have to deal with all Industry 1.0,2.0,3.0,simultaneously to 

achieve Industry 4.0. Because some part of India has not tasted the Industrial Revolution, still 

deprived of infrastructure, do not know about the benefits of computerisation/digitisation etc. 

 

Whatsoever, is possible till date is due to the application of the pure and social sciences, the 

integration of applied science,the development of new disciplines from such integrated 

applies sciences. Behind all these is the basic science and spirit of mathematics. 

 

DISCRIPTION AND EVALUATION OF THE PROBLEM: 

The review of literature and the management continuum helped us to identify the disciplines 

which contributed to bring Business Management and Commerce to its present form and 

shape. We may begin with the Indian Philosophy which through its scriptures provides us 

unique insight for the solution of complex problems of family, society, organisations etc. 

Among other individual or ethnic group we may mention Sumerians, Egyptians, Chinese, 

Greeks, Socrates, Plato, Alexander the Great, Kautilya, there are hundreds of such names 

which may be mentioned here.The Ancient, Medieval, Modern and Most-modern period of 

History may also contribute in many ways. The Business Environment components are 

Social, Economic, Political, Administrative, Legal, Ethical, Scientific and Technological 

aspects. These have their own authority and are beyond the control of the business 

organisation and most volatile in nature. Although, ever changing environmental components 

but have impact on the business and in turn are being affected. Now there is sufficient 

evidence to say that right from Anthropology to present day integrated applied science 

subjects all have contributed a lot towards Business Management and Commerce.  

 

The contribution of each and every subject, Philosophy, Individual and ethnic group cannot 

be taken or mentioned here because it is not possible to create voluminous research paper; 

therefore, we will take the present phenomenon relevant to the problem under study. 
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Now any phase of Business Organisation and Management, Decision-making, Strategic 

Planning and Controlcan be expressed in quantitative terms for a more exacting analysis. The 

number of techniques that have evolved with the quantatives and analytics related to or based 

on computing are going to revolutionise the field of business management and commerce. 

The phenomenon evolved recently may be mentioned as follows. 

 

1. 5G:  

5G is the fifth generation of cellular network technology. It is next to the 4G LTE fourth 

generation long term evolution. 5G network work on the 600MHz spectrum and 5G tower  

can transmit signals  over one thousand square miles. With the advent and adoption of 5G 

technology, there will be elevation of the cellular network not only to interconnect people but 

also to interconnect and control machines. It will be 200 times faster than the 4G LTE 

network. It will enable new operating models instead of redesign of production line and offer 

manufacturers to build smart factories. The connectivity and data interoperability in IIoT 

projects will be possible. 

 

2. Internet of Things (IoT) and Industrial Internet of things (IIoT):  

It is a network of things which includes devices, appliances (domestic or industrial), vehicles 

of various mode of transport, robots and other things capable of computing applications 

equipped with sensors, electronic gadgets, software, having connectivity with one and all so 

that there is exchange of data. 

 

It is certain that this technology may influence the areas like Safety, security, convenience, 

energy efficiency, operational efficiency and agricultural productivity etc. This has made the 

concept of smart home and smart work place possible. Building Management system for 

commercial buildings may be drawn and installed. The IoT will influence the present 

business by facilitating Data Sharing, Remote Work, to prepare skilled workers, Inventory 

tracking and Management, Customer Relationship Management etc. But the issue of 

connectivity depends upon the wired, wireless and hybrid network. This will influence the 

implementation strategies. However, the wired is more reliable in comparison to the wireless 

or hybrid. Hence, Signal strength shall matter in wireless connectivity.  

 

3. Business Analytics: 

The IoT shall generate huge data. Moreover, with the continuous increase of internet and web 

users and universal mobile computing for the masses led to additional data generation. 

Business is the interested to get every type of data for their business purposes. Therefore, 

there arises a field of Analytics. It is a field where there is a process involved in collating, 

mining, sorting, processing, drawing and studying the data by using statistical tools and 

techniques and mathematical models for making it purposeful. When the concept is used in 

business it is called Business Analytics. Here, the aim is to identify which datasets are of use 

for particular business and then may be used to solve the decision making problems and in 

turn to increase productivity, revenue and efficiency. The field of Business Analytics is 

classified as Descriptive Analytics, Diagnostic Analytics, Predictive Analytics and 

Prescriptive Analytics. Over a period of time different tools have been developed, these may 

be assessable from the open source platforms named as Metabase, Matomo, OmniSci, 

SpagoBI, Zeppelin by Apache and Birt. With these tools the businesses can manage their 

processes and may draw solutions in a relevant and comprehensive way. Analytics is 

committed to simplify the human life by doing future sales forecasting, demand planning. 
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However, the challenges for business Analytics may arise due to Poor coordination, Lack of 

commitment of decision makers, Executive Distrust and Slow Information Maturity. 

 

4. Artificial Intelligence and Machine Learning: 

Artificial Intelligence is a technological reality, it is a process through which 

machines/devices like computers in terms of hardware and in combination with the software 

simulates human activities including learning and self- correction, problem solving etc.  

Machine Learning is a type of Artificial Intelligence, rather a process of applying Artificial 

Intelligence without explicit programming, so that the machine/device is able to learn 

automatically. 

 

Now, the Artificial Intelligence is paving the way for more impactful digital business models. 

It will transform the Enterprise Resource Planning (ERP) by identifying the problems even 

before they occur, Automate routine tasks with system intelligence and Improve user 

experience through interaction. The Conversational Gateways has made the omnichannel 

businesses possible. Adoption of Artificial Intelligence and its implementation require 

technical literacy of business leaders only then best AI solutions may be sought. Company 

culture is the detrimental factor in the adoption of AI. The sectors those are attracted towards 

implementation of AI are retail, banking, healthcare, IT, infrastructure. However, the list may 

expand further. There is an evolution of a concept of Deep Learning now. It is more specific 

version of Machine Learning which relies on neural networks to engage in nonlinear 

reasoning. The neural networks are a form of AI where flow of information resembles the 

human brain. At this point of time we are not in a position to see the exact impacts of AI-ML 

technology. But we may foresee the new start-ups, displacement of certain jobs and creation 

of entirely new one, AI-ML businesses and business applications. 

 

5. Robotic Process Automation (RPA): 

It is the technology that allows anyone to configure computer software or a Robot to emulate 

and integrate the actions of a human interacting within digital systems to execute a business 

process. It is specialised software and Artificial Intelligence to automate repeatable tasks and 

business processes using programs called “bots.” 

 

6. The Cloud:  

The cloud computing means storing and accessing data and programs over the internet 

instead of own computer’s hard drive. Fog computing refers to extending cloud computing to 

the edge of an enterprise’s network. It facilitates the operation of compute, storage and 

networking services between end devicesand cloud computing data centers. It may connect 

all the industries and businesses of the world. 

 

7. 3D Printing:  

It is also called additive manufacturing, is a process by which physical objects are created by 

depositing material in layers based on digital model. These processes require software, 

hardware and materials to work together.If 3D printing get industrialised, any product  one 

may think of could be taken out of 3D printer.  

 

8. Block-chain Technology: 

 It is a technology to decentralise the web. It is a peer to peer network. It is based on 

Distributed Ledger Technology which is the outcome of interdisciplinary application of the 
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fields of Accounting (Triple Entry Accounting System) and Cryptography. It is capable of 

making the processes more democratic, secure, transparent and efficient. Initially this 

technology was applied to evolve Digital Currency named Bitcoin. However, the technocrats 

have found and exploring other potential uses of this technology. The business applications 

of Block Chain are supply chain management/auditing, smart contracts, The sharing 

economy, crowd funding, governance, prediction markets, protection of intellectual property, 

Anti-money laundering, Know your customer, land title registration and stock trading etc. 

The challenges posed by this technology may be enumerated as, an environmental threat due 

to high carbon emission because of the computational resources used. The technology needs 

high power, processing and storage. Quantum computing is another threat to the block chain 

technology because the processing speed of the computers will increase to the extent, that 

may enable hackers to find loopholes in block chain based networks. 

 

9. Cyber security: 

 All we know that in computing security is a paramount issue, however, when everything will 

be digitized and nothing is offline, and then imagine what may happen. Presently, cyber 

threats are increasing worldwide and India is no exception. This year there were so many 

major security breaches. Therefore, everyone has to address the issue. This month India is 

going to establish Defence Cyber Agency (DCA) to counter cyber threats. 

 

A 21st Century Business Perspective: 

The emerging technologies cited above evolve a fact that 21st century business activity which 

will transform the ethos of business.The complete digitisation will bring unprecedented 

benefits in efficiency and productivity. It will make the businesses more reliable, predictable 

and scalable. The digital transformation shall amount to the transformation of Business 

Management and Commerce. The picture may not be that much rosy as we may perceive 

today. The key to the smart systems is meaningful data/ information. The more data is 

available, we may have better solutions, if information is available and we are not in a 

position to process it, it can work counterproductive. Moreover, India is not comparatively 

ready to adopt such technologies quickly, because these are yet to be fully implemented the 

world over. Therefore, we have to address the challenges and threats first. A holistic effort is 

needed at every step. 

 

CONCLUSION: 

It is a proven fact that Applied Sciences and Integrated Applied Sciences have transformed 

so many ideas, concepts, disciplines, and Business Management and Commerce not an 

exception. The quantitative tools and techniques were more instrumental. There is a big 

change in the technological environment of the business. The technological environment had 

further influenced the other components of business environment.  Therefore, the influence 

of the technology will compel the businesses to adopt and cope with the big and brisk 

change. Skilful and technical savvy workforce will be needed. Robots may be engaged along 

with the human beings. The coexistence of such machines will require more adjustments 

with machines because they lack emotions. The organisational culture will take a new shape. 

More digital technology applications are inevitable. The challenges are to be dealt with the 

strengths. A 21st century business activity will contain new kind of activities because the 

technologies and concepts discussed above are getting integrated. For example RPA plus AI 

plus Analytics, the integration of these three will automate every process. Moreover, if any of 

the components discussed under Sr. No. 1-9 is missing, the whole process shall stall. All 
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these technologies are capable to enable Industry4.0 enterprise – A Smart Business Entity. 
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ABSTRACT 

Education has been remained the most outstanding development criterion and priority area 

for the development of any society throughout the world.However, Education becomes 

dynamic and practical by use of technology in its various domains. Today, almost all of the 

universities and colleges are promoting the development of practical knowledge and skills 

within the individuals worldwide.In this regard, the role of digital technologies has been 

remained the subject of interest for mathematics educators for at least the past three decades. 

Mathematics consists of basic structure for many fields like physics, business terminologies, 

and architecture by means of use of calculus, algebra, statistics, and trigonometry. Thus, the 

responsibility of education system is to acknowledge students with the need and practical use 

of mathematical knowledge in their life.Technology generates the new avenues for its users 

especially in the various areas of mathematics education such as control theory, signal 

processing and cryptography etc as theuse of Information and Communication Technology 

(ICT) in classrooms develops the visual impact and practical environment within the 

classroom. In this direction, the present paper is focussing on understanding the use of ICTin 

mathematics classroom and also exploring the practical challenges that are faced by 

educators as well as students while teaching and learning mathematics. The paper is also 

discussing the futuristic perspectives in regard to use of ICT in Mathematics classroom. 

 

KEYWORDS: Mathematics Education,Information and Communication Technology, 

Knowledge, Teaching and Learning. 

 

INTRODUCTION 

The advancement of a nation depends upon the quality and quantity of education received by 

its people. Education plays a vital role in shaping the future of a nation. Only education can 

differentiate between animals and men. 

 

Gorge and Polya (2002) had discovered two aims of school education. First is to converting 

out employable adults who contributes to social and economic development of the country 

and second is to develop the inner resources of growing child. Lockey has aptly remarked, 

“Plants are developed by cultivation and men by education”. 

 

The education system needs some tools that make learning in classroom effective for 

students .This purpose can be resolved by use of some visual tools such as images, videos 

and visual presentation. The teaching becomes effective as well as student’s interest makes 

class room learning more studious. 
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ICT stands for information and communication technology. It means diverse set of 

technological tools and resources used to communicate and to create, store and manage 

information. Since 1970’s the digital technologies have been available in school mathematics 

by the introduction of simple forth calculators. ICT has a great impact on education as well 

as other aspects. It has both positive and negative impact on students and teachers. Nowadays 

the role of mathematics is not restricted to purely academic domain but it is widen into 

domain of technology and industry. Robler, Casting and King, (1988) have analysed that by 

the introduction of ICT many researchers and funding agencies were led to invest their 

resources to investigate the possibility of replacing teachers in key instructional role by 

computers. 

 

Olive and Makar (2010) argued that the connection of mathematical knowledge and 

mathematical practices can be strengthen by the use of technologies. There are many tools 

and visual aids that can create interest of students for mathematics rather than regular 

calculation studies in class room. Mathematics has trigonometry and geometry portions that 

can be represents more effectively by projection technique for 3D Plane as well as 2D plane. 

 

The Department of Higher Education proposes to closely integrate the critical components 

into a framework, incorporating the learning and best practices from the similar initiatives at 

the global level and practical needs of the evolving knowledge society. 

 

The objective of this paper is to study the present status of usage of ICT by teachers during 

teaching learning process and to investigate the barriers in mathematics classroom. The main 

aim of this paper is to determine the key area of policies and awareness among teachers 

towards use of ICT.  

 

MATHEMATICS EDUCATION: 

Mathematics is very important part  of our life and plays a major role in achieving the aims 

of education. Mathematics is science of measurement, quantity, magnitude, space and 

numbers. It has comprehensive applications in the subjects like social sciences, medicine, 

business and commerce, life, health, physical sciences and technical sciences. As we 

compare Mathematics with other subjects it is the most important subject because there are 

lots of techniques and branches for finding the formulae on the problem of various fields in 

mathematics.According to Napoleon“The progress and the improvement of mathematics are 

linked to the prosperity of the state.” 

 

Mathematics helps children to think creatively, develop his imaginations and think logically. 

The main goal of mathematics education in schools is the mathematisation of the child’s 

thinking.As we compare Mathematics with other subjects it is the most important subject 

because there are lots of techniques and branches for finding  the formulae on the problem of 

various fields in mathematics. 
 

Mathematics can be used as a component in many interdisciplinary combinations. The 

interdisciplinary  programmes  in mathematics will make the subject more attractive and 

meaningful. We can propose a number of such interdisciplinary programmes involving 

mathematics for example Physical science-Mathematics, Commerce-Mathematics, 

Economics-mathematics, Education-Mathematics etc. We make learning more fruitful and 

appealing by such interdisciplinary programmes involving mathematics.  
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Mathematics is used directly or indirectly to fulfil the needs of man such as in business, 

carpentry, shop keeping, banking, accountancy, weighing, measuring, counting etc. By the 

study of mathematics an individual can be able to apply his knowledge to a new situation. 

In India mathematics is included as compulsory subject right from kindergarten level upto 

secondary level in school curriculum. Due to modernization the curriculum of mathematics 

changes time to time in India. So the government has to change the teaching method from 

chalk and talk method to student centred approach method. This helps the students to think 

and understand the concepts logically in different way. Ping and Hua(2015) investigated that 

maximum number of students are not able to solve the basic operations well due to dearth of 

understanding the concepts. Some factors which affectthe achievement of mathematics are 

social factors, personal factor, economic factors, psychological factor, etc. 

 

ICT and Mathematics Education: 

The use of ICT in the mathematics classroom has long been a topic for consideration by 

mathematics educators. D.D.Agyei and J.Voogt (2010) analysed some examples of use of 

ICT in mathematics are portables, graphic calculators and computerized graphing, specialised 

software, programmable toys or floor robots, spreadsheets and databases etc.Computers, 

wireless classroom microphones, interactive white boards, digital video on demand, online 

study tools, LCD projectors etc. can be used as teaching aids in classrooms. Graphic 

calculators, Geogebra, Dynamic geometry tools, Microsoft mathematics, Auto shapes, Mat 

lab are the software used for teaching and learning of mathematics. ICT-supported education 

can develop the acquisition of the knowledge and 21st century skills such as critical thinking, 

creativity and problem solving. Recent research indicates that the purposeful use of 

computers in classroom instruction can indeed enhance student outcomes (Archer, 1998; 

Milheim, 1995). Studies involving computer assisted algebra instruction (Brunner & 

Sheehan, 1997; O’Callaghan, 1998) and instruction with graphing calculators (Adams, 1997) 

have similar positive results. The National Council of Teachers of Mathematics (NCTM) 

concluded that technology is an important tool for teaching and learning process and it is 

stated by NCTM in Curriculum and Evaluation Standards for School Mathematics (1989) 

and Principles Standards for School Management.   

 

In those countries where majority of children cannot afford more than one notebook, the 

country should provide appropriate low cost technology for teaching and learning process. 

 

In 1972 the scheme of Educational Technology was introduced during the IVth plan.Later, in 

1984-85 the Computer Literacy and Studies in Schools (CLASS) Project was introduced as a 

pilot project. 

 

In VIIIth plan (1993-98),this project was considered as a Centrally Sponsored Scheme and its 

scope is enlarged to provide financial grants to educational institutions. 

 

Muhammad Shahid Farooq (2006) studied the effects of teacher’s professional education on 

students achievements in mathematics. The purpose of the study was to compare the 

effectiveness of teaching of professionally trained and untrained teachers. Data were 

collected from four public and private boys and girls high schools record. Four hundred 

secondary school graduates (Two hundred boys and two hundred girls) taught by trained and 

untrained teachers of mathematics were selected conveniently. The results of the study 

supported the fact that the students taught by trained teachers showed better results in 
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Mathematics and gender has no significant effect on achievement in mathematics. 

 

Practical Challenges in usage of ICT in Mathematics Education: 

Many studies have shown a lot of difficulties that teachers experience in the synthesis of ICT 

in their classrooms. Jones (2004) found a number of barriers for the integration of ICT into 

lessons such as low confidence among the teachers during integration, dearth of time for 

integration, technical problems in using software, lack of access to resources etc. 

 

Chong, et al. (2005) has identified six major barriers in a survey to study the barriers 

preventing the integration and adoption of ICT in teaching mathematics. These barriers are 

lack of time in school schedule for project involving ICT, insufficient teacher training 

opportunities for ICT project, lack of knowledge about ways to integrate ICT to enhance the 

curriculum, difficulty in integrating and using different ICT tools in a Popoola et.al (2018) 

finds that importance existed in the use of ICT facilities on teaching and learning of 

mathematics. This showed that ICT plays a major role in teaching and learning of 

mathematics as a teaching tool. Also, there was sound effect of ICT facilities availability and 

usage on student’s performance in mathematics. This also showed that ICT facilities helps 

students to have unlimited access to study materials and ability to relate with their 

correspondent in other institutions across the globe even from the comfort of their rooms and 

this undoubtedly helps them to improve in their academics. It was equally revealed that there 

exists significant influence of ICT facilities on teaching of mathematics. This equally showed 

that lecturers also relied to certain extent on ICT facilities on how to improve on their skills 

and teaching methods. Lastly, the study revealed that significant effect of ICT facilities in 

improving the students’ learning and knowledge in mathematics existed. This implied that 

ICT facilities help greatly in expanding the knowledge and understanding of students in 

mathematics. 

 

Some of the barriers in usage of ICT in mathematics education are lack of confidence among 

teachers during synthesis, lack of personal access during lesson preparation, lack of ways to 

integrate ICT to enhance the curriculum and insufficient teacher training opportunities for 

ICT project. 

 

ICT and Mathematics Education: Futuristic Perspectives: 

Ting SengEng (2005) investigated that ICT has small effects on learning outcomes and 

sometimes negative effects have been found. Qualitative research on how to improve the 

effective use of ICT through innovative methods, possibly incorporating a variety of ICT 

tools should be investigated as pilot studies. Such studies should be on going such that 

feedback can be obtained and methods modified to refine the teaching and learning process. 

 

Lecturers should encourage the students to use internet and to visit cybercafé to solve their 

mathematics problems. To enhance the skills and lecture method of lecturers, they should be 

trained and retrained for the benefits of ICT. College management should make sufficient 

supply of computers into all the departments in the institution and assure that all students 

have unconditionalapproach to them during lectures. Management should also make wireless 

internet connection available in the institution and ensure free accessibility for both students 

and lecturers. Students must be properly orientated on the numerous benefits and opportunity 

that ICT offers in enhancing their academic performance in mathematics and science in 

general. (Popoola et. al.2017). 



Proceeding of International Conference on Mathematics in Space and Applied Sciences  

(ICMSAS-2019) 

Published by Knowledge and Research Publisher, Nagpur India                  ISBN-978-81-942641-8-7 
 

264 
 

As considering future of mathematics with ICT the major resources is internet for lectures as 

well as for students .there are lot of websites containing content for different theorems and 

calculations. As updated form of theorems are also be available on internet. This will 

enhance the quality of lectures .Students may attend online lecture if they miss them in any 

reason during study time. 

 

CONCLUSION: 

The 21st century is based on science and technology The education system also needs 

advancement. The use of ICT facilitates modern education system with accuracy and updated 

knowledge. As concern with mathematics study, lot of new updates are there in mathematics 

with respect of time. The Indian teacher should be ready to face upcoming challenges for 

imparting new age education .Teacher has major role between students and new upcoming in 

mathematics. This is responsibility of them to convey these updated education to their 

students. They should use ICT for smooth flow of lectures.Efforts must be made by the 

educationist to change the process of teaching-learning in order to prepare the students to 

adjust themselves to the society; this could definitely create a new learning environment and 

information rich society. 
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ABSTRACT: 

A layer of Rivlin-Ericksen viscoelastic fluid heated from below is considered in the presence 

of uniform vertical magnetic field and rotation. Following the linearized stability theory and 

normal mode analysis, the paper mathematically established the condition for characterizing 

the oscillatory motions which may be neutral or unstable, for rigid boundaries at the top and 

bottom of the fluid. It is established that all non-decaying slow motions starting from rest, in 

a Rivlin-Ericksen viscoelastic fluid of infinite horizontal extension and finite vertical depth, 

which is acted upon by uniform vertical magnetic field and rotation, opposite to gravity and a 

constant vertical adverse temperature gradient, are necessarily non-oscillatory, in the regime 

                                              1
)1(

1
2

2

422










++
+ 

QpTFT
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 where AT  is the Taylor number, Q isthe Chandrasekhar number, 2p is the magnetic Prandtl 

number and F is the viscoelasticity parameter. The result is important since it hold for all 

wave numbers and for horizontal rigid boundaries of infinite extension at the top and bottom 

of the fluid, and the exact solutions of the problem investigated in closed form, is not 

obtainable.  

 

KEY WORDS: Thermal convection; Rivlin-Ericksen Fluid; Rotation; Magnetic Field PES; 

Rayleigh number; Chandrasekhar number: Taylor number. 

 

1. INTRODUCTION: 

Stability of a dynamical system is closest to real life, in the sense that realization of a 

dynamical system depends upon its stability. Right from the conceptualizations of 

turbulence, instability of fluid flows is being regarded at its root. The thermal instability of a 

fluid layer with maintained adverse temperature gradient by heating the underside plays an 

important role in Geophysics, interiors of the Earth, Oceanography and Atmospheric Physics, 

and has been investigated by several authors (e.g., Bénard  1 , Rayleigh  2 , Jeffreys  3 ) 

under different conditions. A detailed account of the theoretical and experimental study of 

the onset of Bénard Convection in Newtonian fluids, under varying assumptions of 

hydrodynamics and hydromagnetics, has been given by Chandrasekhar  4 . The use of 

Boussinesq approximation has been made throughout, which states that the density changes 

are disregarded in all other terms in the equation of motion except the external force term. 

Bhatia and Steiner  5  have considered the effect of uniform rotation on the thermal 

instability of a viscoelastic (Maxwell) fluid and found that rotation has a destabilizing 

influence in contrast to the stabilizing effect on Newtonian fluid. The thermal instability of a 

Maxwell fluid in hydromagnetics has been studied by Bhatia and Steiner  6 . They have 

found that the magnetic field stabilizes a viscoelastic (Maxwell) fluid just as the Newtonian 

fluid. Sharma  7   has studied the thermal instability of a layer of viscoelastic (Oldroydian) 

fluid acted upon by a uniform rotation and found that rotation has destabilizing as well as 
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stabilizing effects under certain conditions in contrast to that of a Maxwell fluid where it has 

a destabilizing effect.  In another study Sharma  8  has studied the stability of a layer of an 

electrically conducting Oldroyd fluid  9  in the presence of magnetic field and has found that 

the magnetic field has a stabilizing influence. 

 

There are many viscoelastic fluids that cannot be characterized by Maxwell’s constitutive 

relations or Oldroyd’s  9  constitutive relations. Two such classes of fluids are Rivlin-

Ericksen’s and Walter’s (model B’) fluids.  Rivlin-Ericksen  10  has proposed a theoretical 

model for such one class of elastic-viscous fluids. Sharma and kumar  11  have studied the 

effect of rotation on thermal instability in Rivlin-Ericksen elastico-viscous fluid and found 

that rotation has a stabilizing effect and introduces oscillatory modes in the system. Kumar et 

al.  12  considered effect of rotation and magnetic field on Rivlin-Ericksen viscoelastic fluid 

and found that rotation has stabilizing effect, where as magnetic field has both stabilizing and 

destabilizing effects. A layer of such fluid heated from below or under the action of magnetic 

field or rotation or both may find applications in geophysics, interior of the Earth, 

Oceanography, and the atmospheric physics. 

 

Pellow and Southwell  13  proved the validity of ‘principle of exchange of stability’ (PES) 

for the classical Rayleigh-Bénard convection problem. Banerjee et al  14  gave a new scheme 

for combining the governing equations of thermohaline convection, which is shown to lead to 

the bounds for the complex growth rate of the arbitrary oscillatory perturbations, neutral or 

unstable for all combinations of dynamically rigid or free boundaries and, Banerjee and 

Banerjee  15  established a criterion on characterization of non-oscillatory motions in 

hydrodynamics which was further extended by Gupta et al.  16 . However no such result 

existed for non-Newtonian fluid configurations, in general and for Rivlin-Ericksen 

viscoelastic fluid configurations in particular. Banyal  17  have characterized the non-

oscillatory motions in couple-stress fluid.  

 

Keeping in mind the importance of Rivlin-Ericksen viscoelastic fluids, this paper is an 

attempts to study Rivlin-Ericksen viscoelastic fluid heated from below in the presence of 

uniform vertical magnetic field and rotation. It has been established that the onset of 

instability in a Rivlin-Ericksen viscoelastic fluid in the present configuration, cannot manifest 

itself as oscillatory motions of growing amplitude if the Taylor number AT , the 

Chandrasekhar number Q, the magnetic Prandtl number 2p  and the viscoelasticity parameter 

F, satisfy the inequality 1
2

2

42
++



QpTFT AA . These results hold for all wave numbers with 

rigid boundaries of infinite horizontal extension at the top and bottom of the fluid.  

 

2. FORMULATION OF THE PROBLEM AND PERTURBATION EQUATIONS: 

Considered an infinite, horizontal, incompressible electrically conducting Rivlin-Ericksen 

viscoelastic  fluid layer, of thickness d, heated from below so that, the temperature and 

density at the bottom surface z = 0  are 0T and 0  and at the upper surface z = d are dT and 

d  respectively, and that a uniform adverse temperature gradient 







=

dz

dT
  is maintained. 
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The fluid is acted upon by a uniform vertical rotation ( )
→

,0,0  and a uniform vertical 

magnetic field ( )HH ,0,0
→

. 

 

The equation of motion, continuity, heat conduction, and Maxwells equations governing the 

flow of Rivlin-Ericksen viscoelastic fluid in the presence of magnetic field and rotation are 

(Rivlin and Ericksen  10 ; Chandrasekhar  4  and Kumar et al  12 ) are 
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Where  , p, T, , ' and ( )wvuq ,,
→

 denote respectively the density, pressure, temperature, 

kinematic viscosity, kinematic viscoelasticity and velocity of the fluid, respectively 

and ),,( zyxr
→

.                                                                                                                                          

 

The equation of state for the fluid is 

( ) 00 1 TT −−=  ,         (6) 

Where the suffix zero refer to the values at the reference level z = 0. Here ( )gg −
→

,0,0  is 

acceleration due to gravity and   is the coefficient of thermal expansion. In writing the 

equation (1), we made use of the Boussinesq approximation, which states that the density 

variations are ignored in all terms in the equation of motion except the external force term. 

The magnetic permeability e , thermal diffusivity , and electrical resistivity  , are all 

assumed to be constant. 

 

The initial state is one in which the velocity, density, pressure, and temperature at any point 

in the fluid are, respectively, given by 

( )0,0,0=
→

q  , ( )z = , p=p(z), T= T(z),      (7) 
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Assume small perturbations around the basic solution and let  , p ,  , ( )wvuq ,,
→

 and 

( )
zyx hhhh ,,=

→

  denote respectively the perturbations in density  , pressure p, temperature T, 

velocity )0,0,0(
→

q and the magnetic field ( )HH ,0,0=
→

. The change in density , caused 

mainly by the perturbation   in temperature, is given by 

 

( )   000 1 −=−+−=+ TT ,  i.e.    0−= .    (8) 

Then the linearized perturbation equations are 
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Within the framework of Boussinesq approximation, equations (9) – (13), becomes 
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z-component of vorticity and current density respectively. 

 

3. Normal Mode Analysis                                

Analyzing the disturbances into normal modes, we assume that the Perturbation quantities 

are of the form 

  ( ) ( ) ( ) )(,),(,,,,, , zXzZzKzzWhw z = exp ( )ntyikxik yx ++ ,   (19) 
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Where yx kk ,  are the wave numbers along the x- and y-directions, respectively, 

( )2
1

22

yx kkk += , is the resultant wave number, and n is the growth rate which is, in general, a 

complex constant. 

 

Using (19), equations (14) – (18), in non-dimensional form transform to 

( )( )( )  ( )DKaDQDZTRaWaDFaD A

2222222 1 −−+=−−+−  ,   (20) 

                                                                                                                               

      ( )( )  QDXDWZaDF −−=−−+  221 ,        (21) 

      ( ) WpaD −=−− 1
22 ,            (22) 

    ( ) DWKpaD −=−− 2
22 ,         (23) 

and    

    ( ) DZXpaD −=−− 2
22 ,                  (24) 

Where we have introduced new coordinates ( )',',' zyx  = (x/d , y/d, z/d) in new units of length 

d and '/ dzdD = . For convenience, the dashes are dropped hereafter. Also we have 

substituted ,,
2




nd
kda ==




=1p , is the thermal Prandtl number; 




=2p , is the 

magnetic Prandtl number;  
2

'

d
F


= , is the Rilvin-Ericksen kinematic viscoelasticity 

parameter;  


 4dg
R = , is the thermal Rayleigh number; 
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2
 and dDD = , 

and dropped ( )  for convenience. 

      We now consider the case where both the boundaries are rigid and perfectly conducting 

and are maintained at constant temperature, then the perturbations in the temperature are zero 

at the boundaries. The appropriate boundary conditions with respect to which equations (20)-

-(24), must possess a solution are 

     W = DW = 0, 0= , Z=0, K=0 and DX = 0 at z = 0 and z = 1.    (25) 

 

Equations (20)--(24), along with boundary conditions (25), poses an eigenvalue problem for 

  and we wish to Characterize  i  when 0r . 

We first note that since W  and Z  satisfy  )1(0)0( WW == , K(0)=K(1) and )1(0)0( ZZ ==  

in addition to satisfying to governing equations and hence we have from the Rayleigh-Ritz 

inequality  24  
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Further, for )1(0)0( WW == , K(0)=0 =K(1)and )1(0)0( ZZ == , Banerjee et al.  25   have 

show that 
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4. MATHEMATICAL ANALYSIS 

We prove the following lemma: 

Lemma 1:  For any arbitrary oscillatory perturbation, neutral or unstable 
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Proof: Multiplying equation (23) by K  (the complex conjugate of K ), integrating by parts 

each term of the resulting equation on the left hand side for an appropriate number of times 

and making use of boundary conditions on K  namely )1(0)0( KK == , it follows that 
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 (Utilizing Cauchy-Schwartz-inequality), 

which gives that   
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 inequality (28) on utilizing inequalities (26) and (29), gives  
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Since 0r  and 02 p , hence inequality (28) on utilizing (30), give 
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1
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,    (31) 

This completes the proof of lemma. 

Lemma 2: For any arbitrary oscillatory perturbation, neutral or unstable 
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Proof: Multiplying equation (21) by 
Z  (the complex conjugate of Z), integrating by parts 

each term of the resulting equation on the left hand side for an appropriate number of times 

on utilizing equation (24) and  appropriate boundary conditions (25), it follows that 
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=Real part of  








1

0

*ZdzDW  

1

0

*ZdzDW , 

dzZDW
1

0

* dzZDW


1

0

, 

dzZDW=
1

0

2

1

1

0

2
2

1

1

0

2

















  dzDWdzZ    ,      (32) 

 (Utilizing Cauchy-Schwartz-inequality), 

which gives that   
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 inequality (32) on utilizing inequalities (26) and (33), gives  
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,       (34) 

Since 0r  and 02 p , hence inequality (32) on utilizing (34), give 
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,   (35) 

This completes the proof of lemma. 

We prove the following theorems: 

Theorem 1: If  R  0 , F  0, 0Q , AT 0, 01p , 02 p , 0r  and 0i  then the necessary 

condition for the existence of non-trivial solution  ( )XZKW ,,,,  of  equations  (20) – (24), 

together with boundary conditions (25)  is that 

                                  1
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1
2
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++
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QpTFT

F

AA  .  

Proof: Multiplying equation (20) by  W  (the complex conjugate of W) throughout and 

integrating the resulting equation over the vertical range of z, we get 

( ) ( ) −−−+ 

1
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222)1( WdzaDWWdzaDWF               

( )KdzaDDWQDZdzWTdzWRa A
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1

0

2 −−+= 
 ,     (36) 

Taking complex conjugate on both sides of equation (22), we get 

( )  −=−− WpaD 1
22

,          (37) 

Therefore, using (37), we get  

    ( ) 
 −−−=

1

0

1

0

1

22 dzpaDdzW  ,             (38) 

Also taking complex conjugate on both sides of equation (21), we get 

( )  −−=−−+ QDXDWZZaDF ***22* )1(  ,                    (39) 
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Therefore, using (39), we get  
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Integrating by parts the third term on left hand side and using equation (24), and appropriate 

boundary condition (25), we get 

( ) ( )   −−+−−+= 

1

0

*

2

22

1

0

1

0

1

0

**22* )1( dzXpaDXQZdzZZdzaDZFDZdzW  ,   (41) 

Also taking complex conjugate on both sides of equation (23), we get 

   −=−− DWKpaD 2
22 ,          (42) 

Therefore, equation (42), using appropriate boundary condition (25), we get  
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Substituting (38), (41) and (43), in the right hand side of equation (36), we get 
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Integrating the terms on both sides of equation (44) for an appropriate number of times and 

making use of the appropriate boundary conditions (25), we get  
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now equating imaginary parts on both sides of equation (45), and cancelling )0(i  

throughout from imaginary part, we get 

    ++++

1

0

222
1

0

2422
2

2 2 dzWaDWdzWaDWaWDF  

    ++−+++−=

1

0

222

2

1

0

2

2

1

0

2
1

0

222
1

0

2

1

2 dzKaDKQpdzXQpTdzZTdzZaDZFTdzpRa AAA
,    

(46)                                                                                                      

Now R   0, 02 p , 01p , 0Q  and AT  0, utilizing the inequalities (26), (27), (31) and (35), 

the equation (46) gives,  
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Where 
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Is positive definite, and therefore, we must have 
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Hence, if 

 0r  and 0i , then 1
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And this completes the proof of the theorem. 

Presented otherwise from the point of view of existence of instability as stationary 

convection, the above theorem can be put in the form as follow:- 

Theorem 2: The sufficient condition for the onset of instability as a non-oscillatory motions 

of non-growing amplitude in a Rivlin-Ericksen fluid heated from below, in the presence of 

uniform vertical magnetic field and rotation is that, 1
)1(
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AA  , 

where AT  is the Taylor number, Q is the Chandrasekhar number, 2p is the magnetic Prandtl 

number  and F is the viscoelasticity parameter, when both the boundaries are rigid. 

or 

 

The onset of instability in a Rivlin-Ericksen fluid heated from below, in the presence of 

uniform vertical magnetic field and rotation, cannot manifest itself as oscillatory motions of 

growing amplitude if the Taylor number AT , the Chandrasekhar number Q, 2p  the magnetic 

Prandtl number and the viscoelasticity parameter F, satisfy the inequality 

1
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AA  , when both the bounding surfaces are rigid. 

The sufficient condition for the validity of the ‘PES’ can be expressed in the form: 

Theorem 3: If ( ),,,,, XZKW  , ir i += , 0r  is a solution  of  equations  (15) – 

(19),  with R  0  and,   
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Then 0=i .  

In particular, the sufficient condition for the validity of the ‘exchange principle’ i.e., 

00 == ir   is that 1
)1(
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F
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In the context of existence of instability in ‘oscillatory modes’ and that of ‘overstability’ in 

the present configuration, we can state the above theorem as follow:- 

 

Theorem 4: The necessary condition for the existence of instability in ‘oscillatory modes’ 

and that of ‘overstability’ in a Rivlin-Ericksen fluid heated from below, in the presence of 

uniform vertical magnetic field and rotation is that the Taylor number AT , the Chandrasekhar 

number Q, 2p  the magnetic Prandtl number and the viscoelasticity parameter F must satisfy 
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the inequality 1
)1(
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F

AA , when both the bounding surfaces are rigid 

 

Special Cases: It follows from theorem 1 that an arbitrary neutral or unstable mode is non-

oscillatory in character and ‘PES’ is valid for: 

(i). Thermal convection in Rivlin-Ericksen fluid heated from below i. e. when   Q = 0 = AT . 

    (Sunil et al, 2002). 

(ii). Magneto-thermal convection in Rivlin-Ericksen fluid heated from below ( AT =0), if  

  1
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,and when F=0 then we have 1

2
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Qp
 (Gupta et al, 1986). 

(iii). Rotatory-thermal convection in Rivlin-Ericksen fluid heated from below (Q = 0), if 
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+
+ 

AA TFT

F
. 

(iv) When F = 0, then we retrieve the result of Newtonian fluid by (Gupta et al, 1986) in the 

presence of uniform vertical magnetic field and rotation i. e. 

 1
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QpTA  

 

5. CONCLUSIONS: 

This theorem mathematically established that the onset of instability in a Rivlin-Ericksen 

fluid in the presence of uniform vertical magnetic field and rotation cannot manifest itself as 

oscillatory motions of growing amplitude if the Taylor number AT , the Chandrasekhar 

number Q, 2p  the magnetic Prandtl number and the viscoelasticity parameter F satisfy the 

inequality 1
)1(

1
2

2
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++
+ 

QpTFT

F

AA , when both the bounding surfaces are rigid. 

 

The essential content of the theorem, from the point of view of linear stability theory is that 

for the configuration of couple-stress fluid of infinite horizontal extension heated form 

below, having rigid boundaries at the top and bottom of the fluid, in the presence of uniform 

vertical magnetic field and rotation, parallel to the force field of gravity, an arbitrary neutral 

or unstable modes of the system are definitely non-oscillatory in character 

if 1
)1(

1
2

2

422
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AA , and in particular PES is valid. 
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ABSTRACT: 

The thermosolutal instability of a couple-stress fluidVeronis (1965) type configuration acted 

upon by uniform vertical rotation and magnetic field, heated from below in a porous medium 

is investigated. Following the linearized stability theory and normal mode analysis, the paper 

through mathematical analysis of the governing equations of couple-stress fluid convection 

with a uniform vertical rotation and magnetic field in porous medium, for the case of rigid 

boundaries shows that the complex growth rate   of oscillatory perturbations, neutral or 

unstable for all wave numbers, must lie inside a semi-circle  
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in the right half of a complex  -plane, where sR is the thermosolutal Rayleigh number, Q is 

the Chandrasekhar number, AT  is the Taylor number, lP  is the dimensionless medium 

permeability of the porous medium and F is the couple-stress parameter, which prescribes the 

upper limits to the complex growth rate of arbitrary oscillatory motions of growing amplitude 

in a magneto-rotatory couple-stress fluidof Veronis (1965) type configuration in porous 

medium heated from below.A similar result is also proved for Stern (1960) type of 

configuration. 

 

KEY WORDS: Thermal convection; Couple-Stress Fluid; Rotation; Magnetic Field; PES; 

Rayleigh number; Chandrasekhar Number; Taylor number. 

MSC 2000 No.: 76A05, 76E06, 76E15; 76E07; 76U05. 

 

1. INTRODUCTION: 

A detailed account of the theoretical and experimental study of the onset of thermal 

instability in Newtonian fluids, under varying assumptions of hydrodynamics and 

hydromagnetics, has been given by Chandrasekhar  1  and the Boussinesq approximation has 

been used throughout, which states that the density changes are disregarded in all other terms 

in the equation of motion, except in the external force term. The formation and derivation of 

the basic equations of a layer of fluid heated from below in a porous medium, using the 

Boussinesq approximation, has been given in a treatise by Joseph  2 . When a fluid permeates 

through an isotropic and homogeneous porous medium, the gross effect is represented by 

Darcy’s law. The study of layer of fluid heated from below in porous media is motivated 

both theoretically and by its practical applications in engineering. Among the applications in 

engineering disciplines one can name the food processing industry, the chemical processing 

industry, solidification, and the centrifugal casting of metals. The development of geothermal 

power resources has increased general interest in the properties of convection in a porous 

medium.The problem of thermohaline convection in a layer of fluid heated from below and 
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subjected to a stable salinity gradient has been considered by Veronis  3 . Double-diffusive 

convection problems arise in oceanography (salt fingers occur in the ocean when hot saline 

water overlies cooler fresher water which believed to play an important role in the mixing of 

properties in several regions of the ocean), limnology and engineering. The migration of 

moisture in fibrous insulation, bio/chemical contaminants transport in environment, 

underground disposal of nuclear wastes, magmas, groundwater, high quality crystal 

production and production of pure medication are some examples where double-diffusive 

convection is involved. Examples of particular interest are provided by ponds built to trap 

solar heat Tabor and Matz  4 and some Antarctic lakes Shirtcliffe  5 . The physics is quite 

similar in the stellar case in that helium acts like salt in raising the density and in diffusing 

more slowly than heat. The conditions under which convective motions are important in 

stellar atmospheres are usually far removed from consideration of a single component fluid 

and rigid boundaries, and therefore it is desirable to consider a fluid acted on by a solute 

gradient and free boundaries. 

 

The flow through porous media is of considerable interest for petroleum engineers, for 

geophysical fluid dynamists and has importance in chemical technology and industry. An 

example in the geophysical context is the recovery of crude oil from the pores of reservoir 

rocks. Among the applications in engineering disciplines one can find the food processing 

industry, chemical processing industry, solidification and centrifugal casting of metals. Such 

flows has shown their great importance in petroleum engineering to study the movement of 

natural gas, oil and water through the oil reservoirs; in chemical engineering for filtration and 

purification processes and in the field of agriculture engineering to study the underground 

water resources, seepage of water in river beds. The problem of thermosolutal convection in 

fluids in a porous medium is of importance in geophysics, soil sciences, ground water 

hydrology and astrophysics. The study of thermosolutal convection in fluid saturated porous 

media has diverse practical applications, including that related to the materials processing 

technology, in particular, the melting and solidification of binary alloys. The development of 

geothermal power resources has increased general interest in the properties of convection in 

porous media. The scientific importance of the field has also increased because hydrothermal 

circulation is the dominant heat-transfer mechanism in young oceanic crust Lister  6 . 

Generally it is accepted that comets consists of a dusty ‘snowball’ of a mixture of frozen 

gases which in the process of their journey changes from solid to gas and vice - versa. The 

physical properties of comets, meteorites and interplanetary dust strongly suggest the 

importance of porosity in the astrophysical context Mc Donnel  7 . The effect of a magnetic 

field on the stability of such a flow is of interest in geophysics, particularly in the study of 

Earth’s core where the Earth’s mantle, which consists of conducting fluid, behaves like a 

porous medium which can become convectively unstable as a result of differential diffusion. 

The other application of the results of flow through a porous medium in the presence of a 

magnetic field is in the study of the stability of a convective flow in the geothermal region. 

Also the magnetic field in double-diffusive convection has its importance in the fields of 

engineering, for example, MHD generators and astrophysics particularly in explaining the 

properties of large stars with a helium rich core. Stommel and Fedorov  8  and Linden  9  

have remarked that the length scales characteristics of double-diffusive convective layers in 

the ocean may be sufficiently large that the Earth’s rotation might be important in their 

formation. Moreover, the rotation of the Earth distorts the boundaries of a hexagonal 

convection cell in a fluid through a porous medium and the distortion plays an important role 
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in the extraction of energy in the geothermal regions. Brakke  10  explained a double - 

diffusive instability that occurs when a solution of a slowly diffusing protein is layered over a 

denser solution of more rapidly diffusing sucrose. Nason et al.  11  found that this instability, 

which is deleterious to certain biochemical separations, can be suppressed by rotation in the 

ultracentrifuge.  

 

The theory of couple-stress fluid has been formulated by Stokes  12 . One of the applications 

of couple-stress fluid is its use to the study of the mechanisms of lubrications of synovial 

joints, which has become the object of scientific research. A human joint is a dynamically 

loaded bearing which has articular cartilage as the bearing and synovial fluid as the lubricant. 

When a fluid film is generated, squeeze - film action is capable of providing considerable 

protection to the cartilage surface. The shoulder, ankle, knee and hip joints are the loaded – 

bearing synovial joints of the human body and these joints have a low friction coefficient and 

negligible wear. Normal synovial fluid is a viscous, non-Newtonian fluid and is clear or 

yellowish. According to the theory of Stokes  12 , couple-stresses appear in noticeable 

magnitudes in fluids with very large molecules. Since the long chain hyaluronic acid 

molecules are found as additives in synovial fluids, Walicki and Walicka  13  modeled the 

synovial fluid as a couple-stress fluid. The synovial fluid is the natural lubricant of joints of 

the vertebrates. The detailed description of the joint lubrication has very important practical 

implications. Practically all diseases of joints are caused by or connected with malfunction of 

the lubrication. The efficiency of the physiological joint lubrication is caused by several 

mechanisms. The synovial fluid is due to its content of the hyaluronic acid, a fluid of high 

viscosity, near to gel. Goel et al.  14  have studied the hydromagnetic stability of an 

unbounded couple-stress binary fluid mixture under rotation with vertical temperature and 

concentration gradients. Sharma et al.  15  have considered a couple - stress fluid with 

suspended particles heated from below. In another study, Sunil et al.  16  have considered a 

couple- stress fluid heated from below in a porous medium in the presence of a magnetic 

field and rotation. Kumar et al.  17  have considered the thermal instability of a layer of 

couple-stress fluid acted on by a uniform rotation, and have found that for stationary 

convection the rotation has a stabilizing effect whereas couple-stress has both stabilizing and 

destabilizing effects. 

 

Pellow and Southwell  18   proved the validity of PES for the classical Rayleigh-Bénard 

convection problem. Banerjee et al  19  gave a new scheme for combining the governing 

equations of thermohaline convection, which is shown to lead to the bounds for the complex 

growth rate of the arbitrary oscillatory perturbations, neutral or unstable for all combinations 

of dynamically rigid or free boundaries and, Banerjee and Banerjee  20  established a 

criterion on characterization of non-oscillatory motions in hydrodynamics which was further 

extended by Gupta et al  21 . However no such result existed for non-Newtonian fluid 

configurations in general andin particular, for Rivlin-Ericksen viscoelastic fluid 

configurations. Banyal  22  have characterized the oscillatory motions in couple-stress fluid.   

 

Keeping in mind the importance in geophysics, soil sciences, ground water hydrology, 

astrophysics and various applications mentioned above, the thermosolutal convection in 

couple-stress fluid in porous medium in the presence of uniform rotation and uniform 



Proceeding of International Conference on Mathematics in Space and Applied Sciences  

(ICMSAS-2019) 

Published by Knowledge and Research Publisher, Nagpur India                  ISBN-978-81-942641-8-7 
 

280 

 

magnetic field has been considered.The present paper is an attempt to prescribe the upper 

limits to the complex growth rate of arbitrary oscillatory motions of growing amplitude, in a 

layer of incompressible couple-stress fluidconfiguration of Veronis  3  type, in porous 

medium heated from below in the presence of uniform vertical rotation and magnetic field, 

opposite to force field of gravity, when the bounding surfaces are of infinite horizontal 

extension, at the top and bottom of the fluid are rigid.A similar characterization theorem is 

also proved for Stern  23 type of configuration. 

 

2. FORMULATION OF THE PROBLEM AND PERTURBATION EQUATIONS 

Here we consider an infinite, horizontal, incompressible couple-stress fluid layer of thickness 

d, heated and soluted from below so that, the temperatures, densities and solute 

concentrations at the bottom surface z = 0 are T0, 0 and C0 and at the upper surface z = d are 

Td, d and Cd respectively, and that a uniform temperature gradient  







=

dz

dT
 and a uniform 

solute gradient /








=

dz

dC
 are maintained. The gravity field )g,0,0(g −


, a uniform vertical 

magnetic field )H,0,0(H


 and a uniform vertical rotation ),0,0( 


 pervade the system. This 

fluid layer is assumed to be flowing through an isotropic and homogeneous porous medium 

of porosity  and medium permeability k1. 

 

Let p, , T, C, , /, g, , e and ),,( wvuq


denote respectively, the fluid pressure, density, 

temperature, solute concentration, thermal coefficient of expansion, an analogous solvent 

coefficient of expansion, gravitational  acceleration, resistivity, magnetic permeability and 

fluid velocity. The equations expressing the conservation of momentum, mass, temperature, 

solute concentration and equation of state of couple-stress fluid (Chandrasekhar  1 ;Joseph 2

;Stokes  12 ) are 
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qHHq
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2
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1

ρ

δρ
1gp

ρ

1
).(

1

t

1

0

2

0

/

100

, (1) 

0. =
→

q ,                         (2)  

TTq
t

T
E 2. =








+



 →

 ,            (3) 

CCq
t

C
E 2// . =








+



 →

 ,          (4) 

 = 0 [1 -  (T-T0) + / (C-C0)],       (5) 

Where the suffix zero refers to values at the reference level z = 0 and in writing equation (1), 

use has been made of Boussinesq approximation.Here E = 









−+

i

ss

C

C

0

)1(



 is a constant 

and E/ is a constant analogous to E but corresponding to solute rather that heat; s, Cs and o , 

Ci stand for density and heat capacity of solid (porous matrix) material and fluid, 

respectively. The magnetic permeability e, the kinematic viscosity, couple-stress viscosity 

/, the thermal diffusivity   and the solute diffusivity 
/ are all assumed to be constants. 
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 The Maxwell’s equations yield 


→→→

→

+







= HqH

dt

Hd 2 ,         (6) 

and ,0=
→

H            (7) 

where +



 − q

tdt

d 1  stands for the convective derivative. 

 The steady state solution is  

=
→

),,( wvuq (0,0,0), T = T0-z, C = C0
  - /z,  

 = 0 (1+ z - //z).            (8) 

Here we use linearized stability theory and normal mode analysis method. Consider a small 

perturbation on the steady state solution, and letp, , ,  ,  ),,( zyx hhhh
→

and ),,( wvuq
→

 

denote, respectively, the perturbations in pressure p, density , temperature T, solute 

concentration C, magnetic field )0,0,0(
→

H and velocity )0,0,0(
→

q . The change in density, 

caused mainly by the perturbations  and  in temperature and concentration, is given by 

 = - 0 ( −
/).   (9) 

Then the linearized perturbation equations become 
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1
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,      (10) 

→

 q.  = 0,                    (11) 


 2+=



w

t
E ,                   (12) 


 2/// +=



w

t
E ,                   (13) 


→→→

→

+







=




hqH

t

h 2 ,                 (14) 

and 
→

 h. = 0.                     (15) 

 

3. NORMAL MODES ANALYSIS: 

Analyzing the disturbances into normal modes, we assume that the perturbation quantities are 

of the form 

  ( ) ( ) )(),(),(),(,,,,,,, zXzZzzKzzWhw z = exp(ikxx + ikyy + nt), (16) 

where kx, ky are the wave numbers along the x- and y- directions respectively, k= ( 22
yx kk + ) 

is the resultant wave number and n is the growth rate which is, in general, a complex 

constant. 
y

u

x

v




−




=  and  

y

h

x

h
xy




−




=  stand for the z-components of vorticity and 

current density, respectively. )(),(),(),( zZzzKzW   and )(zX  are the functions of z only. 

Using (16), equations (10)-(15), within the framework of Boussinesq approximations, in the 

non-dimensional form transform to 
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( ) ( ) ( )DKaDQDZTaRRaW
P
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P

F
aD As
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22222222 1
−−+−=
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,        (17) 

( ) QDXDWZ
P

aD
P

F

ll

−−=






















+−−

122




,               (18) 

( ) WEpaD −=−− 1
22

,                 (19) 

( ) WpEaD −=−− 3
/22

,                 (20) 

( ) DWKpaD −=−− 2
22

,                 (21) 

and    

( ) DZXpaD −=−− 2
22

,                (22)  

Where we have introduced new coordinates ( )',',' zyx  = (x/d, y/d, z/d) in new units of length 

d and '/ dzdD = . For convenience, the dashes are dropped hereafter. Also we have 

substituted ,,
2




nd
kda ==




=1p , is the thermal Prandtl number;,

'3



=p is the 

thermosolutal Prandtl number; 



=2p  is the magnetic Prandtl number; 

2

1

d

k
Pl =  is the 

dimensionless medium permeability, 


 )/( 2

0

' d
F = , is the dimensionless couple-stress 

parameter;  


 4dg
R = , is the thermal Rayleigh number; 




'

4'' dg
Rs =  is the 

thermosolutal Rayleigh number; 




0

22

4

dH
Q e= , is the Chandrasekhar number and  

22

424



d
TA


= , is the Taylor number. Also we have Substituted =WW , =



 2d
,

=
/

2'



 d
,




= Z

d
Z



2
, = K

Hd
K


, 







 








= X

dHd
X



2
 and dDD = , and dropped 

( )  for convenience. 

 

We now consider the cases where the boundaries are rigid-rigid or rigid-free or free-rigid or 

free-free at z = 0 and z = 1 respectively, as the case may be, are perfectly conducting and 

maintained at constant temperature and solute concentration. Then the perturbations in the 

temperature and solute concentration are zero at the boundaries. The appropriate boundary 

conditions with respect to which equations (17)--(22), must possess a solution are 

     W = 0 =DW =Z=DX =K= = ,           on both the horizontal boundaries,          (23) 

Equations (17)-(22), along with boundary conditions (23), pose an eigenvalue problem for   

and we wish to characterize i , when 0r . 

 

We first note that sinceW , K  and Z  satisfy )1(0)0( WW == , )1(0)0( KK ==  and 

)1(0)0( ZZ == , in addition to satisfying to governing equations and hence we have from the 

Rayleigh-Ritz inequality  24  
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1

0

2
dzWdzDW  ,   

1

0

22
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2
dzKdzDK   ,  

1

0

22

1

0

2
dzZdzDZ  ,    

 

1

0

22

1

0

2
dzdzD   and  

1

0

22

1

0

2
dzdzD  ,              (24) 

Further, for )1(0)0( WW == , )1(0)0( KK ==  and )1(0)0( ZZ == , Banerjee et al.  25   have 

shown that 

 

1

0

22

1

0

2
2 dzDWdzWD  ,  

1

0

22

1

0

2
2 dzDKdzKD   and  

1

0

22

1

0

2
2 dzDZdzZD  . (25)  

                                                   

4. MATHEMATICAL ANALYSIS: 

We prove the following lemma: 

Lemma 1:  For any arbitrary oscillatory perturbation, neutral or unstable 

 

1

0

2

1

22

1

0

2 1
dzDW

Epa
dz


  . 

Proof: Multiplying equation (19) by   (the complex conjugate of  ), integrating by parts 

each term of the resulting equation on the right hand side for an appropriate number of times 

and making use of boundary condition on   namely )1(0)0( == , it follows that 

  =++ 
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dzpEdzaD r Real part of










Wdz

1

0

, 




1

0

Wdz dzW


1

0

dzW


1

0

, 

dzW 

1

0

2

1

1

0

2
2

1

1

0

2

















  dzWdz ,                (26) 

                                    (Utilizing Cauchy-Schwartz-inequality), 

So that the fact that 0r , we obtain from the above that 
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22 dza
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2
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1

0

2

















  dzWdz ,                                                                             (27) 

Multiplying equation (19) and its complex conjugate, and integrating by parts each term on 

right hand side of the resulting equation for an appropriate number of times and making use 

of boundary conditions on   namely )1(0)0( == , we get 

( ) ( )   =+++−

1

0

1

0

2222

1

2

1

0

222

1

1

0

2
22 2 dzWdzpEdzaDEpdzaD r  ,         (28) 

                                                       

Since 0r  therefore the equations (28) give, 
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Since 0r  and 01p , hence inequality (27) on utilizing (29), gives 

 

1

0

2

1

22

1

0

2 1
dzDW

Epa
dz


,            (30) 

This completes the proof of lemma 1. 

Lemma 2:  For any arbitrary oscillatory perturbation, neutral or unstable 
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3

/22

1

0

2 1
dzDW

pEa
dz


 . 

Proof: Multiplying equation (20) by   (the complex conjugate of  ), integrating by parts 

each term of the resulting equation on the right hand side for an appropriate number of times 

and making use of boundary condition on   namely )1(0)0( == , it follows that 

  =++ 
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1
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dzpEdzaD r Real part of
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  dzWdz ,               (31) 

                                    (Utilizing Cauchy-Schwartz-inequality), 

So that, since 0r , we obtain from the above that 

And thus, we get   
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  dzWdz ,                (32) 

Multiplying equation (20) and its complex conjugate, and integrating by parts each term on 

right hand side of the resulting equation for an appropriate number of times and making use 

of boundary conditions on   namely )1(0)0( == , we get 

( ) ( )   =+++−

1

0

1

0

2222

3

2'

1

0

222

3

'

1

0

2
22 2 dzWdzpEdzaDpEdzaD r  ,              (33) 

Since 0r  therefore the equations (33) give, 
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2 1
dzW

pE
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                    (34)  

Since 0r  and 01p , hence inequality (29) on utilizing (30) and (24), gives 
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3
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pEa
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,           (35) 

This completes the proof of lemma 2. 

 

Lemma 3:  For any arbitrary oscillatory perturbation, neutral or unstable 
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Proof: Multiplying equation (21) by K  (the complex conjugate of K ), integrating by parts 

each term of the resulting equation on the left hand side for an appropriate number of times 

and making use of boundary conditions on K  namely )1(0)0( KK == , it follows that 
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 (Utilizing Cauchy-Schwartz-inequality), 

Inequality (36) on utilizing (24), gives  
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 dzDWdzK


,                             (37) 

Since 0r  and 02 p , hence inequality (36) on utilizing (37), give 

( )dzKaDK +

1

0

222
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2

2

1
dzDW


,                (38)

  

This completes the proof of lemma 3. 

Lemma 4: For any arbitrary oscillatory perturbation, neutral or unstable 
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                (39)     

Proof: Multiplying equation (18) by 
Z  (the complex conjugate of Z), integrating by parts 

each term of the resulting equation on the left hand side for an appropriate number of times 

on utilizing equation (22) and  appropriate boundary conditions (23), it follows that 
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  dzZdzDW ,                 (40)  

 (Utilizing Cauchy-Schwartz-inequality), 

Utilizing the inequality (24), (40) gives that   
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 Inequality (40) on utilizing (41), gives  
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dzDW
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P
dzZ l

 +


1

0
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22
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0

2

)1( 
,                 (42) 

This completes the proof of lemma 4. 

Now we prove the following theorems: 

 

Theorem 1: If  R  0 , 0sR  F  0, 0Q , AT 0, 0lP , 01p , 02 p , 0r  and 0i  then 

the necessary condition for the existence of non-trivial solution  ( )XZKW ,,,,,   of  

equations  (17) – (22), together with boundary conditions (23)  is that 
1

2

2

22

2

2 )1(
1

−

































+
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Qp

F

PTR lAs   .  

 

Proof: Multiplying equation (17) by  W  (the complex conjugate of W) throughout and 

integrating the resulting equation over the vertical range of z, we get 
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Taking complex conjugate on both sides of equation (19), we get 

( )  −=−− WEpaD 1
22

,                             (44) 

Therefore, using (44), we get  

( ) 
 −−−=

1
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1

0

1

22 dzEpaDdzW  ,                 (45) 

Taking complex conjugate on both sides of equation (20), we get 

( )  −=−− WpEaD 3
'22

,                          (46) 

Therefore, using (46), we get  
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Also taking complex conjugate on both sides of equation (18), we get 
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Therefore, using (48), we get  
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Integrating by parts the third term on left hand side and using equation (22), and appropriate 

boundary condition (23), we get 
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Also taking complex conjugate on both sides of equation (21), we get 

   −=−− DWKpaD 2
22 ,                    (50) 

Therefore, equation (50), using appropriate boundary condition (23), we get  

( ) ( ) ( )( )  
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Substituting (45), (73), (49) and (41), in the right hand side of equation (43), we get 
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Integrating the terms on both sides of equation (52) for an appropriate number of times and 

making use of the appropriate boundary conditions (23), we get  
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now equating imaginary parts on both sides of equation (53), and cancelling )0(i  

throughout from imaginary part, we get 
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Now R   0, 0Q 0 02 p  and AT  0, utilizing the inequalities (35), (39) and (42), the 

equation (54) gives,  
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Where   ++=
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, is positive definite. 

and therefore , we must have 
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Hence, if 

0r  and 0i , then 
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PTR lAs  ,                                  (57). 

And this completes the proof of the theorem. 

In the context of existence of instability in ‘oscillatory modes’ and that of ‘overstability’ in 

the present configuration, we can state and prove a theorem 1 as follow:- 

Theorem 2: If  R  0 , 0sR  F  0, Q  0, AT 0, 0lP , 01p , 0r  and 0i  then the 

necessary condition for the existence of non-trivial solution  ( )XZKW ,,,,,   of  equations  

(17) – (22), together with boundary conditions (23)  is that 
1
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22

2

2 )1(
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Qp

F

PTR
lA  ,                                                                            (58) 

Proof:Replacing R and sR  by  R−   and  sR−  , respectively in equations (14) –(17) and 

proceeding exactly as in Theorem 1and utilizing the inequality (30), we get the desired result.   

CONCLUSIONS 

The inequality (57) for 0r  and 0i , can be written as 
2

2

2

22

2

4

22

22

)1(
1

−

































+

+
−+









Qp

F

PTR lAs

ir , 

The essential content of the theorem, from the point of view of linear stability theory is that 

for the configuration of couple-stress fluid of infinite horizontal extension heated form 

below, having top and bottom bounding surfaces rigid, in the presence of uniform vertical 

rotation and magnetic field parallel to the force field of gravity, the complex growth rate of 

an arbitrary oscillatory motions of growing amplitude, must lie inside a semi-circle in the 

right half of the r i  - plane whose centre is at the origin and radius is
1

2

2

22

2

2 )1(
1

−

































+

+
−






 Qp

F

PTR lAs ,where sR is the thermosolutal Rayleigh number, Q is the 

Chandrasekhar number, AT  is the Taylor number, lP  is the dimensionless medium 

permeability of the porous medium,  is the porosity and F is the couple-stress parameter. 

The inequality (58) established a similar result for Stern (1960) type of the configuration. 
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Abstract:  

The effect of Hall Currents on the thermal stability of an electrically conducting ferromagnetic 

rheological fluid heated from below saturating a porous medium has been investigated. The 

rheology of the ferromagnetic fluid is described by the Walters’(model B`). The exact solutions of 

the eigen-value problem for stress- free boundary surfaces are obtained analytically Galerkin 

technique to find the thermal Rayleigh number for onset of both oscillatory and non- oscillatory 

modes. It is observed that thermal Rayleigh number decrease with increasing medium permeability 

and Hall Current, whereas magnetic field and magnetization showing opposite result for both 

oscillatory and non- oscillatory modes. The principle of exchange of stabilities is not valid. The 

oscillatory modes are introduced due to viscoelastic parameter F. in oscillatory mode viscoelastic 

parameter, magnetic field, magnetization as well as Hall current gives stabilizing effect for certain 

condition, whereas medium permeability showing destabilizing effect. These results have also 

been shown graphically. 

 

Keywords: Porous medium, Hall current, Galerkin Weighted Residual method, Ferromagnetic 

Fluids, Viscoelasticity, Magnetic field and Magnetization. 

 

INTRODUCTION 

Magnetic fluids which are formed by dispersion of stable non - conducting colloidal suspension 

of magnetic nanoparticles in a conducting carrier liquid such as heptane’s, water or kerosene etc., 

are known as ferromagnetic fluids. These fluids have some special features like polarization force 

and body couple which are not found in ordinary fluids.  The behavior of these fluids are 

homogeneously continuum and exhibit various fascinating phenomena. These fluids are not found 

in nature but are artificially synthesized and find diverse application of ferromagnetic fluids in 

many science field such as instrumentation, lubrication, printing, vacuum technology, vibration 

damping, metal recovery, acoustics and medicine,   commercial usage of these ferromagnetic fluid 

includes vacuum feedthroughs of semiconductor (Moskowitz, 1975) ,pressure seals used in 

compressors and blowers (Brooks, 1955), sealing of rotating shaft in computer disk drives(Bailey, 

1983), cooling loudspeakers (Hathaway, 1979) attracted many researchers towards this field. 

Significant contribution is given by various researchers toward ferromagnetic fluid and their 

application by taking theoretical and experimental aspects. 
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Convection stability of ferromagnetic fluid for fluid layer heated from below in the presence of 

uniform vertical magnetic field has been discussed in detail by Finlayson (1970). He found that 

there is induction of convection due to temperature and temperature gradient across the layer which 

leads to magnetization of ferrofluids.Lalas and Carmi (1971) analyzed thermoconductive stability 

of ferrofluids  and proves that linear and energies theories give identical results for stationary 

convection in ferrofluids. Shliomis (1974) has studied the mechanisms of relaxation of the 

magnetization of a suspension.  

 

Earlier many authors considered Bernard’s convection in non-porous (Siddheshwar, 1993, 1995; 

Sunil, Sharma and Shandil, 2006; Aggarwal and Prakash, 2009). In recent years researchers 

concentrate on the convective flow and stability of fluid layer in porous medium which was earlier 

considered by(Lapwood, 1948) and (Wooding, 1960).  

 

Growing importance of non- Newtonian fluid in geophysical fluid dynamics chemical technology 

and petroleum industry aroused interest of many researchers toward studies of convective fluid 

motion in porous medium because of its important application in prediction of ground water 

movement, in atmospheric physics and recovery of crude oil from porous of rocks. There is vast 

variety of non- Newtonian fluids. Principle types of non- Newtonian fluid include: couple stress 

fluids, viscoelastic fluids (Rivlin- Ericksian fluids, Walters’ (Model B′) fluid), plastic solids, power 

–law fluids, time dependent etc.Walters(Walters, 1960) studied the motion of oscillation flow of 

the viscoelastic liquid in a concentric- sphere elastoviscometer. He concludes that concentric- 

sphere elastoviscometer and coaxial- cylinder elastoviscometer both discriminant exclusive 

viscoelastic liquids in same way. Walters(1962) again studied the behaviour of non– Newtonian 

elasto-viscous  fluids at small rates of shear which are characterized by a general linear equation 

of state. With  growing importance of non- Newtonian viscoelastic fluids in science and technology 

has also been studied by many authors (Sharma and Kumar, 1997; Kumar and Sharma, 2000; 

Kumaret al., 2004; Ali et al., 2012; Pandeyet al., 2016). 

 

If electric current flow through a conductor in magnetic field which reduce conductivity parallel 

to the electric field and hence, the current is reduced in the direction normal to both electric and 

magnetic field.This phenomenon in the literature is known as Hall effect.The Hall current is likely 

to be important in flows of laboratory plasmas as well as in many geophysical and astrophysical 

situations. The effect of Hall current on thermal instability has been studies by Aggarwal in the 

presence of dusty couple fluids (Aggarwal and Verma, 2016). In this research paper he has 

conclude that effect of Hall current on thermal convection with dusty couple particle show 

destabilizing effect and also found that oscillatory modes are produced in the present of Hall 

current.   P. Narayana studied the effect of rotating micro polar fluid and radiation in Hall current 

(Narayana, 2013). He observed that with increase in the value of Hall current parameter micro – 

rotation profile decreases.  There are many  several authors studied the effect of Hall effect on 

different thermal instability(Gupta, 1967; Raghavachar and Gothandaraman, 1989; Sharma and 

Thakur, 2000; Sunil et al., 2005; Aggarwal and Verma, 2017). 
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Motivated by the various application of rheology, medium porosity, Hall current and medium 

permeability, an attempt has been made to study on the criterion for stability of a layer of 

ferromagnetic viscoelastic fluid heated from below saturating a porous medium.The purpose of 

work is to analyze the influence of viscoelasticity in the magneto thermal convective thresholds in 

ferrofluids in the presence of presence of Hall current and rheology of the ferrofluids is described 

by the fluid Walters’ (model B’) saturating a porous medium in ferrofluids. In the present problem, 

we have studies the effect of Hall current on thermal stability of ferromagnetic fluid heated from 

below in porous medium in the presence of horizontal magnetic field.  

 

FORMULATION OF THE PROBLEM AND PERTURBATION EQUATIONS 

Figure 1: Geometrical Configuration 

 

Consider magnetic nanoparticles suspended in conducting various carrier liquids. This prevents on 

the porous matrix, which is electrically non-conducting and incompressible. We consider that 

horizontal magnetic field  𝐻𝑚𝑓  (𝐻, 0, 0)  and uniform vertically downward gravity force g (0,0, -

g) of a viscoelastic ferromagnetic porous medium is confined between the planes z = 0 and z = d. 

The temperatures at the lower and upper boundaries are assumed to be 𝑇𝑙 and 𝑇𝑢respectively ( 𝑇𝑙 >
𝑇𝑢). Constant temperature difference ∆𝑇 (=   𝑇𝑙 − 𝑇𝑢) is maintain between the boundaries. 

 

The governing basic equations for the flow of an incompressible viscoelastic ferromagnetic fluids 

saturating a porous medium are  

Equation of state  

( )1mf l mf lT T   = − −  ,         (1) 

Equation of continuity  

. 0mfu =
,            (2) 

Equation of conservation of momentum are given by 

( )* *

1

.
4

l l me
mf mf mf mf mf mf mf mf

D
u p g M H u H H

Dt k t

  
  

 

 
= − + +  − − +   

  , (3) 

where 
( )* *

1
.mf

D
q

Dt t 

 
= +    is convective derivative.  

Equation of energy  

( ) 2

*
. ,mf mf

T
E u T k T

t


+  = 

          (4) 

Where in above equations, mfp
 is the pressure, mf

is density of ferromagnetic fluid,T is the 

temperature, mf
   is the thermal coefficient  of expansion, ( )0,0,g g= −

 is the gravitational 

acceleration acting vertically downward; 
*t is the time, l is the ferromagnetic density at a 



Proceeding of International Conference on Mathematics in Space and Applied Sciences  

(ICMSAS-2019) 

Published by Knowledge and Research Publisher, Nagpur India                  ISBN-978-81-942641-8-7 
 

293 
 

reference temperature ( )0lT z =
; ( ), ,mf u wu v=

is the filter velocity at coordinate ,x y and z

respectively; 
74 10 /me m A  −=  is the vacuum magnetic permeability; mfk is thermal diffusivity. 

     

To study traditional ferromagnetic concepts, the relationship between the induced field mfB , the 

external magnetic field, mfH  and the intensity of magnetization mfM , are given by following 
equations 

0mf mfM H =
                   (5) 

. 0, 0mf mfB H =  =            (6) 

( )0μmf mf mfB H M= +
         (7) 

We superimpose that the magnetization is correspond to the magnetic field, while its magnitude  

mf mfM M=
 dependence on the magnetic field and temperature so that  

( )mf

mf ,mf

H
M H TM

H
=

          (8) 
 In the presence of Hall currents Maxwell’s equations reduces to  

( ) ( )2

mf*

mf

1 1
η

ε 4πN et

mf

mf mf mf mf mf

H
u H H H H


   =   +  −   
       (9) 

. 0mfH =
           (10) 

 

All the quantities appeared in the above equations are already defined in nomenclature. In process 

mfH
 and T  are only two thermodynamics variables of mfM

 magnetization. We assume 

the first approximation for temperature dependent magnetization ( )mfmfM TM=
are given 

in the only form of temperature as 

( )1
mf

mf l

l

M
T T

M
 = − − 

            (11) 

where lM    represents the magnetization at lower temperature which known as reference 

temperature with   lT T= at  0z = , and 

1 mf

mf

l
H

M

M T


 
=  

   . 
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Assume basic state for the given system is 

( ) ( ) ( ) ( )

( ) ( ) ( )

0

0

0,0,0 0, ,  ,

1  ,

, ,

.

mf b mf b b

mf fm mb bf

u u p p zu v w

M M z

T T z T z

z z



    

= = = = = −

=+ ==
            (12) 

Let us consider infinitesimal perturbations around the initial state in the following forms

( )

( ) ( ) ( )

( , , 0 , , , ,

,

)

,0, ,0 ,

b mf b mf b

mf b x y z b

mf mf

mf

T T p p pu u v w u z

HH H h h h MMh M z

    



= + = + = + = +

= + = +
         (13) 

 Where 
, , , , ( , , )x y zp M h h h h   

and 
( , , )

mf
uu v w

 denote the perturbations in density, pressure, 

magnetization, temperature, magnetic field 
( ,0,0)mf HH

and filter velocity mfu
 (zero initially), 

respectively which are superimposed into the basic state. The small change in  density and M

magnetization, caused mainly by the perturbations in concentration mf
 and temperature  , is 

given by 

0 0

,mf mf

M

M

 
   


= − = −

          (14) 

Using boussinesq approximation, linearized perturbations equations (1) – (4), (9) and (10) for 

ferromagnetic fluids are

( )0

0 0

0* *

1

. ,
4

mf e

mfm mf mff mfp M h
u

g H u H
kt t

  
      

 


  
= − − −  − − +   

  
     

 (15) 

0,
u v w

x y z

  
+ + =

             (16) 

2

*
,mfE k w

t
 

 
−  = 

           (17)

( ) ( )2

*
,.

4
mfmf mf mf

mf

u h
t

h H H
N e


 



 
− =  

 
  −   
 

    (18)  

0.
yx z

hh h

x y z

 
+ + =

             (19) 

As we know that vector components of mfu , h and mfH are 

( )( ,, , ,),mf x y z x y zu u v w h h h h==

 and 

( ),0,0mfH HH= . The unknowns 
, , , , , ,x y z x y zu v w h h h p

can be reduced to , , ,z zw h   by 

operating on eq. (15) and eq. (18) with ˆ .ze curlcurl and using the identity curl operator i.e.,
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2curlcurl graddiv − with the aid off eq. (16) and eq. (19),we get suitable result in the 
followings forms 
 

2 2
2 2

* * 2 2

1 1 0 0

0 .1 1 1
, (20)

4

mf e m

f

m

m

f f z
M H H h

w g
k k xt t x y

 
   

  

          
  + −  = + − +                

 

* *

1 0

1 1
,

4

e mfH

k xt t

 
  

 

      
+ − =    

                                                            (21) 

( )2 2

*
,

4

mf mf

mf z

mf

H H
h

x N e xt


 

 

     
−  = +    

    
     (22) 

( )2 2

*
,

4

mf mf

mf z

mf

H Hw
h

x N e xt
 

 

     
−  = −    

              (23)

 where  

v u

x y


 
= −
   is the z-component of vorticity, 

y x
h h

x y


 
= −

    is the z-component 

of current density and  

2 2 2
2

2 2 2x y z

  
 = + +

    is laplacian operator on the horizontal plane. 

NORMAL MODE ANALYSIS 

Analyzing the arbitrary disturbance into a complete set of normal modes and examine the stability 

of modes individually. Thus, we assume that perturbation quantities dependence on x, y and t are 

of the form 

  ( ) ( ) ( ) ( ) ( ) ( )* * * * * *, , , , , , , , exp ,z x yw h W z z X z Z z K z iq x iq y t    =  + +    (24) 

Where xq  and yq
 are horizontal wavenumbers in the x  and y -directions, respectively, 

( )
1

2 2 2
x yk q q

 
= + 
   is the resultant wave number of the disturbance and 

*  is the growth rate of 

disturbance (in general, a complex constant). For functions with this dependence on  ,x y  and t ,
2 2

2

2 2
q

x y

  
+ = − 

     and

2
2 2

2
q

z

 
 = − 

  . 
Using expression (24), linearized the perturbation equations (17), (20)- (23) in non –dimensional 

form become 

( ) ( )
2 2 2

02 2 * * 2 2 *

1 0 0

1
,

4

mf mf mf x e

mf

a d M H ik Hd
F D a W g D a K

P

  


     

  
+ − − = − −  + −    

    (25) 

2

*

1 0

1
*,

4

x eik Hd
F Z X

P




  

 
+ − = 

               (26) 
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( )
2 2

2 2 * * *

2 ,
4

x x

mf mf mf

ik Hd ik Hd
D a p K W X

N e


  
− − = − +

          (27) 

( ) ( )
2 2

2 2 * * 2 2 *

2 ,
4

x x

mf mf mf

ik Hd ik Hd
D a p X Z D a K

N e


  
− − = − − −

         (28) 

( )
2

2 2 * *

1 .
d

D a Ep W





− −  = −
           (29) 

where

* 2

, cos , ,x

d d
a qd q q D

dz


 


= = = =

 and the non- dimensional parameters are 
1p




=

  is 

the  thermal Prandtl number,
2p




=

 is the magnetic Prandtl number,

1

1 2

k
P

d
=

 is the dimensionless 

medium permeability and 1

F
k

 
=

  is non – dimension viscoelastic parameter. 

 

Eliminating  
*  from equation (25) and (29) by using algebraic operation 

( )2 2

1D a Ep− −
 with 

equation (25), one gets  

( )( ) ( )( )
2

2 2 2 2 2 2 2 2 2

1 1

1 0

1
0,

4

x e
f

ik Hd
F D a D a Ep R a W D a D a Ep K

P


  

  

  
+ − − − − − − − − − =  

       
            (30)  

also we can rewrite equation (27) as      

 
( )

2 2

* * 2 2 *

2 0,
4

x x

mf mf mf

ik Hd ik Hd
W X D a p K

N e


  
− + − − =

         (31)      

Eliminating 
*Z  by operating equation (28) by 1

1
F

P






 
+ − 

 and using equation (26), which 

yields 

( ) ( )
2 2

2 2 * 2 2 *

2

1 1

1 1
0

4

x x

mf mf

k d Q ik H
F D a p X F D a K

P N e P

 
  

    

    
+ − − − − + + − − =    

    
 

            (32) 

    Method of solution 

The Galerkin weighted residuals method is used to obtain an approximate solution to the W , X  

and K  of equations (31)-(33) with the corresponding boundary condition. The appropriate 

boundary conditions for both bounding surfaces free- free; which transform expression (25) in 

non- dimensional form  
2 20, 0, 0, 0, 0W D W X DX D Z K= = = =  = = =  at 0z = and 1z =      (34) 

 Accordingly, the base functions W , X  and K are taking in the following way: 
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1 1

,
N N

n n n n

n n

W A W X B X
= =

= = 
 and 1

N

n n

n

K C K
=

=
           (35) 

where ( ) ( ) ( )2 3 1 2 3 12 , 2 ,n n

n n

n n n n n

n

nW z z z X z z z K z z+ + + + + += − + = − + = −
. 

The trial solutions satisfying the dimensionless boundary conditions nA , nB  and nC   are unknown 

coefficients, and 1,2,3,........, .n N=  

Calculating the residual or integrals in the limits from zero to unit, we obtain a set of linear 

homogeneous equations in the 3N unknowns nA , nB  and nC   which admits a non – trivial solution 

only if its determinant is equal to zero. Once the determinant is equated to zero, thus it found the 

characteristic equation of the system in terms of the thermal Rayleigh number Rf , other 

parameters. For a first approximation, we take N =1; this produces the result  

11 1

21 22 23 1

32

13

33 1

0 0

0 ,

0 0

a A

a a a B

a a

a

C

     
     

=
     
                    (36) 
where the elements of matrix are  

( ) ( )2 2 2 2

11 1 1

1

24 17 31 σ 1 31
2a Ep σ a a Ep σ σF R a

5 35 630 ε P
,

630
fa

  
= + + + + + − −  
    

( ) ( )
2

2 2 2x e

13 1 1

0

k μ d 2 17
4 2 Ep σ a a Ep σ ,

4πρ ν 5 420
a

H
a

  
− + + + + 

 
=

 
2 2

x x

21 22

mf mf mf

k d k Hd11 1
, ,

1260 εη 630 4πN eη

H
a a

  
= = − 

   

( )

2

23 2

2 2

2 x

32 2

1

2

2x

33

mf mf 1

1 1
(a p σ),

15 140

k Qdσ 1 1 1 1
σF a p σ ,

ε P 15 140 140 ε

k Hd σ 1 1 1
σF a

4πN eη ε P 3 30

a

a

a


= − − +

   − 
= + − − + −    

    

  
= + − − −  

    

( ) ( ) ( )( )

( ) ( )( )

( )( )( )

2

1 1 3 2 2 1 2 1

2 4 2 2

1 1 1 1

f
2 2

1 3 2 1

56 ε P σ FP εσ M M 6 28 3a 3p σ ε P 1 F ε σ M M

33a P Q 17 168 10 Ep σ a 336 17Ep σ M cos
R

62a P ε 28M 3 28 3a 3p σ M

a 

 + − + + + − + − +
 −
 − + + + +
 

=
− + + +

  (37)  

where ( ) ( )( )2 2 2

1 2 1 1M 28 3a 3p σ –ε P 1 F ε σ 3a P Qcos = + + + − + −
 ,  

( )( )4 2

2 1 1M 3024 31 306Ep σ a 612 31Ep σa= + + + +
,  
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( ) ( )2 2 2

3 1 1M a 10 a M ε P σ FP εσ cos = + + −
,      

Where 

4

0

0

.f mf f

f

f

M H d
R g

  

  

  
= −  
       is the Rayleigh number for ferromagsnetic fluids, 

2 2

04

e

mf

H d
Q



 

 
= 
 
   is the Chandrasekhar number, 

2

4 mf mf

H
M

N e 

 
= 
 
   is the Hall parameter and 

 1

'
F

k


=

is the viscoelastic number. 

Mathematical analysis 
Non-oscillatory convection  

When instability sets in stationary convection, the marginal state is characterized by putting 0 =

, in the dispersion relation (37), then the Rayleigh number for the case of stationary convection is 

given by  

( ) ( )( )
( )( )

2 2 2 2 2 2 2

5 4 5 4 1

1

6

2

4

2

56 10 cos 6
R

186 P ε 28 3a

28 3 33 cos
stat

f

a a MM a M M a M M PQ

a M

   + +

+

+ +
=

 (38)      

Where ( )2 2 2

4 128 3 3 cosM a a PQ = + +
 

( )2 4

5 3024 612 31M a a= + +
 

 ( )2 4

6 1680 336 17M a a= + +
    

which is identical with the result of 
R stat

f derived by sharma et al.(2017) for stationary convection. 

For stationary convection 
R stat

f is independent of viscoelastic parameter since it vanishes with 

disappearing of   which show same result as other non- viscoelastic ferromagnetic fluids. 

In order to investigate the effects of magnetic field, medium permeability and Hall currents, we 

examine the behavior of 
  ,

f fdR dR

dQ dM  and 1

 
fdR

dP  analytically. 

( )    ( ) ( )  ( )( )

( )  ( ) ( )( )
( )    ( )

( ) ( ) ( )( )( )

2 2

2
2 2 2

4 2 2 2 2

1

2 2

6 1

2 2 2

1
f

2
2

2 2 2 2 2

1

2

28 3 27 3 4 28

28 3 18 28 3

a P Q cos 2 cos 4 10 4 cos 2

33 cos Qε 4 cos 2 24

10 a P Q a cos 2 a cos 4
dR

dQ
496 3 28 3a a 28

168 M 3

9 3a Q 28 10 a Mε cos

a a

a

M a

M P a

a

a

P
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(39) 
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( ) ( )  ( )

( ) ( ) ( )( )( )

2 2 4 2 2

6
f

2
2

2 2 2 2 2

1

1 156 3 2 3 c231 10 cosdR

dM
31 3 28 3a a 2

os 2

9 8 3a Q 28 10 a Mε cos

a M a a PQ a PQQ

P

   



− +
=

+ + +

+

+ +

+ +

,                (40)      
                       

( ) ( ) ( ) ( )( )

( ) ( )( ) ( )

( ) ( ) ( )( )( )

2
4 4 6 2 6

5

2 2

1

4 2
2 2 2 2 2 2 2

5 5 1

2 2 2 2

1 6 1
f

2
2

2 2 2 2 21
1

9 28 3a 6a 28 3a 28 3a Q 28 10 a Mε cos

28 3a Q 28 10 a Mε cos 10 P Q cosdR

d
31 3 28 3a a 28 3a Q 28 10 a Mε co

9

9 1386

9 s

M M P

a M a a

a P

P M M

P
P













 + + + + + +
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−
=
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(41)     

It is clear from equations (39) that for stationary convection the magnetic field has a stabilizing 

effect for all wave numbers. Equation (40) and equation (41) shows that Hall effect and medium 

Permeability have destabilizing effect on the system. 

 

 

 

 

In order to investigating the analytical effect of magnetization replaced Rf by Rf/𝜋4in equation 

(38), which yields  

( ) ( )( )
( )( )
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5 4 5 4
4
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1
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f
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   + + +
=

+
−

+

   (42) 

To see the effect of magnetization, we examine the behavior of 
𝑑𝑅𝑓

𝑑𝑀0
 analytically. Equation (42) 

yields: 

( ) ( )( )
( )( )

2 2 2 2 2 2 2

5 4 5 4 6 1
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22 2

1 0
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f mf
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a a MM a M M a M M PQ

a MdM

    
=

+  
− 

+ + +

 


+



       (43)        
It is clear from equation (43) that the magnetization has stabilizing effect on the system.          

Oscillatory convection  

Here we examine the possibility of oscillatory modes, if any, on stability problem due to the 

presence of viscoelastic number parameter F. Equating the imaginary parts of equation (37) (by 

putting 𝜎 = 𝜄 𝜎𝑖  ,), we obtain 

 

2

14 1 11 2 15 1 14 3 12 2 11 4

4 6

16 1 15 3 13 2 12 4 13 4 16 3

[( ) ( )

( ) ( )] 0

i i

i i

A c A c A c A c A c A c

A c A c A c A c A c A c

 

 

− + − − + +

− − + + − =           (44) 
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It is evident from equation (44) that 𝜎𝑖   may be either zero or non- zero, meaning that the modes 

may be either non- oscillatory or oscillatory and the principle of exchange of stabilities is not 

satisfied for the problem.  

 

The case of overstability 

Since we wish to determine the Rayleigh number for the onset of instability via a state of pure 

oscillations, it suffices to find conditions for which equation (44) will admit of solutions with 𝜎𝑖   

real. For oscillatory motions, the real part of 𝜎 𝑖𝑠 zero. Hence, putting 𝜎 = 𝜄𝜎𝑖 , 𝑖𝑛 𝑒𝑞𝑢𝑎𝑡𝑖𝑜𝑛 (37) 

where𝜎𝑖   is real and is the dimensional frequency; one obtains 

Re Imf al i gR i=  +     ,                 (45) 

where 

( ) ( )

( ) ( )
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6 8

i 13 3 16 2 15 4 i 16 4

2 2
2 2 2

1 i 3 i 2 i 4

Re

A c σ A c A c A c σ A c A c A c A c

σ A c A c A c σ A c

c σ c σ c σ c
al

 + − + + − + − +
−  − + − − 

 =
− + −

        (46)                                                  
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Equation (44)   implies for  iσ 0 for oscillatory modes, therefore equation (45) implies that 

Im 0g =
which on simplification yields a dispersion relation as  

2
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( ) ( )] 0
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− + − − + +

− − + + − =      (48) 

Also equation (45) with 
OSC

f ReR al=   on simplification gives the thermal Rayleigh number for 
oscillatory modes as  

( )
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= − − + −− + − + 
 

− + − −      (49) 
 

where  11 1 3 6 12 2 4 7 13 5 14 1 3 6, , ,A A A A A A A A A A A B B B= + + = − + + = = + +

( ) ( )2 2 2 2 4 2

15 2 4 7 16 5 1, , 56 10 3024 612 31 cosA B B B A B A a a M a a = − + + = − = + + +
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( )( )2 2 2

213 262 (28 3 )18 27 ,1a P a Fc p p = + −− + ( )2 2

14 227 62 62 .a P Fc p  = − +  
Now, the oscillatory neutral solutions of equation (49) are obtained by firstly determine the roots 

of cubic equation (48) in term of 𝜎𝑖  
2. For overstability 𝜎𝑖  is real, at most one positive root is 

required of equation (48) for which the critical thermal Rayleigh number for oscillatory modes is 

obtained for various values of non- dimensional wave number which is seen in table no. 2 and 

related graphs on overstability convection. 

 

 

Table 1. Rayleigh number with respect to wave number for stationary convection with M =100, 

Q = 10, 𝑃1 =1.2, p1 =7, p2 =1, 𝜀 = 0.5, 𝜃 = 45𝑜 , 𝛼𝑚𝑓 = 10, 𝛾𝑚𝑓 = 0.5, 𝜌𝑜 = 10, 𝛻𝐻 = 10. 
a 𝑃1  = 1.0 𝑃1 = 1.2 𝑃1 = 1.4 M = 80 M = 120 Q = 20 Q =30 𝑀0 =10 𝑀0 =20 𝑀0 = 30 

1 149.613 132.092 120.093 137.656 127.914 187.814 257.868 13559.7 14329.1 15192.3 

2 76.8884 72.2329 69.6816 78.173 67.8964 137.835 224.062 7414.42 7835.7 8307.73 

3 75.4791 73.6116 73.3578 81.2685 68.0508 161.031 276.888 7555.5 7985.27 8466.31 

4 89.4442 89.0194 90.2061 99.2831 81.5768 207.791 365.562 9137.49 9656.67 10238.4 

5 111.794 112.55 115.102 126.227 102.637 271.883 483.697 11552.8 12209.2 12944.7 

6 140.795 142.736 146.772 160.612 129.785 351.751 629.695 14651.3 15483.8 16416.5 

 
 

Table 2. Rayleigh number with respect to wave number for overstability convection with 

 M =100, Q =10, 𝑃1 =1.2, p1 =7, p2 =1, 𝜀 = 0.5, F = 1.005,  𝜃 = 45𝑜,𝛼𝑚𝑓 = 10, 𝛾𝑚𝑓 = 0.5, 𝜌𝑜 =

10, 𝛻𝐻 = 10. 
a 𝑃1  = 1.0 𝑃1 = 1.2 𝑃1 = 1.4 M = 80 M = 120 Q = 20 Q =30 F = 0.5 𝑀0 =10 𝑀0 =20 𝑀0 = 30 

0.5 26011.8 20214.4 17789.8 31049 17447.9 22459.3 24787.9 22024.7 2074930 2192830 2324930 

1.0 6510.65 6397.78 6308.96 5904.16 6958.65 7189.23 7986.19 7714.82 656707 694020 735829 

1.5 5929.21 5901 5877.08 5166.05 6658.11 6651.06 7403.32 7254.79 605808 640229 678797 

2.0 6586.15 6595.49 6600.13 5652.66 7550.06 7405.42 8217.5 8214.98 677001 715467 758568 

2.5 7874.8 7924.13 7961.86 6714.67 9142.57 8841.33 9759.98 9995.13 813381 859596 911379 

3.0 9740.79 9847.73 9933.42 8283.55 11419.9 10906.8 11966.6 12582 1010830 1068260 1132620 

3.5 12242.6 12435.4 12592.6 10404.4 14474.2 13667.1 14898.8 16094.5 1276450 1348970 1430240 

4.0 15483.7 15801.6 16062.6 13165.5 18445.6 17235 18667.9 20711 1621970 1714130 1817390 

 

 
 NUMERICAL RESULTS AND DISCUSSION 

The equations (48) and (49) have been examined numerically using the software Mathematica 

version- 5.2. we have plotted the variation of Rayleigh number with respect to wavenumber using 

equation (38) for stationary case and equation (48)  and equation(49)for overstability case, for the 

fixed permissible vales of the dimensionless parameters 

1 1 2100, 10, 1.2, 7, 1, 0.5, 1.005, 45 , 10, 0.5, 10, 10o

m f m f oM Q P p p F H    = = = = = = = = = = =  =
 

as shown in table 1 and table 2. 
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Figure 2: The variation of thermal Rayleigh Number  𝑅𝑓 (Stationary) versus wave number a for 

three different values of the medium permeability parameter 𝑃1 = 1.0, 1.2, 1.4. 

 
Figure 3: The variation of thermal Rayleigh Number  𝑅𝑓 (overstability) versus wave number a for 

three different values of the medium permeability parameter 𝑃1 = 1.0, 1.2, 1.4. 

 

Figures 2 and 3 represent the variation of thermal Rayleigh number fR
versus wavenumber a for 

stationary convection and the case of overstability respectively, for both cases for various values 

of medium permeability parameter 1 1.0,1.2,1.4P = . the Rayleigh number deceases with the 

increase in the parameter 1P  showing thereby the destabilizing effect of medium permeability 

parameter on the system but for  4a    for stationary convection Rayleigh number increase with 
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increase in the parameter 1P   and for the case of overstability wavenumber 2a   Rayleigh number 

increase with increase in medium permeability  thereby the stabilizing effect on the system. 

 
Figure 4: The variation of thermal Rayleigh Number 

  𝑅𝑓 (Stationary) versus wave number a for three 

 different values of the Hall current parameter 

 𝑀 = 80, 100, 120. 

Figures 4 and 5 represent the variation of thermal Rayleigh number fR
 versus wavenumber a for 

stationary convection and the case of overstability respectively, for various values of Hall Current 

parameter 80,100,120M = . For the case of stationary convection as well as overstability Rayleigh 

number deceases with the increase in the parameter 𝑀  showing thereby the destabilizing effect of 

Hall Current parameter on the system whereas for wave number 1.2a   in the case of overstability 

Rayleigh number increase with increase in the parameter M showing thereby stabilizing effect on 

the system. 

 
 

 

Figure 5: The variation of thermal Rayleigh 

Number 𝐑𝐟 (overstability) versus wave number a 

for three different values of the Hall current 

parameter 𝐌 = 80, 100, 120. 

Figure 6: The variation of thermal Rayleigh 

Number 𝐑𝐟 (Stationary) versus wave number a 

for three different values of the magnetic field 

parameter 𝐐 = 10, 20, 30. 

 

Figure 7: The variation of thermal Rayleigh 

Number  𝐑𝐟 (overstability) versus wave number a 

for three different values of the magnetic field 

parameter 𝐐 = 10, 20, 30. 
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Figures 6 and 7 represent the variation of thermal Rayleigh number fR
 versus wavenumber a  for 

stationary convection and the case of overstability  respectively, for both cases for various values 

of magnetic field  parameter 10,20,30Q = . The Rayleigh number increase with the increase in 

the parameter  Q  showing thereby the stabilizing effect of magnetic field parameter  

 

on the system.  

 

 
 

 

 

 

 

 

 

Figures 8 and 9 represent the variation of thermal Rayleigh number fR
versus wavenumber a for 

stationary convection and the case of overstability respectively, for both cases for various values 

of magnetization parameter 0 10, 20,30M = . The Rayleigh number increase with the increase in 

the parameter 0M    showing thereby the stabilizing effect of magnetization parameter on the 

system.  

Figure 8: The variation of thermal Rayleigh Number  

𝐑𝐟 (Stationary) versus wave number a for three 

different values of the magnetization parameter M0  = 

10, 20, 30. 

 

Figure 9: The variation of thermal Rayleigh 

Number  𝐑𝐟 (overstability) versus wave number a 

for three different values of the magnetization 

parameter M0  = 10, 20, 30. 
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Figure 10 represents the variation of thermal Rayleigh number fR
 for the overstability convection 

with the wave number a   for various value of viscoelastic number parameter 0.5,1.005F = . The 

Rayleigh number increase with increase in the parameter F  showing thereby the stabilizing effect 

of the viscoelastic number parameter on the system. It is also clear from the figure 2- 10 that 

overstability dominant mode of stability.  

 

9. CONCLUSION 

In the present paper, the combined effect of medium permeability, horizontal magnetic field, Hall 

effect, viscoelastic number and magnetization has been considered on the thermal stability of an 

elastic-viscous ferromagnetic fluid. The effect of various parameters such as medium permeability, 

horizontal magnetic field, Hall effect, viscoelastic number and magnetization has been investigated 

analytically as well as numerically. The main results from the analysis of paper are as follows. 

● In order to investigate the effects of medium permeability, horizontal magnetic field, Hall 

effect and magnetization, we examine  the behavior of 
𝑑𝑅𝑓

𝑑𝑃1
,

𝑑𝑅𝑓

𝑑𝑄
,

𝑑𝑅𝑓

𝑑𝑀
 𝑎𝑛𝑑

𝑑𝑅𝑓

𝑑𝑀0
 analytically. 

● It is found that magnetic field and magnetization have a stabilizing effect whereas medium 

permeability and Hall effect have a destabilizing effect on the system. Figures 2, 4, 6 and 

8 support the analytic results graphically. The reasons for stabilizing effect of magnetic 

field and destabilizing effect of Hall currents are accounted by 

Chandrashekhar(Chandrashekhar, 1961). This is also valid for second- order fluids as well. 
● It is found that for overstability convection magnetic field and magnetization as well as 

viscoelastic number parameter have a stabilizing effect whereas medium permeability and 

Hall current have a destabilizing effect on the system but for wavenumber 2a   Hall 

Figure 10: The variation of thermal Rayleigh Number  𝐑𝐟 (overstability) versus wave number a for different 

values of the viscoelastic number parameter F  = 0.5, 1.005. 
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current as well as medium permeability parameter both shows stabilizing effect on the 

system. 
● The principle of exchange of stabilities is not valid for the problem under consideration 

whereas in the absence of Hall current (and hence magnetic field), it is valid under certain 

conditions. 
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Abstract 

The propagation of waves in a homogeneous fibre-reinforced linear thermoelastic isotropic plate 

is investigated in the context of couple theory of thermoelasticity. Secular equations for 

symmetric and antisymmetric wave modes in completely separate terms are derived in closed 

form and isolated mathematical conditions. It is shown that the purely transverse motion (SH 

mode), which is not affected by thermal variations, gets decoupled from rest of the motion of 

wave propagation. The results for isotropic materials theory of thermoelasticity have been 

obtained as particular case. The special cases, such as short wavelength waves and thin plate 

waves of the secular equations are also discussed. Finally, the numerical solution is carried out 

for fibre-reinforced isotropic plate. The dispersion curves for symmetric and antisymmetric wave 

modes and attenuation coefficient are presented in order to illustrate and compare the theoretical 

results. The theory and numerical computations are found to be in close agreement. 

 

1. Introduction 

A fibre reinforced composite can be designed for all conditions of stresses that may occur and in 

accordance with the principle of mechanics. The characteristic property of a reinforced 

composite is that its components act together as single anisotropic units as long as they remain in 

the elastic condition. The wave propagation in a reinforced medium plays a very interesting role 

in civil engineering and geophysics. The studies of propagation, reflection and transmission of 

waves are of a great interest to seismologists. The propagation of waves depends upon the 

ground vibration and the physical properties of the structure. Thus the role of the propagation of 

surface waves in a fibre reinforced medium cannot be neglected in any way.  

 

The dynamical problem of propagation of Surface waves in elastic media are of considerable 

importance in earth quake, engineering and seismology on account of occurrence in the earth’s 

crust as the earth is made up of different layers. Surface waves have been well recognized in the 

study of earthquake waves, seismology, geophysics and geodynamics. A good amount of 

literature is to be found in the standard books of Bullen [1], Ewing et al. [2], Rayleigh [3], Love 

[4], Stoneley [5] and Jeffreys [6] regarding surface waves in classical elasticity. 

 

Most of the previous investigations have been studied the effect of reinforcement. The idea of 

introducing a continuous self reinforcement at every point of an elastic solid was introduced by 

Belfied et al. [7]. The problem of surface waves in fibre reinforced anisotropic elastic media was 

discussed by Sengupta and Nath [8]. The elastic moduli for fibre reinforced materials were 

discussed by Hoshin and Rosen [9]. The propagation of plane waves in a fibre reinforced media 
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is investigated by Chattapadhyay et al. [10]. The problem of wave propagation in thermally 

conducting linear fibre reinforced composite materials is discussed by Singh [11].  Othman and 

Abbas [12] investigated the effect of rotation on plane waves at the free surface of a fibre-

reinforced thermoelastic half space.  

 

The coupling between the strain and temperature fields was first studied by Duhamel [13] who 

derived equations for the distribution of strains in an elastic medium subjected to temperature 

gradients. Biot [14] gave a satisfactory derivation of the equation of thermal conductivity – 

which includes the dilation term – based on thermodynamics of irreversible processes. Sharma 

[15], Sharma et al. [16], investigated the propagation of thermoelastic waves in homogeneous 

isotropic plate subjected to stress free and rigid insulated and isothermal conditions in the 

conventional coupled and generalized theories of thermoelasticity. Sharma and Singh [17] 

studied the propagation of circularly crested thermoelastic waves in a homogeneous isotropic 

cylindrical plate subjected to stress free and isothermal conditions. Sharma and Pathania [18] 

studied the propagation of waves in a homogeneous, transversely isotropic, thermally conducting 

plate bordered with layers of inviscid liquid or half-space of inviscid liquid on both sides. 

 

For wave propagation in a homogenous medium, the introduction of displacement potentials 

leads to the decoupling of P, SV and SH motions. On close examination of Sengupta and Nath 

[8],  it is found by Singh [19] that their expressions for the potentials do not satisfy one of the 

equations of motion. Consequently, most of the result and conclusions of Sengupta and Nath [8] 

are unacceptable. The method of potentials is not suitable for studying wave propagation in fibre 

reinforced anisotropic elastic media. Sengupta and Nath [8] apply this method incorrectly.  

 

In the present paper, we have discussed the propagation of waves in a homogeneous fibre-

reinforced linear thermoelastic isotropic plate and coupled thermoelastic plate. Secular equations 

for symmetric and skew-symmetric wave modes are derived in closed form and isolated 

mathematical conditions. The special cases, such as short wavelength waves and thin plate waves 

of the secular equations are also discussed. The dispersion curves for symmetric and 

antisymmetric wave modes and attenuation coefficient of symmetric and skew-symmetric 

modes.  

 

2. Basic Equations 

The constitutive equations for a fibre-reinforced linearly thermoelastic isotropic medium with 

respect to the reinforcement direction a


 as discussed by (Belfield et al. [7])                

( )kkjiijkmmkijTjikkji eaaeaaee +++=  2  

                   ( )( ) ijjikmmkkikjkjkiTL Taaeaaeaaeaa  −++−+ 2      (1) 

where ij  are components of stress; ( )ijjiij uue ,,
2

1
+= are components of strain; T, are elastic 

parameters; TL  −,,  are reinforced anisotropic elastic parameters; ( ) t 23 +=  ; t is 

thermal expansion coefficient; T is the temperature change; iu are the displacement vectors 
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components and ( )321 ,, aaaa =


, where 1
2

3

2

2

2

1 =++ aaa . If a


 has components that are ( )0,0,1

so that the preferred direction is the 1x axis, Eq. (1) simplifies, as given below 

TeAeAeA  −++= 33122212111111 ; 

TeeAeA  −++= 332222111222 ; 

TeAeeA  −++= 332222111233 ; 

2323 2 eT = ; 

1313 2 eL = ; 

1212 2 eL = ;           (2) 

where  +−+++= )(4)(211 TLTA ; 

             +=12A ; 

           TA  222 += . 

 

The equations of motion in the absence of body forces are 

                ijij u =,                          (3) 

and equation of heat condition in absence of heat source    

              iieii uTTcKT 
0,  +=         (4) 

where   is mass density; 0T is the reference temperature; ec is the specific heat at constant 

strain; K is thermal conductivity. 

 

3.         Formulation of the problem 

We consider a homogeneous fibre-reinforced linear thermoelastic isotropic plate of thickness d2  

initially at uniform temperature 0T . We take origin of the co-ordinate system ),,( zyx on the 

middle surface of the plate. The zx −  plane is chosen to coincide with the middle surface and the 

y -axis normal to it along the thickness. The surface dy = is subjected to different boundary 

conditions. We take yx − as the plane of incidence and assume that the solutions are explicitly 

independent of z but implicit dependence is there so that component w of displacement is non-

vanishing.  

 

The basic governing equations for homogeneous fibre-reinforced linear thermoelastic isotropic 

medium, in the absence of body forces and heat sources(on using Eqs. 1-4), are given by 

                              
2

22

212

2

2

2

11
t

u

x

T

yx

v
Au

yx
A L




=




−




+


















+




     (5) 

                              
2

2

2

2

222

22

21
t

v

y

T
v

y
A

xyx

u
A L




=




−


















+
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     (6) 
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where 1221 AA L +=  ; 

 

For convenience, we define the quantities  

 ),,(),,( 1
/// zyxczyx = ,  ),,(),,( 1

/// wvucwvu = , 

tct 
2

1
/ = , T

c
2

1


 = , 

T

ij
ij




 =

/
 , ,

K

ce
 =




=

2
1c .     (9) 

Upon introducing quantities (9) in governing Eqs. (5) to (8) we obtain (on suppressing dashes for 

convenience) 
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where   
2

1

1
c

h L




= ; 

2
1

21
2

c

A
h


= ;

2
1

3
c

h T




= ;

2
1

11
11

c

A
h


= ;

2
1

22
22

c

A
h


= . 

 

 

4. Boundary conditions 

The surfaces dy =  of the plate are assumed to be stress free and thermally insulated or 

isothermal. Therefore, the non-dimensional boundary conditions to be satisfied are given as   













+




=

x

v

y

u
gxy 0

 

 321 g
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+




=   

04, =+  Hgy           (14) 
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where H is Biot’s heat transfer coefficient, 
T

Lg



=0 ,

T

A
g


12

1 = ,
T

A
g


22

2 = ,
T

c
g




2

1
3 = , 

1
4

1

c
g = . 

 

5. Solution of the problem 

We assume solutions of the form 

  ( ) ( ) ( ) ctmyxiUWVwvu −+=  sinexp,,,1,,,   (15) 

where =c  is the non-dimensional phase velocity,   is the frequency and  is the wave 

number. Here   is the angle of inclination of wave normal with y -axis; m is still unknown 

parameter. Here V ,W  and   respectively, the amplitude ratios of displacements v , w  and 

temperature   to that of displacement u . 

Upon using solutions (15) in  Eqs. (10)–(13), we obtain 

( ) 022
3

2
1 =−+ Wcmhsh

         

(16a) 

012
22

1
2

11 =++−+ sVsmhcmhsh 

        

(16b)

0)( 1
22

22
2

12 =+−++ mVcmhshsmh 

       

(16c) 

0)( 1
22

211 =−+++ cmsmcVsc 

       

(16d)

 where  
1

1
−=  i , sin=s . 

 

Eq. (16a) in the above system corresponds to purely transverse wave mode (SH) that decoupled 

from rest of the motion and is not affected by the thermal variations. The characteristic roots 

corresponding to Eq. (16a) are given by 

    
3

2
1

2

87 ,
h

shc
mm

−
= .     (17) 

From the rest of Eqs. (16), which corresponds to the coupled longitudinal, shear vertical (SV) 

and thermal (T-mode) motion, one can obtain 

   ( )( )( ) 0
2

5
22

3
22

1
2 =−−− mmmmmm      (18) 

where 
2

km , 5,3,1=k  are the roots of the equation 

   0246 =+++ CBmAmm       (19) 

Here the coefficients A , B , C are given by 

( )

221

22121111
22

hh

hhcchPsJc
A

 −++−
−= ; 
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( )( ) ( )( )  
221

.2
22211

2
112

2
1

222
1

22
11

2 )2(

hh

shhhccscPsJcshcshc
B

−+−+−−+−−
=



( )( )( ) 
221

.2
11

2
11

2
2

2
1

2
1

2

hh

csshcscshc
C

 −−−−
−=  

where  

221 hhJ += , 2211
2

2
2

1 hhhhP +−=  

Eq. (19) being cubic in 
2m admits six solutions for m ; which also have the property 12 mm −= , 

34 mm −= , 56 mm −= . For each qm ; 6,,2,1 =q the amplitude ratios V and  can be 

expressed as 













=
−−−

=

=
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    (21) 

where 

2
222

2
1

2

2
112

2
11

2

)(

)(

q

q
q

mhhshc

shhmhc
a

−+−

−+−
= ,      .6,,2,1 =q       (22) 

Combining Eqs. (20) and (21) with stress–strain–temperature relations we rewrite the formal 

solution for the displacements, temperature, stresses and temperature gradient as 

( ) ( ) ( )  dydctymxsiUVvu
q

qqqq −−+=
=

,exp,,1,,
6

1

    (23) 

( ) ( ) ( ) ,exp,,,,
6

1

321, 
=

−+=
q

qqqqqyyyxy ctymxsiUDDDi     (24) 

Here 

( )qqq sVmgD += 01 , 6,,2,1 =q  

qqqq gVmgsgD −+= 3212 ,  6,,2,1 =q  



Proceeding of International Conference on Mathematics in Space and Applied Sciences  

(ICMSAS-2019) 

Published by Knowledge and Research Publisher, Nagpur India                  ISBN-978-81-942641-8-7 
 

315 

 

qq mD =3
, 6,,2,1 =q                      (25) 

6. Derivation of the secular equations 

By invoking stress free and thermal boundary conditions at plate surfaces dy = ; we obtain a 

system of six simultaneous linear equations in amplitudes qU ; 6,,2,1 =q  as 


=

=
6

1

1 0
q

qqq UED ; 
=

=
6

1

2 0
q

qqq UED ,  
=

=
6

1

3 0
q

qqq UED    (26) 

where )exp( dmiE qq = ; 6,,2,1 =q . 

System of Eqs. (26) have a non-trivial solution if the determinant of the coefficient of qU ;

6,,2,1 =q  vanishes, which leads to a characteristic equation for the propagation of modified 

guided thermoelastic waves in the plate. We refer such waves as plate waves rather than Lamb 

waves whose properties were originally derived by Lamb in 1917 for isotropic elastic solids. The 

characteristic equation for the thermoelastic plate waves in this case, after applying lengthy 

algebraic reduction and manipulations of the determinant leads to the following secular equations 

  
111

515

1

5

3

111

313

1

5

1

GD

GD

T

T

GD

GD

T

T
−=










−












      (27) 

Here the superscript 1+  corresponds to skew-symmetric and 1−  refers to symmetric modes and 

( )kk mdT tan= , 5,3,1=k  

( ) ( )1
3434325

1
54545231

 +−+= TDiDDTDiDDG  

( ) ( )1
1414125

1
54545213

 +−+= TDiDDTDiDDG  

( ) ( )1
1414123

1
34343215

 +−+= TDiDDTDiDDG  

 

where qqq mD =4 , qq gHD −= 414  . 

Here  

432545231 DDDDG −=  

412545213 DDDDG −=  

412343215 DDDDG −=           (28) 

for a stress-free thermally insulated ( )0→H plate and 

1
34325

1
545231

 −= TDDTDDG  

1
14125

1
545213

 −= TDDTDDG  

1
14123

1
343215

 −= TDDTDDG         (29) 

for stress-free isothermal ( )→H plate. 

The secular Eq. (27) is the transcendental equation, which contains complete information about 

the phase velocity, wave number and attenuation coefficient of the plate waves. In general, wave 
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number and hence the phase velocity of the waves is complex quantity, therefore the waves are 

attenuated in space. If we write 

    QiVc P
111 −−− +=        (30) 

where PV and Q are real, the exponent 
)sin( ctxie −
in the plane wave solution (15) becomes 

      


sinsin QxtVx
V

i
P

P

−− . 

This shows that PV  is the propagation speed and Q  the attenuation coefficient of the waves. 

Upon using Eq. (29) in Eq. (27) the values of PV and Q  for different modes can be obtained. 

 Also all the results reduce to the theory of coupled thermoelasticity of isotropic 

materials when the anisotropic parameters 0= , 0= , 0=− TL  for the fibre-reinforced 

medium tend to zero (if necessary writing TTLL  +−= )(  and considering 0→− TL  ). 

 

7.   Discussion of the secular equation 

1. Regions of the secular equation 

Here depending on whether 1m , 2m , 3m being purely imaginary or complex, the frequency Eq. 

(27) is  correspondingly altered as follows. 

 

1.1  Region I 

When the roots of characteristic Eq. (19) are of type
22

kk mm −= , 5,3,1=k ; kk mim = is purely 

imaginary or complex number. This ensures that the superposition of partial waves has the 

property of ‘‘exponential decay’’. In this case the secular equation is written from Eq. (27) by 

replacing circular tangent functions of km , 5,3,1=k with hyperbolic tangent functions of km , 

5,3,1=k : 

111
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1
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313

1

5

1

)tanh(

)tanh(

)tanh(

)tanh(

GD

GD

md

md

GD

GD

md

md




−=


















−























     (31) 

where 

( )  ( ) 1
3434325

1
54545231 )tanh()tanh(

 +−+= mdDiDDmdDiDDG   

( )  ( ) 1
1414125

1
54545213 )tanh()tanh(

 +−+= mdDiDDmdDiDDG   

( )  ( ) 1
1414123

1
34343215 )tanh()tanh(

 +−+= mdDiDDmdDiDDG     (32) 

Here qD1 , qD2 , qD3 , qD4 ; 5,,2,1 =q can be obtained on replacing km by kmi  ; 5,3,1=k in the 

corresponding expressions. 

 

Region II 
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In case two of the roots of Eq. (19) are of the type 
22

kk mm −= , 3,1=k ; then the frequency 

equation can be obtained from Eq. (27) by replacing circular tangent functions of km ; 3,1=k

with hyperbolic tangent functions of  km , 3,1=k : 

111

515

1

5

3

111

313

1

5

1

)tan(

)tanh(

)tan(

)tanh(

GD

GD

dm

md

GD

GD

dm

md
−=









 
−









 









     (33) 

where 

( )  ( ) 1
3434325

1
54545231 )tanh()tan(

 +−+= mdDiDDdmDiDDG   

( )  ( ) 1
1414125

1
54545213 )tanh()tan(

 +−+= mdDiDDdmDiDDG   

( )  ( ) 1
1414123

1
34343215 )tanh()tanh(

 +−+= mdDiDDmdDiDDG     (34) 

 

Here qD1 , qD2 , qD3 , qD4 ; 5,,2`,1 =q can be obtained on replacing km by kmi  ; 3`,1=k in the 

corresponding expressions. 

 

1.2 Region III 

In the general case the roots 
2

km ; 5,3,1=k are complex numbers, and then the frequency 

equation is given by Eq. (27). 

 

Waves of short wavelength 

Some information on the asymptotic behavior is obtainable by letting → : If we take 






/L

 ; it follows that  /Lc   and the roots of characteristic equation lies in region I 

in this case. Then we replace 1m , 3m  and 5m in the secular equation by 1mi  , 3mi   and 5mi  .  Here 

for 

   → , 1
)tanh(

)tanh(

5

1 →




md

md




 and 1

)tanh(

)tanh(

5

3 →




md

md




 

so that secular Eq. (27) reduces to 

 0515313111 =+− GDGDGD        (35) 

Here  

( ) ( )4343254545231 DiDDDDDG −−−=  

( ) ( )4141254545213 DDDDDDG −−−=  

( ) ( )4141234343215 DDDDDDG −−−=  

Eq.(35) is the similar to as obtained and discussed by Sharma et al.[20] in case of homogeneous 

transversely isotropic thermoelastic plate with stress-free thermally insulated plate. It is merely 

Rayleigh surface wave equation. The Rayleigh results enter here since for such small 
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wavelengths, the finite thickness plate appears as semi-infinite medium. Hence vibration energy 

is transmitted along the surface of the plate. 

 

 

 

8. Thin plate results 

The thin plate limits are specified by 1d when the transverse wavelength of the plate is quite 

large as compared to the thickness of the plate. So for 





/L

 ; we have kk mim = ; 

5,3,1=k . In this case the secular equation can be obtained from Eq. (27) just by replacing 

circular tangent functions with hyperbolic tangent functions.  

 

9.  Numerical result and Discussion 

With the view of illustrating theoretical results obtained in the preceding sections, we now 

present some numerical results for the physical constants as discussed in Singh and Singh [21]. 
271059.7 −= mN ,

2171086.3 −− = smkg ,
291089.1 −= mNT ,

291045.2 −= mNL , KT 2000 = ,
291028.1 −−= mN ,

291032.0 −= mN ,

37800 −= mkg ,
141078.1 −−= Kt ,

1150 −− = KkgJce ,
11710 −− = KmwK . 

 

The complex roots of characteristic equation (19) have been computed with the help of reduced 

Cardano’s method, which are then used in various relevant relations. The secular equation (27) is 

solved for the phase velocity by using iteration method. The sequence of iteration is made to 

converge after sampling it over about 100 sample values in order to achieve the desired level of 

accuracy. The phase velocity, group velocity and attenuation coefficient profiles of first three 

symmetric and skew-symmetric modes of fibre-reinforced thermoelastic (FRT) and coupled 

thermoelastic (CT) plate has been computed and corresponding dispersion curves are represented 

graphically in Fig.1-6 for wave normal inclination
90=  with the axis of symmetry. 
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Figures 1-2 show the variations of non-dimensional phase velocities of symmetric and skew-

symmetric modes )3,2,1( =iVi respectively, versus wave number in the context of FRT and CT 

theories. The phase velocity of fundamental mode ( 1V ) of symmetric motion has been observed 

to be almost dispersionless and whereas it found to be zero at vanishing wave number in case 

skew symmetric motion of both FRT and CT theories. The phase velocities of higher modes

)3,2( =iVi  attain quite large values at vanishing wave number which sharply slash down to 

become steady and asymptotically closer to shear wave velocity at extremely large wave 

numbers. It is observed that the reinforcement has a significant effect on the distribution of the 

field quantities. It is noticed that the reinforcement effect has negligibly small effect on the phase 

velocities at higher wave numbers and the phase velocities of various modes become asymptotic 

and tend to the Rayleigh wave speed. In such situation a finite thickness plate appears to be half-

space and the vibration energy is mainly transmitted through the surface of the plate. Figs. 3-4 

present the variations of group velocities ( 3,2,1, =iV
ig ) of symmetric and skew symmetric 

modes in FRT and CT plates versus non-dimensional wave number respectively. The values of 

group velocities of various modes are found to be zero at vanishing wave numbers which 

correspond to the condition of zero energy transmission in horizontal direction. The profiles of 

group velocity, both in FRT and CT, increase monotonically in the interval ]1,0[  and it tends to 

phase velocity profiles of respective modes at high frequency limits for all modes. Figs. 5-6 

show the variations of attenuation coefficient )3,2,1,( =iQ
i

 for symmetric and skew symmetric 

modes in FRT and CT plates versus non-dimensional wave number respectively. It is noticed 

that the attenuation coefficient is small for the mode which have large magnitude of the phase 

velocity and vice versa. It is also noticed that curves of attenuation coefficient with wave number 

in each mode is almost reflection (mirror image) of the graph of phase velocity with wave  

number. 
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Fig. 1:    Variations of phase velocity of symmetric modes versus 

wave number. 
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Fig. 2:    Variations of phase velocity of skew-symmtric 

modes versus wave number. 
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Fig. 3:    Variations of group velocity of symmetric modes 
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Fig. 4:    Variations of group velocity of skew-symmetric 

modes versus wave number. 
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10. CONCLUSIONS: 

It is observed that the phase velocity of the acoustic symmetric mode become dispersionless and 

asymptotic. For increasing wave number this remains closer to the velocity of thermoelastic 

Lamb waves because in this case the energy transmission takes place mainly along the surface 

(interface) of the plate. The acoustic skewsymmetric mode has zero velocity at vanishing wave 

number, which increases to become closer to the velocity of thermoelastic Lamb wave with 

increasing wave number. The phase velocities of optical modes of propagation attain large values 

at vanishing wave number, which slashes down to become steady and asymptotic to the reduced 

Rayleigh wave velocity with increasing wave number. The hypothetical results in case of FRT 

theory here observed to resemble closely to that of CT theory of thermoelasticity for initial two 

modes namely acoustic and first modes of wave propagation. It is clear from the above 

investigation that the surface waves in the fibre-reinforced medium are affected by the reinforced 

parameters. Also all the results reduce to the CT results when the anisotropic parameters for the 

fibre-reinforced medium tend to zero. We conclude that the Rayleigh wave velocity in a fibre-

reinforced elastic medium is considerably higher than the Rayleigh wave velocity in isotropic 

media. 
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                                                      Abstract  

In this paper, effect of rotation on electrothermal-convection in a horizontal layer of  dielectric 

rheological nanofluid saturating a porous medium is investigated. The rheological behaviour 

of nanofluid is described by Maxwell model and for porous medium, Darcy model is 

employed. The used Boungiorno model for nanofluid incorporates the effects of 

thermophoresis and Brownian diffusion.  The Navier-Stokes equations of motion are modified 

due to the presence of applied AC electric field and rotation by the inclusion of 

dielectrophoretic force, Coulomb force and Coriolis force, respectively. By applying linear 

stability analysis based upon perturbation theory and one-term Galerkin method, we derive 

the expressions for thermal Rayleigh number for both the cases of stationary convection and 

the oscillatory motion are derived.  The effects of Taylor number, AC electric Rayleigh number, 

Lewis number, modified diffusivity ratio and nanoparticles Rayleigh number on the onset of  

stationary and oscillatory modes.  

 

Keywords: Electrohydrodynamics, Nanofluid, Maxwell model, Porous Medium, Rotation. 

 

1. Introduction 

Electro-thermo-hydrodynamics (ETH) is an interdisciplinary area  of composite  

communications  among the thermal gradient and electric field applied to a horizontal dielectric 

nanofluid layer.  Due to its practical importance, numerous studies have been approved  to 

evaluate  the consequence  of electric field on natural convection. A temperature gradient 

applied to a dielectric fluid produces a gradient in the dielectric constant and electrical 

conductivity. The applied electric force of fluid motions is effective method in getting very 

helpful interesting results in the cooling of lap-tops and devices of the flight in space, usage to 

a variety of applications ranging from electro-kinematic assays to electro spray ionization made 

on nanoscale being used at a large scale in the present era. In dielectric liquids characterized 

by low values of conductivity,  Maxwell’s equations reduce to the electro-quasistatic limit. 

Keeping this information  in mind, many  envils  of the onset of convection instability in a 

horizontal layer and a vertical temperature gradient have been investigated in the history. 

 

Maxwell (1891) was the first who coined the idea of dispersing solids in fluids. Nanofluids has 

been formed with a completely different thermophysical properties such as density, specific 

heat capacity, thermal conductivity, convective heat transfer, thermal difusivity, and viscosity. 

Commercializing  nanofluid is facing challenges due to their poor stability which occurred by 
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the interaction between the particles themselves and between the particles and the surrounding 

liquid. Convection of non-Newtonian fluids in a porous medium is of considerable importance 

in several applied fields such as oil recovery , food processing, and the spread of contaminants 

in the environment, and in various processes the   chemical and materials industries. Rotation 

plays important role in the thermal instability of nanofluid layer and has applications in rotating 

machineries such as nuclear reactors, petroleum industry, biomechanics, automotive industries, 

power plant cooling systems, computers etc. The effect of rotation on viscous and viscoelastic 

fluids has been studied by different authors [Chandrasekhar (1961), Vadasz,  (1996) ,  

Malashetty et al. (2007), Dhannajay et al.(2011), Agarwal and Bhadauria (2014).  Chand et al. 

(2015), Rana and Agarwal (2015), Govender (2016a, b).  Mahajan and Sharma (2018) studied 

the penetrative convection stimulated by internal heating in magnetic nanofluid saturating a 

rotating porous medium while detailed review on the instability and convection in rotating 

porous media has been explained by Vadasz (2019).They found that the rotation parameter has 

a stabilizing effect on thermal instability of viscous and viscoelastic fluid.  Takashima (1976) 

studied  the convective  instability  in  a  dielectric  fluid  under  the  simultaneous  action  of 

rotation and   the AC electric  field whereas the electrohydrodynamic  instability  of   a   rotating  

layer  of   viscoelastic  dielectric  regular   fluid   was  studied  by   Othman  (2004). Shivakumara 

et al. (2013) studied electrohydrodynamic instability of a rotating couple stress dielectric fluid 

layer while Rana et al. (2016) studied the instability of a viscoelastic fluid saturating a porous 

medium in electrohydrodynamics. The onset of electroconvection in a dielectric nanofluid 

saturating a rotating Darcy porous medium has been studied analytically and numerically by 

Wakif et al. (2018) using realistic boundary conditions and they have shown that the onset of 

electroconvection can be accelerated on increasing AC electric Rayleigh –Darcy number, the 

Lewis number and the modified diffusivity ratio.  

 

Recently, Rana et al. (2019) investigated electrohydrodynamic thermal instability of an 

elastico-viscous nanofluid saturating a porous in the presence of vertical AC electric field and 

found that couple-stress parameter, medium porosity and Brinkman-Darcy number have 

stabilizing effect whereas AC electric Raleigh number, Lewis number and modified 

diffusivity ratio and nanoparticle Rayleigh number have destabilizing effect on the system. 

Sharma et al. (2019) have examined  the rheological behavior of electro-hydrodynamics  

convection in dielectric rotating maxwellian nanofluid layer with vertical AC electric field and 

have shown that applied electric field has a stabilizing effect on the system. Here, effect of  

rotation  on  electrothermal-convection in a dielectric  Maxwellian  nanofluid layer saturating 

a Darcy porous medium is studied which include one additional parameter, namely, the Taylor 

number. 

 

2     Formulation  of  the  Problem  and  Mathematical  Model 

An infinitely extending electrically horizontal layer of an incompressible dielectric Shear-

Thinning viscoelastic nanofluid for bottom/top-heavy distribution of nanoparticles, heated 

from below is considered. It is confined between two parallel planes 0~ =z and  dz
~~ = , where 

temperature and volumetric fraction are kept constant : 0

~~
TT =  and 0

~~  =  at 0~ =z  and 1

~~
TT =

and 1
~~  =  at dz

~~ =  , ( )10

~~
TT  . Both the bounding surfaces are assumed to be stress free. The 

thermophysical properties of nanofluids (viscosity, density, thermal conductivity and specific 

heat) are taken  as constants  for  the  analytical  formulation, but these quantities are not 

constant and strongly depend on the volume fraction of nanoparticles. The nanofluid  layer is  

https://sciprofiles.com/profile/172068
https://sciprofiles.com/profile/172068
https://sciprofiles.com/profile/172068
https://sciprofiles.com/profile/172068
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rotating  uniformly about  vertical  axis with a uniform  angular velocity ( )Ω0,0,Ω
~

 and the 

acceleration due to gravity ( )g0,0,g −~  pervade  the  system, z-axis  being  taken  as  vertical. 

 

 
Figure 1: Physical Configuration of the Problem 

 

2.2         Governing  Equations 

The basic hydrodynamic equations that govern the physical problem using Lapwood (1948), 

Chandrasekhar (1961), Buongiorno model (2006) are 

0~. = Dq ,                      (1) 

( ) bfnpnf  ~~1~~~ −+= ,                    (2) 

where np~  is the density of nanoparticles and bf~  is the base fluid, respectively. Taking the 

density of the nanofluid as that of the base fluid, as adopted by Tzou ( 2008a, 2008b), the 

specific weight thus becomes  

( ) ( )( )  gg ~~~~1~~1~~~~
0TTnfnpnf −−−+=  .                  (3) 

where ~  is the coefficient of thermal expansion. 

Due to the Brownian motion and thermophoresis mass flux of the nanoparticles in the base 

fluid, T
T

D
D T

npBnp

~
~

~
~~~~

−−= pj .                   (4) 

where BD
~

 is the Brownian diffusion coefficient, given by Einstein-Stokes equation and TD
~

 is 

the  thermophoretic  diffusion coefficient of  the  nanoparticles and  are given as  

npbf

B
B

d

Tk
D ~~3

~~
~


=  ,  

( )




 ~
~~

2~

~
26.0~

~

npbfnf

bfbf

T
kk

k
D

+
=   ,                   (5) 

where Bk
~

 is Boltzmans constant, bf~  is the base fluid viscosity, npd
~

 is the diameter of the 

nanoparticle, bf~  is  the base fluid density , bfk
~

 and npk
~

 are the thermal conductivities of  the 

base  fluid  and  nanoparticles  respectively. 
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Equations of  motion for an incompressible rotating viscoelastic Maxwellian  nanofluid 

saturating a  porous medium are  

( ) ( ) ( )  .~
~

~
~~~~1~~1~~~~

~

~2~~
~

~
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~

~~
~

1~

~

1

100 DDD qgΩqq
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TTfP
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nfnp

nf

e
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                (6) 

Where, 
2~

2

~
~~

rΩ


−=
bf

pP


 


















+−= 22

EEEf
~

~

~
~

2

1~~

2

1~~~

t

K
K nfee  ,                   (7) 

The term E
~~

e  is neglected as compared to the di-electrophoretic force term K
~~

2

1
− 2

E  for 

dielectric fluids. It is assumed that the dielectric constant , K
~

 can be expressed as [Yadav et al. 

(2015)] 

( ) 000

~~~1
~~

TTKK −−=  ,                    (8) 

0~
0  , is the coefficient of the dielectric constant with temperature relative variations, which 

is assumed to be small 1
~~0 0  T . 

The modified pressure term using equation (6) is  


















−= 2~

~

~
~

2

1~~
E

t

K
pP nf ,                    (9) 

Assuming free charge density to be very small, the relevant Maxwell equations [Roberts 

(1969)] are  

( ) 0
~~

. = EK ,                                 (10) 

0
~
= E ,                                (11) 

In view of equation (11), E
~

 can be expressed as ~
~

−=E . 

The conservation equation for the nanoparticles is  

p
D j

q ~
.~

1~
~

~

~ −=






 
+





npt 



.                              (12) 

Here ~  is the nanoparticle volumetric fraction, np~  is the density of nanoparticles and pj
~

, the 

nanoparticles diffusion mass flux is given by  

T
T

D
D T

npBnp

~
~

~
~~~~~

1

−−= pj ,                             (13) 

Using the value of pj
~

 from equation (13) into equations (12), the conservation equation of 

nanoparticles yields that 
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The heat energy equation is  
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where npc~  is the specific heat of the material constituting the nanoparticles. ( )
bmnf c

~~  is the 

effective capacity, ( )
bmnf c

~~  is the heat capacity of nanofluid. 

We introduce non-dimensional variables as 
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where  
bfnpnf

m
bm

c

k

)~~(

~
~


 =  is  thermal diffusivity of the  base  fluid ,  

( )

bfnpnf

bmnpnf

c

c

)~~(

~~
~




 =  is the thermal 

capacity ratio, 
d

T
~

~
~ 
= or   

d

TT
~

~~
~ 10 −=  is the adverse temperature gradient, 

0

~
E  is  the  root  

mean square value of the electric field  at 0~ =z  and   T
~

 is  the  temperature  difference  

between  the  horizontal  planes, 0
~  is  the  dielectric constant  at  reference  temperature 

0

~
T  

and  0
~   is  a  reference value  for  the  nanoparticles  volume fraction. 

The equations (2)-(15) equations in non-dimensional form after dropping the dashes (') for 

convenience can be written as  

0~. = Dq ,                                (17) 
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where  the  non-dimensional  parameters  are  defined  as  
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density Rayleigh number),
20 ~

~~
~

d

bm
 = (parameter accounting for stress-relaxation time) and 

2

42

~

~~
4~



d
Ta

Ω
=  (the  Taylor number).                             (22) 

 

Here both the bounding surfaces of the fluid are assumed to be stress-free and the medium 

adjoining the nanofluid is a perfect conductor, the appropriate boundary conditions are  

0~
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=

z
T
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w
w


  at   0~ =z and dz

~~ = .                           (23) 

2.3         Basic Solutions     

The   primary flow representing the basic state is assumed to be quiscent  [Kuznetsov  and  

Nield (2009), Nield  and  Kuznetsov (2009), Sheu (2011), Chand and  Rana (2012b), Nield and 

Kuznetsov (2014), Chand et al. (2014) and Yadav and Kim (2015)], no settling  of  suspended  

nanoparticles  and  is  assumed  to  be stationary . Initially, no motions are present in the 

nanofluid flow and the physical quantities vary in the vertical direction z-axis only. Therefore, 

the velocity, pressure, temperature, dielectric constant, electric field, electric potential and 

nanoparticle volume fraction are given by 
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where  subscript  ‘b’ denotes  the  basic  state and k̂ is  the unit  vector along z-axis. 

Also we have 
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0E   is the root mean square value of the intensity of  electric field at 

.0~ =z  
2.4            Perturbation Solutions

 
Let the primary flow be slightly disturbed from the equilibrium position so as to examine the 

stability of the perturbed modes with respect to the involved, physical variables by 

superimposing infinitesimal disturbances to the basic state flow. It is assumed that  
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,                         (25) 

where  
~,

~
,

~
,

~
,

~
,

~
,~ VPKT EqD and  

~   are the perturbations superimposed into the physical 

quantities of the equilibrium state. 

On substituting these perturbations and using the solutions of primary flow (24) the equations 

(17)-(21)   in the non-dimensional linearized perturbed form using linear theory (neglecting the 

products and higher orders of perturbed quantities) and Boussinesq approximation yield 
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Also  
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=  is a Laplacian operator, 
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=  is a horizontal Laplacian operator. 

Equation (18) is derived by the use of the identity curlcurl = graddiv - 2 . 

The boundary conditions (23) , in the non-dimensional form becomes  
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  at 0~ =z and 1~ =z .              (30) 

3        Normal Mode Analysis 

Now an arbitrary perturbation is analyzed into a  complete  set  of  normal modes  and 

then  the  stability  of  each  of  these  modes  is  examined  individually. For the  system of  

equations (26)-(29), the  analysis  can  be  made  in  terms of two–dimensional  periodic wave 

numbers. Thus, we ascribe to the quantities describing the dependence on  yx ~,~  and t
~

of the  

form ),
~~~~~~

exp( tymixli ++ where l
~

, m~ are  the  wave  numbers  in  the   x and  y-direction, 

respectively, and ~   is  the  growth  rate  of  the  disturbances,  which  in  general  is  a  complex  

constant. 

Above consideration allows to   suppose that the perturbations quantities  ~,
~

,~ Tw  and V
~

are of the form 

( ) ( ) ( )tymixlizWtzyxw
~~~~~~

exp~~
,~,~,~~ ++=

, 

( ) ( ) ( )tymixliztzyxT
~~~~~~

exp~~
,~,~,~~

++= , 

( ) ( )tymixliztzyx
~~~~~~

exp)~(
~

,~,~,~~  ++= , 

( ) ( ) ( )tymixliztzyxV
~~~~~~

exp~~
,~,~,~~

++= .                         (31) 

Using expression (31) and using linear theory, equations (26)-(29), in the linearized form 

become 
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where 
zd

d
D ~
~
  and 

222 ~~
mla +=  is the dimensionless horizontal wave number. 

Using the expression (31), the boundary conditions (30) transform to 

0
~~2 ===== DWDW  at  0~ =z  and  1~ =z .     (36) 

The set of differential equations (32)–(35) together with the boundary conditions (36) 

constitute a characteristic value problem for Rayleigh number aR
~

 and given values of the other 

parameters .
~

,
~

,~,
~

,
~

,
~

,
~

0 Aeeana NLRRT   ., whose solutions ought to be obtained. 

 

4       Linear  Stability  Convection 

Using term Galerkin-technique of first approximation, the trial functions of  lowest  mode  

satisfying  the boundary conditions (36)  are  chosen  as 

zAW ~sin
~

1 = , zB ~sin
~

1 = , zC ~sin
~

1 = , zD ~cos
~

1 = .           (37) 

Substituting  the  trial  functions  given  by  (37)  into  equations (32)-(35)  and  using  the 

orthogonality of  trial functions and boundary conditions (36),  a  system  of  linear  

homogeneous  equations  can  be  written  in  matrix  form  as  
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(38) 

where ( ) ~~
1

~
0+=M . 

Using orthogonality, the non-trivial solution of the above matrix requires the vanishing of the 

determinant of  the  coefficient  matrix in equation (38) which yields eigen –value equation as  
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(39) 

Equation (39) is  the  required  dispersion  relation accounting for the effect  of  Lewis  number,  

kinematic  visco-elasticity  parameter, AC electric Rayleigh number,  nanoparticle  Rayleigh  

number, modified diffusivity ratio on thermal electro  instability  in a layer of Maxwell  

elastico-viscous nanofluid  saturating  a  porous  medium  under  vertical  AC  electric  field.  

Let us  write ir i ~~~ += , where r
~  and  i~   are  real. For  oscillatory  motion, the  real  part 

of  ~   is  zero.  i.e., 0~~,0~ == ir i . 

 

4.1      Stationary     Convection 

The stationary motion is characterized by putting 0~ =  in equation (39), one gets 
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,   (40) 

which expresses the nanofluid Darcy Rayleigh number aR
~

 
for stationary convection as a 

function of the dimensionless wave number a , electric Rayleigh number eaR
~

, nanofluid Lewis 

number eL
~

, modified diffusivity ratio AN
~

, concentration Rayleigh number nR
~

 and medium  

porosity ~ . It is clear from the equation (39) that aR
~

 is independent of  stress-relaxation time 

0

~
 , Vadasz  number aV

~
 and ratio of specific heat ~  for stationary modes, since these vanish 

with the vanishing of ~ . 

In  the  absence  of  rotation  parameter  the  thermal  Rayleigh  number  is 
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The Darcy Rayleigh number , 
S

aR
~

 given by equation (41) takes its minimum value by putting  

0

~

2
=





a

R S

a , we get  
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                                               (42) 

It is clear  from equation (42) that the values of critical wave number does not depend on the 

parameters accounting for nanoparticles, however, depends on eaR
~

 only. The effects of various 

non-dimensional parameters, namely, the electric field eaR
~

, the nanofluid Lewis number eL
~

, 

the modified diffusivity ratio AN
~

, and the concentration Rayleigh number nR
~

 on the stability 
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of stationary modes have been investigated analytically by examining the behavior of 
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It is depicted from equation (41) that  
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which is always negative for all wave numbers, thereby decreasing the Darcy Rayleigh number 

decreases with increment in eaR
~

(electric Rayleigh number). Thus  eaR
~

 has always a 

destabilizing effect on the system. 

Equation (41) further yields that  
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,                                  (45) 

It is clear from equation (41) for the bottom-heavy particles ( for negative value of nR
~

) both 

the nanofluid Lewis number eL
~

 and the modified diffusivity ratio AN
~

 stabilize the system for 

negative value of  nR
~

. 

Equation (41) also gives that  
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Which is always negative for 0~

~
~














+


e
A

L
N , since the value of  AN

~
 is taken in the range of -

1 to -25 and  eL
~

 in the range of 100-400. Here a negative AN
~

 , (modified diffusivity ratio ), 

indicates that the density of nanoparticles is larger than that of the base fluid.   An increase in 

negative values of AN
~

 reduces the thermophoresis to push the heavier nanoparticles upwards, 

which enhances the stabilizing effects of particle distributions. 

2~

~~
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~


en

S

a LRR
=




.                                (47) 

The right hand sides of   equations (42) and (45) are negative implying there by the AC electric 

Rayleigh number and nanoparticle Rayleigh number have destabilizing effect of stationary 

convection. The right hand sides of equations (43) and (44) are negative if .0
~

nR Thus, the 

Lewis number and the diffusivity ratio have destabilizing effect. But if 0
~

nR , then  Lewis 

number and the diffusivity ratio have stabilizing effect. The right hand side of equation (46) is 

positive if 0
~

nR and is negative if .0
~

nR Thus, medium porosity has stabilizing/destabilizing 

effect on the convection. These results are in good agreement  with the results derived by Nield  

and Kuznetsov (2014), Rana et al. (2015,2016) and Chand et al. (2016). 
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4.2          Oscillatory Motion  

Since aR
~

 is a physical quantity , it  must  be  a  real  value . Hence it follows from equation 

that either 0~ =i (exchange of stability , steady onset) or 02 = ( 0~ i ,overstability, 

oscillatory onset). Since for overstability, the critical Darcy Rayleigh number for the onset of  

instability via  a  state of pure oscillations of increasing amplitude is determined by putting 

ii ~~ =
 
in equation (39) and  after  some algebraic simplifications, we get  

21
~~
+= ia iR  .                  (48) 

where 1  and  2  are  given  as  follows :  

( )
( ) 

( ) 
( )

( )
( ) 

( )
( ) ( ) ( )

( )
( )

( )  ( )  .~~~
~

~

~

~~

1~~~

~

~

~

~~

1

1

~~1

~~~

~

~

~

~~

~~1

~~

~

~~~

~~~~

~~~~~~~

22

0

2

02

0

222

2

2
2

2

02

22

2

0

22

22

0

2
220

2
22

2

0

22

0

222

222222

2222

222222

2222

22

2

1












+++













−−+














+













−

+

+








+

+−
−








+−+

+

++
+

++

+
−

++

++
−









+
−=































a
VV

aT

VV
a

a
a

a

V
a

V
a

a

a

La

NaR

La

LaLR
R

a

a

aa

a

aa

aa

e

An

e

een
ea

             

                   

(49) 

and  
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           (50) 

Equating the real and imaginary parts of equation (48),we have 1

~
=aR

,which gives on 

simplification, the Darcy Rayleigh number as 
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and 

   0~
2 =ii                   (52) 



Proceeding of International Conference on Mathematics in Space and Applied Sciences  

(ICMSAS-2019) 

Published by Knowledge and Research Publisher, Nagpur India                  ISBN-978-81-942641-8-7 
 

335 
 

Since for oscillatory modes , 0~ i , therefore equation  (52)  implies that 02 = , which yields 

a dispersion relation ( relation between  ~  and a  ) as 
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Equations (51) and (53) are the equations which must be satisfied for the occurrence of 

overstability for a wave number corresponding to various non-dimensional parameters 

.~,
~

,
~

,
~

,
~

0  nae RVL  

As ~  is real for overstability and at most there must be one change of sign in equation (53) 

implying thereby at most one positive root of equation (53) for which the critical Darcy 

Rayleigh number for oscillatory modes is obtained for various values of non-dimensional wave 

number from equation (51). 

It is noteworthy from equation (53) that the existence of oscillatory modes is not (uninfluenced) 

due to the presence of vertical AC electric field. However, these modes depend on the other 

non-dimensional parameters accounting for nanoparticles, porous medium and viscoelasticity. 
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4.3     Validation of Results 

In the absence of nanoparticles, rheological parameter and electric field, the equation (53) 

reduces 

( )
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a
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+
= ,                                     (59) 

which is confirmation with the earlier result by Lapwood (1948) for classical  Newtonian fluids 

in porous medium. Therefore, due to immersion on nanoparticles in fluid, the  parameters 

0

~
,

~
,

~
,

~
,

~
aeanA VRRN and~ are introduced in the expression for the Darcy Rayleigh number, which 

strongly affect the convection of porous Maxwellian nanofluid layer. 

In the absence of electric field that is, 0
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=eaR , the equations (51) and (40)  reduce to
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which are in good agreement with the earlier results given by Umavathi et al. (2016)   (for the 

limiting case (i.e. 1~,~ → )  for both  stress-free  boundaries. 

When the nanoparticles are not embedded i.e. 0
~

,0
~

== An NR ,  the equation (51) and (40) gives  
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,     (63) 

which  agrees  with  the  earlier  results  of   Roberts (1969)  in  the  limiting  case. 

 

5       Numerical  Results  and  Discussions 

The expressions of thermal Rayleigh number for both the oscillatory and stationary motions 

are encapsulated  in  equations (51) and (40) , respectively. The variations of aR
~

 along x-axis 

, with respect to wave-number a  along y-axis have been plotted graphically in figures (1)-(7) 

and (8)-(14) using equations (40) and (51) for both the cases of stationary and oscillatory 

modes, respectively. The experimental values and the fixed permissible values of the 
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dimensionless parameters  10
~

,5.0
~

,1.0
~

,5
~

,500
~

,20
~

,1.0
~

0 ===−===−= aaAeean TVNLRR   for 

bottom heavy distribution and  10
~

,5.0
~

,1.0
~

,5
~

,500
~

,20
~

,1.0
~

0 ======= aaAeean TVNLRR  for 

top-heavy distribution are used to investigate the effects of various involved parameters on the 

system numerically by using MATHEMATICA  software  version - 5.2.  

The effects of different values of  nR
~

 are illustrated in figures 2 and 3  and stationary convection 

w.r. t.  wave number a . It is depicted from the graphs that nR
~

 destabilizing the stationary 

modes and stabilizing the oscillatory modes for both bottom/top-heavy distribution of 

nanoparticles. The effect of  AN
~

 for both bottom/top-heavy distribution of nanoparticles on the 

onset of stationary modes is displayed in figure 4 and 8 respectively.. The figures show that the 

AN
~

 does not affect the stability of the system both type of distribution of nanoparticles. In 

figure 5, the variation of  aR
~

 has been plotted versus wave number a  for three different values 

of eaR
~

. It is observed from the figure that eaR
~

 has slight destabilizing effect for both stationary 

and oscillatory modes for bottom-heavy nanoparticles distributions. Figure 6: illustrates the 

effect of Lewis number on the stationary modes. It is depicted from the graphs that eL
~

 number 

has stabilizing effect implying thereby postponement on the onset of stationary convection. 

The influence of the Lewis number on neutral curves is shown  on the graphs. It is observed 

that the effect of eL
~

 is stabilizing for stationary modes ; whereas this effect is slightly 

destabilizing for oscillatory mode. The critical wave number for stationary and oscillatory 

modes  are  5.9  and 3.1, respectively.Negative / positive values of nR
~

 and AN
~

 represents a 

bottom/top-heavy distribution of nanoparticles. 

Figure 7: shows the variation of the thermal Rayleigh-Darcy number with respect to wave 

number for different values of the Taylor number aT
~

.  It is observed from the graphs that there 

is an increment in S

aR
~

 with an increment in aT
~

 for stationary modes, while a reverse effect is 

observed for oscillatory modes. This happens so because the presence of the Coriolis forces 

due to rotation of nanofluids allows to minimize the effect of buoyancy forces on the onset of 

electroconvection is dielectric nanofluids. Hence,  aT
~

 has a stabilizing influence on stationary 

modes for the dielectric viscoelastic nanofluids for bottom-heavy distribution of nanoparticles. 

The effect of  nR
~

 for both bottom-/top-heavy nanoparticles distribution are illustrated in figures 

9 and 10 repectively. It is observed from the figure 9 that  aR
~

 takes very large value in the 

range of 250  a  and there is uninfluenced effect of nR
~

 on aR
~

 in this regime. For 5.2a , 

aR
~

 decreases with increase in nR
~

 implying thereby a destabilizing effect of nR
~

 on aR
~

. Figure 

10 shows that nR
~

 has no significant effect on the oscillatory modes in the range 1.30  a  

and for 1.3a ,  nR
~

 destabilize the system. 

 

Uninfluenced effects of  AN
~

 for both bottom/top- heavy nanoparticles distributions are clear 

from figure 11.  Vadasz number  is shown  in the figure 12. From figure 12 we see that there is 

a destabilizing effect on the physical system. The effect of aT
~

 accounting for angular velocity 
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of the viscoelastic nanofluids is shown in figure 13.  It is depicted from the figure 13  that there 

is a decrement in OSC

aR
~

 with increment in aT
~

, thereby destabilizing the oscillatory modes which 

is contrary to that of the stationary mode. The effect of eL
~

 on the oscillatory modes is displayed 

in figure 14. It is again found that Lewis number eL
~

 does not show significant effect in the 

range 1.30  a . For 1.3a , Lewis number  eL
~

 shows slight destabilizing effect. 
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Figure 2:  aR
~

 as  a  function of a   for  different  negative values of  nR
~
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Figure 3: aR
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 as a function of  a  for different positive values of  nR
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Figure  4: aR
~

 as  a  function  of  a  for different negative values of AN
~
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Figure  5:  aR
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 as a function of  a  for positive values of  eaR
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FIGURE: 6  aR
~

 as  a  function  of  a  for different positive values of  eL
~
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Figure 8: aR
~

 as  a  function  of  a   for  different  values  of  AN
~
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Figure 10: aR
~

  as   a   function  of  a  for different positive values of  nR
~
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Figure 11:  aR
~

 as a function of a  for different values of  AN
~
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Figure 12:  aR
~

 as  a  function a  of   for different values of  aV
~
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Figure 13:   aR
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 as a function of  a   for different values of   aT
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Figure  14:  aR
~

 as  a  function  of  a   for  different  values  of  eL
~

. 

 

6    CONCLUSIONS: 

The  effect of  rotation  on  electrothermal-convection  in  a  dielectric Maxwellian  nanofluid  

layer  saturating  a  Darcy  porous  medium  is  studied. The  main  important  results  are  as  

under: 

• The concentration Rayleigh number nR
~

 destabilize the stationary modes and stabilize 

the oscillatory modes for both bottom / top - heavy nanoparticles distribution. 

• The effect of   modified diffusivity ratio  AN
~

 is uninfluenced for both the stationary 

and oscillatory modes. 

• Taylor number aT
~

 and  Lewis number eL
~

 stabilizes/destabilizes the stationary / 

oscillatory  modes. 

• The effect of   electric Rayleigh number eaR
~

 is  very  slight on both  the  stationary  and  

oscillatory  modes. 

• The Vadasz  number  accounting  for Darcy number destabilizes the oscillatory modes. 

 

Interestingly, the occurrence of oscillatory modes is possible for top-heavy distribution of 

nanoparticles  in the simultaneous presence of electric field and rotation, which was not the 

case in the absence of rotation and for Newtonian nanofluids. 
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Abstract

Nowadays, climate change and global warming are major
environmental issue due to continuous increase to atmospheric carbon
dioxide concentration and vast growth in industrialization (Yaashikaa et
al. in J CO2 Utiliz 33:131–147, 2019).
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... After 35 • C, CA activity starts to decline which could be due to the denaturation of CA
at high temperatures. Likewise, the optimum temperature for CA purified from C. freundii,
Trachurus trachurus, and P. fragi was found to be 37, 30, and 35 • C (Caglayan et al.,
2019; Giri et al., 2021; Sharma et al., 2009). In contrast, the alkali-thermotolerant CA
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Abstract

Big data raises a robust need for a network structure with the ability to support

information retrieval and sharing. Many companies start to supply of big data services

for Internet users and at the same time, these services also bring sever all security

issues. Presently, the great part of big data set provides digital identity for users to use

their services. At the moment, most of these systems use asymmetric and conventional

public key cryptography (PKC) to give mutual authentication data security. However,

existing authentication schemes trust commonly on the centralized servers to offer

record and facilitation facilities for information retrieval. Pairing-free identity-based

cryptography has some pull characteristics that gives the idea to healthy requirements

in that scenario. The presented scheme is carried out in three phases and are as follows:

initialization phase, registration phase and mutual authentication, and session key

agreement phase. Detailed security analyzes have been made to authenticate big data

server and user. Further, the paper has the resistance to possible attacks in this

environment.
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Abstract

Using a combination of analytical and numerical techniques, we study the formation

and time evolution of collapsing shells, spherically symmetric marginally trapped tubes,

as well as the event horizon. Depending on the mass function, density, and the velocity

profile, there can be situations where these marginally trapped surfaces becomes space-

like, time-like, or null.
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Orientation effects in the fusion of 28Si+28Si system using SEDF

Atul Choudhary∗ and Dalip Singh Verma†
Department of Physics and Astronomical Science,

Central University of Himachal Pradesh, Dharamshala,
District Kangra,(H.P)-176215, INDIA

Introduction

The study of orientation effects is significant as
it gives the most favourable configuration for the
nuclei to fuse. For this, we have extended the
semiclassical extended Thomas-Fermi approach of
Skryme energy density formalism (SEDF) for de-
formed and oriented nuclei, although quadrupole
deformation only. The orientation and deforma-
tions dependence in SEDF is included through the
nuclear density. Here, two parameter Fermi den-
sity is used as nuclear density and is extended to
deformed nuclei by using deformed nuclear radius
and surface diffuseness of ref. [1]. These parame-
ters for spherical nuclei are taken from the earlier
work of one of us [2]. The nuclear proximity poten-
tial is obtained in slab approximation and overlap
of density distribution is considered in sudden ap-
proximation. The total interaction potential is ob-
tained by adding deformed Coulomb and centrifu-
gal terms explicitly to the proximity part. We fixed
the orientation of the one of the interacting nucleus
and varied the orientation of the other in steps of
15◦ so as to obtain the maximum barrier height
and the minimum interaction radius, a configura-
tion favoured for hot fusion [3]. The characteris-
tic properties of the total interaction potential ob-
tained for this configuration is used in Hill-Wheeler
approximation, an alternate to the one dimensional
solution to the Schrödinger wave equation with ap-
propriate boundary conditions, for a given partial
wave. The transmission probability is obtained in
parabolic approximation and the total fusion cross-
section is calculated by adding partial waves up to
certain maximum value `max.
For comparing our results, we have chosen
28Si+28Si system for which fusion evaporation
residues were measured in a recent experiment
[4] over center of mass-energy (Ecm) range ' 31-
39 MeV and coupled channel (CC) calculations
were implemented to reproduce the observed fusion
data. In an another experiment [5] of same group

∗Present address: G.C. Banjar, Kullu (H.P.)-175123
†Electronic address: dsverma@cuhimachal.ac.in

(a year ago) over Ecm ' 22− 30 MeV, the CC cal-
culations were done by adjusting the parameters of
the interaction potential. Similarly, for some other
older experiments [6–8] over Ecm range (' 30−220
MeV), Esbensen, et al. [9] has calibrated the po-
tential parameters within the CC calculation. Now,
with these above mentioned experiments the fusion
cross-section data for 28Si+28Si system is available
for over a wide range of energy both well below
and quite above the barrier but there is no unique
choice of interaction potential available in literature
for the calculations of fusion cross-section. So, here
we have achieved suitable interaction potential for
the fusion process by varying nuclear orientations.

Methodology

The nuclear potential, VN (R) in semiclassical
extended Thomas-Fermi approach of SEDF using
slab approximation (see Ref. [2]) is,

VN (R) = 2πR̄

∫ ∞
s0

[
H(ρ, τ, ~J)−

2∑
i=1

Hi(ρi, τi, ~Ji)

]
dz

where R̄ is the mean curvature radius for deformed
nuclei, H(ρ, τ, ~J) is Skyrme Hamiltonian density

and ρ(=
∑

i ρi), τ(=
∑

i τi),
~J(=

∑
i
~Ji), are nu-

clear, kinetic energy and spin-orbit densities re-
spectively for composite system, i = 1, 2 for the
two interacting nuclei. The two parameter Fermi
density distribution in slab approximation for axi-
ally symmetric deformed and oriented nuclei is

ρi(zi, αi, T ) = ρ0i(T )

[
1 + exp

(
zi −Ri(αi, T )

ai(αi, T )

)]−1
(1)

where Ri(αi, T ) and ai(αi, T ) are nuclear radii and
surface diffuseness parameters for deformed, ori-
ented and coplanar nuclei of [1], respectively. The
angle αi is the angle between nuclear symmetry
axis and radius vector, and are uniquely defined for
each nuclei after satisfying the minimisation con-
dition [3] for the separation between the interact-
ing surfaces, for a fixed orientation. The nuclear
radii and surface diffuseness parametersR0i(T ) and
ai0(T) are taken from the earlier work of one of us

Proceedings of the DAE Symp. on Nucl. Phys. 62 (2017) 628

Available online at www.sympnp.org/proceedings



[2] and λ(=2) for axially symmetric quadrupole de-
formation. The total interaction potential VT (R)
is obtained by adding Coulomb VC(R) and cen-
trifugal terms V`(R)(= ~2`(`+ 1)/2µR2) to nu-
clear proximity VN (R). The characteristic proper-
ties of this potential is used in Hill-Wheeler approx-
imation [10] to calculate the fusion cross-section, as

σHW = =
π~2

2µEcm

`max∑
`=0

(2`+ 1)
ex

1 + ex
(2)

where x = 2π{VB(`) − Ecm}/~ω`, VB` is barrier
height, RB` is barrier position and µ is the reduced
mass of interacting nuclei and `max = 38~ [9].

Calculations and results

The total interaction potential is obtained by
taking various orientation of target and projectile
at ` = 0. The orientations of projectile and tar-
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FIG. 1: The interaction potential barrier VB as a func-
tion projectile orientation angle θ1 at different target
orientations angle θ2.

get are varied in steps of 15◦ to obtained an ori-
entation which gives maximum barrier height at
` = 0. Fig. 1 shows this variation of VB with pro-
jectile orientation θ1 for fixed orientation of target
θ2, at different target orientations θ2. This figure
clearly shows that the VB first increase, become
maximum and then decreases when θ1 → 90◦. Out
of all possible orientations, the orientation (θ1, θ2
=30◦, 30◦) gives maximum VB and minimum value
of RB , a favourable configuration for the fusion re-
action. This is also clear from the Table I, where
the orientation effect on other potential character-
istics (VB , RB , ~ω0) is given. The characteristic
properties of the potential for (30◦, 30◦) configura-
tion are used to calculate fusion cross-section with
HW approximation and partial waves are consid-
ered up to 38~ as per ref. [9]. Fig. 2, shows the

Orientations:(θ1, θ2) VB(MeV) RB(fm) ~ω0(MeV)
Spherical 28.23 9.05 2.87

(0◦, 30◦), (180◦, 30◦) 27.77 9.14 2.90
(15◦, 30◦), (165◦, 30◦) 28.82 8.76 2.85
(30◦, 30◦), (150◦, 30◦) 28.98 8.73 2.81
(45◦, 30◦), (135◦, 30◦) 28.87 8.81 2.78
(60◦, 30◦), (120◦, 30◦) 28.68 8.90 2.75
(75◦, 30◦), (105◦, 30◦) 28.52 8.98 2.75
(90◦, 30◦),(90◦, 30◦) 28.46 9.01 2.72

TABLE I: The characteristic properties of the total in-
teraction potential for various orientations of projectile
at fixed target θ2 = 30◦ for ` = 0.

calculated fusion excitation function for 28Si+28Si
system over Ecm ' 22− 229 MeV at (30◦, 30◦) ori-
entation and is compared with the observed data
[4–8]. It clear from the figure that (30◦, 30◦) config-
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FIG. 2: Fusion excitation function for 28Si+28Si system
for most favour configuration for hot fusion compared
with experimental data [4–8] over a wide Ecm range.

uration is the favoured configuration for the fusion
process and the number of partial waves required
to be included is 38~.

References

[1] A. Bohr, B. R. Mottelson, Nuclear Structure: Vol
II: Nuclear Deformations, World Scientific (1998).

[2] R. K. Gupta, D. Singh et al., J. Phy. G: Nucl. Part.
Phys 36, 075104 (2009).

[3] R. K. Gupta, N. Singh et al., Phys. Rev. C 70,
034608 (2004).

[4] G. Montagnoli, et al., Phys. Lett. B 746, 300(2015).
[5] G. Montagnoli, et al., Phys. Rev. C 90, 44608(2014)
[6] M.F. Vineyard et al., Phys. Rev. C 41, 1005 (1990).
[7] Y. Nagashima et al., Phys. Rev. C 33, 176 (1986).
[8] S. Gary & C. Volant, Phys. Rev. C 25, 1877 (1982).
[9] H. Esbensen, Phys. Rev. C 85, 064611 (2012).
[10]D. L. Hill, J. A. Wheeler, Phys. Rev. 89, 1102

(1953).

Proceedings of the DAE Symp. on Nucl. Phys. 62 (2017) 629

Available online at www.sympnp.org/proceedings
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Introduction

One of the importance of studying the nu-
clear reaction is to study the effects of isospin
degree of freedom on reaction mechanism that
is the effect of the incoming channel N/Z ratio
on the outgoing fragments in a given chan-
nel. The effect of N/Z ratio of the com-
pound nucleus is studied here by considering
118,122,134Ba∗ isotopes formed in the reaction
of 78,82,86Kr+40,40,48Ca at centre of mass en-
ergies, Ecm =264.41, 268.85 and 308.06 MeV,
which corresponds to 10 MeV/nucleon energy
[1]. The study is done by using dynamical
cluster decay model, DCM ([2] and references
there in), where ∆R is the only parameter of
the model and is fixed arbitrarily at 1.01 fm
for all isotopes of barium. Out of all possible
fragments combination, the outgoing channel
contains only the energetically favoured com-
bination. In the calculations of decay cross-
sections, the number of partial waves to be
included are obtained by plotting the prefor-
mation probability P0 or σ as a function of
angular momentum ℓ and from the plot it is
found that at a particular value of ℓ, below
critical angular momentum ℓc, the P0 →0 or
σ → 0. This angular momentum is called ℓmax

and gives the number of partial waves to be in-
cluded in the decay cross-section. It is well es-
tablished that the compound nucleus formed
carries large angular momentum and is in ex-
cited state. The de-excitation of the CN takes
place with the emission of both light particles
(LPs: Z≤ 2) and intermediate mass fragments
(IMFs: 2 < Z ≤ 15, here). Here, in this work
we have calculated the decay cross-section for

∗
Electronic address: dsverma@cuhimachal.ac.in

both LPs and IMFs and a comparison is made
between the three isotopes of Ba under study.

Formalism

The decay cross-section defined by DCM
([2] and references there in) is,

σ(Ecm, ℓ) =
π~2

2µEcm

ℓc
∑

ℓ=0

(2ℓ+ 1)P0P (1)

where, P0 is the preformation probability re-
lated to η-motion and is obtained from the
solution of stationary Schrödinger equation
in η-coordinate with temperature dependent
collective fragmentation potentials (which in-
clude sum of binding energies, proximity [3],
Coulomb and centrifugal potential terms) at a
fixed R = Ra = Ct(η, T ) + ∆R(T ), given as

P0(Ai) = |ψ(η(Ai))|
2
√

Bηη

(

2

A

)

(2)

where (Ct =
∑

Ci, the Süssman central radii)
i = 1, 2 for two out going fragments, the pen-
etrability P, referring to R-motion, is WKB
integral solved analytically with Ra and Rb as
the first and second turning point, satisfying
V (Ra) = V (Rb) = Qeff , the effective Q-value
for outgoing fragments, given as

P = exp

[

−
2

~

∫ Rb

Ra

{2µ[V (R)−Qeff ]}
1/2dR

]

(3)
The critical angular momentum ℓc in terms of
incident energy Ecm, reduced mass µ and the
first turning point Ra of the entrance channel
ηin is given by

ℓc =
Ra

~

√

2µ(Ecm − V (Ra, ηin, ℓ = 0)) (4)
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with µ as the reduced mass and ηin as the
entrance channel mass asymmetry.

Calculations and results

Barium isotopes considered for the study of
isospin effects are 118,122,134Ba∗ andP0, P and
decay cross-section are the quantities on ef-
fects have been observed. The calculations
have been done at fixed ∆R =1.01 fm and
the ℓc-values to the corresponding center of
mass energies Ecm =264.41, 268.85 and 308.06
MeV are 153, 158 and 191~. But, the cross-
sections have been added up to the respective
ℓmax values i.e up to 76, 90 and 168 ~, because
beyond ℓmax the decay cross-section drops to
zero. The Qin-values are shown in Fig.2.
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FIG. 1: The P0 (shown by line plus symbol type)
and P (shown by line types) are calculated by us-
ing DCM for the energetically favoured LPs and
IMFs emitted from the decay of hot and rotat-
ing compound systems 118,122,134

Ba
∗ at centre of

mass energies, Ecm =264.41, 268.85 and 308.06
MeV at ∆R =1.01 fm.

Fig. 1, shows the P0 and P for particles of
mass A2 = 1 - 31, which correspond to Z up
to 15, emitted from the isotope of Ba∗ com-
pound system. From Fig. 1, we observe the
following: (i) the P0 for outgoing fragments
from 118,122Ba∗ below mass A2 ≤ 14 is large
compared to fragments of A2 > 14 and (ii)
both the P0 and P increases with increase in
N/Z ratio. (iii) the relative change for frag-
ments of A2 > 14 is more then for the frag-

ments of A2 ≤ 14. As N/Z→ 1.39286, the
P0 for all the fragments comes almost with in
an order of 2. In other words, the two win-
dows of (A2 = 1 − 14 and A2 = 15 − 31)
observed in case of 118,122Ba∗ almost disap-
pears for 134Ba∗ (iv) the magnitude of P for
A2 = 1 − 2 is large by one order compare to
the fragments of A2 > 2 and hence the de-
cay cross-section for A2 = 1 − 2 is compara-
tively large (see Fig. 2) and for other obser-
vations for the decays cross-sections remains
same as for P0, see Fig. 2. Also, Figs.1 and 2,
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FIG. 2: Same as Fig.1, but for cross section σ.

shows that the magnitude as well as structure
of P0(A2) and σ(A2) does not change much
up to A2 = 14, while for fragments A2 > 14
there is considerable change with increase in
N/Z ratio. So, we conclude that the two win-
dows observed for 118,122Ba∗ disappear for
134Ba∗ which is equivalent to the fact that
with increase in N/Z-ratio there is compara-
tively large increase in the decay probabilities
of mass range A2 = 15 − 31 than for masses
A2 ≤ 15.
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Abstract

Technological advancement has greatly increased the
demand for newer lithium-ion batteries (LIBs) due to the
more use of advanced energy storage devices like
electric vehicles, consumer electronics, renewable energy
storage, backup power, medical devices. The existing
methods for metal recovery from LIB recycling involved:
(i) aqueous stream-based limited recycling using the
liquid stream mixed with soda ash with the hammer mill
and shaker table (ii) supercritical CO2-based recycling of
cathode and anode (iii) pyro- and hydrometallurgical
processes. Microbial participation for the recovery of
metals from waste (LIBs) was found to be an attractive
method due to its environmental-friendly approaches.
Lysinibacillus, Micrococcus, Sporosarcina, Empedobacter,
Barrientosiimonas, Lysinibacillus, Paenibacillus, Bacillus,
Acidithiobacillus are among the species involved in the
recycling of metal form LIB.
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Abstract

Bioremediation or microbial cooperation can improve the
e-waste management process in a greener way. Every
management strategy is concentrated upon the organic
and inorganic portion of the e-waste. Organic part
consists of variety of thermo and thermosetting plastic
with the presence of halogenated material. Microbes are
involved in the process of dehalogenation in many ways.
Microbes can manage the leaching of inorganic portion of
e-waste which consists of both metallic and nonmetallic
components.
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Abstract

Solar neutrinos studies have played a crucial role in the development of neutrino

physics. It took decades to understand the mysterious nature of neutrinos and to

identify a leading solution to the Solar Neutrino Problem (SNP). The mystery of the

missing neutrinos deepened as subsequent experiments were performed. The energy

spectrum of solar neutrinos, as predicted by standard solar models, is seen by different

experiments as they are sensitive to different energy ranges. More than 98  of the

calculated standard model solar neutrino flux lies below 1MeV. The rare Boron-8

neutrino flux is the high energy tail of solar neutrinos for which statistically significant

measurements have been made so far, but this is the tip of the iceberg. As such, the

study of low energy neutrinos can give us better understanding and showcase the

possibility of species other than three active neutrino flavours, mainly the sterile

neutrinos in solar neutrino flux. In the light of latest data available from various solar

neutrino experiments including Borexino and KamLAND Solar phase we derive, in a

model independent way, the bounds on sterile neutrino component in the solar

neutrino flux. We update the limits on the sterile neutrino component and compare

them with the previous results obtained using data from SNO Solar Salt Phase and

Super-Kamiokande experiments. We retrieve the upper bounds existing in the literature

and present the more stringent bounds on the sterile neutrino component.
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Abstract
The COVID-19 pandemic has caused diverse sorts of disruption across the globe. The pandemic has drastically impacted the economies of almost
every country of the world. The international economic scenario is full of despair as the entrepreneurs and business leaders find it hard to come to
terms with the extent of damage caused by the pandemic. In view of largely prevalent gloom and despair, it is imperative that certain resilience
strategies are worked out so that global economic crisis can be stemmed from further escalation. The gig economy has been viewed as a powerful
resilience mechanism to tide over the economic crisis caused the world over by COVID-19. Entrepreneurial leadership can also make significant
difference in providing a paddle-push to the pandemic-struck world by reactivating the engines of economic growth. The nature of this chapter is
qualitative, and it seeks to theoretically work out certain strategies that can help various economies of the world to stand up and be resilient in the
face of complex challenges that the pandemic has thrown before us.

Chapter Preview

Introduction
When in March 2020, WHO characterized COVID-19 as pandemic, no one had imagined that it might take such a devastating turn affecting all
sectors of economy in more than 220 economies across the world. Global economy and financial markets received a powerful blow and disruption
could be seen in spheres of production and supply chain, health, tourism, consumer goods, transport, and education leading to high level of loss of
livelihoods and employment. Many countries had to impose lockdowns/ curfews/ restrictions to be opened up gradually in a phased manner so that
the economic activity could resume. It certainly did gain pace in some countries like USA, Italy, UK, Germany, etc. that were worst hit at one point in
time during the first wave of Covid-19 pandemic. On the other hand, developing economies like India and Brazil, saw the largest GDP contraction
during 2020-2021. Moreover, India has undergone the second wave of the pandemic which has proved to be deadlier than the first one. It is the
second time that the lockdowns/curfews have been imposed here for more than a month. Several South Indian states are now in the grip of the third
wave of COVID-19 pandemic. There is a sharp decline in national income as the service sector has totally collapsed. The health system has given in
and there is a huge stress on supply chains along with the trade tensions with China that have increased the agony as it had been the largest trading
partner of India for a long time. The demand has significantly dropped in almost all nations where lockdowns were imposed.

The COVID-19 pandemic initially did not seem alarming despite the fact that the WHO had declared it as pandemic without any time lapse. But after
a point, it spread like wild fire infecting and killing millions of people across the globe. The first world nations at one point were the most adversely
affected. The businesses collapsed and economies were hit badly. Out of sheer panic, lockdowns were announced and restrictions were imposed.
This pandemic has proven to be unprecedented owing to the life loss as well as the loss of livelihoods and economic damage.

The economic crises faced by the world due to COVID-19 are showing deep and long-lasting effects (Laborde, Martin & Vos, 2021). The interesting
fact is the global economic downturn is not caused by economic factors but non-economic ones which have caused such a crisis across the world.
Economies are trying hard to revive after the second wave of the pandemic but start-ups and medium-scale organizations which lack liquidity
suffered a severe jolt and quite a few of them closed down. On the other hand, many jobs were laid off and only those who were having some
technical, digital or specialized skills, could come up with small start ups or ventures and could survive properly. In fact, creativity and skills recued
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Abstract

The existence of sterile neutrino is revolutionizing Physics from the smallest to the

largest scale. After the recent reports from the MiniBooNE experiment at Fermi lab that

observed far more  appearance data than expected, suggesting the possible existence

of the fourth generation of another generation of neutrinos. These results would

provide challenges for the Standard Model of Particle Physics if it is confirmed in future

experiments and will have imperative implications on cosmology and astroparticle

physics. Also, this will require new neutrino mass models to accommodate these

degrees of freedom. With respect to that, the current work is just the extension of our

recent work toward the CP phase analysis of Quark-Lepton Complementarity (QLC)

model in  scenario. The parametrization of non-trivial correlation between 

and  using Monte Carlo Simulation is used to estimate the texture of . We

have predicted the numerical ranges for sterile neutrino parameters and also

investigated the values for Dirac CP violation phases and the CP re-phasing invariants

using the model in  scenario. The consequences of the model are the predictions

for CP-Violating phase invariant J, Dirac phase , and the sterile neutrino parameters.

The results obtained numerically and analytically this paper stood in good agreement

with the experimental data. The results of this work would be very important in view of

future sterile neutrino experiments.
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E-mail: dsverma@cuhimachal.ac.in 
Proceedings of the DAE-BRNS symposium on nuclear physics. V. 61
2016

[en] It is well established that fusion cross-sections at sub-barrier energies may be enhanced by several orders of magnitude as
compared to the prediction of one dimensional model due to the coupling of relative motion to the nuclear intrinsic degree of
freedom. The coupling leads to the modification of the potential energy term and hence the enhancement in the fusion cross-
section at below barrier energies. The potential modification can also be done by changing the parameters of the potential used.
In this paper, we have calculated the fusion cross-section for four quadrupole deformed systems "3"6S+"6"4Ni, "3"6S+"4"8Ca,
"1"6O+"1"8"2W and "1"6O+"1"4"4Nd by considering the coupling of low-lying 2"+ vibrational states, due to the addition of
single quadrupole surface vibrations to all systems i.e. the target as well as the projectile, using CCFULL code. Also, the surface
diffuseness parameter 'a' of Woods-Saxon potential has been adjusted to fit the observed data for the cases where coupling is
not reproducing the data
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Proceedings of the DAE-BRNS symposium on nuclear physics. V. 61
2016

[en] In the heavy ion fusion reactions the interaction potential plays an important role as it provides the characteristics like barrier
height, barrier position and barrier width in the calculations of fusion cross section. This means different types of interaction
potential gives different fusion cross sections or potential parameters are predicted w.r.t the experimental data. In the literature,
number of formalism for the calculation of fusion cross sections assumes that the potential barrier position and width is
independent of angular momentum (ℓ). However, all the three potential characteristics are ℓ-dependent and are used in the
calculation the fusion cross section for a positive Q-value system, "2"8Si+"2"8Si (Q = 10.9 MeV) and is compared with the recently
measured fusion cross section





Abstract

Primary Subject NUCLEAR PHYSICS AND RADIATION PHYSICS (S73)

Source John, Bency V.; Dutta, Dipanwita; Saxena, Alok (Nuclear Physics Division, Bhabha Atomic Research Centre, Mumbai (India))
(eds.); Board of Research in Nuclear Sciences, Department of Atomic Energy, Mumbai (India); 1160 p; Dec 2016; p. 478-479;
61. DAE-BRNS symposium on nuclear physics; Kolkata (India); 5-9 Dec 2016; 6 refs., 2 figs.

Record Type Book

Literature Type Conference

Country of publication India

Descriptors (DEI)   ANGULAR MOMENTUM, MEV RANGE 10-100, Q-VALUE, SILICON 28 REACTIONS, SILICON 28 TARGET, SKYRME
POTENTIAL, TOTAL CROSS SECTIONS

Descriptors (DEC)   CROSS SECTIONS, ENERGY, ENERGY RANGE, HEAVY ION REACTIONS, MEV RANGE, NUCLEAR REACTIONS, NUCLEON-
NUCLEON POTENTIAL, POTENTIALS, TARGETS

Language English

Reference Number 48040161

Related Record 48039927

INIS Volume 48

INIS Issue 18

Search

https://inis.iaea.org/Search/default.aspx
javascript:void(0);
https://inis.iaea.org/search/search.aspx?orig_q=
https://inis.iaea.org/search/searchsinglerecord.aspx?recordsFor=SingleRecord&RN=48040161
https://inis.iaea.org/search/search.aspx?orig_q=author:%22Choudhary,%20Atul%22
https://inis.iaea.org/search/search.aspx?orig_q=author:%22Verma,%20Dalip%20Singh%22
https://inis.iaea.org/search/searchsinglerecord.aspx?recordsFor=SingleRecord&RN=48040161
https://inis.iaea.org/search/search.aspx?orig_q=primarysubject:%22NUCLEAR%20PHYSICS%20AND%20RADIATION%20PHYSICS%20(S73)%22
https://inis.iaea.org/search/search.aspx?orig_q=country:%22India%22
javascript:void(0);
https://inis.iaea.org/search/search.aspx?orig_q=DEI:%22ANGULAR%20MOMENTUM%22
https://inis.iaea.org/search/search.aspx?orig_q=DEI:%22MEV%20RANGE%2010-100%22
https://inis.iaea.org/search/search.aspx?orig_q=DEI:%22Q-VALUE%22
https://inis.iaea.org/search/search.aspx?orig_q=DEI:%22SILICON%2028%20REACTIONS%22
https://inis.iaea.org/search/search.aspx?orig_q=DEI:%22SILICON%2028%20TARGET%22
https://inis.iaea.org/search/search.aspx?orig_q=DEI:%22SKYRME%20POTENTIAL%22
https://inis.iaea.org/search/search.aspx?orig_q=DEI:%22TOTAL%20CROSS%20SECTIONS%22
javascript:void(0);
https://inis.iaea.org/search/search.aspx?orig_q=DEC:%22CROSS%20SECTIONS%22
https://inis.iaea.org/search/search.aspx?orig_q=DEC:%22ENERGY%22
https://inis.iaea.org/search/search.aspx?orig_q=DEC:%22ENERGY%20RANGE%22
https://inis.iaea.org/search/search.aspx?orig_q=DEC:%22HEAVY%20ION%20REACTIONS%22
https://inis.iaea.org/search/search.aspx?orig_q=DEC:%22MEV%20RANGE%22
https://inis.iaea.org/search/search.aspx?orig_q=DEC:%22NUCLEAR%20REACTIONS%22
https://inis.iaea.org/search/search.aspx?orig_q=DEC:%22NUCLEON-NUCLEON%20POTENTIAL%22
https://inis.iaea.org/search/search.aspx?orig_q=DEC:%22POTENTIALS%22
https://inis.iaea.org/search/search.aspx?orig_q=DEC:%22TARGETS%22
https://inis.iaea.org/search/search.aspx?orig_q=language:%22English%22
https://inis.iaea.org/search/search.aspx?orig_q=RN:48040161
https://inis.iaea.org/search/search.aspx?orig_q=%2248039927%22
https://inis.iaea.org/search/search.aspx?orig_q=volume:48
https://inis.iaea.org/search/search.aspx?orig_q=issue:18


Home

| Drama And Theatre: Nuances Of Art And Performance

 En-Gb 

English
My Account 

Register

Login

Track Your Order

 CATEGORIES

BEST SELLERS
     

HOME ABOUT US JOURNALS CATALOGUE AUTHORS PUBLISH WITH US CONTACT US

Your shopping cart is empty!

 Wish List (0)

 My Compare

MY CART

0.00
0

Search entire store here ... 

http://www.perceptionpublishing.in/index.php?route=common/home
http://www.perceptionpublishing.in/index.php?route=product/product&product_id=700
https://www.perceptionpublishing.in/index.php?route=account/register
https://www.perceptionpublishing.in/index.php?route=account/login
https://www.perceptionpublishing.in/index.php?route=account/order
http://www.perceptionpublishing.in/index.php?route=product/category&path=339
javascript:void(0)
http://www.perceptionpublishing.in/index.php?route=common/home
http://www.perceptionpublishing.in/index.php?route=information/information&information_id=4
http://www.perceptionpublishing.in/index.php?route=information/information&information_id=7
http://www.perceptionpublishing.in/index.php?route=information/information&information_id=6
http://www.perceptionpublishing.in/index.php?route=information/information&information_id=3
http://www.perceptionpublishing.in/index.php?route=information/information&information_id=5
https://www.perceptionpublishing.in/index.php?route=information/contact
http://www.perceptionpublishing.in/index.php?route=common/home
https://www.perceptionpublishing.in/index.php?route=account/wishlist
https://www.perceptionpublishing.in/index.php?route=product/compare


Agriculture 

Alternative Medicines and
Health Care 

Anthropology and
Sociology 

Aquaculture and Fisheries


Art and Archaeology 

Astronomy and Allied
Science 

Ayurveda Medicinal plants
and Herbal Medicines 

Biography and
Autobiography 

Books on Bhutan 

Books on China 

Books on Nepal 

Books on Pakistan 

Books on Sri Lanka 

Botanical Science 

Children Books 

Commerce and
Management 

Communication Mass
Media and Journalism 

Earth Sciences 

Economics 

Education and Psychology


Fashion Designing 

Games and Sports 

General and Reference
Studies 

Geography 

Geology 

Home / Anthropology and Sociology
/ Dynamics of Rural Transformation in India: Essays in Memory of Professor G.K. Chadha



Dynamics of Rural Transformation in India: Essays
in Memory of Professor G.K. Chadha

Rs 1971 Rs 2495 21% off

Author Edited by M.R. Khurana

SpecificationsISBN : 9789385883293
year : 2018
language : English
binding : Hardbound

Add to cart

Description
This book, a collection of 16 essays from colleagues, friends, admirers and students of Professor G.K.
Chadha, commemorates his work and contribution to Agricultural Economics, including his role as an
institution builder and miscellany of other wide-ranging areas. Professor G.K. Chadha was the President of
South Asian University when he left for his heavenly abode. He was founder of the South Asian University,
author of over 100 research articles published in journals of national and international repute, and of as
many as 16 books on the various facets of rural transformation. Widely acclaimed as a well-established
academician and serious researcher for over forty years, Professor Chadha’s contribution to the study of
rural transformation in India is indeed legendary. The book encompasses in its fold the mainspring of ideas
of those who have had the good fortune of being in close affinity of Professor Chadha one way or the
other, and, as such, were also influenced and inspired by his exemplary scholarship. A notable feature of
this volume is that the various included contributions provide a number of policy insights into a wide
variety of topics of interest to the planners and policymakers involved in the task of rural transformation in
India and elsewhere, and are written by the foremost scholars who have carved out a niche for themselves
in their respective areas of specialisation. Taken together, these essays, while giving a sense of some of the
key issues and aspects of the dynamics of rural transformation in India, seek to highlight the need to
protect the interest of rural masses, in general, and those at the lower rung of the socio-economic ladder,
in particular, in the Indian countryside as also elsewhere in situations similar to it. The book also includes
the editor’s memorial tribute to Professor G.K. Chadha which throws light not only on his personal traits
but also on his remarkable academic career, including his roles as CACP Chairman, Vice- Chancellor,
Jawaharlal Nehru University, New Delhi, The CEO of South Asian University, New Delhi and finally, its
President. The editor’s personal reminiscences of Professor G.K. Chadha, in particular, help the reader
understand why he was so highly respected and admired and why his sudden death dealt a distressing
blow to those associated with him directly or indirectly.
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Informing, educating, and empowering women through accessto informationis an essential pathway for prog 

ress in the United Nations fifth Sustainable Development Goal (SDG) to tachieve gender equality. Accessto in-

formation is helping women to realize their potential to do better and to stand up for their rights and freedoms. 

This new awareness faclitates social change in the patriorcha, conventional, and orthodox mindset ofsocieey. 

The curent study presents some cases, particularly from the feld of agriculture, which demonstrates how ac 

cess to information and the use ofknowledge helps to empower women and improve their economic situation. 

t also describes how their growing presence on social media is making Indian women more communicative, 

helping them to overcome the social taboos and unleash their power. It portrays how media and information 

literacy (MIL), and its different stakeholders, can change the information environment ubiquitously providing 

newopportunities to women to access relevant information, education, as well as acquire skill, interact, collab 

orate network, and have theirvoices heard; in turn, this leads to their educational social, economic health, and 

political empowerment. MIL competency helps in self-awareness and lfelong learning and in increasing the 

informationalevel of women. thus facilitates their empowerment, promotes gender equality and helps wom 

en to realize and stand up for their rights. This paper thus makes a plea for integrating MIL training in womens 

education. However, factors such as illiteracy, poverty, poor technical skills due to limited access to technology 

inadequate infrastructure, lack of appropriate content in local languages, the high cost of connectivity, prejur 

diced and inequitable social norms, are some of the aspects that may affect women's access to information. 

Keywords: Women's empowerment, Gender equality, Social change. 
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Abstract
In India the potential of tourism sector is considerable in terms of earning foreign exchange. That is why the government has initiated many programmes
and schemes to attract foreign tourists. It has also given a rise to the allied industries to earn profits and diversify may it be hotel industry or aviation
sector. As the means of communication are developing and the countries are becoming more open and globalised the tourism industry has got new
impetus and dimensions. The spread of education and the development of internet have widened the scope of this industry. This new trend has made the
tourism industry a very potential industry in many terms for a developing nation like India. But on the same hand it has posed a great threat to the natural
resources also and the stakeholders involved in this sector has started responding to such initiatives through CSR measures. For measuring such
initiatives no specific parameters have been defined and they are subjective to a great extent. Therefore a need arises to analyse such initiatives and
their growing need for creating sustainability.

Chapter Preview

Introduction
Tourism sector worldwide contributes for around 6-7 per cent of global employment (direct and indirect) and 5 percent of global income as per the United
Nations World Tourism Organization (UNWTO), Tourism Highlights 2012 edition. It is one of the major generators of employment across the world and
women account for 70 per cent of the workforce in the travel and tourism industry. Hence it generates more inclusive growth than other sectors. World
wide it is discussed and is an issue of concern that whatever we do we should analyse its impact on its stakeholders. The stakeholders may be any,
government, public, shareholders or even our own mother nature. India considers tourism to be a “Industry of Potential”. Whatever is invested in this
industry gets good return but on the same hand whatever we invest in this industry costs our environment, depletes our natural resources, may pose
threat to the heritage sites, endanger flora and fauna, may be harmful to various species of animals etc if such investments are not well thought of and
well considered.

In India we have plenty of cultural attractions and healthy climatic conditions for various types of tourists throughout the year. It is perhaps only country
where tourists can get every type of climate to enjoy. Therefore the potential of this sector of earning profits is reasonably quite high.

Economic growth and development has always been a precedence in developing nations which is indispensable for the continued existence.
Development and growth should be in such a way that it is not only plateful for the present purpose but also creates payback and opportunities for the
future generations.

For the conversion of development into sustainable development it is necessary to pay attention on the issues of sustainable development. Sustainability
and Corporate Social Responsibility (CSR) are interconnected to each other in such a way that it is difficult to achieve sustainability without CSR which is
true for tourism sector too. Sustainability can not be achieved if we do not keep in mind our actions which have direct or indirect effect on the resources
to be used and left for future generations. Human has always been selfish in using the natural resources as well as using the man made things in such a
fashion that the effect of the products on society at large is always neglected. But now a change is coming over and sustainability issue is gaining
momentum. Sustainable development has been defined as a tactic of fulfilling the needs of present without compromising the ability as well as the
capacity of future generations to meet their own needs in many aspects. Social, economical and environment issues are of major concern for the
achievement of sustainable development as all these factors have direct bearing and a direct linkage with one another. Development is concept of
bringing change within the lives of people by fulfilling their basic needs and in India Tourism sector is giving plenty of opportunities to the masses for

https://www.igi-global.com/book/sustainable-tourism-breakthroughs-research-practice/207674
https://www.igi-global.com/chapter/from-earning-profits-to-sustainability/217795
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Gender Equality for Sustainable 
Development: #Breakthebias 

Archna Katoch 

Introduction 

The Former UN Secretary-General Ban Ki-moon once said in his 

message on International Women's Day 2016, "We have shattered 
so many glass ceilings, we created a carpet of shards. Now we are 
Sweeping away the assumptions and bias of the past so women can 

advance across new frontiers." Presently, women are contributing and 

taking part in every sphere like education, business, politics, science and 

technology, media, sports, art etc. They are not only working at grass 

root level but also participating in decision-making. Women are the 

shining beacons of hope, and have displayed exemplary dedication 
in their respective fields. 

Ihis year the UN theme for International Women's Day on March 8, 

2022 is "Gender equality today for a sustainable tomorrow with the 
ampaign theme: #BreakTheBias. This day endeavours to applaud all 

Successful women for the courage and determination they have 

shown to reach their destination against all odds, and functionug 
to make a more sustainable future. Therefore, it is a . day to celebrate 

raising awareness against bias, and taking action to 
accelerate 

omen's social, economic, cultural and political achievements, 

equality and create a tter gender-neutral society. 
Women 

Can make independent decisions on their personal 
development 

as 

have shown extraordinary strength and courage to fight 
their 

battles 

gender 
ment is the creation of a social environment, wherc ent as empowerme 

well as shine as equals in society. who here ? are 
Women in Indian history, across ideologe 

93 





Implications of Non-unitarity on , Neutrino Mass Hierarchy
and CP-Violation Discovery Reach in Neutrino Oscillation
Experiments

Surender Verma & Shankita Bhardwaj  

Conference paper First Online: 19 May 2021

347 Accesses

Part of the Springer Proceedings in Physics book series (SPPHY,volume 261)

Abstract

We have studied the effect of  octant, neutrino mass hierarchy and CP violation

discovery reach on the sensitivity of non-unitarity in short baseline (SBL) experiments

using minimal unitarity violation (MUV) scheme. We find that the  octant has

distinguishing implications towards the sensitivities of non-unitary parameter  with

normal and inverted mass hierarchies. Using CP-fraction formalism, we find the

possibilities to distinguish the CP-violating effects due to unitary  and non-unitary 

 CP phases.

Keywords
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Abstract

Economic policy in India is governed by the neoclassical growth theory as growth being

an answer to all problems. This has led to the design of policies that focuses on the

expansion of economic activity in urban areas. The underlying assumption is that

economic activity in rural areas will gear up with trickling down of benefits sourced in

urban areas. This oversimplified understanding of the economy has led to a lopsided

development where the gap between rural and urban areas has been widening.

Employment of rural women is one of the biggest casualties of this growth policy. Rural

women in Punjab, one of the most developed states, have been bearing the brunt of

current economic policies. The prevailing gender norms restrict women from travelling

outside their villages for work. While men migrate or travel to urban areas for work,

women in rural areas have largely become unemployed or underemployed, given the

dearth of employment in rural areas. Findings of the primary survey, conducted in rural

areas of Punjab, show that the majority of women are willing to work if work is available

within the village. The growth policies focussed on urban areas has not only led to

adverse employment outcome for these women, but also has kept a large share of

workforce out of productive employment. COVID-19 pandemic has further hurt the

employment prospect of women. The initial trends suggest that women’s employment

is more severely hit than their male counterparts. The governments are increasingly

using the same set of policies to fight the economic fallout of the pandemic. Such

policies are unlikely to benefit women in rural areas. The pandemic has further increased

their cost of travel. In addition to the cost of breaking social norms, they have to risk the

infection to reach urban areas for work. The increased restrictions on public transport

have increased the monetary cost of travel. In such a scenario, women are likely to find

the cost of travelling to urban areas for work more than the expected earnings. The

economic policy, for an inclusive development, must focus on creating infrastructure

and businesses, especially those which can employ women, to create jobs in rural areas.

Such a policy will not only create better employment opportunities in rural areas but will

also lead to higher growth and faster recovery.
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BY WAY OF INTRODUCTION 
PRAVEEN KUMAR & JANESH KAPOOR 

It has been an exciting journey for the English Teachers’ Forum, 
Himachal Pradesh ever since it came into existence in 2018, and the 
present anthology is the culmination of  the collaborative spirit that has 
always been the hallmark of  this academic body. Covid-19, which swept 
through the world in 2020 and held its ferocious sway for almost two 
years before subsiding to some extent, gave us an opportunity to explore 
alternative ways to remain creatively and academically engaged. And 
thus, emerged the idea of  holding online story-reading sessions, featuring 
short stories written by our revered teachers and colleagues. While a few 
of  them are already established names, having been the recipients of  
numerous literary awards for their outstanding contribution to the world 
of  literature, it took a bit of  persuasion to convince others to come on 
board, and let their dormant creative spark come alive and brighten the 
world. And once they decided to take the plunge, they came up with 
remarkable stories in their very first attempt. In order to make the 
reading sessions more rewarding it was decided to have a discussant for 
each presented story. This gave the attendees an opportunity to enjoy the 
creative pieces along with their brilliant critiques, making the whole 
experience exhilarating and rewarding.  

The anthology has a total of  twenty-two stories, each having a 
unique flavour, writing style, linguistic idiom, rhythm, thematic 
concerns, and emotional intensity. While “Cleansing the sacred ‘Kund’” 
has a beautiful amalgam of  history, legend and fiction, “The Party” is a 
woman’s narrative, which captures the complexities of  the fragile 
protagonist’s travails and emotional trauma; “Women” as the title itself  
suggests revolves around women, three to be precise, whose unfulfilled 
desires for love and sexual gratification leave a vacuum in their lives; 
“Mook Prem” brings a fresh perspective on the complexities of  human 
relations, especially when the parties involved are a step child and her 
parents, people’s perceptions of  such relationships, and the possibilities 
of  the margin of  error between the general perception and reality; 
“Twelve Years Later” highlights the vexing issue of  eve-teasing and its 
insensitive handling by family, friends, teachers, and society, leaving the 
targeted individual scared and scarred for life; “Terror” is a study in 
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prejudice, which often stems from social conditioning and goes a long 
way in sowing the seeds of  distrust, fear, hatred, and unfounded 
antipathy, leaving in its trail a weakened social fabric; “The Tear” is a 
melancholic tale portraying sensitively the plight of  a poor family which, 
like so many other families, was confined to their crowded, cramped 
space called home during the Corona times. But despite the many 
challenges the family faces at each step, the characters still retain 
optimism, probably the greatest asset the poor possess in abundance, and 
this is what brightens up an otherwise sad narrative; “Apocalypse” is a 
dark tale of  brutalization that the traumatized, emotionally drained 
daughter has to face at the hands of  her father; “A Snow Trail”, replete 
with childhood innocence, charm, fun and bonhomie, takes a disastrous 
turn when a few individuals dash the fond memories of  the narrator’s 
beautiful past with their indifference and nonchalance; “Radhe Radhe” 
deals with existential questions, the void one feels when one fails to have 
a single meaningful, loving relationship with a fellow human being, and 
the challenges one encounters when one refuses to succumb to social 
stereotypes; “Mama” is about an innocent child who doesn’t understand 
societal norms and the pressures they exert on an his mother, making her 
life miserable. He fails to understand why his widowed mother can’t live 
like any other woman – wearing jewels and makeup; “The Hole in the 
Wall” highlights the sad reality of  child labour. Compelled to live a life 
of  poverty and squalor, the child protagonist deals with the harshness of 
life by immersing himself  in fantasy, but his fantasy world doesn’t hold 
for long and comes crashing down towards the end of  the story; “A Girl 
as Old as Thirty” raises a very pertinent issue relating to the social 
stigma and mental anguish that a girl and her parents have to contend 
with if  she crosses a socially-acceptable age bar for marriage; “And Then 
the River Flowed” is a self-reflexive tale about the creative struggles 
every writer undergoes at some point in life, and the possibilities of  
evolution that may lie hidden in a state of  temporary stagnation; 
“Chhatri” deals with the identity crisis of  the female protagonist who 
leads a loveless life and is treated by everyone only as a body and not a 
living human being. The lost soul however, sees the possibility of  a 
resurrection of  her identity when an empathetic human being makes an 
earnest attempt to touch her soul without trampling on her body; “Why 
Fear When I am Here” affirms the value of  faith in our lives. God is not 
only merciful but also benevolent, and anyone who puts in sincere efforts 
in one’s personal and professional life is bound to receive God’s love and 
grace; “Billiaan” is a brilliant story which articulates the issues of 
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gender, patriarchy, authority, erosion of  authority, inter-generational 
power dynamics, the complexities of  family structure, and irrational 
fears; “Nirvana” as the name itself  suggests, focuses on the themes of  
self-realization, spiritual enlightenment, and the power of  intuition in 
reaching a higher state of  consciousness; “Balance” is a painful tale 
revolving around gender discrimination, family expectations, especially 
from the daughter-in-laws, petty family feuds that sometimes get 
amplified leading to such tragic consequences as suicide, and the 
eventual disruption such extreme steps cause in the lives of  their loved 
ones; “The Mad Mystic in Heaven” is an unusual tale that challenges the 
hierarchical structure in which the gods and goddesses and human 
beings are believed to exist. It explores the possibility of  a mortal human 
transcending his earthly limits through rigorous purification and 
refinement of  consciousness vis-à-vis the fallibility of  gods/goddess in 
certain contexts. It may also be read as a political allegory; “Bimla 
‘Paagal’” is a sad tale of  a woman who is used and betrayed by her own 
partner, and left to rot in this uncaring world. The world is full of 
Bimlaas who end up losing their dignity and sanity in the face of  ruthless 
exploitation, eventually dying of  neglect and heartbreak; and finally, 
“Nanga Aadmi” stands out as an intense narrative of  trauma and 
helplessness the voiceless poor are fated to experience. It is a scathing 
attack on the hypocrisy of the political class and the existence of  soul-
crushing social disparities that tend to annihilate one’s self-esteem.  

English Teachers’ Forum, as the name itself  suggests, comprises 
teachers of  English, but in order to accommodate linguistic preferences 
of  the contributors, offer space to varied literary voices, and make the 
writings available to a more diverse audience, we invited entries both in 
English and Hindi. The collection even features three translated stories, 
viz. “Women”, “A Girl as Old as Thirty”, and “Terror” -- written 
originally in Hindi by three prominent literary voices of  Himachal 
Pradesh and translated into English by equally illustrious academics. The 
whole idea of  having a bilingual collection augmented by story-by-story 
critical analysis, and select live responses of  the audience has positioned 
the anthology in a unique space. We are hopeful that the readers will find 
this anthology academically and aesthetically pleasing for its freshness, 
variety, intellectual rigour, and appeal to finer human emotions. 

 



  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



  

 

1 

CLEANSING THE SACRED ‘KUND’ 
ABHYUDITA GAUTAM  

The erstwhile dominion kingdom of  Devgarh or the Devgarh Valley as it 
was popularly called was known for the extensive agricultural lands that 
cultivated vegetables and fruits on the sprawling plain fields. While 
traveling on the straight road that ran through them, one could feel a 
refreshing whiff  of  the fragrance effusing from fruits laden trees in the 
mango and litchi groves, on both the sides. Devgarh Valley was known 
far and wide for its productivity, was adorned with green houses, dotted 
with modern homes and irrigated by the countless water canals. The soil 
was fertile, and was believed to be so as it had been irrigated by the 
sacred waters of  the holy ‘Kund’. 

The famous ‘Kund’ of  the Devgarh Valley, came into being when 
Queen Rukmani of  the Devgarh State had laid down her life for 
procuring water for her kingdom. The head priest of  Devgarh had 
dreamt that only the sacrifice of  a member of  the Royal family could 
quench the thirst of  this parched kingdom. The valley had not witnessed 
rains for years altogether making it a drought prone area where one 
could only see fissured land stretched till far away. 

Heeding to the divine dream of  the priest, it was declared that the 
Queen had herself  stepped forward for this inimitable act of  sacrifice. 
The King was the head of  the kingdom; the sons were too young; so, the 
Queen decided to lay down her own life for the sake of  the kingdom. 

The people from all around Devgarh, had gathered to witness this 
great feat of  their Rani, as she bid farewell to her sobbing sons, wailing 
husband and weeping women as the onlookers attended the complete 
burial ceremony. Queen Rukmani was buried alive in the wall, which 
was converted into a temple where the ‘Kund’ presently existed, 
brimming with the sacred waters. 
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The temple priests had begun a ‘yagya’ simultaneously, making 
sacred offerings to the consecrated fire and chanting mantras, so that the 
sacrifice of  the Queen may be accepted by the Gods, leading to 
prosperity and affluence of  the kingdom.  

After the Queen was buried completely, it poured down heavily for 
hours, as if  the skies shed tears for this brave, beautiful and blessed 
Queen. Devgarh Valley was resonating with the sounds of  the people 
chanting the Queen Rukmani’s name. The clouds thundered and the 
dried streams overflowed with rainwater. 

The day after her sacrifice, the people of  the village saw water 
trickling from the foot of  a small hill, just near her burial site. The news 
reached the King’s ears and he too came to the mentioned spot to 
witness this miracle. Within two days, a large pond or ‘Kund’ was 
formed; filled with pure and sacred waters coming from an unknown 
source deep beneath the lake. 

The ‘Kund’s’ formation was as enchanting a news as was the 
spotting of  the Gold Fish in the ‘Kund’ that day. This Gold Fish was 
gliding smoothly in the lake waters. The priests declared that this was no 
one else but the Queen’s incarnate and this fish would remain immortal 
till eternity. The Gold Fish was a symbol of  prosperity that was brought 
by the Queen to the Kingdom. The King’s subjects considered this as a 
holy omen. The tale of  the ‘Kund’ and the Golden Fish now travelled far 
and wide, as pilgrims thronged to this place to bathe in the sacred waters 
of  the ‘Kund’ and also to have a glimpse of  the beautiful Gold Fish as 
well. 



The source of  the ‘Kund’ was believed to be underground and perennial. 
A small channel was directed from the ‘Kund’ to the fields which 
allowed the sacred waters to run into the soil and make it more fertile. 
The land was barren before Queen Rukmani’s sacrifice; people starved as 
the land produced little or no crops.  

However, as the modern agricultural methods were adopted, the 
waters of  the ‘Kund’ became polluted and contaminated with the 
chemical residues. People misused and abused the waters of  the ‘Kund’. 
The flowers and other worship materials were strewn all over the surface 
of  the water. The land was cultivated with the modern techniques, 
fertilizers were used and hybrid seeds were sown to increase the produce. 
With the building of  the dam, the waters were diverted into the fields. 
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The productivity increased but so did the diseases. People of  the valley 
now complained of  sickness that could not be cured even by the sacred 
waters of  the ‘Kund’; earlier its waters served as a remedy for almost 
every health issue that the people faced.  

The Golden Fish too, had disappeared, or in the priest’s words, 
“had disappeared as the people had polluted the waters”; the translucent 
waters had turned blurry with the dirt and filth. The priests of  the temple 
had even urged the elected representatives to clean the ‘Kund’ but their 
requests fell on deaf  ears.  

Years went by and the valley prospered economically, but the 
people suffered. They were entrapped in the vicious circle of  unending 
medical problems and treatments. To their respite a wing of  the 
renowned chain of  hospitals, The Swasth Charitable Hospitals, which 
was known for providing the best health services worldwide, had been set 
up in the Devgarh Valley. The doctors of  this hospital were individuals 
who wanted to serve the needy and the underprivileged and wished to 
offer their services in the rural and interior places. Most of  them had 
retired or had dedicated their lives for the poor and the sick. 

Karmanya 

A young Doctor Dr. Karmanya, a British citizen, had recently joined the 
Swasth Hospital of  the Devgarh valley. He had gained his education 
from London and was working in a renowned hospital when he decided 
to quit his job and come back to India when he heard that the Swastha 
Hospital was being opened up for the people of  his own village. This was 
an opportunity for him to come back to his roots. He had never been to 
India but had heard about his homeland from his parents and 
grandparents.  

Karmanya had just shifted to a rented accommodation near the 
hospital, beginning a new life, surrounded by the village homes and the 
residents who lived around his house. The home that he had moved in 
was the old house of  the erstwhile Royal family who had shifted abroad 
years ago. People were glad to know that the old and dilapidated 
bungalow that had lain vacant for years now had a new tenant. Even 
though people had spread rumours about the same being haunted, they 
chose to keep mum regarding this. 

After settling down in his new home, Karmanya got to work in the 
Hospital during the day and in the evenings went for leisurely strolls and 
casual walks around the valley. The caretaker of  his house was a village 
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man named Chet Ram, whose earlier generations had been employed to 
look after the royal house for years. Chet Ram would accompany 
Karmanya during the walks, often introducing him to the villagers who 
would look at the handsome Karmanya in awe. He was a kind and 
humble soul who would talk to the children who met him in the fields, 
greeted the oldies of  the village sitting in the front yards of  their homes 
and fed the street dogs who wagged their tails welcoming the new 
resident of  their area. 

One day, Chet Ram narrated the story of  the ‘Kund’ and the Gold 
Fish to Karmanya and told him how the Gold Fish had disappeared and 
the ‘Kund’ waters were now polluted drastically. Karmanya was 
enthralled by the story and decided to visit the temple and the “Kund’ 
the very next day. On reaching, he looked at the ‘Kund’, which was a 
lovely turquoise blue in colour but the basin of  the ‘Kund’ that was once 
visible, could not be traced anymore. Karmanya was mesmerized by the 
small turquoise coloured pond that had such an intriguing legend behind 
it. But he was sad to know that the Gold Fish could not be seen in the 
‘Kund’ anymore.  

He visited the temple and paid obeisance to the idol of  Queen 
Rukmani that was installed at the raised platform at the extreme end of  
the huge Temple Hall. Karmanya looked at the idol and wondered how 
the Queen could gather the courage to lay down her life for the sake of 
her kingdom, leaving her young sons... and her family behind. What a 
selfless act of  sacrifice!  

Curious, Karmanya spoke to the priest to know more about the 
reason due to which the beautiful blue waters of  the ‘Kund’ were now 
blurred with muck and filth. The priest apprised Karmanya about the 
situation: how Queen Rukmani had made the supreme sacrifice of  her 
life to bring water to this kingdom and how it got contaminated with the 
adoption of  new farming techniques. “People have developed 
shortsightedness, basking in the warmth of  the financial boon brought in 
by the farming techniques, not observing the rise in health problems”, he 
said. 

Karmanya was well aware that the Swastha Charitable Hospitals 
was a British chain of  hospitals that are opened only at places where the 
rise in the diseases and number of  patients have shown a sharp increase. 
As he got to know about in London that one such branch has been set up 
in his ancestral area, he decided to come back and serve his village. He 
took a deep breath and came to the conclusion that it was not the cure or 
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treatment being provided by the hospitals but the prevention of  diseases 
which had to be worked upon.  

Karmanya decided that to take steps for the cleansing, conservation 
and rejuvenation of  this sacred turquoise coloured Pond, it was 
necessary to bring in the machineries required for the flushing of  the 
dirty water and scrubbing the basin. Karmanya spoke to the 
environmentalists and the NGOs who were involved in river cleaning 
projects. They assured Karmanya of  providing the machines and the 
technicians who would operate them. The Villagers also came forward to 
help Karmanya in this endeavour. 

The news of  Karmanya’s efforts reached the government and it 
decided to take up the matter of  the cleansing of  the ‘Kund’. It was 
named ‘Kund Purification Project’. It would look into the setting up of  
pumping stations, recycling plants for collecting and reusing the flowers 
to make colour dyes and cleaning the ‘Kund’s basin. The people of  
Devgarh and the state were elated on the news. The staff  of  the Swastha 
Hospital too lauded the efforts made by Karmanya and donated for this 
cause generously. 

The work began. The priests of  the temple too started a ‘Yagya’ 
simultaneously for the successful completion of  the project. But, the next 
day, the project work got disrupted as one of  the cleansing machines 
developed a snag. It could be corrected only by diving into the lake and 
repairing it. Karmanya, decided to take the plunge into the water and, 
after a while, the machine restarted. People cheered. But Karmanya 
didn’t appear again. 

The Devgarh Valley was lashed with rains again after years as it 
resonated with the sounds of  Karmanya’s name. 

The lake waters had engulfed Karmanya. His body wasn’t found 
even after the lake was cleaned. The project ended the next day. 
However, the search operation to locate him was unsuccessful. 

It was later confirmed that Karmanya Singh was the great grandson 
of  same Queen Rukmani of  the Devgarh Valley, who had sacrificed her 
life years ago to bring the water to the lands…. 

The family had shifted to London years ago. It was further revealed 
that his parents had passed away long back and he was their only 
surviving son. He had gone back to India as was wished by his parents 
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before their death. The house that he lived in was his own ancestral 
house…. 

The priest of  the temple wasn’t surprised to learn about 
Karmanya’s identity. This time he had dreamt that only a male member 
of  the Royal family would bring fortune and good health to Devgarh 
again. 

The project was completed in a few days. The waters of  ‘Kund’ 
looked clear blue. The people vowed to adopt organic farming on their 
lands, and refrain from using chemicals. 

One fine day, a young girl who was playing around the turquoise 
coloured ‘Kund’, saw a Gold Fish dashing through the waters. She called 
her friends and the priest too came rushing to watch this marvel, the 
Gold Fish. By the evening, everyone gathered around the ‘Kund’. The 
long lost Gold Fish had reappeared! 

However, this time there was not just one but two fishes. There was 
another Silver Fish, following the Gold Fish around the pellucid waters 
of  the ‘Kund’, as people looked delightedly at the two symbols of  
prosperity and good health in the sacred “Kund’. 

The priest looked and smiled.  

Rukmani and Karmanya would live till eternity in their heaven, the 
‘Sacred Kund’. 
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Review of “Cleansing the Sacred ‘Kund’” 
HEM RAJ BANSAL 

“Cleansing the Sacred ‘Kund’” stems from the inner desire to clean the 
sacred places. At a time when there are cleanliness drives such as the 
“National Mission for Clean Ganga” or “Namami Gange” and a 
romantic search for the mythical Saraswati, the story comes up well in 
time to resonate with water purification projects and especially sacred 
water sites. History and literature abound in such examples where 
human sacrifice would result in the magical appearance of  water. Angry 
deities’ pacification invited human sacrifice and the propitiation would 
result in divine favour or in avoiding divine retribution. In Japan, the 
legends talk about hitobashira (‘human pillar’) in which virgin girls were 
buried alive to safeguard the building against enemy attacks or natural 
calamities.  

The story is a fictionalised version of  the Rukmani Kund and traces 
the idea of  human sacrifice. Folk literature of  various places is 
abounding with legends of  varied sorts and the story of  Rukmani’s 
sacrifice for making the otherwise drought hit area fertile is very moving. 
The story presents Rukmani herself  proffering her body to quench the 
thirst of  the entire valley of  Devgarh, a fictionalized name for Barsand in 
Bilaspur. An unquestioning faith is shown in the priest whose 
mystical/divine vision makes it incumbent on Rukmani to become the 
victim. However, the societal/patriarchal expectations from a woman 
were so high that it would have been thought improper had the son or 
husband offered themselves for the sacrifice. Rukmani complies with the 
notions of  gender performance through this act. Moreover, the idea of  a 
loyal wife and a doting mother also drive home the feministic concerns 
of  the story.  

Though the human sacrifice in the story is personal, the concern 
remains largely philanthropic as it is for the community. The shedding of  
tears by the family as well as the grief-stricken people is very telling and 
touching. The sudden appearance of  the Golden Fish in the sacred water 
of  the kund after the sacrifice of  Rukmani is viewed as a sign of  
prosperity and immortality is associated with the fish as it is seen as the 
incarnation of  the queen Rukmani herself. 
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The author also takes a dig at the modern man’s unquestioning 
faith. The scattering of  flowers or other puja/worshipping material and 
the shifting away from organic farming to an inorganic one does not only 
cause water pollution but also in the bourgeoning of  the diseases. The 
healing power of  the water no longer offers any salvation to the diseased 
or the sufferer. Ironically though the valley becomes fertile, the people 
begin to fall ill and suffer from many health problems. The water loses its 
divine/cleansing/healing power due to the negative human intervention.  

Karmanya as a young British educated doctor feels drawn towards 
his roots and chooses to serve his people than live his life lavishly. His act 
of  leaving a job in London and serving his village and area folk becomes 
an act of  communal sacrifice. As a third generation diasporan, it is quite 
touching that he had formed a picture of  “imaginary homelands” 
through the stories that he had heard from his parents and grandparents. 
Interestingly, the pull of  the homeland is very strong in him and hence 
makes him stick to the service of  the people. 

Chet Ram acts as the missing link between Karmanya and his 
ancestors. While Chet Ram’s narrating the tale behind the formation of  
the Rukmani Kund fills Karmanya with awe, the disappearance of  the 
“Golden Fish” equally disturbs him. Feeling the need to cure not the 
patients first but to breed out the root cause of  the rising number of  
patients makes him restless. Cleaning the water, planting the trees, or 
working with the NGOs for the conservation of  water becomes his top 
priority. As the Kund Purification project sets off, a snag in the 
machinery makes Karmanya dive into the water but never to return 
back. 

As it unfolds further, Karmnya’s sacrifice does not only lead to the 
cleansing of  the sacred kund again but also the reappearance of  the 
golden fish. The “Golden Fish” in the story symbolizes prosperity, 
fertility and happiness. This arrival of  the golden fish is invariably linked 
with the purification of  both water and mind. The author drives home 
the idea that unless due attention is given to the conservation of  
environment, humans will have to face the consequences.  

Though from the perspective of  tourism, sacred rivers or lakes 
become places of  paramount significance, the possibility of  cleaning the 
lesser-known water resources is also the need of  the hour whether they 
have any mythological bearing or not. So, cleanliness drives are a must 
for every lake, river or pond irrespective of  any sacred/mythological 
significance.  
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In the legend, it is Rukmani, a woman who sacrifices herself  for the 
welfare of  the people. However, in the story a male of  the same family 
performs the sacrifice. In the legend, the king had sacrificed his daughter-
in-law but, in the story, it is the queen herself, King’s wife who does so. 
By doing so, the author subverts the gender binaries and sets the balance 
right. In the legend, the king’s offering of  his daughter-in-law appears to 
be a more sagacious choice for him than that of  his son. However, the 
story balances that gap.  

If  we look at the story, when the machinery breaks down, it is doctor 
Karmanya who plunges into the water for repairing the snag and not 
engineer Karmanya. It seems unconvincing to have a doctor repair the 
machine; an engineer would have been a better choice because a doctor 
treats disease of  the body and not the snag of  the machines. Though 
rationally it seems incompatible with the skills of  Karmanya, on the level 
of beliefs/devotion/spirituality, it sounds convincing as a selfless act of 
human sacrifice for the larger benefit of the public. The name symbolism 
in the story makes it more convincing as the name ‘Karmanya’ implies a 
person who is duty-bound. Similarly, the name Rukmani also signifies 
someone “who is adorned with gold” and it speaks for the appearance of 
the Golden Fish in the pond after Rukmani’s sacrifice.  

Abhyudita’s story, thus, does not only revive an old legend but also 
sensitizes about the need to keep the water resources clean. The dumping 
of  the puja material at the sacred water sites requires timely intervention. 
Disposal of  ritual residues should be in an environment-friendly way and 
Dispose Well is such an organization which treats leftovers of  the rituals 
in a way that respects the sentiments of  devotees and also does not harm 
the environment.  

Audience’s Live Response 

Namrata Pathania: A wonderful mixture of  history and fiction…really interesting 
story Abhyudita Ma’am. 

Anupama Singh: Though I had heard tit-bit of  this legend, but today the whole 
story was narrated marvellously and the fiction nearing reality was amalgamated 
in a magnificent manner…and the way you presented was wonderful Abhyudita 
Ma’am.  

Sangeeta Singh: The story highlights the pull towards our roots and legends. 
Beautifully written and narrated Abhyudita Ma’am.  

Gitanjali Mahendra: I enjoyed the story, Abhyudita. The analysis was very good, 
Hemraj sir.  

Rajan Kaushal: Beautiful story and wonderful analysis.  
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THE PARTY 
ANIL WILSON 

There was a sudden spurt of  pain in her side. She stopped for a while to 
give respite to its insistence. Another one, she thought, and soon every 
inch of  her body would be shrieking for attention. Well, she thought, at 
her age what else could she expect? And she went on with her work. It 
was Christmas Eve, and she had so much to do. Though her eyesight and 
hearing were failing her, her sense of  smell was just about holding out. It 
told her that the cake was ready. Another Christmas cake, another year 
gone by. She stopped her painful movements to give room to the rush of  
memories: "Vy, I would have married you, if  for nothing else, just for the 
wonderful cake you bake," her husband, Kelly, had said to her one 
Christmas Eve, perhaps three decades ago. One loses count of  years 
when one is so old. Things become dim and hazy. Yet the remark still 
stood out so very clearly in her mind. She remembered it because he had 
looked so handsome in his new blue suit. Yes, the new blue suit -- she 
remembered it so well. The whole scene connected with that suit was 
etched in her mind. 

She shook herself  off  those memories. There was no time for 
reminiscences with company expected soon to spend the Christmas Eve 
with her. After so many lonely Christmas evenings, today, once again, 
there would be laughter and gaiety in her house. She had to hurry. There 
still was so much to be done even though all the foodstuff  was prepared. 
Everything had to be in place in time and she had no one to help her. 
Kelly used to be a great help right to his last day, especially during the 
Christmas week when he helped her with all the preparation. But on that 
bygone Christmas Eve she had not allowed him to work with her. "Your 
new suit will be ruined," she had told him and then blew out her anger 
on her work in the kitchen. 

"Perhaps it was my mistake," she thought. "I had no business to be 
where I was not expected to be. Then I would not have seen him in that 
compromising position with her.... What the eye sees not, the heart does 
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not grieve over." She smiled to herself: “Yes, she had forgiven him, but not 
till after....” 

"O well, I better get the China out," she thought. It would take 
some effort as it was in the lowest shelf  of  the cupboard and she had 
great difficulty bending down. 

"An interesting side-light of  that dreadful episode," she always 
thought, "was the discovery that though she had been married for so 
many years, she had never imagined that love making was such a 
ludicrous affair to an onlooker." She moved about, dragging herself  from 
one place to another, making sure that everything was in its place, 
making ever so slight adjustments in the bric-a-brac around the room. 
She arranged the chairs around the dining table. 

"How many people would there be tonight," she asked herself. So 
many times, since morning, she had asked herself  that same question and 
had always forgotten the answer she had given herself. Yes, there were the 
old Mr. and Mrs. Shaw. Of course, not so old as she herself  was but just as 
lonely, or perhaps even more than her. The Shaws had each other to talk 
to, but only when they were in a state of  truce which was not often. 

She could go on chatting for hours with Kelly telling him about the 
aches and pains she felt and what the doctor said about them. She would 
tell Frank, her son, what a naughty little boy he had been when he was a 
child, intent upon breaking everything in the house. Even today when 
anything slipped through her stiff  fingers and broke, she thought of  poor 
Frankie to put the blame on. She never tired of  telling him how smart he 
looked in the photograph taken in his air-force uniform, which had 
reached her a day after his plane had been shot down. 

She turned around and shuffled into the bed-room. "Must take out 
the cotton table-sheet," she said to herself, "these new-fangled plastic 
ones were no doubt very functional but for a proper Christmas party it 
had to be the traditional white cotton." She opened a drawer and after 
carefully rummaging inside it, took out a well washed, well ironed white 
sheet. Satisfied that this was what she wanted, she made her way slowly 
back to the dining-cum-drawing room. 

Yes, there were also Raghu and Suriya. She had known that it 
would not be easy for her to make them accept her invitation. They were 
still young; their daughter Indira, had just started college. What, with all 
the commercial establishments trying to cash in on the Christmas spirit 
with their candle-light dine-and dance affairs, why should they accept 
her invitation? To a simple party? But she made up her mind to make 
them spend this evening with her. They could certainly spare one 
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Christmas Eve for her-- they had so many more to come. As for herself, 
she imagined that Kelly and Frank were already making fun of  the way 
she stuck on to her creaking bones. So, before extending the invitation to 
Raghu and Suriya, she took them back to the days when they had just 
got married -- a runaway marriage, an elopement. Those were the days 
of  the all too often communal flare-ups. Both the major communities 
were looking for the runaways of  each other's communities. A terrible 
time she had had, hiding Raghu and Suriya in her small, cramped store-
room for a whole fortnight. After that they escaped to a hill-station for 
three months while tempers cooled off  back home. Exactly nine months 
later Suriya had given birth to a daughter. Vy had fondly hoped that they 
would name the child after her because she was sure that the child was 
conceived in her store-room. But no, they named her after the prime 
minister, perhaps because she was a symbol of  secularism. Now when 
she reminded them of  those 'store-room-days', she found them to be 
visibly uncomfortable. Moments of  youthful passion leave embarrassed 
memories. And so, when she invited them, they just could not bring 
themselves to refuse her. She giggled to herself. Yes, she could be crafty 
when she wanted to. But Indira would not come. She had come rushing 
into her apartment: "Granny, I can't come, I just can't come. O please, 
please do try to understand, it is so important to me, you know." She had 
been invited to a party where that famous singer -- what was his name, 
was performing. "It is a chance of  a life-time, granny, I can't miss it." 
And Vy understood. There would be many more Christmas Evening for 
Raghu and Suriya, but for Indira, at her age, Christmas came just once a 
year. That is how it had been for her when she was young. She was 
pretty, yes. Some even said very pretty. There certainly was no shortage 
of  admirers. But Kelly was the terribly jealous type. And she loved him 
too much to see him disturbed. She knew what jealousy could do. Many 
years later it was she who was consumed by jealousy. She had put a 
burning iron on the trousers of  his blue suit because they reminded her 
of  that terrible afternoon. No, that did not satisfy her. So, in her own way 
she decided to get even with him -- she went to bed with Lenny. It was 
not an earth-shattering experience and she had not cared to repeat it. In 
any case, it had calmed her down and made her forgive him. Many a 
time she had wondered: was that the only time Kelly had been unfaithful 
to her? There was no way of  knowing. Strange, she thought, two people 
live with each other so closely, so intimately, and yet all they know about 
each other is what they choose to reveal to each other. 

Yes, Lenny was coming too. He was a bachelor once again -- one 
dead and one divorced. Perhaps he was on the lookout for a third -- no 
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lecher like an old lecher! Yet, he had that very likable quality: always 
jovial, always lively, always making things interesting, and so very 
helpful. He had been a very wonderful friend, always there when he was 
needed. His usual joke was that he had put all his savings in a wager; 
that Vy would outlive him and that he would wait for her in the hereafter 
to collect his winnings. At their age death was no longer what one had to 
go through. At least it was so for her. Not macabre or frightening. It was 
more of  a matter-of-fact detail Frank and Kelly were waiting for her on 
the other side, and getting a trifle impatient. 

She decided to sit down and rest for a while. Then began to wonder 
if  she had put the beer in the fridge. Come summer, come winter, Raghu 
drank only beer and that too after it had been properly chilled. She stood 
up, waited for the pain to pause before she pushed ahead. It was such a 
nuisance, this forgetfulness. Took so much of  her energy to do the things 
she had already done. Mr. Shaw would perhaps have some too, but after 
a lot of  cajoling and after appealing to his wife to let the Christmas spirit 
make her indulgent. Lenny would have rum, to keep his toes warm, as 
he said. She had a bottle, saved up from God knows how many years. 
Kelly had not been very fond of  it; it went right to his head. So, other 
than very special occasions, he generally avoided having any strong 
drinks. She walked back to her chair and very slowly lowered herself  into 
it. Nothing to do now but wait. It was getting cold; she must get a hot-
water bottle if  she was to be comfortable. The room was sufficiently 
warm but her old fingers would refuse to move if  they were not kept 
warm. She got up again. The new surge of  pain wants to outdo all the 
others, she thought with a grimace. As she switched on the electric kettle, 
she decided to unbolt the door as very often she did not hear the 
doorbell. By the time she had done this, the pain became unbearable. She 
sat down. With old age even the pains often lost their sharp edge. This 
one, however, reminded her of  her youth: of  the time when her son 
Frank was born. The pain and the pleasure -- the physical pain almost 
unbearable; the emotional pleasure made it bearable. The final burst of  
pain -- just too much, shooting through her body, pulling at every muscle, 
every joint, straining at the very roots of  her being -- and then as he was 
born, the sudden release, the immediate relaxation. 

The electric kettle gave a shrill, piercing whistle -- inviting, 
demanding attention. But Lenny had lost his bet. She was suddenly free 
of  all aches and pains. The wait of  Frank and Kelly was over. 



Narrated by Kulbhushan Sharma 
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The Aggregate of Memories: A Reading of Prof. 
Anil Wilson’s “The Party” 
ANU JAIDEV 

“The Party” by Anil Wilson is a short, short story. It is a paean to Papa 
Hemingway in terms of  its masterful selective detailing of  the ice-bergian 
kind: the simple elegance of  the enunciated narrative rests on the gravity 
of  the submerged mass. 

At the first reading, one is struck by the self-assured felicity of  the 
narrative. It is relaxed, open, confident, comfortable and disarming. At 
the structural and formal level, the story takes so much in its stride 
without faltering (a lifetime, to be precise); even as it presents the reader 
with the travails and troubles of  its rather fragile and reluctant 
protagonist.  

The text offers an interesting take on the narrative’s engendering of  
the character with the character’s engendering of  the narrative. It is a 
woman’s narrative, and hence always connected and connecting with 
others around her. The individuation of  her perceptions is articulated as 
precisely that, it is not allowed to be the isolated individuation of  her 
experiences. In that it comes as close to being a ‘female text’ as it can. 

In the following critical reading of  the story, I shall simultaneously 
utilize perspectives from critical literary gerontology, gender studies, and 
the discourse of  the body and literary temporality. Gender studies 
evaluate constructions of  masculinity and femininity in literary texts. 
Critical gerontology evaluates how age, aging and ageism forms part of 
literary narratives, and indeed how much of  literature celebrates youth 
and ability and thus perpetuates a rather warped worldview. 

Simone de Beauvoir in her book Old Age (1972) talks of  breaking 
the ‘conspiracy of  silence’ around what she calls this ‘forbidden subject’: 
the subject of  aging and how it is almost never part of  social discourse. 
Diana Wallace in her study “Literary Portrayals of  Ageing” suggests that 
literary representations of  older people are important in that both shape 
as well as have the potential to counter perceptions about age and ageing. 
The othering and indeed the erasing of  the old could be countered 
through sensitive portrayals of  old age and aging. The proverbial ‘foreign 
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country with an unknown language’ (May Sarton) after all is the country 
which most eventually come to inhabit. It is important to imaginatively 
engage with the fact of  our own ageing. It is also important to recognize 
the subjectivity of  those who are already ‘older’ in order to understand 
the ways in which age and ageing are culturally constructed.  

The discourse of  the body is important in that the body is not 
necessarily intra or extra discursive, but in that it is quite literally the site 
of  the exercise of  power. Discourse is not merely a matter of  reflection 
or contemplation, it is also em-bodied.  

The narrative hinges on memories of  Christmas Eve parties and 
cakes, past and present, converging on a single visual trigger of  a 
memory: Kenny’s blue suit and its attendant associations. 

Vy is the reluctant protagonist and subject of  the story and the 
narratorial voice is closely aligned with her. Vy, in the moment of  the 
story, is old. She reminisces while she waits for friends to arrive for her 
Christmas Eve party. The story is an aggregate of  her reminiscences, 
birthing through her in cold print, with her dying. Vy’s name has an 
almost Beckettian play upon ‘why’ which ties in with her reluctance to 
deal with her husband’s transgression as well as her son’s passing. She’d 
rather not deal with either. The interior monologue of  the character is 
captured here in terms of a series of  seemingly random thoughts and 
memories. The aggregation of  memories ranges from the ordinary and 
every-day to the life- altering and traumatic. The nature of  the recall is 
what it is because it cannot be and is not, shared. It is simply a churning 
in the mind, not meant to be said aloud. It remains, by definition, un-
avowable. 

And yet, the imprint of  what she has undergone is singed into the 
pathologies she experiences in her mind as well as in her body. The 
churning is never just a contemplation in the mind: it registers in the 
body as well. There is amnesia, and failing sight and hearing loss, and 
the difficulty in movement. There’s also the stabbing, shooting, 
debilitating pain, which can immobilize her. And yet, there is one sense 
that is intact: the sense of  smell. She can revel in the aroma of  the cake 
she is baking as well as catch some wafting odours from her past. She 
can decide not to focus her hearing and even obfuscate her vision; but 
smells are ambient-- and inescapable.  

Vy inhabits her past and present simultaneously as the narrative 
stretches back and forth in temporalities. From the twilight of  her life, 
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she looks back on triumphs and failures of  her life with a degree of 
composure. There’s a matter-of-factness about her, an understated quiet 
confidence, which does her credit. She’s not the trailblazing feminist, nor 
the wizened old dame, but just an aging woman, managing her everyday 
existence.  

Negotiating the aging self  is not easy. But Vy demonstrates that 
while faculties diminish and fail, there’s still the inexplicable life-force 
that wills people to live. The debilitating pain erupting in her side 
dictates her slightest movements. It is ironically, both a marker of  life 
and death in the story. She needs to take a break ever so often. Ordinary 
tasks like taking out the china and finding that special cotton table-sheet 
are difficult for her, but she carries on.  

Memories of  earlier Christmas Eve parties inform the need for this 
one. Do bear in mind that this party comes after many, many lonely 
Christmases for her. The cake’s aroma perfuming her house brings back 
memories from years long past. The past inhabits the present, those who 
have passed on have a lingering after-life, not only in terms of  the forever 
after, but in terms of  the memories that survive them. The memories 
evoked here are not all pleasant ones: in fact, the text makes it absolutely 
clear that there is no such thing as an unencumbered clean and pleasant 
memory. 

Memories galore. Kelly, the handsome husband in his new blue suit 
is also the adulterous betrayer out of  it. Vy, does not confront Kelly, 
(even though she walks in on him when he is with the woman she 
doesn’t deign to name.) She slots the incident in the category of  the 
“ludicrous”.  

"Perhaps it was my mistake," she thought. "I had no business to be 
where I was not expected to be. Then I would not have seen him in that 
compromising position with her.... What the eye sees not, the heart does 
not grieve over." She smiled to herself: “Yes, she had forgiven him, but 
not till after....”  

The story turns the power/knowledge paradigm on its head. 
Knowledge is not seen as empowering here, she wishes to erase what she 
has witnessed. Or more accurately, remove herself  from the scene of  the 
incident. She gets mad; then she gets even. Eventually however, she is 
able to take the transgressions great and small, endured and committed, 
in her shuffling stride. 
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Memories of  Frankie, her son, are similarly evoked. Frankie’s 
special picture in his Air Force uniform that Vy has memoried, is 
connected with the news of  his plane being shot down. And yet, that is 
not what she is prepared to focus on. For her it is as if  Frankie is just 
around. In her mind still a boisterous boy, whose antics can be blamed 
for anything she drops inadvertently. Memories are enmeshed with the 
pleasant and unpleasant bits, and people don’t get to pick and choose. 
No matter how hard the need to erase and forget. 

It could be argued that her husband’s transgression must be central 
to her personal crisis. To which one would say that the story does not 
read that way. One is not trying to downplay the significance of  the 
transgression, merely to put it in perspective. Of  course, she is not happy 
about it. The several whys bother Vy too much and not enough. In the 
midst of  all these questions her nonchalance betrays a rather 
underwhelming realization. 

She realizes that adultery for her has been incidental: and perhaps 
for Kelly too. Keeping faith and betraying trust usually involves the same 
individuals. None of  it is pretty, but there are more serious griefs to deal 
with, like the passing away of  an only child. Like the incapacitated, 
weak, aging body that can still outweigh every other emotional concern. 

With age, however, comes at least the necessary deference and 
regard of  others which can be quite useful. She can strategically bring up 
the fact of  Raghu and Suriya’s elopement to her advantage and their 
embarrassment. Power gleaned from knowledge is what can be exercised 
on others. The self  is far too fragile, and any ruthless scrutiny renders it 
collateral damage: wisdom indeed leads a bitter life. Hence the yearning 
to revert to a state of  innocence. “What the eye sees not, the heart does 
not grieve over." 

And yet, the grief  here is not inordinate. Significantly, the narrative 
pitches Vy’s experiences not as catastrophes frozen in time but as 
moments in the great transition that is life. The narrative actually 
manages to cast a cold eye on life, on death, and moves on. It is, (to 
borrow what Virginia Woolf  said of  Middlemarch), a text for grown-ups.  

It is interesting to observe how Vy negotiates her identity as the 
betrayed (and betraying) wife, the grieving mother, the sheltering elder, 
the honorary grand-mother and the long-term friend. There’s no earth-
shattering drama here, either in Vy’s experiences or in her responses to 
them, and that, precisely, is the point. There is a quiet dignity in the lives 
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of  women -- and men, despite their failures and shortcomings. Not every 
life culminates into an amplified swan song, and that is all right. Vy is 
here. Rickety joints, aching limbs et al., but she is here. And that is 
enough.  

The sundry narratives that occupy her mind coalesce together in 
the one moment in which she reminisces her untold, unshared story and 
lets it die with/in her with the final pang of  pain. The moment of  her 
death is ironically also the moment of  the story’s closure and birthing. 
The feminist triumph of  the story, one would argue, lies precisely in its 
refusal to cast the moment of  adultery as the defining experience for Vy. 
It’s just one difficult bit in a long and full life.  

George Eliot makes an observation in Middlemarch: “[In youth] 
each crisis seems final. Simply because it is new.” A lifetime of  crises and 
triumphs teaches Vy resilience, even in the face of  the finality ushered in 
by an overwhelming bout of  pain.  

As she switched on the electric kettle, she decided to unbolt the 
door as very often she did not hear the doorbell. By the time she had 
done this, the pain became unbearable. She sat down. With old age even 
the pains often lost their sharp edge. This one, however, reminded her of  
her youth: of  the time when her son Frank was born. The pain and the 
pleasure -- the physical pain almost unbearable; the emotional pleasure 
made it bearable. The final burst of  pain -- just too much, shooting 
through her body, pulling at every muscle, every joint, straining at the 
very roots of  her being -- and then as he was born, the sudden release, 
the immediate relaxation. 

The electric kettle gave a shrill, piercing whistle -- inviting, 
demanding attention. But Lenny had lost his bet. She was suddenly free 
of  all aches and pains. The wait of  Frank and Kelly was over. 

Vy drops out, the narrator picks the threads and closes and seals the 
warp and weft. The different country too ultimately is no country for old 
men -- or women on a permanent basis. Vy however, manages the 
Yeatsian ambition of  being gathered in the artifice of  eternity by 
becoming her own story.  
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Audience’s Live Response 

Irene Rattan: Such a mesmerising story by Wilson sir. Excellent storyline. 

Mahi Yogesh: A beautiful story by Sir Wilson capturing passions and emotions so 
ingeniously. Fine lovely details - store room days, people living together know 
about each other only what they choose to tell each other. I would want to read 
the story. Thank you for reading it out, Kulbhushan. 

Savita J.B. Singh: Interesting story! Characters were well etched... 

Kamayani Vashisht: Your analysis brings to the story and its understanding, so 
much more! 

Namrata Tiku: Such a nuanced and layered analysis Anu! 
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WOMEN 
ARUN BHARATI 

“Chachi... O.. Chachi. i. i...” Kamli called out as she saw Dwarka 
walking on the narrow path in the distance. Dwarka stopped suddenly. 
Shading her eyes from the rays of  early morning sun, she looked back 
and said: 

“So you’re up! Be quick, or we’ll be returning in the scorching 
heat.” 

“Just wait for a moment,” said Kamli and disappeared into her 
house. Dwarka put aside the sickle and the rope she had in her hand and 
sat down on a small boulder on the upper side of  the track. 

The sun had arisen. Its rays had spread all over the mountain peaks 
in the distance. Most of  the women folk of  the village leave their homes 
in groups at this time to collect green fodder and they return before the 
sun comes high up. 

Dwarka woke up rather late today. Her brother-in-law’s son Bishnu 
had come to visit her the previous night. He had come after a long time 
and both of  them kept talking late into the night. By the time she woke 
up in the morning most of  the women had already left for collecting 
green fodder. She hurriedly washed her face and milked the cows. 
Picking up her sickle and rope, she glanced towards Kamli’s door and 
found it closed. Kamli must have already left, she thought and she closed 
her own door and stepped out. 

A loner by nature, she was not very friendly with other women of  
her village. Her sister-in-law had already died and her old brother-in-law 
lived separately with his three children. But the children loved Dwarka as 
their mother. Bishnu was particularly fond of  his Chachi. 

Kamli too addressed Dwarka as her Chachi. Dwarka had no child 
of  her own. She was married at the age of  thirteen. Her husband was 
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nearly fifty. By the time she could understand the meaning of  marriage 
the husband died. 

Three or four terraced fields, two cows, two small mud-plastered 
rooms and a few brass utensils — her life was largely spent in looking 
after these. Her brother-in-law and his wife lived separately with their 
two sons, Bishnu and Karma, and a daughter, Meera. Her sister-in-law 
died two years after Meera’s birth and the kids started looking for a 
mother in Dwarka. Dwarka too found a purpose for living in these kids. 

Last year Bishnu had gone to the town and found a job. Karma had 
taken charge of  cultivating the fields. Meera got married this year. 
Whenever Meera visited her parental home, she spent most of  her time 
with her Chachi. The conjugal bliss seemed to have completely 
transformed her. Youth seemed to spill out of  her like a branch of  
Kachnaar laden with flowers, attracting and tempting all who saw her. 

Dwarka never got time to think of  what youth really was. Even 
though she was nearly thirty-five she felt at times that her body was 
aflame with desire, and her nerves tickling. Her body would feel heavy. 
She felt like riding a swing and singing songs of  love. But she would 
check herself. It’s a sin for a widow even to think of  all this. How could a 
widow do what was proper for a happily married woman? She must 
not.... With great difficulty she would suppress the ache in her heart. 

As she sat there, she started thinking, ‘Is the age of  thirteen an age 
to be married off. And after all what was the difference between my 
father and my husband? Only of  the bodies and not of  age.’ She thought 
of  her drunken husband and how he used to pound her body every night. 
Her tender body could hardly bear this. How his mouth smelt of  the 
cheap country liquor--- oh! Good, he died. 

“Let’s go, Chachi,” Kamli suddenly surprised Dwarka. 

“Yes, yes, let’ go. You took so long.” 

“Oh Chachi, just made myself  a cup of  tea, that took some time. 
Anyway, we still have enough time. I’ve heard Bishnu also came last 
night?” 

“Yes, even I got late last evening because of  him. He stayed for long 
narrating his experiences in the town. Oh, he has changed a great deal. 
No longer the old thin and lanky Bishnu. He has turned into a sturdy 
young man.” Bishnu’s copper-like face appeared before her eyes, and his 
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trimmed thin brown moustache, his neatly done hair and his muscular 
body and the biceps of  his arms. 

“How long will he be here?” 

“Ten-fifteen days. You can surely meet him.” 

“What has he brought for you, Chachi, from the city?” 

“For me? Oh, he’s crazy! You know what he has brought for me —
a suit, bright red, bangles and a ribbon, that too red. And he said, 
“Chachi, now you won’t lack anything. I have started earning now. I was 
moved to tears and I smiled. With great effort I made him understand 
that this colour only a suhagin can wear, one whose husband is alive. I 
asked him to give those things to Meera.” 

By this time they had reached the pasture and started cutting grass 
for fodder. 

Kamli was Dwarka’s daughter-in-law in distant relations. Her 
young husband had died last year in a truck accident. Kamli became a 
widow in the prime of  her youth. She remained in a state of  shock for 
some time. There was no one in the family. No brother-in-law or sister-
in-law to take care of  her. She had no child either in the five years of  her 
married life. Suddenly her life had become totally barren. 

Bishnu was five years younger than Kamli’s husband. When she got 
married Bishnu was thirteen or fourteen. Clad in his button-less shirt and 
striped underpants, barefoot, he used to stare at her constantly. One day 
Kamli’s husband said, as he saw Bishnu staring thus, “Say, how do you 
like her?” Without saying a word Bishnu ran away, holding his lose 
underpants, and sniffing his running nose. Kamli laughed heartily. 

“Why? What makes you laugh like this?” 

“Nothing, Chachi. I just remembered an incident about Bishnu.” 

“About Bishnu? What’s it?” 

“When my husband was alive Bishnu used to come to our house 
and stare at me constantly as if  I were some strange creature. One day he 
asked Bishnu, “So, do you like her?” And Bishnu just ran away. Since 
then till the day my husband met with the accident Bishnu has never 
come to our house. It’s almost a year since I last saw him.” 

“He has grown up into a handsome youth. Tall, stout and 
muscular, just like your husband.” Kamli felt a pang in her heart. She 
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threw her sickle aside and, burying her head in her knees, she started 
sobbing. 

“Aye, are you gone mad? Just look at me. I have been living in 
widowhood for the past twenty years. This is all the will of  God. As He 
wishes! Come, don’t be mad, let’s go. The sun is getting hot. Let’s hurry 
up.” 

Kamli wiped her eyes and heaved a deep sigh. Suddenly she felt 
empty within, and lifeless. Listlessly she got up and started cutting grass. 

“Sarasti...! O.... Sarasti!”, Dwarka was tired calling out to her. “I 
wonder where the girl has vanished,” Dwarka mumbled to herself. 

Suddenly she saw Bishnu with a pitcher of  water on his shoulders 
coming from the natural spring of  water. His body was shining like 
copper in the morning sun. He was wearing vest and underpants. And 
she was surprised to see Sarasti follow him with a pitcher on her head as 
well. Bishnu stopped and whispered something to Sarasti as she came 
closer. Dwarka couldn’t hear anything but she started observing them 
carefully. 

All of  a sudden Bishnu placed his pitcher on the boundary of  a 
field. Then he lifted Sarasti’s pitcher also to place it on the boundary. 
Like a happy doe Sarasti romped into the fields of  maize. Bishnu also 
ran after her. Some commotion for a while, then quietly both of  them 
disappeared. 

Dwarka was standing at a height so she could see it all. She rubbed 
her eyes, then she saw — the pitchers were there on the boundary. 

“So, that is why this girl is not to be seen these days! She started 
musing. ‘Her husband was right, poor fellow. Her conduct is not proper. 
But she got spoilt after marriage only. They say her husband was 
impotent. That’s why with her brother-in-law... what wild passion! Yes, 
the flame of  passion will indeed consume!.... But no! In her own family, 
oh God! Brother-in-law is like brother... but... but...” 

She was stunned. She felt as if  she was being engulfed by invisible 
flames from all sides. Her body was aflame, nay scorched. Her legs were 
trembling, her fists clenched, her palms sweating. Bishnu... Sarasti... 
fire.... Twenty years of  widowhood suddenly vanished. The blood 
running in her veins suddenly became that of  a sixteen-year one. Hot like 
a furnace — boiling. Steam... fog... sparks. Her eyes closed. Her breath 
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sounded like bellows. As if  she had stopped suddenly in the middle of  a 
steep climb. 

“Are Chachi, what’s the matter? What are you muttering right in 
the morning?” 

She was startled by Kamli’s voice. 

“That... there... Bishnu... Sarasti? No, but you...” She didn’t know 
what to say. In confusion she stared blankly at Kamli. 

“What’s wrong with you Chachi? Your face is so red... eyes red... 
are you all right?” 

Kamli inspected her from top to toe but she couldn’t understand 
anything. Dwarka felt as if  her eyes were piercing her. 

“No, nothing. I was just looking for Sarasti.” Last evening, she had 
said that she would have her morning tea with me. God knows where 
she has disappeared so early in the morning. There is still no sign of 
her.” 

“But, Bishnu and Sarasti? You were muttering something about 
Bishnu and Sarasti? 

“Oh, yes, Bishnu also takes his morning tea with me,” Dwarka 
flicked the side of  her shirt as if  an ant were creeping on her. Suddenly 
she saw Sarasti heading towards her. 

“So you have come? I have been waiting for you for quite some 
time.” 

“You know Chachi, I had to go to get water first.” 

“Has Bishnu left?” 

The pitcher on Sarasti’s head shook a little. Some water spilled out 
and drenched her face. 

“Yes... he went away a long time back.” 

Kamli looked suspiciously at Sarasti. Dwarka felt guilty for having 
asked about Bishnu. Sarasti was staring vacantly at the desolate path. 

“Chachi, may I ask you something?” 

“What?” 

“How did you manage to live so many years without a husband?”  
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“What’s wrong with you?” 

“No, please tell me.” 

“You seem to have gone mad.” 

“Chachi, tell me, did you never miss him?” 

“What would I miss? I was thirteen when I got married and I was 
hardly fourteen when my husband died.” 

“Then?” 

“Then what? I became a widow. A widow, for whom it is a sin to 
talk to a man even in her dreams. But you....” 

Dwarka looked with surprise at Kamli whose eyes were fixed 
somewhere far away. Her face was colourless. There was a sound at the 
door. Dwarka was distracted. 

“Chachi, O Chachi!” 

“Who’s there? O, Bishnu!” 

“Yes, Chachi.” 

Bishnu came in. He was carrying a big bag. 

“Let me have a cup of  tea, Chachi. Oh! Kamli Bhabhi!” Bishnu 
was embarrassed to find Kamli around. Kamli’s eyes almost got glued to 
Bishnu’s muscular body. She desired to run her fingers on his biceps. His 
broad chest, hairy... 

Kamli’s eyes were scanning his body. Bishnu nervously looked 
away. He dare not look straight into her eyes. 

“When are you leaving?” Dwarka asked, blowing into her Chulha. 

“Right now. Just dropped in to have a cup of  tea with you.” 

“So when do you come next? Do come on Holi this time.” 

“All right.” 

There was silence in the room. The crackling of  the logs in the 
chulha, Kamli’s eyes, Dwarka’s blowing into the fire, and Bishnu’s 
aimlessly looking out continued till the tea was ready. 

“Take care of  yourself  in pardes,” instructed Dwarka as she offered 
him a cup of  tea. Kamli too longed to say something to Bishnu by way 
of  advice but failed to utter a word. 
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Bishnu quickly gulped his tea. 

“All right Chachi, take care. Do tell Karma if  you need anything. 
He’ll write to me.” Dwarka’s eyes were filled with tears. Bishnu bent 
down and touched her feet, Dwarka blessed him caressing his head. 
Looking towards Kamli, Bishnu folded his hands. 

Kamli and Dwarka kept on looking at Bishnu as long as they could 
see him moving away on the narrow path amidst the tall pine trees. 
Sarasti too kept looking at him from her courtyard. 

As Bishnu slowly disappeared in the distance the three women felt 
an aching void possessing them. 



 

Translated from Hindi by Pankaj K. Singh 

Narrated by Leena vaidya 
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Critical Analysis of the Story “Women” 
SUNAINA JAIN 

When men are oppressed, it is a tragedy, when women are 
oppressed, it is a tradition.” 

-- Bernadette Mosala 

The status of  widows, especially in rural India, has been miserable as 
they form the most vulnerable group. Despite efforts done in the 
direction of  widow remarriage and rehabilitation, the ground reality of  
widows being pushed to the margins of the society and deprived of 
chances of  living a normal life, has not changed much. The story 
“Women” traverses the lives of  three women – Dwarka, Kamli and 
Sarasti and underpins women’s oppression due to circumscribed gender 
roles assigned to them. Two of  these women are young widows and the 
story captures their travails. In subtle ways, it brings out the repressed 
sexual desires of  these women due to societal impositions. 

The story, told in third-person narration, portrays characters that 
live in the present but their past informs and shapes their lives. The story 
begins with a dialogue between two women – Dwarka and Kamli and 
the readers are subsequently apprised of  their quotidian lives. The rural 
setting of  the story gives a glimpse of  the daily struggles of  women as 
they eke out their living by working in their small farms and carry out 
mundane household chores.  

Dwarka is a thirty-five-year-old childless woman who became a 
widow at the age of  fourteen. Her husband was a middle-aged man who 
died just a year after marriage. His death caused Dwarka a great deal of  
troubles as she had to survive all alone in the world but at the same time, 
this tragedy was also a blessing in disguise as it was a loveless and 
incompatible marriage in which her husband considered her no more 
than a commodity to be used to satisfy his sexual urges. The story 
highlights exploitation of  women in forced child marriages from which 
there is no escape route for them. Such child widows passed their entire 
lives in oblivion as they were considered pariahs by the society and their 
widowhood was seen as curse and their dark shadow could taint others’ 
lives too. Dwarka, in the story, becomes a loner. She, being childless and 
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widow, remains aloof  and lives in her cocoon. Her only respite from 
everyday drudgery is the affection of  her brother-in-law’s children, 
especially Bishnu and Meera, who look for motherly tenderness and love 
in Dwarka and Dwarka, in turn, showers her unconditional love on 
them. However, it is strange that a robust youth like Bishnu (who works 
in the city) remains unaware of  the prevailing norms of  the society and 
brings red suit, bangles and ribbon, all of  which are insignia of  married 
women. Dwarka, like other young women, wants to enjoy the pleasures 
of  youth, and “her body was aflame with desire, and her nerves tickling. 
Her body would feel heavy. She felt like riding a swing and singing songs 
of  love. But she would check herself. It’s a sin for a widow even to think 
of  all this.” Despite the fact, Dwarka is not able to subvert codified 
gender roles imposed on her; she questions the absurdity of  her 
matchless marriage with a man of  her father’s age and in fact, feels 
relieved at the death of  his drunkard and ruthless husband.  

The story portrays another widow Kamli, Dwarka’s distant 
daughter-in-law, who became a widow in the prime of  her youth, as her 
husband was killed in a truck accident. The readers get to know through 
Kamli’s dialogue that Bishnu is four or five years younger than her dead 
husband and as a young boy, he often showed childish impetuousness by 
staring at Kamli in awe. As he has grown into a sturdy young man, 
Kamli gets attracted to his muscular body but being a widow, her longing 
for love and sexual gratification cannot be made manifest as defying 
traditional gender norms has no impunity for women.  

The story introduces another woman Sarasti but unlike Dwarka 
and Kamli, she does not believe in suppressing her youthful urges and 
breaks the code of  conduct by being romantically involved with her 
unmarried brother-in-law. She has another reason to violate the code as 
her husband is impotent and cannot satisfy her bodily desires. However, 
because of  society’s hypocritical standards, questioning of  man’s virility 
is a sin but labelling a woman for seeking love outside marriage as 
characterless or branding her as barren, is justified. The storywriter 
shows Bishnu and Sarasti indulging in love game as Dwarka becomes a 
mute spectator – aghast, shocked and flabbergasted. “Her body was 
aflame, nay scorched. Her legs were trembling, her fists clenched, her 
palms sweating. Bishnu... Sarasti... fire....” But this shock is then 
metamorphosed into her own burning desire for love which she has to 
keep under check as Kamli enters the scene and she stands transfixed, 
but does not betray her thoughts to Kamli.  
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The story is a sensitive portrayal of  the repressed desires of  women 
for love and sexual gratification, but whereas Dwarka and Kamli buttress 
the same inside the fort of  the societal restrictions, Sarasti’s desires are 
fueled by Bishnu’s reciprocation. The two pitchers resting on the 
boundary of  a field have been used ingeniously by the storywriter to 
convey the sexual thirst of  young lovers and also the crossing of  
boundaries as they make a transgression to satiate their desire for love 
and physical intimacy. The story gathers weight and gravitas through 
oblique thematic hints thrown into it and like Ernest Hemingway’s 
Iceberg technique, deeper issues concerning rights of  women are 
highlighted. The title of  the story is generic but it serves the purpose as 
the women characters in the story are not just individuals but also 
representatives of  women in general who face subjugation at various 
levels.  

Audiences’ Live Response 

Rajan Kaushal: Wonderful story and superbly narrated. 

Kulbhushan Sharma: Quite evocative and beautiful story Pankaj Ma'am. I am 
reminded of  Arun Bharti ji. 

Gitanjali Mahendra: Leena you narrated the story so well. Ma'am Pankaj is a 
brilliant translator. 

Kamayani Vashisht: That the story has commendable merit is evident in the fact 
that Ma'am Pankaj chose it for translation... 

Anu Jaidev: Pankaj ma'am, beautifully nuanced story. It completely reverses the 
gaze and how! A very fine and seamless translation. Respect, always!  
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मकू ÿेम 
दीपा चौहान 

'मÌमा! मÌमा! देखो पुरान ेघर म¤ रहन ेके िलय ेकौन आया ह?ै' 

मेरी सात साल कì बेटी हाँफते हòए घर म¤ आई और मेरी अगंलुी पकड़कर मझेु पुरान ेघर 
कì ओर ल ेजान ेलगी। 

'अरे बाबा! छोड़ ना बेटा। ³या ह?ै ³यŌ शोर मचा रही हो?' 

'मÌमा, मेरे Öकूल म¤ पढ़न ेवाला िवøांत अपन ेपåरवार के साथ परुान ेघर म¤ रहन े के 
िलय ेआ रहा ह।ै' बाल सलुभ िज²ासा और उÂसाह स ेभरी Öवीटी मझेु पुरान ेघर कì ओर ल े
जान ेलगी। 

'कौन िवøांत... अ¸छा!'  

मझेु याद आया ये शाÆता बहन का पåरवार ह।ै ससरु जी न ेशाÆता बहन को कुछ समय 
के िलय ेपुरान ेघर म¤ रहन ेकì इजाजत दी थी। िपताजी बहòत ही दानी ÿविृत के पŁुष थे। अपनी 
पÔुतैनी ज़मीन से बहòत सारी ज़मीन धमाªथª एवं सेवाथª कायŎ जैस े िशवालय, धमªशाला, 
िचिकÂसालय एवं पाठशाला के िलय ेदान कर चुके थे। कोई भी Óयिĉ कुछ मागंन ेआता तो 
उनका यही ÿयास रहता िक उसकì हर संभव मदद कर¤। वो अ³सर कहते थे 'दने ेसे कभी कमी 
नहé आती।' अब चूँिक उनके चारŌ बेटे अपन ेनय ेएवं अलग घरŌ म ेरहते थे तो पÔुतैनी मकान 
खाली रहता था। शाÆता बहन के िपता कभी ससरुजी के पास काम करते थे और ³यŌिक वो 
आदमी बहòत नेक और इमानदार थे तो िपताजी भी उÆह ेमहÂव दतेे थे और अ³सर ही उनकì 
आिथªक तौर पर मदद िकया करते थे। उÆहé कì बेटी शाÆता बहन अपने पåरवार के साथ आज 
यहा ँरहन ेके िलय ेआयी थी। वो िपताजी को चाचा-चाचा कह कर कुछ समय के िलय ेपुरान े
घर म¤ रहन ेकì इजाजत मागंन ेलगी। उसका कहना था िक जैसे ही रहन ेकì दसूरी ÓयवÖथा हो 
जायेगी, वो घर खाली कर द¤गे। अब ³यŌिक घर बहòत बड़ा था और िपताजी का िदल भी, तो 
घर का एक िहÖसा िबना िकसी िकराय ेके उÆह ेरहन ेके िलय ेद ेिदया गया।  
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सामन ेदखेा तो गाड़ी स ेसामान उतारा जा रहा था। बलवÆत भाई मरेी तरफ आय ेऔर 
कुशल-मंगल पूछन ेलगे। ' बहन जी, आपके बाल ब¸च ेठीक ह§? भाई साहब कैस ेह§?' 

'सब ठीक ह§ भाई। शाÆता बहन िदख नहé रही।' 

'लो य ेआ गयी।' 

'अरे भाभी नमÖते। कैसे हो तुम लोग?’, शाÆता बहन बोली। 

'हम ठीक ह§। और तुम लोग?' 

'बस ³या बताय¤। अब आपसे तो कुछ छुपा नहé ह।ै एक तो बड़ा पåरवार ऊपर से कमाई 
का साधन नहé, इसीिलए यहा ँआय ेह§ िक कुछ काम काज शŁु कर¤ और बेटे को भी Öकूल 
बस स ेआन ेम¤ परेशानी होती थी, तो वो समÖया भी हल हो गई।' 

'तुÌहारे पास िकतन ेब¸च ेह§?' 

'एक ही बेटा ह।ै' शाÆता बहन न ेगवª स ेबताया। 

तभी मैन ेदेखा नौ साल कì सहमी सी एक लड़कì चार-पांच साल के लड़के को ले कर 
आ रही ह।ै लेिकन लड़का ह ैिक उसकì बात मानना तो दरू उसे गाली दकेर उस पर िचÐला 
रहा ह।ै 

'³यŌ री सोनी इसको ³यू ंłला रही ह?ै' शाÆता न ेगÖुस ेम¤ कहा। 

'मÌमी ये िमĘी म¤ कपड़े गंद ेकर रहा था, म§न ेमना िकया तो िजद कर रहा ह।ै' 

'कपडे गÆद े हो गये तो ³या, धलु जाय¤गे। अब त ू जÐदी चल आज बहòत काम ह।ै' 
शाÆता न ेगÖुस ेस ेकहा। 

'य ेलड़कì कौन ह?ै' म§न ेपछूा। 

'य?े सोनी, इनकì पहली पÂनी कì बेटी।' शाÆता न ेमुँह बना कर जवाब िदया। 

'नमÖते।' लड़कì न ेहाथ जोड़ कर बड़ी तमीज़ से कहा। 

'नमÖते बेटा।' 

'अ¸छा, भाभी अब घर भी ÓयविÖथत करना ह।ै अब तो िमलते रह¤गे।' 

शाÆता बहन बलवÆत िसहं कì दसूरी पÂनी थी। उनकì पहली पÂनी ब¸ची के जÆम के 
दो साल बाद गजुर गई थी। पÂनी गजुरी तो ब¸ची कì परवåरश का सवाल खड़ा हो गया और 
³यŌिक ÿĳ पýु-लालसा का भी था। तो कुल िमला कर दोनŌ समÖयाओ ंका एक ही हल 
िनकला, पुनिवªवाह! इस तरह शाÆता बहन और बलवÆत िसहं का िववाह हòआ। Öवभाव स े
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तेजतराªर शाÆता का ÓयÓहार ब¸ची के साथ ÿारंभ से ही अ¸छा नहé था। ब¸ची भी सौतेली मा ँ
के सामन ेडरी सहमी रहती। बलवÆत भाई बहòत सीध ेऔर पÂनी स ेदबकर रहन ेवाल ेपŁुष थे। 
पÂनी के सामन ेकुछ बोल जाय¤ या उसकì बात को पलट द¤, ऐसी िहÌमत वो अपन ेसात साल 
के वैवािहक जीवन मे कभी नहé जटुा पाय ेथे। 



शाÆता बहन और उसके पåरवार को हमारे घर म¤ रहते एक मिहन ेसे ºयादा वØत हो चुका था 
और अब ये बात िकसी स ेिछपी नहé थी िक वो सोनी के साथ दÓुयªवहार करती थी। लेिकन 
इस सब म¤ हरैानी कì बात य ेथी िक बलवÆत िसहं भी सोनी को बरुी तरह मारते थे। शाÆता 
बहन बड़ी चालाकì स ेबलवÆत भाई स ेसोनी कì िशकायत¤ करती और उसे मार पड़वाती। 

जाड़े कì शाम थी, सबुह स ेबाåरश हो रही थी। आज और िदन कì अपे±ा ठंड बहòत 
अिधक थी। Łम हीटर से ही कमरे म¤ आराम िमल रहा था। रजाई से िनकलन ेका मन नहé हो 
रहा था। तभी मामी-मामी कì आवाज सनुाई दी। दरवाजे पर जा कर दखेा तो सामन ेसोनी थी। 
उसन ेसतूी Āॉक और आधी बांह का पतला Öवेटर पहना था। पैरŌ म¤ हवाई चÈपल थी। 

'अरे बेटा तुÌह¤ ठंड लग जायेगी। अदंर आ जाओ।' 

'मामी, पापा और मÌमी जी कहé गय ेहòए ह§। उÆहŌन ेकहा था िक अगर चार बजे तक वो 
घर नहé पहòचँ ेतो म§ आप के पास चली जाऊँ। वो आ जाय¤गे तो घर चली जाऊंगी।' 

'अ¸छा! तुÌहारी मÌमी जाते वØत िमली थी, मझेु लेिकन मझेु तो कुछ नहé बताया 
उÆहŌने। हो सकता ह ैभलू गई हŌ। कोई बात नहé बेटा, तुम अÆदर आ जाओ।' 

'जी मामी!' 

'Öवीटी अÆदर वाल ेकमरे मे अपने टॉयज़ स ेखेल रही ह।ै तुम भी उसके साथ खेल लो।' 

सोनी को दखेकर Öवीटी बहòत खशु हòई और उसे अपने टॉयज़ िदखान ेलगी। म§ िकिचन 
म¤ Öन³ैस बनान ेलग गई और उनकì बातचीत भी सनुन ेलगी।  

'अरे दीदी, आओ म§ आपको अपनी डॉलस िदखाती हó।ँ य ेमेरी Ā¤ ड्स ह§। य ेिपंकì ह,ै य े
िमनी, य ेएिलस और ये सबसे Èयारी िसÆűेला ह।ै इन सबका नाम दकुान वाल ेने बाबê रखा 
था। देखो ना सबका एक ही नाम।' 

'अरे वाह बहòत सुंदर नाम रखे ह§ तुमने।' सोनी न ेगिुड़यŌ को दखेकर कहा। 

Öवीटी बडे ़ गवª स ेअपन े िखलौनŌ का खजाना िदखा रही थी। इतनी बड़ी-बड़ी और 
Èयारी गिुड़यŌ को दखेकर सोनी के चहरे पर मÖुकान िबखर गयी। वो िजस Èयार से गिुड़यŌ को 
सहला रही थी उस से ऐसा लग रहा था जैसे वो वैसी गिुड़यŌ को पाने का सपना रखती हो। 
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आिखर दिुनया म¤ कौन सी ऐसी ब¸ची होगी िजसका मन गिुड़या को दखे कर उसे पान े के 
िलय ेलालाियत नहé होगा, और िजसने तो िखलौनŌ का अभाव देखा हो उसकì ÿसÆनता का 
तो कोई पारावार ही नहé रहता। 

'अरे वाह Öवीटी, तुÌहारी गिुड़या तो बहòत Èयारी ह§!' 

'देखो इनके साथ कॉम भी िमली थी और ये शज़ू। ये बाज ूआगे पीछे भी करती ह।ै रात 
को य ेसोती भी ह§, आंख¤ बंद करके।' 

'अरे वाह िसÆűेला तो सचमचु सबस ेÈयारी ह।ै जैसे पåरयŌ कì दिुनया स ेआई हो।' 

'य ेबहòत दरू स ेलाय ेह§ पापा। िदÐली से। गड़ु वाल ेगांव से। वहाँ बडे़-बड़े मॉल होते ह§। 
डी एफ एल मॉल ह ैना, वहाँ स ेलाये ह§ िसÆűेला को। मझेु तो टी वी वाली िसÆűेला भी बहòत 
अ¸छी लगती है। इसिलये इसका नाम िसÆűेला रखा ह ैम§ने।' 

'िसÆűेला के बाल तो िबÐकुल अúंेजŌ जैसे ह§।' 

'हाँ तो, िसÆűेला भी तो अúंेज थी, वो लंदन म¤ रहती थी।' 

'अ¸छा!' 

दोनो बि¸चया ँबातचीत म¤ पूरी तरह मशगलू थी। सोनी को ऐस ेखेलता दखे मझेु अ¸छा 
लग रहा था ³यूंिक अिधकांशत म§न े उस े घर का काम करते ही दखेा था। िजस उă म े
लड़िकयाँ गिुड़यŌ से खेलती ह§ उस उă मे उ°रदाियÂवŌ के अितरेक से उसके कोमल हाथ 
बरतन माÆजन,े झाड़ñ  लगान ेऔर कपडे ़धोने स ेअपनी कोमलता खो बैठे थे। जो उă पåरयŌ 
और राजकुमाåरयŌ कì कहािनयŌ स ेभरी होती ह§ उसमे सौतेली मा ँके होन ेस ेऐसी िकसी भी 
मनमोहक वÖतु या ÖविÈनल जहाँ के िलय ेकोई Öथान नहé रह गया था। ऐसा लग रहा था जैसे 
वो पहली बार िकसी गिुड़या को अपन ेहाथŌ म ेलेकर इतन ेपास स ेदखे रही थी। मझुस ेरहा 
नहé गया मैन ेपूछ ही िलया,' बेटा तुÌहारे पास भी कोई गिुड़या ह?ै' 

'नहé मामी’, ब¸ची न ेसंकोच स ेकहा, ‘हमारे घर पर कार, बÆदकू वाल े िखलौन ेही 
आते ह§।' 

'तुÌह ेगिुड़या पसदं ह?ै' 

'जी!', ब¸ची न ेिझझकते हòए कहा। 

'मÌमा आपन ेमेरे Öन³ैस बना िदय?े मझेु भखू लगी ह।ै 'Öवीटी बीच म¤ बोल पड़ी। 

'अभी लाती हó।ँ' 

म§ दो Èलेटस म¤ िÖÿंग रोलस ल ेआयी। 
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'सोनी दीदी मेरी मÌमा बहòत अ¸छे Öन³ैस बनाती ह§। मÌमा स ेअ¸छे Öन³ैस कोई नहé 
बना सकता।' 

'लो सोनी बेटा ये तुÌहारे िलय।े' मैन ेÈलेट सोनी कì तरफ बढ़ा दी। 

'नहé, मामी मझेु भखू नहé ह।ै' 

'अरे ये ºयादा नहé ह ैबेटा।' 

'दीदी आप भी खाओ, बहòत टेÖटी ह§।' Öवीटी न ेकहा। 

'मामी नहé मझेु नहé खाने।' सोनी इÆकार म ेसर िहलाती रही। 

'³या हòआ? खा लो बेटा थोड़ा सा।' म§न ेज़ोर दकेर कहा। 

'नहé मामी।' 

‘मÌमी डांटती ह ै³या?' मैन ेपूछा मगर सोनी चुप रही। 

'अ¸छा तो घर ले जाकर खा लेना भाई के साथ। ऐसे ठीक ह?ै' 

'जी।' ब¸ची अभी भी कुछ सशंय म¤ थी। 

छह बज चुके थे। तभी शाÆता बहन कì आवाज सनुाई दी। वो सोनी को बलुा रही थी। 

'अरे मÌमी जी आ गई। ओह! खेल-खेल म ेभलू ही गई थी। म§ बहòत लटे हो गई।' मासमू 
सी ब¸ची के चेहरे पर डर के भाव साफ िदख रह ेथे। 

जैस ेही सोनी घर पहòचंी शाÆता बहन कì उसको लगाई जान ेवाली डांट सनुाई द ेरही 
थी। वो उस पर बहòत गÖुसा कर रही थी िजस ेसनु कर मझेु मन ही मन उस पर बहòत तरस 
आया। बेचारी िबन माँ कì मासमू ब¸ची। 

रात के साढे नौ बज रह ेथे। म§ Öवीटी को सलुा रही थé। सिदªयŌ कì रात म¤ आवाज¤ और 
साफ सनुायी दतेी ह§। शाÆता बहन िफर िकसी बात पर सोनी पर नाराज हो रही थी। 'मÌमा! ' 
Öवीटी कì आवाज से Åयान टूटा। 

'मÌमा, सोनी दीदी कì मÌमी न ेउÆह¤ कल भी बहòत मारा था।' 

' ³यू?ँ' 

'उनस ेकांच का िगलास टूट गया था। वो बहòत रो रही थी।' 

'ओह! बेचारी। 
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'ममा एक िदन पहल ेभी जब म§ उनके घर डॉल लेकर खेलन ेगयी थी तो उनकì मÌमा न े
उÆह ेबहòत डांटा था, िफर उनके पापा न ेउनको कमरे म ेबंद करके बहòत मारा था। म§ तो डर कर 
घर भाग आई थी।' 

सनुकर मझेु बहòत गÖुसा आया। मझु ेतो मन से उन दोनो पित-पिÂन स ेघणृा होन ेलगी 
थी। िदल कर रहा था िक िपताजी से कहकर इनस ेघर खाली करवा दू।ं ऐस ेबरेु लोगŌ का घर म¤ 
रहना िकस े अ¸छा लगगेा। रोज रोज का शोर और कलह और ब¸ची का łदन सहन कì 
सीमा स ेपार हो रहा था। 

'मÌमा, सोतैली माँ ³या होती ह?ै सोनी दीदी कì मÌमी सौतेली ह ै³या?' 

'हÌम...' 

"उनकì ममा कहा ंचली गई?' 

'बहòत दरू।' 

'पर ³यŌ?' 

'पता नहé।' मझेु सझू नहé रहा था िक इन बातŌ का ³या जवाब दू?ं 

'मÌमा आप मझेु छोडकर कभी मत जाना। मझेु सोतैली मा ँस ेबहòत डर लगता ह।ै'  

य ेकहते हòए Öवीटी मझुस ेिचपक गई। उसकì आवाज म¤ मझेु खोन ेका डर था। 

'नहé बेटा, म§ तुÌह ेछोडकर कभी नहé जाऊँगी।' मेरी बात से Öवीटी को कुछ आराम 
िमला ओर वो आĵÖत हो कर सो गई। 

शाÆता बहन िफर िकसी कारण स ेसोनी को बरुा भला कह रही थी। सौतेली माँ िकतनी 
िनदªयी, िनķòर और संवेदनहीन होती ह§। कैकयी जैसी ľी भी Öवयं परमĵेर को अपन ेसौतेल े
पýु के łप म¤ पाकर Öनेह ना द ेसकì, ना उनस ेÆयाय कर सकì और सौतेलपेन कì पराकाķा 
का पयाªय बन अमर हो गई। माता और िवमाता का भेद कोई बदल नहé पाया िफर चाह ेवो 
Öवयं िवधाता ही ³यू ँना हŌ। ÿभ ुको भी मानव दहे मे आकर दमुाता स ेÿेम ना िमल पाया। 

एक ľी, मा ँ होन े पर जो ममतामयी Ńदय अपनी संतान के िलय े रखती ह,ै अपना 
आराम और सकूुन भलू कर अपना सवªÖव उस पर सहषª लुटा देती ह।ै वही ÿेम,वाÂसÐय,Âयाग 
और बिलदान कì ÿितमतूª ľी, िवमाता होन ेपर परायी संतान के िलय ेपाषाणŃदय हो जाती 
है। पराय ेजाय ेको ददª म ेदखेकर उसका िदल नहé पसीजता, उसे पीड़ा म¤ दखे उसका कलेजा 
नहé फटता। शायद इिसिलए माँ िनÔछल Èयार और अनरुाग कì ऐसी िनझªर नदी होती ह ै
िजसके Öनेह कì अिवरल धारा अपनी संतित के िलय ेकभी सखूती नहé। ये ÿकृित का िनयम 
ह ै िक मनÕुय तो मनÕुय āĺांड के समÖत ÿािणयŌ म ेमाँ ही अपनी संतान स ेअÿितम ममता 
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रखती ह;ै िटिटåर कì तरह वो ये समझती ह ैिक वो अपन ेब¸च ेपर आन ेवाल ेहर संकट, हर 
मिुÔकल को दरू करन ेम ेस±म ह,ै िफर चाह ेवो मिुÔकलŌ का आसमान ही ³यŌ ना हो। िपता 
पर ÿकृित न ेऐसी कोई बाÅयता नहé रखी ह।ै वो ÿाणदाता अवÔय होता ह§ िकंत ुजÆम के बाद 
के उ°रदाियÂवŌ के िलय ेवह Öवतंý ह।ै भावनाÂमक बÆधन के सÆदभª म¤ वो मा ँकì तरह बेबस 
और जकड़ हòआ नहé होता। 

'माँ ह ैतो िपता भी ह,ै मा ँनहé तो िपता, िपता नहé रहता।' हाँ यही तो कहती थी मेरी 
Öकूल कì सहलेी रिÔम। िवमाता के आन ेपर िपता भी बदल जाते ह§ और वो उसी कì आँखो 
दखेन ेलगते ह§ उसी के कानŌ सनुन ेलगते ह§, और तो और, उसी के िदमाग से सोचन ेभी लगते 
ह§। मा ँके जान ेस ेजीवन ही बदल जाता ह।ै वो बताती थी िक कैसे सयुंĉ पåरवार म ेरसोई म¤ 
ताई और चािचयां खाना बनाती ओर परोसती। पåरवार के बाकì ब¸च ेजब मन करता हक़ स े
जाकर अपनी माओ ंस ेखाना मांग लेते, पसदं कì सÊजी ना होन ेपर माँ स ेłठ जाते और िफर 
कैस ेउनकì माँ उनको मनाती और उÆह ेदधू-म³खन के साथ खाना दतेी थé। वो सोचती थी 
अगर माँ िजÆदा होती तो उसे भी िज़ĥ करन ेऔर łठने का हक़ होता। अगर कोई मनाने वाला 
ही ना हो तो कोई Łठे िकस स?े वो और उसका भाई सहमे हòए स ेखान ेके िलय ेबलुाय ेजान े
का इÆतजार करते और िकतनी ही बार ऐसा होता कì तब तक उसके भाई को नीÆद आ जाती। 
कैस ेउसका छोटा भाई शाम सात बजे स ेकहता 'दीदी भखू लगी ह,ै चाची से कह दो ना िक 
आज खाना जÐदी द ेद।े' कैस ेवो ताई-चािचयŌ को खशु करन ेके िलय ेकभी बरतन मांज दतेी 
कभी रसोई मे झाडू लगा दतेी। बदले म ेसब कहते, 'दखेो रिÔम िकतनी समझदार ह,ै कोई िजद 
नहé करती, िबन कह ेकाम भी करने लगती ह।ै' सब तारीफ के दो शÊद तो कह देते पर Èयार 
का एक िनवाला कोई ना देता था। उसने बताया था कैसे एक बार उसका भाई उस से आकर 
कहता ह,ै 'दीदी आज मोन ूलड्डु खा रहा था। मझेु भी लाकर दो ना।' जब रिÔम ने कहा िक 
उस ेमांगत ेडर लगता ह ैतो िफर उसके भाई न ेरोते हòए कहा था, 'दीदी चलो ना मा ँके पास 
चलत ेह§।' ये कहते-कहते वो िकतना रोई थी उस िदन। आिखर एक िदन उसके पापा ने दसूरी 
शादी कर ली। पढ़ाई म¤ अ¸छी होन ेके बावजदू आठवé ³लास म ेउसका Öकूल य ेकह कर 
छुड़वा िदया गया िक ºयादा पढ़न ेस ेलड़िकयाँ िबगड़ जाती ह§। कुछ साल बाद उसकì शादी 
हो गई और िफर धीरे धीरे रिÔम मेरे ज़ेहन कì तहŌ म ेजान ेकहा ंखो गयी। लेिकन आज इस 
तरह कì जाने िकतनी ही बात¤ मझेु याद आन ेलगी थी। िवÖमिृत कì धलू जो अतीत कì यादŌ 
पर पड़ी थी सोनी के आन ेस ेवो धलू उड़ने लगी थी। सालŌ के अÆतराल के बाद आज िफर से 
मझेु रिÔम नज़र आयी, सोनी म¤। इÆही ´यालŌ म ेजान ेकब नीÆद आ गई। 

अगली सबुह मैन ेसंजय स ेसोनी के साथ हो रह ेबरेु बताªव का िजø िकया। उÆहोन े
कहा, 'ये उनका िनजी मामला है। अगर हमन ेरहन ेकì जगह दी ह ैतो इसका ये मतलब नहé 
िक उनकì पसªनल लाइफ म ेइटंरफेयर कर¤। वैस ेभी बलवÆत भाई मझेु समझदार आदमी लगते 
ह§।' 
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'जो पłुष अपनी पÂनी के कहने पर अपनी पहली पÂनी कì नौ साल कì मासमू सी बेटी 
को मारे वो ³या समझदार हòआ? सच कहा ह ैिकसी न ेमा ँके जान ेस ेबाप भी पराया हो जाता 
है। ब¸चŌ के ÿित िपता कì िनķा और Èयार पÂनी के कारण होता ह।ै' 

'ऐसा नहé ह ैिक िपता को अपने ब¸चŌ स ेÈयार नहé होता।बस उसका Èयार मा ँकì तरह 
कŁणामयी ओर ममतामयी नहé होता। मेरा मानना ह ैिक भगवान ने माता िपता दोनŌ को एक 
अलग और खास उदेÔय कì पूितª के िलय ेबनाया ह।ै दोनŌ एक दसूरे स े िबÐकुल िभÆन ह§, 
इसिलये दोनŌ का ÿेम भी िभÆन ह।ै। जहा ँ मा ँकì गोद मे बैठकर ब¸चा भावनाÂमक संबल 
पाता ह ैवहé िपता का होना एक ऐसी छý-छाया ह ैिजसके होन ेस ेब¸च ेको अभयदान िमलता 
है। माता और िपता के Èयार को अगर एक ही कसौटी पर मापोगे तो िपता का मकू ÿेम कभी 
नज़र नहé आयेगा। अ¸छा एक बात बताओ ³या तुÌहारे िपता तुÌह ेÈयार नहé करत?े ³या म§ 
Öवीटी को Èयार नहé करता?' संजय न ेबड़े शाÆत Öवर म ेकहा। 

'करते हो।' कैस ेकहती लेिकन मेरी माँ अभी जीिवत ह ैऔर म§ भी। 

‘छोडो इन बातŌ को सबकì लाईफ म े अपनी समÖयाए ंहोती ह§ । जाओ अ¸छी सी 
चाय बना कर ले आओ साथ म¤ िपय¤गे। िफर मझेु कोटª जाना ह।ै' 

'लेिकन बलवÆत भाई....' 

'लगता ह ैबलवत भाई और दसूरी शादी करन े के गनुहगार सभी पितयŌ कì तरफ स े
जज सािहबा के सामन ेआज मरेी पशेी लगी ह।ै' 

हम दोनो िखलिखलाकर हंस पड़े। 

रिववार का िदन था। आज पुरान ेघर कì सफाई करवानी थी। सबुह के दस बजे थे। 
संजय न ेबताया िक मज़दरू आन ेही वाल ेह§, इसिलये म§ जाकर łÌस खोल आऊं। नीच ेवाली 
मंिजल के ताल ेखोलकर म§ ऊपर वाले Éलोर पर जाने लगी तो सोनी के रोन ेकì आवाज¤ 
सनुाई दी। शाÆता बहन बाहर िमली मैन ेसोनी के रोन ेका कारण पूछा, तो उसने बताया कì 
सोनी न ेउसके नय ेसटू का कुताª ÿैस स ेजला िदया ह ैजो उसे कल शादी म ेपहनना था। उसके 
पापा को पता चला तो वो बहòत नाराज हो रह ेह§।' 

'मगर तुम उÆह ेरोकती ³यू ँनहé, वो तो उसे बरुी तरह मार रह ेह§?' मैन¤ कुछ नाराज होकर 
कहा। 

'ना बाबा ना ।उÆह ेरोको तो वो बहòत नाराज होते ह§।अब उनकì बेटी ह§, म§ ठहरी सौतेली 
माँ। मरेा मुहँ तो बंद ही रहता है।' 

उसकì धतूªता पर मझेु बहòत गÖुसा आया। इस बंद मुँह स ेिनकलन ेवाल ेअपशÊद हम 
रोज़ ही सनुते थे। 
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मैन ेठान िलया आज जो हो जाये म§ अपन ेघर म ेएक मासमू ब¸ची पर ये अÂयचार नहé 
होन ेदूगंी। 

म§ तेजी स ेउस कमरे कì ओर बढ़न ेलगी जहाँ स ेआवाज¤ आ रही थी।' कमरा अदंर स े
बंद ह,ै पीछे स'े, शाÆता बहन कì आवाज आई। म§ अब तेजी स ेकॉåरडोर कì तरफ से होते हòए 
बाहर वाल ेŁम म¤ गई ³यŌिक उस कमरे का एक दरवाजा उसी कमरे म¤ खलुता था जहाँ अभी 
बलवÆत िसहं सोनी को मार रह े थे और वो दरवाजा हम बंद रखते थे।' ³या हòआ भाभी?' 
शाÆता बहन पीछे स े िफर बोली। मैन े दरवाजे कì िसटकनी खोल जैसे ही दरवाजा खोला 
अÆदर का ŀÔय दखे कर म§ आवाक रह गई। बलवÆत भाई ज़ोर-ज़ोर से अपनी हथेिलयाँ ताली 
कì तरह पीट रहा था और सोनी ज़ोर ज़ोर से रोन ेका शोर कर रही थी। साथ ही ब¸ची को हंसी 
भी आ रही थी। मझु ेकुछ समझ नहé आया तभी दोनो कì नज़र मझु पर पड़ी। बलवÆत भाई न े
हथेिलयाँ पीटना बंद िकया ओर सोनी ने रोना िचÐलाना। अचानक मझेु सामन ेदखे बलवÆत 
भाई िकंकतªÓयिवमढ़ू स ेबरुी तरह झ¤प गय ेथे। उनकì दशा रणभिूम मे धराशायी कणª पर ÿेम® ु
बहाती कुÆती जैसी थी िजसके सामन ेमानो पाÁडव आ खड़े हो गये हŌ, जैस ेसÂय को छुपान े
के दोष के िलये आज िफर यिुधिķर अपने शाप के साथ आ गये हŌ, ऐसा शाप जो न केवल 
उनके िलये हो वरन समÖत पłुष ÿजाित के िलय ेहो या िफर समÖत िपताओ ंके िलये। बरसŌ 
स ेछुपाय ेउस सÂय को आज बाहर आन ेका Ĭार जो िमल गया था। 

तभी शाÆता बहन भी आ गई। बाप-बेटी के चहरे पर िचंता और संशय कì रेखाओ ंके 
बादल और Öयाह हो गये। िजस Öवांग को उÆहोन ेबड़ी कुशलता स ेरचा तथा उतनी ही द±ता 
के साथ चåरý के मखुौटे पहन सबको Ăिमत िकया था, उनकì वाÖतिवकता छुपाय ेवो मखुौटे 
आज उतर चुके थे और उन छĪ łप के पीछे के असली चåरý देख म§ िनशÊद और चिकत रह 
गई। 

'बलवÆत भाई बस भी करो।' मैन ेज़ोर स ेकहा।' छोटी ब¸ची ह,ै गलती हो जाती ह।ै अब 
इतना भी मारता ह ै ³या कोई?' मैन े गÖुसा िदखाते हòए कहा। 'सोनी बेटा इधर आओ।' डरी 
सहमी सोनी मेरे पास आ गई। म§न े हाथŌ स ेउसके सर को सहलाया और पचुकार कर चुप 
करान ेलगी।' शाÆता बहन तुम भी कुछ समझाओ बलवÆत भाई को।' 

मझेु नहé पता म§ ³या कह रही थी? ³या कर रही थी? 

तभी Öवीटी आ गई, 'मÌमा आपको पापा बलुा रह ेह§।' 

'चलो!', य ेकहते हòए म§ Öवीटी को लेकर सीढीया ंउतर गई। 
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समी±ा:'मकू ÿेम' 
दवेÆेþा गĮुा 

“मकू ÿेम” सामािजक यथाथª पर रची गई एक मािमªक कहानी ह।ै यगुŌ स े लेकर आज तक 
हमारे समाज म¤ असं́ य पåरवारŌ के ब¸च ेसौतेलेपन का दशं झेलते आ रह ेह§। इस कहानी म¤ 
परंपरागत सौतेलेपन कì गंभीर समÖया को लेिखका ने अपन ेढंग स ेयथाथª के धरातल पर 
उतारा ह।ै अपन ेआज के पåरवेश म¤ एक ऐस ेही पåरवार को क¤ þ म¤ रखकर इस कहानी का 
ताना-बाना बनुा गया ह।ै भले ही यह िवषय साधारण ÿतीत होता ह,ै लेिकन यिद वह अपने 
अतंस को Öपशª करन ेम¤ स±म हो, तो उसको साथªकता Öवत: िसĦ हो जाती ह।ै 

अपन ेअनभुव के आधार पर कहानी रिचयता न े िनिĲत तौर पर एक नवीन ŀिĶकोण 
रखा ह।ै कहानी का आरंभ एक सामाÆय संवाद के साथ पाýŌ का पåरचय भी कर देता ह।ै यह 
संवाद कहानी कì सýूधारा मÌमी और नÆही िबिटया Öवीटी का ह।ै जैस ेही घटनाøम आग े
बढ़ता ह ैतो दसूरे पåरवार का आगमन होता ह ैजो इस कहानी के क¤ þ म¤ ह,ै िजसम¤ कुल चार 
सदÖय ह§। बलवंत िसहं िपता, शातंा बहन मा,ं सोनी व िवøांत उनके ब¸चे। मासमू सोनी 
सौतेलेपन के सताए हòए उन असं́ य ब¸चŌ कì तरह आहत ह ैिजसका बचपन मा ँके ना होन े
स ेसमय स ेपहले ही िनयती के हाथŌ िछन गया है। पåरणामवश िजसकì िÖथित अÂयंत दयनीय 
है। कहानी के िविशĶ पाý ह§ Öवीटी के दादा, जो अित िवनă, दानशील, धमाªÂमा व दयाल ु
ÿकृित के Óयिĉ ह§ और सबके मददगार भी ह§। उनके पुरान ेघर म¤ ही बलवंत िसहं का पåरवार 
रहता ह।ै संवाद और पाý िवषय वÖतु को जो जीवंतता ÿदान करन ेवाल ेतÂव ह§ जो िज²ासा 
और उÂसाह बनाए रखते ह§। “मकू ÿेम” कहानी म¤ लेिखका न ेपाýŌ म¤ सहज संवाद के अनेक 
अवसर तलाश ेह§ जो कहानी को अÆतरंगता और िनरंतरता कì ओर बढ़ाते ह§। 

कथावÖतु को आकार और िवÖतार दने ेके िलए यथासभंव ÿसंगŌ कì योजना लेिखका 
कì कÐपनाशिĉ और तÃयाÂमक ÿविृ° को दशाªती ह।ै ÿसंगवश रामायण स ेिवमाता के łप 
म¤ कैकयी का उदाहरण हो या महाभारत म¤ से सÂय को छुपान े के िलए कणª और कंुती का 
िचýण हो अथवा कÐपना के धरातल पर अतीत के झरोखŌ स ेसोनी के समक± रिÔम कì 
चलिचý कì भाँित Öमिृतयां, सभी कहानी को संगिठत कर सŀुढ़ आधार कì ओर ल ेजाती ह§। 

सýूधार के łप म¤ मÌमी कहानी म¤ अÅययन िवīमान रहती ह ैवह हर िवषय पर अपनी 
ÿितिøया दतेी ह।ै उसका गÖुसा और झुंझलाहट उस ेबेचैन करते रहते ह§। बलवंत और शांता 
के ÿित उनकì कटुता और सोनी के ÿित सहानभुिूत पूरी कहानी म¤ िदखाई देती ह ैवह मा ंऔर 
सौतेली मा ं म¤ अतंर दखेती ह ै िक जो मा ं अपनी संतान पर सवªÖव लुटा दतेी ह।ै वह जब 
सौतेली बनती ह ैतो कैसे इतनी कठोर िनķòर और कुिटल हो जाती ह ै-- य ेÿĳ बार-बार उसे 
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कचोटते रहते ह§। वह ³यŌ अÂयाचार और दÓुयªवहार कì ÿितमिूतª बन जाती ह?ै वह िपता के 
łप को िभÆन-िभÆन ŀिĶ स ेदेखती ह।ै 

लेिकन जब उसका पित संजय िपता के ÿेम के प± म¤ तकª  देता ह।ै तो कुछ हद तक 
सहमत हो जाती ह।ै सोनी का िपता बलवंत पÂनी के सामन ेिववश व लाचार िदखता ह।ै सोनी 
उसकì अपनी पýुी ह ैिफर भी उसका प± नहé ले पाता, कलह स ेबचन ेके िलए वह सोनी कì 
बाल सलुभ इ¸छाए ंभी पूरी नहé कर पाता। उसका बचपन िछन गया ह।ै अÆय ब¸चŌ कì तरह 
उस ेभी खेलन ेकì लालसा ह ैलेिकन उसकì इ¸छा अपन ेघर म¤ कोई मायन ेनहé रखती। वह 
हर समय मा ंकì मार फटकार व दÓुयªवहार स ेडरी सहमी रहती ह।ै 

उधर बलवंत पýुी को पÂनी के जÐुमŌ स ेबचान ेके िलए एक अनोखी तरकìब ढूंढ लतेा 
ह।ै उसकì पÂनी आए िदन उसस ेसोनी कì िशकायत¤ करती ह ैवह उसे िपटवा न ेके िलए पित 
को उकसाती ह।ै बलवतं भी सोनी को पÂनी से अलग कमरे म¤ ले जाकर पीटन ेका ढŌग करता 
ह।ै सोनी भी िचÐलान ेका Öवांग करती ह।ै  

दोनŌ दबी-दबी हंसी म¤ अपना नाटक जारी रखते ह§। उधर शांता के मन म¤ बड़ा संतोष 
होता ह।ै पÂनी को Ăम म¤ डालकर िपता अपनी पýुी पर मकू ÿेम कì वषाª ना जान ेिकतन ेवषŎ 
स ेकरता आ रहा था। उसने बेटी का सािनÅय और Öनेह पान ेका यह नया राÖता ढूंढ िलया था, 
िजसका रहÖय केवल िपता पýुी ही जानते ह§। हर रोज़ का यह रोना-िचÐलाना-पीटना सनु- 
सनुकर Öवीटी कì मÌमी Óयिथत हो जाती थी। इसका रहÖयोĤाटन िफर एक िदन ऐसी घटना 
के साथ होता ह ैजब वह सोनी को पीटते हòए पाकर अचानक मड़ुकर उनका दरवाजा खोल 
दतेी ह।ै वह ŀÔय देखकर आवाक सी खड़ी हो जाती ह,ै ³यŌिक घटना न¤ नाटकìय मोड़ जो ल े
िलया था। सोनी और उसके िपता अपनी चोरी पकड़े जान ेपर हतÿभ स ेखड़े थे। इतन ेम¤ शांता 
बहन का ÿवेश सýूधार को भी तुरंत उस िपता पýुी के नाटक म¤ शािमल होन ेका संकेत दतेा 
ह।ै यही Ăम, संशय और रहÖय इस कहानी का चरमिबंद ुह ैजो कदािचत इसे सामाÆय िवषय से 
िविशĶता कì ओर ल ेजाता ह।ै 

कहानी म¤ पाýŌ के अनłुप भाषा का Óयवहार और वैचाåरक पलŌ म¤ भाषा कì गåरमा 
का िनवाªह िकया गया ह।ै इसकì शैली म¤ लेिखका के ÓयिĉÂव व मौिलकता कì झलक 
िदखाई देती ह।ै भाषा म¤ िहदंी के अितåरĉ अúंेजी व उदूª कì शÊदावली का समावेश शÊदŌ, 
संवादŌ व वैचाåरक पåरवेश के अनकूुल िकया गया ह।ै 'मकू ÿेम' कहानी का शीषªक ÿितकार 
ÿतीकाÂमक ह।ै कहानी का िवषय सामाÆय होते हòए भी एक नवीन ŀिĶकोण ÿÖतुत करता ह ै
िकंत ुकुछ ÖथानŌ पर ऐसा ÿतीत होता ह ैिक बलवंत शायद अपराध बोध से úिसत ह ैउसके 
पĲाताप कì पåरणित पýुी के मकू ÿेम म¤ होती िदखायी देती ह।ै पÂनी के सामन े उसकì 
िववशता और पýुी से िवमखु रहना भी एक अÆय नाटक ह ै िजस ेवह मखुौटे बदलकर रोज़ 
खेलता ह।ै कभी यह भी लगता ह ैिक शांता को सोनी के ÿित ज़ािलम और øूर बनान ेके िलए 
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बलवंत भी कुछ हद तक उ°रदायी ह।ै पåरिÖथितयŌ स े समझौता करन े व पÂनी के भय के 
कारण मासमू सोनी कì भलाई व अिधकारŌ कì बिल देन ेम¤ उसका भी सहयोग रहा ह।ै 

समúत कहा जा सकता ह ैिक िवषय-वÖतु, पाý संरचना, भाषा शैली तथा कथा ÿवाह 
कì ŀिĶ स ेयह कहानी सफल रही ह।ै उĥÔेय पूितª, नाट्य िवधान व नवीन ŀिĶ का उĤाटन 
कहानी को एक ÿथम Öथान पर ÿितिķत करन ेम¤ िनĲय ही एक सराहनीय कदम ह।ै  



Audiences’ Live Response 

Abhyudita: What a story! And great narration. 

Rajan Kaushal: Great Deepa ma'am...for a while we felt as if  the story was being 
performed in front of  us. Especially the dialogues were superb. 

Anupama Pathak: Nice story Deepa. 

Irene Rattan: Well-chosen words, Deepa. 

Girija Sharma: A wonderful slice of  life story, narrated very well indeed! 
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TWELVE YEARS LATER 
DIPALI SHARMA BHANDARI 

Just as Manjari picked the books to go to her class, Kamla came with a 
message from the office. Apparently, there was a call for her. Manjari 
walked the corridors, wondering… ‘Who even calls on landline in this 
era of  video calling…?’ 

‘Hello’, a voice she couldn’t place said. 

‘Hello’, she tentatively replied, trying to connect a face to the voice. 

‘Manjari here…’ 

‘Anil…’, there was a pause, ‘How are you? I can’t believe I finally 
located you!’ 

Manjari looked around and forced a smile. She spoke loud and 
clear into the phone, ‘I am good. When did you come back?’ Everyone 
went back to their files or phones.  

‘I came home this week. Wanted to talk but had no idea how to 
contact you.’ 

‘OK’ Manjari said, mindful of  the inquisitive ears around her. 

‘I tried calling your old number…’ 

‘We had it disconnected two years ago. Landlines have become 
totally obsolete…’ she faked a smile, ‘... Wait; let me take your number. I 
have a class right now. Will call you later’. She fished a pen out of  her 
bag and scribbled his number on the cover of  her register. Thanking the 
Superintendent, she lied, ‘Old friend… just back from Canada…. 
Planning a class reunion….’ and ran for her class. 

She breezed through ‘The Road Not Taken’, reminiscing of  a time 
long before she could seemingly remember… when was the last time she 
had seen Anil? What had he said! Why had he called? And how did he 
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get her number! Had twelve years passed already? She collected her 
books and went to the canteen. She asked Vicky for a cup of  tea and 
slowly dragged herself  to her favourite corner. She stared uneasily at the 
number scribbled on the register. She had said she would call. She picked 
her phone and dialed the number, pausing between each digit. Then she 
cleared the screen and went out into the garden. ‘If  I don’t call him, he 
might call again on the office number’. She didn’t want that. She dialed 
his number again. Anil picked the phone on the first ring.  

‘Hello…’ 

‘Manju…’ Anil said. 

‘Call me Manjari’, she snubbed him. 

‘Sorry Manjari’, Anil began, ‘You don’t know how long I’ve been 
trying to contact you. I asked everyone…. Not one gave me your 
number… you even disconnected the landline…. I searched you on 
facebook too… no luck. Then I went to your old home… your landlady 
told me your parents had shifted to Rampur and you were working in a 
government school in Himachal. You don’t know how many schools I 
called and how many Manjaris I talked to…. 

‘Why?’  

‘Please forgive me Manjari.’ Anil broke.... ‘I want to meet you….’ 

‘I don’t want to meet you, Anil. Please don’t call me again…. 
ever…’ and Manjari disconnected the call. 

The phone pinged. Manjari went purple when she saw a message 
from Anil. Two days and twenty unseen messages later she called Anuj.  

‘Hi Manju! Ki haal...? Long time…’ 

‘Yeah. Busy days… Exams ahead…’ 

‘Hmm…. My elder one is in eleventh too…’ 

‘You don’t need to worry about Arshi…. She takes after Sarita, not 
you.’ 

‘Ha Ha!’, Anuj laughed. 

Manju laughed too. Then she said quietly, ‘Anuj, Anil had called. 
He is back.’ 

Anuj stopped laughing. ‘What! When?’ 
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‘Two days ago.’ 

‘How did he get your number?’ 

Manju filled him in on the details… 

‘How dare he? After all he has done!’ said Anuj. ‘Do you want me 
to talk some sense into him…’ 

‘No Anuj. I just needed to talk to someone about it. He can’t do 
any worse than what he already has.’  

‘Let me talk to Sarita if  we can manage a weekend getaway. We’ll 
try to come on Friday.’ 

‘Thanks Anuj.’ 

Manjari disconnected the call and busied herself  in her terrace 
garden. The bougainvilleas were in full bloom. She buried her fingers 
into the warm potting soil and started preparing the colourful terracotta 
pots for her succulents. She thought of  the garden in her old 
home…roses, lilies, jasmines, the yellow champak and marigold. She 
played with her dolls in the garden with her friends. Once a bulbul had 
nested in the bush…. three nestlings… then overnight the nest was 
crawling with ants. She and her friends wrapped the half-eaten 
featherless young bulbuls in leaves and buried them under the 
rosebush…She had cried for days…. Anuj had laughed when she told 
him … he even told everyone else in class! 

They were young then. Classmates. Best friends. Anil had 
transferred two years later. And then there were those awkward years 
when boys remained boys while girls grew into young ladies. One day 
Manjari was called to the staff  room. Mrs. Vyas had a letter in her hand 
and started scolding her. Manjari was standing red-faced. Later Anil 
confessed that he had slipped the letter in her notebook during prayer. 
Manjari was upset but she did not tell anyone. Finally, she confided in 
Anuj. Anuj and the class held an intervention and warned Anil. This was 
the year of  the board exams. Anil tried to talk to her many times but 
Manjari made sure she was never alone. Mrs. Vyas had called her parents 
and told them about the love-letter. After board exams, her parents 
shifted Manjari to a Girls’ college. Anil stalked her and Manjari 
constantly ignored her. Anil finally joined an engineering college and left 
the city. Before leaving, he went to Manjari’s home and declared his love 
for her. Manjari’s father was so angry that he slapped him. Anil went 
away. The next week Manjari received a letter in the mail. Anil had 
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threatened that she will not be able to show her face in the society once 
he was done with her.  

Manjari had spent the next three years in fear. Gradually her fear 
gave way and she started laughing again. Two more years passed. She 
was returning home one evening when Anil approached her ‘Manju, I 
love you. Please talk to me’ 

‘I don’t. Please let me go.’ She said, her heart pounding. His threat 
at the back of  her mind…  

‘Manju… I am going to Canada next week. I want to talk to your 
parents about us’ 

‘No! I don’t love you and I don’t want to talk to you. There is no 
“us”. You made life miserable for me all these years. What makes you 
think I love you?’ She mustered all her courage and shouted.  

‘Manju…’ 

‘Don’t call me Manju!’ She pushed him and ran home. Anil ran 
after her …. 

....................... 

Manju washed her hands. She poured a glass of  water for herself  
and switched on the fan just as the phone rang. It was Anil. She picked 
the call and answered calmly, ‘I don’t want to talk to you or meet you. 
Do not call me again. I have registered a complaint against you. If  you 
call me again you will be sent back to the prison where you belong.’ 

Manjari wiped the sweat off  her face with her dupatta. A tide of  
pain came swirling around her and she winced. She felt a thousand ants 
crawling all over her. Anil had done what he had said. Even twelve years 
later people are not comfortable watching her leathery face…  
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“Twelve Years Later”: A Review 
VIVEK NEGI 

The story “Twelve Years Later” by the writer Dipali Bhandari is directed 
at the evil of  eve teasing and stalking, the school going girls face, but 
cannot disclose it to their families. The fear of  being misunderstood by 
their families, norms of  honour and character assassination by the 
society forces the girls to keep this abuse to themselves so that the bigger 
objective of  education does not come to a halt. It is Manjari who 
receives a scolding rather than Anil by the teacher on the letter landing in 
her hand. The family of  Manjari does support her but a conditional one 
of  making her continue with the studies at a girls’ college. Anil keeps on 
stalking and dares to visit Manjari s house with a marriage proposal. He 
is slapped by her father. There follows a respite in Anil’s activities, but 
his return leaves Manjari scarred. 

Manjari reconstructs her life twig by twig showing her resilience 
and mettle inside. Anil is sentenced to twelve years imprisonment. 
Manjari completes her education amongst piercing stares of  insensitive 
society every minute, every day, every glance and carves a corner for 
herself  as a teacher where she finds her space. She rediscovers the beauty 
of  life in hard bougainvillea and cactii. 

The story is such that every teenager relates to, in the aspect of  
surge of  love feelings one bathes in during adolescence. The initial plot 
construction gives an impression of  a love affair entanglement of  Anil 
and Manjari and the reader unaware of  the beastly action of  acid 
throwing on Manjari that Anil has done; does find a soft heart for Anil -- 
the lover who the reader thinks is a rejected lover due to the blows of 
destiny. The gradual revelation with the development of story 
immediately makes the reader despise Anil -- the criminal. One starts 
comprehending the connection between the three ants-gnawed innocent 
bulbuls in the nest in the garden and the innocent acid-attack victim 
Manjari.  

The return of  Anil after twelve years brings back the pestering but 
finds a strong defiant composed Manjari this time. Though Anil’s 
mindset remains undeciphered as to whether his return is that of  an 
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obsessive lover or a repentant Anil yet the reader finds Manjari’s 
decisiveness justifiable, as it is only she who has undergone the immense 
suffering -- mental, psychological, physical with the society beside as a 
mere spectator throughout her ordeal. 

The story is striking indeed. 
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TERROR 
GURMIT BEDI 

The two boarded the bus at Paraur, a place between Malan and 
Palampur. They were both turbaned Sikhs, robust and tall. Both were 
wrapped in blankets. They cast their eyes all around as they boarded the 
bus and sat down on the seat right behind the driver. There were about 
twenty people in the bus. Two or three women and the rest men. None 
of  them Sikhs. Only these two were Sardars. 

The interior of  the bus was dimly lit but it was pitch dark outside. 
The passengers sat bent over with the cold. One of  the Sardars turned his 
neck to look back, as if  to inspect the passengers. Then he put his hand 
inside his blanket and began to move it back and forth. At this, the 
plump lady sitting behind him trembled with fear. She looked at her 
neighbours with terrified eyes. The horror on her face froze their blood. 

‘It was in the papers today that extremists have begun to infiltrate 
Himachal,’ a passenger at the back whispered in another’s ear, his voice 
quivering. The person sitting behind him saw him whisper. He prodded 
him with his finger and leaned his ear close to the man’s lips. By the time 
the bus reached Arla, every traveller but the driver, conductor and the 
passenger sitting to the left of  the Sardars, had come to know that two 
extremists were travelling in the bus. At any time now they would push 
the driver aside and take control of  the steering wheel, or stop the bus 
someplace and kill all of  them.  

The alert eyes of  the passengers were fixed on every movement of  
the Sardars. They saw one of  them begin to cover his face with a white 
handkerchief, even as his eyes ranged this way and that. He covered his 
nose and mouth and knotted the kerchief. Only his two eyes were visible 
now. 

‘He is hiding his identity,’ one old man surmised. 



Terror      63 

‘Now he will order the driver to stop,’ a well-built passenger warned 
another with his eyes. 

Oblivious to all this, the driver was busy driving and the conductor, 
sitting on the front seat, had his eyes trained on the road ahead. Both 
were unaware of  the potential danger. The person sitting next to the 
Sardars lolled to one side in his sleep. Then the Sardars began to speak 
with each other. Their voices were drowned by the noise of  the bus. The 
masked Sardar nodded his head in agreement with the other. The bus 
was now passing through a stretch bordered by thick trees on either side. 

‘They seem to be ready,’ a woman murmured clutching her child to 
her chest. 

Just then the other Sardar bent down and began to remove 
something from his bag.  

‘I’m sure there is an AK-47 in it. Extremists carry their AK-47s in 
bags slung on their shoulders, don’t they, and conceal them with their 
blankets. There’s no need to load them again and again. You just have to 
pull the trigger and turn the barrel around. He will also do this now,’ said 
a young man who had read about the workings of  an AK-47 in the 
newspapers. He choked with the fear of  impending death. 

‘Why are they bent on killing us? How have we wronged them? 
Sardars were made to fight against injustice. What kind of  Sardars are 
they who are preparing to kill innocent people,’ a woman passenger was 
about to break into sobs. 

‘There’s not one man in this bus, who can face them boldly,’ 
another woman passenger glanced timorously at all the men. They were 
pale with fear; as if  their blood had frozen in their veins. 

Suddenly, a crackling sound was heard and the two Sardars drew 
close to each other. Then some chewing sounds were heard. One of  
them nudged the other and both exchanged smiles. Still smiling, they 
turned around and looked carefully at the passengers. The passengers 
could only see their eyes. Four intense imposing eyes. Then they both 
straightened their necks and seemed ready to get up from their seats. 

Everyone, except the driver and conductor, was petrified. 

‘Please stop here, brother. We have to get down here,’ one Sardar 
said politely. The driver applied the brakes instantly. 

‘May God bless you,’ the second Sardar turned the door handle. 
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‘When will you be available in the canteen?’ the driver asked with 
some hesitation. 

‘Come whenever you want. We’re always at your service.’ 

Laughing, the two Sardars stepped off  the bus. 

Taken aback, the passengers exchanged glances; each one trying to 
hide their embarrassment. 
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“Terror”: A Critical Review 
KULBHUSHAN SHARMA 

Aatank, a gripping story written by Gurmeet Singh Bedi, is translated 
into English as “Terror” by Meenakshi F. Paul. Translation, in itself, is a 
challenging task that demands expertise on linguistic skills, knowledge of  
culture, technicality, and skills to overcome the problems — lexical-
semantic, grammatical, syntactical, rhetorical, pragmatic, and cultural 
issues. It is an onus on the translator to salvage the idioms and 
expressions used in a particular culturally-structured language 
representing the social milieu. The biggest challenge before a translator is 
to pick up a particular story for the translation.  

The story under scrutinising lens provides a basis for 
‘Perspectivism’. According to German philosopher, Friedrich Nietzsche, 
Perspectivism, a philosophical view, is that all ideations take place from 
particular perspectives which means there is a strand of  possible 
conceptual schemes, or perspectives on which judgment of  truth and 
value can be made. It is a general tendency on the part of  most people to 
pass a judgment or frame opinions about others too soon. The frailty of  
the human beings to turn into sharp critics and point out flaws or 
shortcomings in others, make them blind to their own faults, insecurities 
and mistakes. Instead of  reacting, the need is to relate, to associate, to 
introspect and then reflect. In the modern world, where everyone is 
surrounded by machines and hi-tech gadgets, there is an urgent need to 
understand the three words − sympathy, empathy and apathy quite 
deeply. The world seems to move under the swooning impact of  ‘self  
syndrome’ and the best option for carving a beautiful world of  co-
existence is a possible reality if  humanity sheds the last word and 
imbibes the former two essential words by understanding the fellow 
human beings.  

The story is well-crafted and written in a satirical tone. On a close 
reading of  the story, it has all the basic elements of  a plot. Right from 
exposition to denouement, it keeps the reader under a spell and arouses 
the curiosity to know what is to come. The plot and structure are like 
gravity. “Terror” has a well-knit structure, with the series of  events 
assisting the overall design of  the story. The setting is confined to a bus 
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where the passengers react and form the opinions about the two Sikhs. 
Two turbaned Sikhs, tall and robust, wrapped in blankets, board the bus. 
The people seated in the bus get suspicious about them and start forming 
opinions, branding them as militants or extremists. The alert eyes of  the 
twenty-odd people in the bus are fixed on every movement of  the 
Sardars. The passengers think that they are about to kill them. Every 
passenger on the bus seems to choke with the fear of  impending death. 
The fear lurking in the corner of  their hearts make them think that why 
the Sikhs are bent on killing them. But the twist of  the story occurs when 
the one of  the two Sikhs pleads the driver to stop the bus because they 
want to get down. Towards the end of  the story, the friendly exchange of  
words in between the driver and the two Sardars leaves every passenger 
taken aback. The realization dawns upon the passengers that the two 
Sardars, indeed, are good human beings ready to render a helping hand. 
Exchanging glances, the passengers try to hide their embarrassment. The 
language used is full of  local colloquism and the translator has retained 
the certain nuances of  local idiom. The dialogues of  the story have been 
maintained as written in Punjabi − “Rab Tuhada bhalaa kare.” As far as 
the character and characterization is concerned, the characters in the 
story are the people the reader associates quite easily. The translated 
version of  the story has preserved the features of  the characters 
portrayed as real. There is an apt portrayal of  the physical description, 
action, inner thoughts, reactions and speech that makes the story 
compelling and gives the readers a strong sense of  characters’ 
personalities and complexities, making them vivid, alive and believable. 
The thematic core of  the story underlines the basic human nature to 
form the opinions and pass judgment about others which leaves a scope 
for everyone to reflect and think deeply about the self. The writer wants 
to transmit the message through the story that the basic need of  human 
beings to be loved and to be understood.  

Finally, the story can be read conveying a message that people are 
not to be judged solely on the basis of  their appearance, attire, race, 
nationality, religion, family or sexual orientation. Rather, they must be 
accepted the way they are. 



Audience’s Live Response 

Sangeeta Singh: How wonderfully the story weaves various perceptions of  human 
psychology, which are all hinged to one incident – social conditioning 
…reminded me of  Manto’s short stories. Very powerful! 
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Jyoti Mishra: It’s remarkable to realize that the co-passengers actually lived 
through the ‘aatank’ in their minds without it being there… perception matters. 

Anupama Pathak: That’s how human psychology works…amazingly narrated. 

Namrata Pathania: How pre-conceived notions terrorise us! 

Leena Vaidya: It talks about our pre-conceived notions and our prejudices. 
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THE TEAR 
IRENE 

His hand went right through the sudden tear at the elbow of  the sleeve. 
There was a sound of  a slight hiss as worn cloth gave way and his heart 
seemed to jump into his eyes -- how will he go out in torn clothes? Must 
he walk on a busy road in a worn-out shirt? What if  he met his teacher 
and he saw it? What if  he met one of  the snooty girls of  his class and she 
saw it?  

“Haw! Don’t know how some people can move around brazenly in 
broad daylight in tattered clothes! Simply standing first in maths doesn’t 
mean someone is king of  the jungle!” 

The tear seemed not in his shirt so much as in his heart. He silently 
watched his mother wrap and re-wrap her flowing blue 'dupatta' around 
her face so he could see only her eyes flutter like two black birds in a 
rolling blue sky. It had now been almost seven months that his small 
world seemed to have heaved endlessly under his small feet so he could 
barely stand. Every morning his father's defeated shoulders spoke of  a 
restive night and a worried dawn. No word was spoken but every one 
knew that Baba again wasn't going to work that day. Mummy would 
quietly make 'chapattis' on the griddle and serve with small helpings of 
vegetables or lentils and Baba would hang his head and eat in silence, 
before putting up his feet on the bed and going off  into a trance, from 
which no one dared to wake him. 

The room had now become crowded. None of  them moved out of  
the well-ordered but cramped surroundings of  the four walls because it 
wasn't allowed. It was difficult to live in the tiny room through the day or 
to move around while all of  them occupied the same space. Toes stubbed 
against metal trunks and bedposts and many times the little boy had to 
roll over the bed to avoid stepping on his silent but affectionate father's 
feet. That occasional tumble made Ishu laugh, but never his Baba.  
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"Sleeping all together never made such a crowd but sitting around 
does," Ishu thought whenever he lay down on the one double bed that 
dominated the tiny quarters. On one side stood a couple of  trunks which 
held the beckoning mysteries of  his mother's treasures and on the other 
was a small plastic stool meant exclusively for Baba's steel mug of  water 
and steaming cup of  tea. On the trunks were piled up the rolls of a 
couple of  'razais' and blankets, covered with a clean bedsheet. Beyond 
that was the kitchen shelf  which held an amazing variety of  utensils, 
neatly stacked beside a rusting gas stove. Buckets of  water occupied the 
pride of  place all over the room, but drops of  it were immediately wiped 
up by his cleanliness-conscious mother. Ishu lay around the whole day, 
his pent-up energy bursting out in sporadic explosions of  childish 
tantrums and continuous rants of  permission to play on the single 
mobile phone that Baba had managed to buy second hand from his past 
employer. After a couple of  weeks of  resigned confinement, the entire 
room seemed like the lanes of  'Dilli' during the cold winter months — 
dark, foggy and suffocating.  

Ishu’s world hadn't always been so dismal. There was a time his 
father was ready before him and as he went off  to school, Baba would 
trudge off  too, whistling, in another direction, with his thick rope and 
paddings of  cloth for his shoulders to carry loads and any other daily 
wages work. His loud, cheerful voice boomed beyond the curve of  the 
road as he exchanged greetings with his colleagues.  

Ishu's school was across the dispensary and was rife with laughter 
and calls of  young voices. It had a few scraggly, half-wilted plants growing 
on its boundaries and about a dozen tall deodar trees in the distance. The 
rooms were small and held no furniture except for the teacher's table and 
chair and a blackboard; the students sat on small sack cloths provided by 
their mothers. Ishu knew that his mother had packed a few biscuits for him 
to munch on before he got his much-awaited meal in the school with the 
rest of  the children. He knew that he had worked diligently at his 
arithmetic homework — not without invaluable help from his sharp 
mother — and was sure of  getting a "Shabash!" from the teacher.  

His mother, educated till the 10th class and quite bright in 
mathematics, had earlier worked as a maid at a number of  houses, in 
order to supplement her husband's unreliable income. She would make 
food for them early in the morning, put it on the kitchen shelf  for the 
two of  them and move off  quickly, throwing instructions at them for the 
day. They all would meet at home only in the evenings. In this mad rush, 
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Ishu had started becoming careless and reckless towards his studies. 
Mummy had noticed that and became worried. One evening, Ishu had 
seen her talking quietly but seriously to Baba, casting glances at him as 
he pretended to study. From the next day onwards, she never went to 
work again.  

Baba had managed to keep them afloat, working hard and 
refraining from wasting money. And Ishu's performance at school had 
soared. 

He loved school. He loved his books. He loved to play with his 
friends on the small, uneven ground adjacent to the school building. The 
loud noise of  children shouting, laughing, calling out to each other was 
like elixir to him and he made sure never to miss a single day of  learning 
and playing. Last year he had received two certificates -- one for 
mathematics and another for highest attendance, which he proudly 
displayed from the small stage of  the school. But those were the good 
days. Mummy had always warned that good days have a habit of  flying 
off  like a bird.  

Ishu isn't happy any more. Father's job is off. Mother looks like a 
frightened, startled deer. Everybody's faces covered in masks; roads 
emptied neighbourhoods desolate. A panic, a constant apprehension, a 
sense of  doom.... all around.  

And school closed. Ishu could hardly believe it! His head constantly 
whirled with the ceaseless, confusing, worrying questions — Where 
would he play? How would he learn? What about exams? How would he 
get promoted to the next, ‘very very important’ Class 6 ? Where and how 
would he meet his best friends? How would he get his afternoon meal? 
His entire world as he knew it, crumbled before him, leaving him shell-
shocked, tearful, uncomprehending and devastated. And today his 
mother, with a troubled look on her face, lowered her quivering voice 
and said, "Ishu, wear your full-sleeved shirt and the jeans your Mamaji 
gave you last year. We have to go to the sahebs' homes. Ration has 
finished."  

That was all she said. That was all she needed to say....  

And then Ishu's shirt sleeve ripped ....  

He walked quietly beside his mother - both of  them wrapped in 
thought, heading for the 'kothis'. They were oblivious to the changing 
landscape as they climbed up the slope: the well-designed gardens, the 
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high, painted walls, the grand gates of  the sprawling residences, the 
large, shiny window panes. Their feet seemed to pull them back, yet they 
dragged themselves towards the unknown.... Ishu burdened with the 
shame of  an old, torn shirt and his mother with ... only God knew what.  

As she stood before the women of  the suddenly silent, apprehensive 
households, her eyes dark as hell's fires, her son stood beside her, his eyes 
lowered, shuffling his feet uncomfortably, trying to hold together the two 
sides of  his torn sleeve with his other hand. They moved from one 
silently simmering house to the other, the small purse slowly filling up 
with money -- sometimes generously given, other times with tightly 
stitched mouths — the tear in his heart pulling apart the fabric of  his 
being, his eyes filling up with unshed tears and his mouth with an 
unknown silence. By the time they returned home, Mummy seemed to 
be like an empty shell. Ishu wondered at the slight weight of  her purse 
and the drooping, hollow blue suit that walked beside him and he felt a 
strange willingness for nothing envelop him.  

When Ishu opened the door of  his home, Baba's quiet presence 
filled him with some semblance of  stability and assurance. He was 
standing at the gas stove, stirring a pot that contained a dismal 
comparison of  the delicious — though small — dinners they used to 
have before the lockdown. The damp aroma of  the broth filled the room 
with a tempered down hope for a life better lived in the future. He 
desperately tore away the offending, shaming shirt from his slight body 
and flew straight into his father's arms. Baba embraced him as Mummy 
settled on the side of  the cot with an imperceptible sigh. Her tired eyes 
searched for that gleam of  humour that she had always found in her 
husband's eyes whenever she returned home from work. Finding only a 
questioning gaze there, she dropped her eyes to slowly extricate her 
pouch from her handbag and counted out the cash from it. 

“A month or so will pass easily," she said resignedly.  

"And then...?" Baba’s expression silently asked, as some of  the 
weight from his shoulders seemed to roll off  and shift to hers. She 
straightened her aching back, reaching out for Ishu's shirt as she picked 
up the sewing box from the shelf  above the bed.  

"The madames looked tired," she replied as she threaded the 
needle. 
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Review: The Tear  
KAMAYANI VASHISHT 

A lovely story; simple yet very sensitively written. The story is a narrative 
extension of  a poem by the author which must find place alongside the 
tale because in many ways, the poem is its mother. One, because poetic 
utterance is the mother of  emotional expression, two…because it was 
born before the story and then engendered it, three…because it sees 
Ishu’s mother from another mother’s (the author) perspective.  

It was your eyes 
The tide of  uncertainty 
Coming in and going out 
Under the heavy sands of  your scarf 
It was your eyes 
The raven depths  
Like stinging black arrows 
Piercing the secure bastions of  my fort 
It was your eyes 
Vacuous with worry 
There and yet not there 
Quieting the laughter of  my progeny 
It was your eyes 
That took a few pieces of  paper 
With the haughtiness paper deserves 
Your pride intact, helping me to keep mine too 
Your firm, rightful grip 
My yielding one 
That joined you and me 
And made us complete women 
With loving, giving eyes. 
Thank you, o unknown woman. 
May your family sustain 
As mine does. 

I read in this poem; a womanist note. Layli Maparyan (Phillips) 
says, womanism seeks to "restore the balance between people and the 
environment/nature and reconcile human life with the spiritual 
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dimension”. It is through her motherhood that the author connects with 
another woman’s life that has been torn and disrupted by the pandemic. 
Both, the poem and the story when read together add a three-
dimensional understanding to the life of  the little boy and his family. His 
mother and Ishu, both come alive; at times more real than the images of  
thousands of  homeless migrants who inhabited our television screens for 
months during the first Covid lockdown. Those were numbers and 
sometimes just anonymous faces on the screen. Often, one would try to 
construct histories and back-stories to their faces and give them a more 
detailed context than just a mention in the news. One would wonder 
what it meant to lose livelihood or home and what sense those children 
walking alongside their parents made of  the whole experience. This story 
brought some relief  in bringing the reader, personally to the little house 
of  one such face in the crowd.  

The Corona experience definitely altered each one of  us, though in 
a million diverse ways. There has been an immense outpouring of  
people’s responses to the pandemic through numerous mediums. The 
creative mind, the sensitive heart and the spiritual, or for that matter 
even the non spiritual soul has had much to engage with. In fact, art and 
literature have been our best allies during this phase. Also, one of  its best 
by-products.  

The Tear tells us about the tear in the life of  one such family that 
doesn’t have the luxury of  calling the lockdown “a blessing in disguise”. 
The experience of  being locked in a cramped space: a home that takes on 
a very different dimension when there’s nowhere else to seek respite 
from it is beautifully imagined and articulated. “Sleeping all together 
never made such a crowd but sitting around does,” strikes one as a 
fascinating observation! After a couple of  weeks of  resigned 
confinement, the entire room seemed like the lanes of  'Dilli' during the 
cold winter months - dark, foggy and suffocating. The experience of  
confinement flows is osmosis and reverse osmosis from the Covid 
restricted spaces into memory and back.  

His memory of  happier days, when Baba went about his job as a 
coolie and Maa, as a domestic help and himself  going to the 
neighborhood school are all luxuries that become windows of  escape 
from the non-ventilated existence now. “Ishu isn't happy any more”, a 
treacherously simple sentence about the little boy tells us all that’s not 
right in his life. From his perspective, that’s the whole problem!  
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Another striking element in the story is the shifting landscape of  
the realities of  the neighborhoods. The mother and son are the 
connecting links between the two divergent realities; the homes 
languishing in ennui and a home restless because of  the crisis of  too 
little. There’s both a physical and mental journey between the two spaces 
and this journey reveals the inevitable connectedness and 
interdependence of  social layers. The play of  the homonymous word, 
‘tear’ lends itself  also to the tear in insulated structures of  families, social 
systems and personal memory. The tear in Ishu’s heart pulling apart the 
fabric of  his being, filling up his eyes with unshed tears and his mouth 
with an unknown silence is a beautiful semantic movement of  the word 
that justifies its claim to becoming the title of  the story. 

The story is replete with visual imagery. There are some very vivid 
descriptions of  the spaces that were forced to wear a new mantle during 
the lockdown. The same spaces we had inhabited became more real in 
unprecedented ways, so their details that went unnoticed became 
overwhelmingly oppressive. The torn shirt evolves into a metaphor for 
disrupted lives that were until now conducting themselves with a 
modicum of  dignity because they were not out in the public space for all 
to see. Here, they’re forced to bare themselves and their tragedies to 
others and a consequent sense of  anguish and shame accompanies both 
Ishu and his parents. The image of  the mother walking by Ishu’s side; 
the hollow blue suit, speaks volumes of  the deprivation that is pushing 
the family against the wall. 

“The madams looked tired," she replied as she threaded the 
needle.” The last line is powerful in all its simplicity. There’s hope next 
month because the madams are looking tired. She might be called to 
resume work in the kothis. There’s a ray of  hope in the darkness of  their 
little home and lives. Were it not for this line, it would be a sad narrative. 
This single sentence turns it around and leaves the reader with a faint 
taste of  optimism behind a wry smile. The interdependence of  all human 
life is both inevitable and a matter of  relief.  

One is reminded of  Donne’s lines: 

No man is an island entire of  itself; every man  
is a piece of  the continent, a part of  the main;  
if  a clod be washed away by the sea, Europe  
is the less, as well as if  a promontory were, as  
well as any manner of  thy friends or of  thine  
own were; any man's death diminishes me,  
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because I am involved in mankind.  
And therefore, never send to know for whom  
the bell tolls; it tolls for thee.  



Audiences’ Live Response 

Meenakshi F. Paul: Irene’s sensitive and compassionate spirit shines through in 
this pandemic story. 

Anshu Kaushal: The struggle of  these challenging times reflected through the eyes 
of  the young boy… heart wrenching! 

Namrata Pathania: A melancholic tale with vivid imagery and poetic expressions. 

Sapna Pandit: Beautiful story Irene… Congratulations and thank you for such a 
sensitive and true to life portrayal of  those who were forced to leave their homes 
and walk the streets for months together during the pandemic… loved the story. 

Priyadarshini Sharma: Very sensitive delineation of  helplessness and hope. 
Wonderfully narrated and analyzed. 
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APOCALYPSE 
JAIDEV 

Her expert eyes swept past the neighbours' tele antennas and settled on 
the saintly pine. It looked dimmed against the lavish cooper clouds. The 
pine was her old man. Still. The blazing passion of  the vine around its 
trunk staggered her. The land below the tree had gone and houses, 
gutters and garbage had erupted like pimples. Still, the tree was there and 
it was her brooding old man. She had once written a poem to it, but no, 
the thought of  the poem was a needle. She averted her face. 

A cracker exploded in some distance and the House trembled. The 
House was a wounded animal. Papery rags of  discoloured paint flew 
down from the kitchen wall. Another Diwali? Something flew up hissing 
before bursting into several-coloured globs. Then explosions like hurts. 
Clutching at the loose rusty railing, she sighed but was held by the 
golden sun half  out of  the cloud. It was melting fast above the Kasauli 
hill. The treetops were a long dazzling armchair for its mercury glory. 
Her eyes swam with the circling sun. 

Once upon a time there was a sprightly girl and her dress, on that 
Diwali night, jingled and glittered with tinsels and beads. That night she 
was numbed by a strong tension as her eyes pursued the ghostly coil of  
silver grey, the vanishing trail of  her phooljhadi. That translucent coil was 
a poem, and she had revived it again and again. The mother was 
watching her, from the kitchen window, and the silver plate with the 
goddess would shake in her delicate ivory hand when the phooljhadi 
rushed towards her. For a moment, the little girl stopped, for there were 
tears behind the incense curls. Tears again? She knew he was behind all 
tears. He had been wicked in the morning. He had cursed them both 
without opening his eyes. And he was lying on the great-grandpa's sofa 
on which one wasn't allowed even to sit. The mother had prodded her in 
the back and when she had touched his eyes with a "Happy Diwali, Pa!" 
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he had shouted them out. The tea was spilled on the soft, soft rug. The 
pink napkin on which she had drawn a greeting went into another 
puddle of  black tea below the dusty armours of  the family greats. He had 
cursed away the lunch and spent the whole day sitting between the black 
telephone and the life-size portraits. His golden pen had hung over his 
thick diary and he was gazing into the flames in the fireplace. Later, in 
the evening, the mother's puja had to be abandoned because he kept 
shouting abuses from his room. His ivory pencil was rushing upon paper 
and his grey hair shone in the lamp's orb. The room was blue with smoke 
and the carpet was a jungle of  crumpled, rejected poems. And all the 
while the dying coughing Ramu Chacha kept standing in the cold, 
turning away the friends and their packets of  sweets. In fact, late last 
night he had smashed decorations and lamps in the garden and also 
smacked at the pleading face of  the old dying Chacha. 

She had not noticed when her dark, six-fingered hands had risen 
and covered her wrinkled face. A sudden chill made her realise the sun 
was gone down the Kasauli hill. Her fingers opened and through the 
chink she saw the pine. It looked calm. Thank God, she said and pressed 
at her eyelids. Hard, so that red stars gleamed, in the pain of  dark. The 
shimmery borders were the texture of  the conch she had found, once 
upon a time, on the Konark beach. The pale withered mother had sighed 
with a smile when the girl held the conch before her dark rimmed eyes. 
The very next instant she had hugged her hard and kissed her sandy 
cheeks. He had chuckled at the conch. That night, he had hit his head on 
the bar table and when they pushed him into the room, he had 
demanded an immediate death. This was, she could feel now, his way of  
wishing them dead. The mother had died soon after. 

Yes, the day is gone. Again, nothing has happened. Nothing except 
that Diwali seems to be nearby. One more idiot day, she thought, 
crushing flat a peel of  paint. Someone in a new house gave a cheer and a 
chain of  bulbs went on. Yes, the day is over and yet he isn't dead, hasn't 
died. They're just prolonging his stupid life, but... but what else, come 
on, what else should they be doing? Yes, yes of  course, she repeated and 
felt rancid. Yes, sometimes he looks alive, he notices your entry 
sometimes; he even makes some splintery noise. Sometimes he is alive. 
And so what is one supposed to feel? Gratitude? Oh, no! Her nails were 
telling into her chapped palms. Please God, let him die!  

A faint darkness throbbing with the crickets' calls was oozing up 
from the hills, encroaching upon the red in the sky. Tomorrow, I'll be up 
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early; it's Sunday — another Sunday, another visiting morning, you see; 
she was now addressing the darkening top of  her pine. May be, I'll gather 
a few roses, though he notices nothing. Not that he ever noticed 
anything. Except of  course what he wanted; then he was a hawk. He was 
a hawk. He must have wanted the mother, so she loved him. Then he 
must have wanted her — so she was born. Then he must have wanted 
her to die — so she died, the poor reed of  a mother. Then tie must have 
wanted poems, and when they did not come, well, then too.... She 
sobbed, and suddenly in her dim, tear-touched impression, her pine bent 
with pity, bent all the way, its trunk making a plastic crescent around the 
new block of  flats, to touch her, console her. The tree was her true friend. 

Of  course, the tree did not bend, and she knew it. In her poem it 
had bent and stood between her breasts. Please, you mustn't grudge her 
this innocent fiction. She had little else. Besides, a bird lived on her pine, 
and the bird was important. 

But now she wasn't looking at the tree. She was away, in that winter 
night, once upon a time, when she sat by a drafty window in that 
common coach. They were returning after the ceremony on the river 
bank. The evening had been horrible, what with the car breaking down 
and, afterwards, on the river bank, that fat, turmeric-coated priest 
spitting verses on her ashes. The priest had messed up everything, and 
the ashes mostly blew in their faces. He had kept scratching into the lines 
on his forehead, resenting everything the shiny bald priest asked him to 
do. And when the latter objected to his cigar, he murderously stamped 
his feet. In the coach, his collapse and his 'damn it!' had drawn attention 
and in misery she had dropped her bag and when she was feeling and 
gathering the things, her shoulder had touched his thigh and God! He 
had recoiled from the touch. Hurt and bewildered she had looked up, but 
he had hidden the face in his hands and groaned. She had wanted to pull 
out a cigar from his pocket and shove it into his mouth. But no, she just 
got back to the seat and watched the jostling reflections in the window 
pane. By the time, she could isolate his profiled face; the glass had begun 
to rattle. She was torn by the recognition that everything — his agitation, 
his roughness towards a fat woman, his recoil against her touch and now 
these ugly moans — everything was aimed at her. His "God, my God!" 
was a pair of  pincers and these were trying to slash into her and tear 
some part open. The cigar was nothing, the dead mother was nothing. 
The girl had sat with a brimful of  red-hot emotions and his "God, my 
God!" had grown more frequent.  
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A Shylock demanding his pound of  flesh? Of  her? What had she to 
give him? What do you want? She had breathed to the face in the glass. 
For no reason, his drunken mockery of  the mother echoed in her ears. 
"My love is a junkyard, virtuous bitch," he would blare while locking the 
garage. With a fresh wave of  sobs, she had recalled the jasmine face of  
the mother. Then, slowly it came, swooping like a terror. Her mother's 
face vanished and left her to her own, in the glass, her nose flattened 
against it. Something was churning inside her; it was enormous, hot, also 
ominous and dangerous. She was marooned on some pointed rock, its 
edge hurting her, revolving her like a weathercock, blood trickling down 
her thighs. Faintly she sensed all this drama was a preparation for 
something terrible; she would suffer, suffer and suffer; she would be a 
victim, get burnt or charred; something was at work on her heart; she 
would suffer like the mother. And her mouth would be sewn shut. He 
was groaning as in a rite, invoking some dark powers. He was 
demanding. But what? She convulsed in agony; something, some stone, 
was rolling up her throat, preventing her breathing. But... some part 
inside was expectant, too. Also excited, reckless. She pressed at her 
throat and whatever mountain it was that was looming up now from 
some dark waters made her breathe in exultation. Somewhere she was 
happy that the ashes were gone.  

And thus had begun a lifetime of  damnation and despair, she 
thought and nodded. Grimly, in the dark. A brood of images stirred up 
— bizarre, revolting, hideous. And she had lived through them all. The 
young girl dreaming of  a huge fire-ball with its octopus’ arms all in 
flames and she screaming "Mother" as it stood suspended over her and 
he smiling and asking her to catch it for him and she scorching and still 
her arms unfolding... and in the morning she bracing up for an abstract 
eternity of  withdrawal and solitude — at school, in the club, before 
everybody; and then placing a rose in the tea tray—and he seeing and yet 
saying nothing. And one day she dedicating her poem on the mother to 
him, and he giving her a cold stare before locking himself  up in the 
Study; and later "Mother" and three more poems he published in his 
own name and dedicated them to her! And she fixing tea for him and 
expecting only a word, one clumsy stupid word of  explanation but he 
only complained of  the overboiled egg and his hundred hells! And two 
years later he getting a collection of  poems mined out from her diaries 
and earning some name as a sensitive feminist male poet! And he 
coming home drunk, reeking of  garlic when she wouldn't lay poems and 
demanding an instant death. And her attempted escapes all aborting as 
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jokes, leaving her exhausted but also convinced that she wasn't a person, 
wasn't anything except a shade, or a shell, and that was her life and her 
damnation. And all this, she knew, all this had been fixed that night in 
the coach. His "God, my God!" was a dark spell and she had said 
"Amen”! 

Yes, everything was settled that night, though he had said nothing 
except "God, my God!" Somehow, the groans were the spell, she 
concluded in the dark. The pine was a phantom now. She thought of  the 
time and rejected the idea of  the meal. It is late again, she thought. And 
again, it is dark; this way I'll never see it. Still, her new poem was nearly 
done, and it was for the bird. May be, it's only right that I haven't seen it 
in clear light. In dark, it is mysterious but also special, my own, it's my 
dark bird, my bird on my pine. Tenderness lurked inside her and she 
wondered if  someday it would perch on her shoulder. 

Suppose he... This he was a queer poet-disciple of  Him; he had 
seen some of  his poems in a Melbourne magazine and had decided to 
call on Him while in India. His own poetry had been received well in his 
country but surely, he wrote, it was nothing beside the Indian Guru's, she 
had to hear his praising His sensitive entries into the feminine 
consciousness and once upon a time the irony of  it all had made her 
collapse with a hysteric "Stop this!" But now she was only wondering, 
suppose he comes across her... no, His, His still, His, of  course, His 
poem on the bird someday? Would he see the joke? And the irony? 
Would he remember her and how one evening he and she had stood in 
the balcony to watch the sunset? That was the first time the bird was 
noticed. It was hardly a bird, a strange fleeting lump, a ball rising in a 
trajectory towards the pine's top branches. It had almost touched her 
shoulder and she was jolted, and he had held her by his hairy arms. 
Whatever was it that got touched and conveyed? For he had gently bent 
his head and kissed her on her quivering lips. Suddenly the bird dived at 
them and after a confused circle rose again and vanished. The bird 
became a daily event, though next day the poet-disciple had been 
claimed by Him in some mysterious way for he did not speak even two 
sentences to her during his month-long stay. For hours together they 
were locked together in talk and laugh and their voices would trickle out 
of  the closed room or window, and within a few days the poet-disciple 
had left his hotel and hung his sleeping bag in His inspired room. He was 
clever and had isolated hundreds of  feminine nuances in His four 
volumes but even he had missed the meaning of  the girl in the house or 
her hysteric tears, once upon a time in a party, at His bland "Meet my 
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daughter, my muse, my secretary." His brief, remote "How do you feel 
now" was little better than a young art historian's "It mustn't be easy to 
be a celebrity's daughter" or a poetry teacher. "Why did you stop your 
studies like that?" Oh, he was clever all right, but how could he guess? 

Then it came. A compacted ball slashing its way from behind her, it 
caused a sudden flutter in her bosom and her dupatta rose and fell with 
her heart. Her mouth opened and her eyes widened feeling the needles 
that were lights in the distance. Blood rushed and tingled at her finger 
ends. And then ... it was gone past the antennas. A branch fluttered 
above and it was quiet. She stood with dreams tantalized on her cheeks 
and her eyes drinking the dim vision that was. It was her bird, she told a 
mocking murmur within her; why else should it go swishing so close to 
her? And who knows one day, someday, may be for a second only, it will 
gently land on her pleading shoulder, its beak softly trickling, exploring 
down her neck. In her poem, it did that. Her eyes were lingering to 
where the pine top was, she let out a long, half-happy breath and her 
body shivered. It's cold, it really is.  

The telephone rang in the dark house. She trembled: Is He dead? 
Or has He again done something horrible? Last time she was called at 
night was because He had hit the nurse with an open hot-water bottle, 
smashing her glasses. He was left unattended that night. God knows she 
had gone all the way and tried hard to be of  use. She had changed the 
sheets, fighting against the foul stench and He had cursed her all the 
while. She had wanted to pound on his chest and blast him with some 
truths at last, but no, she had allowed the kingdom, and the power and 
the glory, to include her poems too. The new Lord's Prayer, chanted for 
him. 

After a pause, the telephone rang again. She moved. Her steps were 
clockwork through the kitchen and the dining room. The hand that 
pressed the switches was stone. Is he dead? He cannot be, He is God, the 
Father, immortal, everlasting. His being in hospital is his show. He 
cannot die, she shouted to the stuffed tiger against the grandpa's gun, and 
the telephone grew silent. She heard the return of  silence and breathed. 
Is this life? She asked facing herself  in the oval mirror. And this, is this 
woman me? Once upon a time there used to be a girl, but since that night 
in the coach, everything had been his, no longer a me or my life. Thine is 
the kingdom. 

The telephone again. The stone turned but did not move. Is this 
life? What has it meant? And He cannot die. First, she must be 
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abolished. The bell persisted and the stone moved, sank on its knees and 
picked the receiver. Is this life please? With much accumulated rage she 
shouted, "Is He dead or not?" The speech exhausted her, and she 
listened, her eyes staring at the dusty chandelier. She dropped a pebble of  
yes into the instrument and pressed at her heart. He seemed to be dying 
at last, and a car was coming to take her at the gate. Is this life? And will 
it someday perch on my shoulder? And you who were so good at finding 
feminine nuances, did you never wonder, never suspect...? And is it fair? 
She asked the faded roses in the large vase while her hands gathered a 
green shawl. Is it fair, tell me please? She moaned at her sandals. And 
what do you make of  one who steals her lover and her poems and her 
everything and spends an hour praising his iron will in giving up 
smoking? Is this life? She asked the gate. And is He dying?  

"Let Him die," she says as the lift door is shut by a low-statured, 
bearded villager with an umbrella in his hand. The words shock him and 
he turns, arranges his glasses and says with confused anger, "What?" She 
is a stone and turns and faces the man's doll-like, field-smelling wife who 
in confusion folds her hands and presses them upon her bridal necklace. 
A child stands besides her holding her by a saree crease and a saliva 
thread is swinging from his lip. The lift crosses another level and the 
child frees the saree fold but tumbles. With a shock she realises the child 
is blind. Her mouth jerks open and she kneels down and holds his round 
milky face into her six-fingered hands. The hands are alien and the child 
recoils as she fills the face with kiss after kiss after kiss. There is 
something irregular in the act and the mother coughs and throws an 
anxious, urgent look at the man. He stops the lift and rather roughly 
herds away the child and the woman who looks very relieved at such a 
narrow escape from so obvious a witch. Alone now, she gazes at the 
numerous stub stains on the cage wall. Is this life? Is it fair? The lift 
crosses another landing and she wonders if  he had noticed her 
pockmarks when the bird arrived and he kissed her. But what does it 
matter how I lost him? I lost him to Him. But is this life please? She is 
asking the lift and there is no one to watch how trapped this sagging, 
grey-haired woman looks as she crazily beats at the ascending metal 
frame. 

She knows she is supposed to say something, perhaps thanks, to the 
anxious doctor who shifts a catheter to his left hand and leads her by the 
arm into the intensive care. She tries to form a word, her lips move, but 
nothing happens and she is a stone. Her nose twitches at the phenyl 
smell and she sets her eyes on the several bottle-stands around His head. 
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A syringe-carrying nurse holds a chart before the doctor. With a sigh, he 
waves his hand before His eyes. Nothing. But the eyes move when she 
reaches the bed. "A Corimin please, Sister," the doctor mumbles and the 
nurse selects a syringe. She brings her face right against His and at once 
something flickers across the web-veined eyeballs and the socket muscles 
expand shaking the dip tube in his nose. The eyes are purple but a red 
trickle is rising into them. And she is a stone.  

Bubbles brew up at his suppurating lips. They are words, pus-
stained and deformed, aborted kids, dying before they are allowed. She is 
a stone but bends. Right, wry, write, rite, what? Must be Write. Naturally. 
Write a poem on the death of  a poet. Always an actor! She is a stone and 
bubbles are flying at her face and she smiles. Write! What else? 

But write what? She suddenly panics and her hand takes the nurse's 
pad. His whole body is spasmic, a huge vibration and the noise from his 
lips is a beetle's hum. For a moment He seems to rise in the air and his 
eyes are two red embers. Pus bursts from the lower lip and the room 
seems to shake under his booming cough. With clots of  blood flying out 
of  his mouth, something emerges brokenly.  

Once... up ... a time ... was ... a devil ... an he ... ate ... his ... delic... 
chil... 

As his mouth shuts, she hits at her eyes. What is this? What did he 
say? She looks hard at the dead mouth, rushes at him, gets tangled in the 
catheter tube, and falls on his chest. Glass bottles crash and the doctor 
shouts for water. Her body is on fire as she shakes Him hard. "Did you 
say those words?" She screams into His dead eyes. "Of  course, you did. I 
heard, I heard". Her fingers crawl like lizards all over the bloody face. 
For a second, she lowers her right ear at her own breast. Something is 
cracking, splitting in it. She is rocked by a massive sob and her tears fall 
on her face as her kiss forgives Him all. When the nurse and the doctor 
hoist her face, she realizes that the tension and purpose of  her life is 
gone; she will never write a poem again; nor will the bird perch on her 
shoulder.  



 

 

Narrated by Praveen Kumar 



84      Let Us Tell a Story 

 

Self-Blame and Self-Preservation in  
Jaidev’s “Apocalypse” 
MEENAKSHI F. PAUL 

Apocalypse is usually understood to mean great or widespread 
destruction or devastation, particularly one brought about by violent 
means. It also means to reveal, unveil or disclose. In Jaidev’s story both 
meanings are wrought with an acute sense of  existential anxiety 
bordering on the absurd. Biblically, the apocalypse has special reference 
to the end of  the days; it is believed that the horrific events of  the 
apocalypse, drawn over ages, will be followed by the longed for Second 
Coming. The protagonist of  “Apocalypse” is severely traumatised and 
left spent and empty after a lifetime of  pitiless oppression; but the 
possibility of  redemption is tenuously presaged at the end of  the story. 

“Apocalypse” is a dark, almost surreal, story about the brutalisation 
of  a daughter by her father. Surreal elements in the story imbue it with 
inexhaustible meanings as its dark world articulates the unavowable in 
social discourse. The tone of  the story is restrained to balance the horror 
of  the narrative. “Apocalypse” is a scarring study of  dehumanisation 
riding on the ego of  an abusive failed poet and of  his daughter 
overwhelmed with his violence and her father hunger. The story opens 
with the haunting image of  a father substitute, the ‘saintly pine’ which 
the protagonist calls her ‘old man’ and her ‘true friend’ who even in her 
advanced age is still there as her ‘brooding old man’: “The pine was her 
old man. Still. The blazing passion of  the vine around its trunk staggered 
her”. The word ‘still’ holds one of  the keys to unlock the complex plot of 
the story. It is strategically placed between the bedridden old father, the 
old man tree and the blazing passion of  the vine. The tree is still there 
after so many years, holding out strength and security to the woman’s 
dazed mind and body, which are tyrannised by her father. The tree is still 
and so is she; nothing has changed between them or in them, although 
all around the tree, change has “erupted like pimples”. ‘Still’ the 
protagonist is staggered by the passion of  the vine clinging to it. The 
passionate embrace of  the vine is driven by self-preservation, for it would 
die if  the tree died. She is the vine clinging to her tree, her life. The 
reader is driven into a vortex of  events, thoughts and feelings in what 
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appears like a meld of  The Bluest Eye and Metamorphosis. The tree and the 
vine are the first of  paired symbols in the story. There is a brief  mention 
of  a poem she wrote many years ago to the tree and now she averted her 
face to escape the ‘needle’ of  the poem; however, as a Diwali cracker 
exploded ‘in some distance,’ ‘the House trembled’ and the woman is 
catapulted to the past as a witness to her childhood life. Instantly, we are 
introduced to an abusive, violent, temperamental, frustrated poet who 
reduces his fearful wife and daughter to tears and hits their old domestic 
worker — the ‘pleading’ ‘dying coughing Ramu Chacha.’ “The House 
was a wounded animal” suffering as much as the human beings from the 
violence perpetrated by the patriarch.  

The father is on his death bed in the hospital and the woman wills 
him dead, yet the ‘idiot’ day is over and “he isn’t dead, hasn’t died”. The 
death wish is juxtaposed to an earlier violent incident when “he had 
demanded an immediate death. This was, she could feel now, his way of  
wishing them dead. The mother had died soon after”. ‘Hasn’t died’ 
suggests that the woman believes her father is able to govern his and their 
lives according to his will. He exercises control on their life and death: 
“He must have wanted the mother, so she loved him. Then he must have 
wanted her—so she was born. Then he must have wanted her to die — 
so she died, the poor reed of  a mother. Then he must have wanted 
poems, and when they did not come, well, then too...”. The woman 
breaks down at this recollection and the tree reaches out to her 
compassionately. It is interesting to note that while the House has been 
capitalised, the pine tree is not, keeping the latter well within the 
precincts of  the fantastical and thus, highlighting the pathetic aspect of 
the girl/woman’s transferred subjectivity to the tree:  

She sobbed, and suddenly in her dim, tear-touched impression, her 
pine bent with pity, bent all the way, its trunk making a plastic crescent 
around the new block of  flats, to touch her, console her. The tree was her 
true friend. 

Of  course, the tree did not bend, and she knew it. In her poem it 
had bent and stood between her breasts. Please, you mustn’t grudge her 
this innocent fiction. She had little else.  

In the midst of  this emotional turmoil, Jaidev introduces another 
pair of  symbols: a hawk and a bird. “He was a hawk” when he wanted 
something. And, although the tree cannot hold her straying mind, it was 
vital because “a bird lived on her pine, and the bird was important”. As 
the protagonist is identified with the bird, the juxtaposition of  the hawk 
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and bird directly leads to the life-altering pitiless incident that defines her 
life thereafter. She is now away on a train with her father. They are on 
their way back from performing the last rituals of  her dead mother on 
the riverbank. What follows is a dark, turbulent and chaotic passage that 
suggests vicious incest and rigid control that the father exercises over her: 
“And thus had begun a lifetime of  damnation and despair, she thought 
and nodded. Grimly in the dark. A brood of  images stirred up—bizarre, 
revolting, hideous. And she had lived through them all”. The ‘victim’ 
with her mouth sewn shut responds ambivalently from her “bracing up 
for an abstract eternity of  withdrawal and solitude” to “placing a rose in 
the tea tray” for him. She dedicates her poem on the mother to him and 
he proceeds to publish that and other poems from her diary in his name. 
In a macabre irony, the poems earn him the title of  a “sensitive feminist 
male poet”. When she “wouldn’t lay poems” he demanded “an instant 
death” convincing her “that she wasn’t a person, wasn’t anything except 
a shade, or a shell, and that was her life and her damnation”. Damnation 
because the hawk has the bird firmly in its talons and there is no escape. 
Also, because she had said ‘Amen’ to his dark spell of  “God, my God!” 
and thus willingly lost her soul to his profanation. This self-blame causes 
further anguish and trauma as she internalises the guilt, shame and 
anxiety of  a victim who believes she has colluded in her own oppression. 
The vine clings fiercely to the tree for survival.  

The spell is not broken even with the arrival of  a queer poet-disciple 
of  the father from Australia. The bird was first seen by her as she stood 
with the visitor in the balcony to watch the sunset and he kissed her. The 
young man is immediately commandeered away to his room by the 
father and the disciple, though clever, has no clue that the four volumes 
of  sensitive poetry expressing ‘feminine consciousness’ are actually 
written by the “girl in the house” mentioned in the poems. The father 
deviously crafts her image with “her hysteric tears” and gaslighting 
which effectively turns away potential suitors—the poet, a young art 
historian, a poetry teacher. The bird of  her subconscious self  is also only 
intermittently and partially visible to her after that evening on the 
balcony: “May be, it’s only right that I haven’t seen it in clear light. In 
dark, it is mysterious but also special, my own, it’s my dark bird, my bird 
on my pine. Tenderness lurked inside her and she wondered if  someday 
it would perch on her shoulder”. She is now writing a poem, ‘His poem,’ 
for the bird and wonders if  the poet-disciple would get to read it and 
grasp the irony of  it. The woman feels momentary happiness as she 
thinks: “who knows one day, someday, may be for a second only, it will 
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gently land on her pleading shoulder, its beak softly trickling, exploring 
down her neck. In her poem, it did that”. Once again, the last line 
negates the hopefulness of  the preceding line by removing the bird to the 
realm of  imagination. It is noteworthy here that the bird does not ever 
sing. Not even in her mind. The disturbing voicelessness of  the woman is 
starkly enunciated by the songless bird. 

Mary Ann Mattoon writes in her introduction to Jungian 
psychology that both the male and the female child could have a father 
complex, and it could be either negative or positive. The protagonist of 
the story appears to have a paradoxical emotional and psychic 
relationship with her father. She steps up to change his fouled linen in 
the hospital when he hits a nurse with “an open hot-water bottle” but he 
still “cursed her all the while”. At this juncture, the extent of  her 
enslavement to him is brought out with piercing clarity by the author:  

She had wanted to pound on his chest and blast him with some 
truths at last, but no, she had allowed the kingdom, and the power and 
the glory, to include her poems too. The new Lord’s Prayer, chanted for 
him.  

When the telephone rings, she is turned to stone, incapable of  any 
emotion but disbelief: “Is he dead? He cannot be, He is God, the Father, 
immortal, everlasting. His being in hospital is his show”. The phone falls 
silent as she stares at herself  in the mirror; a woman looks back at her 
from where once there was a girl. The self-conscious moment acutely 
brings out the awareness of  loss and the interminable time that has 
elapsed in the clutches of  the hawk. The stare at the reflection, underline 
the absence and depersonalisation of  self  that for long have made her 
feel ‘not real’. Distanced and disconnected both from herself  and the 
world around her make it difficult for her to attach emotions to 
memories.  

The telephone rings again and the hospital intimates her of  his 
imminent death, ‘finally.’ She is overcome with the question “Is this life? 
And will it someday perch on my shoulder?” The question reverberates 
in her mind till “Is this life?” is juxtaposed with “Is he dying?” and 
eventually gives way to “Let Him die”. The ‘stone melts’ for a fleeting 
second in the lift as she caresses the liftman’s blind child with her six-
fingered hands and plants kisses all over his face. Disconcerted, the man 
stops the lift and herds his bewildered wife and child out. Jaidev now 
describes her in an image hauntingly evocative of  Pecola Breedlove of  
The Bluest Eye who asks each and all if  her eyes were the bluest and who 
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at the end of  the novel: “[beat] the air, a winged but grounded bird, 
intent on the blue void it could not reach—could not even see—but 
which filled the valleys of  the mind”. The woman in “Apocalypse” asks 
each and all “But is this life please? She is asking the lift and there is no 
one to watch how trapped this sagging, grey-haired woman looks as she 
crazily beats at the ascending metal frame”.  

In the hospital she is a stone again and the full horror of  ‘is this 
life?’ is encapsulated in the “Bubbles [that] brew up at his suppurating 
lips. They are words, pus-stained and deformed, aborted kids, dying 
before they are allowed”. Habitually, she takes the nurse’s pad and 
prepares to take orders on what to write, but the blood-clotted words that 
fly out of  his mouth are completely unexpected:  

Once … up … a time … was … a devil … an he … ate … his … 
delic … chil ….  

She is shocked and incredulous: “‘Did you say those words?’ She 
screams into His dead eyes”. The half-blurted confession of  the dying 
man breaks the spell he had cast on her and something in her ‘cracks and 
splits’—the stone splinters and a ‘massive sob’ escapes the woman: “her 
tears fall on her face as her kiss forgives Him all”. This unprecedented 
and dramatic forgiveness scene at first appears parodic. The equivocal 
use of  the words: ‘deli’—was it delicate (like the vine) or delicious; and 
‘chil’—chilled or child, open the possibility of  several parodic 
interpretations. In psychological terms, by his broken barely 
comprehensible words right before his death, he had robbed her of  “the 
tension and purpose of  her life”. It can also be understood, however, in 
the light of  Ezekiel 36: 26 in which God promises his people: “I will give 
you a new heart and put a new spirit in you; I will remove from you your 
heart of  stone and give you a heart of  flesh.” The Bible posits this 
replacement as a rebirth to spiritual awakening and ultimate redemption; 
nevertheless, this forgiveness extracts a colossal price: “she will never 
write a poem again; nor will the bird perch on her shoulder”. ‘Is this 
life?’ she had asked; it wasn’t, and yet, tragically but redemptively, it is.  



Audience’s Live Response 

Kamayani Vashisht: Ma'am, the fact that you chose to use the word, "father 
hunger” in the very first few sentences, placed the story in its right context. 
Everything else falls in place...candidly and spontaneously. Thank you! 
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Anupama Singh: This story has once again taken me to the classes of  M.A. where 
Jaidev Sir used to take us on the journey of  the characters of  stories/fiction and 
while listening to him many times we could not hold back our tears. Our whole 
focus used to be on every word that he used to utter and his deep expressions 
can never ever be forgotten. 

Namrata Pathania: A harrowing tale of  abuse. 

Anu Jaidev: Ma'am, a privilege to hear you on this story. 

Sangeeta Singh: Amazing analysis Ma'am. It was a rather complex story. Need to 
read it. 
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A SNOW TRAIL 
JANESH 

It was snow everywhere when I got up in the morning. So much snow 
was being witnessed after a long gap: eternity as it were..., nostalgia 
about such winter mornings of  yore, when my grandmother would coax 
me out of  the warm bed, chirping: "Get up and come out! Look the 
earth has been studded with silver..."[“Uth Bhaua, uth! Dekh kedi chandi he 
chandi bikhri ri. Uth, uth…”], suddenly possessed me. The eutony in her 
words invariably made me leap to the veranda, amazed not so much by 
the snow, but how it was projected by Ammaji, whose bed time stories 
full of  gods and demons along with innocent human creatures braving 
the wrath of  both, and of  kings and queens, brave princes and lovely 
princesses, were catalysts enough to fantasize snowfall into something 
beyond mere ecstasy. Jacky, the dog next door, would start to pule and 
then growl impatiently, exhorting me to come often. I would quickly 
gulp down a cup of  hot milk, allow myself  to be wrapped in woollens 
without a frown, and run out wildly with Jacky, leaving our footprints on 
the pristine snow.  

Later in the day, when I would team up with my cousins and other 
children of  our Mohalla, I would cook up a story (not really a product of 
my imagination but a contextualization of  childhood gossip) how snow 
was the messenger of  Jacky’s Mama, who would come to visit him 
shortly, making him so excited so early in the morning. Days would then 
be spent snowballing, sledging, creating a host of  snow people and 
preparing kulfis by freezing a mixture of  milk and sugar in layers of  snow 
for our little private parties. But even in the midst of  such happy times, 
the elderly boys in the group did not miss a chance to rag the young ones 
like us. It was January 30, and my cousin was persistently impressing 
upon me that we need to pay homage to our martyrs when the siren 
would be sounded. Overcome with patriotism, I could not have noticed 
him passing mischievous glances with others. I was in the midst of  a 



A Snow Trail      91 

sledge ride when the siren went off  and I tried to stand up to offer a 
salute to the great ones, to find myself  flying into a nallah along with my 
sledge orchestrated by an uproar from other boys. The bulk of  soft snow 
graciously saved me from any injury though. My Big Brother, who first 
protected me from the bullies and would always keep my back in 
numerous gulley fights as I grew up. May the powers that be speed his 
soul... Amen! 

The awe and amazement for snowy days instilled by Ammaji 
continued to grow on me over the years. Find it impossible to remain 
cuddled indoors even today when it snows. And today was very special 
with so much snow around. Quickly gulped down a spicy parantha with 
steaming coffee, zipped-up my jacket and stepped out on to the pristine 
snow, gently cherishing the first imprint of  my feet on its softness. As I 
walked along, couldn’t help imagining as if  I were paving the way to 
some uncharted destination.  

The heavy snow had taken its toll on everything around. Trees had 
snapped branches, power supply wires were dangling from helplessly 
bent poles and water lines were frozen cold, but what of  these. Not the 
occasion to worry that there would be no power or water supply for days 
to come. The crystalline beauty of  the icicles was gradually taking on 
shapes, sparrows having the fill of  snow with their pecking beaks, 
monkeys dangling from the tree branches releasing a brief  spurt of  snow, 
people walking steady now to suddenly lie flat in obeisance to some 
unseen power, only to be stunned was a snow missile fired from 
somewhere as they got up. Ash and gravel were being laid to make a safe 
pathway to save restless souls from slipping into the dungeon of  despair 
as others laughed hilariously at their fall, only to be chastised with a 
swift fall the next moment. It was a longish walk from Summer Hills 
through Chaura Maidan across The Mall and beyond The Ridge. As I 
moved from Lakkar Bazar towards the Snowdon, I halted at a tea stall. It 
used to be our favourite haunt during studentship in Sanjauli College. It 
used to be a boys’ college back then. Boisterousness, hooliganism and 
other forms of  physical jugglery were hallmarks of  what appeared to the 
public about the life in college. The boys would form chains covering the 
entire road and force girls from other colleges to bow down in order to 
cross over. But the essential character of  the college comprised a 
disciplined and deeply academic culture. Sanjauli Boys dominated when 
it came to joining professional courses or securing university positions in 
academics or the co-curriculars. And while the boys would tease and 
taunt girls along the Lakkar Bazar road, not a squeak could be heard if  
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one of  them happened to step inside the campus. And the famed rivalry 
between Sanjauli Boys and medical students from the IGMC which 
often erupted into violent clashes or the intra-college wars between 
different gangs of  students. Studies would often be struck due to such 
incidents and most of  us preferred to bask in the sun on The Ridge rather 
than braving the tundra that the way to the college was. 

The tea stall, converted into a medical shop lately, was named 
Anamika. We would visit it several times a day for chai and sometimes 
samosas. As it was a relatively new eating joint then with few customers, 
we could sit there for as long as we desired. In fact, we were warmly 
welcomed as regular customers. The smoky cups of  tea with ample time 
to spend over them would make us speculative – fikro-fankaars – as we 
loved to describe ourselves. There was not a problem in this universe 
which we could not resolve, empowered by the amrita infused in our 
beings by chai and samosas. There used to be so much excitement around 
the corner. India had hosted the Asiad and the NAM summit on a grand 
scale: a journalistic quip read – “Given India’s ability to organize 
tamashas overnight, if  God made the world in six days, India could have 
done it in five”. The PSLV, our first satellite launch vehicle had been 
tested successfully. Rakesh Sharma had journeyed to space. It was some 
years since the Emergency and the atmosphere was generally euphoric. It 
was also the era of  the cold war, of  the disruption of  the USSR, of  
gradual transition to a material and virtual world. There was more than 
a lot to keep us engaged. 

The artistic strain in some of  our comrades, be it writing, sketching, 
mimicry and the like was also sculpted here. Ayub (AK) would be busy 
singing melodious Mohammad Rafi Songs. Sodhi (SSS: Silly, Stupid 
Sodhi) would be busy sketching automobiles, aspiring to be an auto 
designer; or worrying about saving money to pay for his dog’s bus fare 
when they went to Delhi in the winters as his father won’t provide for it. 
Vineet (Vicky) was our Romeo, always working out ways to impress girls, 
always anxious about his appearance, constant subject of  our taunts. 
Kartar (KT) would make every place pleasant with his ready smiles. 
Subhash (Bhashi) would turn aggressive over anything. I was the 
philosopher of the group; at least Pradeep (BB: Bhola Bhandari, the latter 
incidentally being his surname) always expected me to express some 
serious thought. BB was, still is simple and naïve, willing to believe 
everything. We would exploit his naivete to arrange food for us when we 
were broke: “Oye BB! Kal hamare liye apne ghar se paranthe bana ke lana. 
Bhukhe rakha to bhoot banker tujhe tang karenge” [“If  you do not bring us 
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paranthas to eat tomorrow, our hungry souls are going to torment you”.] 
And BB actually brough something for us to eat. Surinder (Guru) was our 
reality instructor. He would taunt Vicky for his romantic dreams: “Kake, 
tera yahan bhi barahwan number hai. Tujhse pehle gyarah line me lage hain. Chod 
yeh dhanda aur mast reh” [“Don’t waste your time here. Eleven other boys 
are already towing this line ahead of  you”]; or incite Bhashi: “Bhashi to 
badahi susheel balak hai, Bas isse panga mat lena, nahin to phod dega” 
[“Bhashiis such a sweet angel as long as you don’t bother him. He will just 
blast you, if  you do”]. Again, when BB would ask me something: “Usko 
chod, vah nahin bolega. Bas imagine karlega ki maine bol diya hai” [“Who are 
you talking to? You will have to imagine his answer”.] 

We lost Bhashi to eternity... 

KT had to bear the brunt of  fate; lost his parents and young 
children to a mysterious illness. Gosh! How does he manage to smile 
still? 

Vicky, we all knew, would not try to reconnect once he left. 

SSS too disappeared from the scene 

Guru came back to meet us twice and I went to his village near 
Udhampur in Jammu once. But the terrorism happened and all 
connectivity was snapped. I hear that he is doing well. 

AK, BB and I being localites do bang into each other at times. A 
brief  stroll with AK on The Mall or passionate chats with BB always 
makes our day. Last time I met BB, he drove past me in his car, caught 
my glimpse in the rear mirror and, without even thinking, reversed 
through the traffic to hijack me for a drive. 

Memories… 

One fine afternoon in Anamika, while we were guffawing and 
joking, waiting for tea to be served, I felt hot tea seep into my trouser, 
irritating the skin beneath. The service boy had spilled the tea while 
putting it on the table and on to my lap. I was about to swear and curse 
but supressed my anger as two deep innocent eyes stared at me without 
comprehension or fear: a little boy who had just been brought to the stall 
for work. “Tumhara haath to nahi jala?” [“Did you char your hand?”], I 
patted his hair as the owner scowled at the boy, pulled out my hanky to 
scrub my trouser and patiently waited for a fresh cup of  tea. 

It was after almost a decade that I found myself  entering the old, 
familiar place. I nodded to the owner, who did not betray any sign of  
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recognition. The young lad had grown and supported a beard and a long 
‘tilak’ on his forehead, was behind the stove. Trying to ring a memory of  
old days, I queried:  

“Pehchana? Main apne doston ke saath yahan aata tha aur tum hamain 
chai pilate the? [“Do you recognize me? I used to come here often with 
my friends. You used to serve us tea”.] 

“Aate honge. Yahan to kai aate-jaatehain” [May be. So many people 
keep coming and going”.] was his deadpan response. 

I tried to gulp down his apathy and said, “Chalo, ek garama-garam 
chai to pila do. Bahut thand hai” [“Ok. Do serve me some hot tea. It’s so 
cold”.] 

“Ek chai in sir kobhi de dena” [“Give a cup of  tea to this gentleman 
also”], he passed on the order to another young boy who now did the 
serving and cleaning. 

I waited for tea, feeling cold and fidgety over the lack of  human 
warmth I had always experienced in this place. It was perhaps this 
unconcern which made me repeat my order loud, “Jaldi do bhai!” [“Give 
me tea, quick!”]. My old accomplice in so many games and little 
mischiefs, be it making faces obliquely at his employer or pinching the 
hips of  our other friends while we sat for tea, let out a volley of  abuses at 
his apprentice: “@#$&$#@&…. Dikht anahin. Sahab ko kitne jaldi hai!” 
[“You @#$&$#@&…. Can’t you see, Sahab is in such a hurry?”].  

Channnnn…….!!!! 

A past memory was suddenly shattered like a glass, its unheard 
smash exploding my innards and the very spirit. 

I instantly got up and walked out. Not only had the voice and 
physicality of  my little friend of  one time, with deep, innocent eyes 
hardened, a part of  him was also perhaps stone dead. I couldn’t imagine 
what my reaction would have been if  he had spilled tea on my trouser 
today? 

Sand and gravel had blotted the whiteness and purity of  snow. 
Numerous feet had flattened its softness. Shopkeepers had littered it with 
scraps and leavings from inside. Someone had also peed on it.  

I turned back homewards as the snow abruptly began to look 
grotesque…. 
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“The Snow Trail”: A Trail of Inner Devastation 
PRAVEEN KUMAR 

Janesh Kapoor’s disquieting story “The Snow Trail” begins with nature 
at its splendid best. It has snowed and there is whiteness all around. This 
whiteness has a special meaning for the protagonist because it flashes on 
his mind the fond memories of  his past. He is reminded of  his childhood 
when his grandmother would coax him out of  a warm bed in harsh 
winters. She had an innate fondness for this beautiful natural 
phenomenon and wanted to instill the feeling of  awe and wonder in the 
young boy. After an initial reluctance, quite normal for winters, the boy 
would spring to his feet and rush out to play amidst the silvery-white 
surroundings. Structurally, the story swings between the past and the 
present. The past is available in the story as nostalgia, while the present, 
devoid of  childhood innocence and carefree attitude, is present through 
absence. It’s also about the expectations we have from people around us, 
not necessarily from family and close friends, but even from those with 
whom our bond is shallow and tenuous. The story is a study in human 
relations, which though lend beauty and charm to our lives, yet can also 
be a big drain on our emotional energy.  

Coming back to the presence of  the grandmother, it is easy to pick 
up a number of  linguistic and structural hints that point to the nature 
and depth of  her influence on the young boy. Her words used to cast a 
spell on him, filling him with excitement and verve. Look at the words: 
“The eutony in her words invariably made me leap to the veranda, 
amazed not so much by the snow, but how it was projected by Amma ji, 
whose bed time stories full of  gods and demons along with innocent 
human creatures braving the wrath of  both, and of  kings and queens, 
brave princes and lovely princesses, were catalysts enough to fantasize 
snowfall into something beyond mere ecstasy.” In an attempt to show the 
impact of  the grandmother’s words on the child, the writer makes use of  
an uncommon, but a very evocative word “eutony”. It comes from the 
Greek ‘Eu’ meaning good and from the Latin ‘Tonus’, meaning tension. 
Hence, ‘eutony’ conveys the idea of  a harmoniously balanced tonicity, or 
in simple terms, the pleasantness that a word’s sound produces in an 
individual. The grandmother’s words and stories acted like a catalyst and 
fired his imagination. Her words had the power to transform snowfall 
into something mysterious. There have been numerous instances of  great 



96      Let Us Tell a Story 

writers imbibing their grandparents’ linguistic and imaginative 
capabilities; here too the protagonist is shown to have learnt from his 
grandmother the ability to convey ideas and feelings in beautiful and 
expressive phrases and images. Look at the following construction: “The 
crystalline beauty of  the icicles was gradually taking on shapes, sparrows 
having the fill of  snow with their pecking beaks, monkeys dangling from 
the tree branches releasing a brief  spurt of  snow, people walking steady 
now to suddenly lie flat in obeisance to some unseen power, only to be 
stunned was a snow missile fired from somewhere as they got up.” The 
present spell of  snow stirs his childhood memories, and he goes lyrical 
quite like his grandmother. Since the grandmother was a simple lady 
who, in all probability, would use uncomplicated words and expressions 
to convey her ideas and feelings, but her language still sparkled because it 
had a natural rhythm and authentic flavour. The child, now fully grown 
up, has picked up some of  her grandma’s linguistic felicities, and the 
moment it snows, he is overwhelmed with emotions, and his words, 
expressions, and imagery do full justice to his emotional state.  

The situations, places and people in the story may look familiar to 
anyone who has either lived in Shimla or been a regular visitor to the 
town. The walk from the Summerhill to the Mall and onwards up to 
Sanjauli makes many of  us nostalgic. Despite the bus service available 
between these places, a lot many people love to walk on foot, enjoying the 
easy pace and serenity of  the surroundings. The charm of  this route is 
enhanced by the presence of many tea stalls and general stores, selling 
daily necessities. The greatest appeal of these tea stalls lies in the personal 
touch and intimacy of  interaction that is invariably seen between the 
shopkeeper and the customer. At times the quality of tea may not match 
the expectations, but the feel of the place and the ease with which one 
could sit there for an extended period of time makes the experience 
unique. One such stall found favour with the young protagonist and his 
friends, where they would routinely enjoy hot cups of  chai and occasional 
samosas several times a day. One may not even realize, but the experiences 
of this kind gradually cement an unspoken bond between the place, the 
people who manage it, and the visitors. After the college days, friends 
stopped visiting the tea stall, but the current spell of  snow ignites the 
protagonist’s memories relating to their favourite haunt. The protagonist, 
driven by some inner compulsion, finds himself  walking into Anamika, 
their adda for tea and stimulating discussions. This place had the 
resonances of a Bengali adda where intellectuals gather, sip cups of  tea, 
and discuss a range of topics from politics to poetry. After a lapse of ten 
years, not only did the place but also its people looked a tad different. The 
protagonist’s attempt to seek the past familiarity is almost rebuffed by the 
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owner’s heartless indifference. He tries to swallow his pride and overlook 
this apparent coldness, but the subsequent interaction too offers no 
comfort. Things deteriorate further when he displays impatience and 
wants to be served quickly. The same service boy, who was once forgiven 
by the narrator for his innocent immaturity despite spilling tea over his 
trousers, looks indifferent, almost contemptuous. This is too much for him 
to bear, and the narrator walks out stupefied at this unexpected and rather 
unpleasant turn of  events. The past memories which felt so heartwarming 
and life-enhancing a moment ago suddenly lose their meaning: 
“Channnnn…….!!!! A past memory was suddenly shattered like a glass, its 
unheard smash exploding my innards and very spirit.” A beautiful past 
ceases to exist that very moment. In a hugely embarrassing and painful 
realization, the narrator learns that a memory we cherish and nurture for 
years together may have no meaning for someone else. At times there is a 
wide chasm between our perceptions, and if  we don’t learn to negotiate 
this gap, it may have devastating consequences for us. In that moment of 
frustration, the snow begins to look grotesque, loses its whiteness, softness, 
and purity, and even looks ugly, littered with scraps and leavings: “Sand 
and gravel had blotted the whiteness and purity of  snow. Numerous feet 
had flattened its softness. Shopkeepers had littered it with scraps and 
leavings from inside. Someone had also peed on it. I turned back 
homewards as the snow abruptly began to look grotesque….” 

The writer succeeds in capturing the state of  shock and disbelief  in 
a masterly fashion by projecting the inner turmoil of  the protagonist on 
to the world outside, more particularly on the pristine snow, which now 
loses its luminosity and begins to look ugly. A situation of  this kind may 
arise when one person flows with time, changes, evolves, and adapts to 
the changed realities of  life, while the other one remains stuck in the 
past, hopelessly wallowing in nostalgia. A shopkeeper, for instance, gets 
a chance to meet a significant number of  customers routinely. Even 
students who visit them frequently depart once they pass out, only to be 
replaced by a new set of  students. Shopkeepers in general don’t nurture a 
special bond with any particular set of  customers. For them it is business, 
a question of  livelihood, but for a customer, it may be indulgence. So, 
their approaches are in sharp contrast to each other’s. While a 
shopkeeper takes things in his stride and doesn’t fuss about emotional 
issues, a sensitive person may experience emotional trauma in such 
situations. Since educated customers have language at their beck and 
call, they find it easy to intellectualise, blow it out of  proportion, and feel 
things much more intensely than they should.  
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The story explores the fragility of  an individual’s inner world that 
doesn’t have its own resources for nourishment, but merely feeds on the 
mercy of  others, or on the possibilities of  love or indifference they 
receive from a relative, friend, or acquaintance. The story is peopled with 
numerous characters having unique attributes, but they just provide a 
context and background, and have hardly any bearing on the direction or 
the thematic focus of  the story. Except for the grandmother whose 
pervasive presence lends beauty and charm to the story, no other 
character leaves any lasting impression on the mind of  the reader. One 
could question the writer why he chose to tantalise the reader with hints 
of  so many different characters when he had no intention to delineate 
them in detail. Possibly the answer lies in the fact that their primary role 
is to contextualise the flow of  the story, without having a bearing on the 
final outcome. That may be one of  the possible reasons why the writer 
takes no pains to develop these characters beyond a certain point. 
Besides the narrator, it is only the grandmother who gets the writer’s 
attention. With a few careful strokes, the writer brings her alive in a 
masterly fashion. 

Some readers may have issues with the abrupt ending of  the story, 
but I believe it is in line with the unanticipated and appalling shock the 
protagonist receives from the people who would otherwise evoke happy 
memories in him. It was totally unforeseen and so justifiably dealt a 
stunning blow to the narrator. By not offering a detailed peep into the 
protagonist’s mind, the writer left it to the reader to feel the impact of  the 
shock, depending on their understanding of  the situation, or their level 
of  sensitivity. The writer succeeds in his attempt to build a situation 
whose enormity can plausibly leave inerasable scars on the psyche of  the 
individual who happens to undergo this kind of  humiliating experience. 
The story offers a rewarding experience with its well laid out structure 
and a clear progression of  thought.  



Audience’s Live Response 

Kamayani Vashisht: Thank you sir! Nostalgia is always beautiful…becomes better 
when it enters literature. 

Girija Sharma: A slice of  life…narrated in a manner most engaging with a lot of  
involvement…Congratulations Janesh. 

Shikha Kapoor: Thoroughly enjoyed the story and the analysis. I guess most of  us 
can identify with the emotions of  the narrator. 

Anjali Parmar: Thank you sir. A wonderful and lively portrayal of  life. 

Archana Sharma: Old memories well-knit into a story. 
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RADHE RADHE 
KAMAYANI 

Nirmalaji didn’t take any of  my calls that morning. It had become a 
ritual for me to call her every day on the way back from my walk. Not 
that I had been very close to her all my childhood and youth, but now on 
the wrong side of  forty, I felt a newfound empathy for older people. I 
had, for most of  my life, thought of  her as the most crooked member of 
our extended family—clever, ambitious and selfish. Her smile had never 
convinced me of  her love for the children of  the family. It was never as 
exuberant as it was when she greeted her political colleagues.  

I remember her husband busy himself  with visits to hospitals, 
diligently filling prescriptions, bills and reimbursement forms. He would 
take out his files every day, reshuffle his papers, arrange them neatly and 
tuck them back safely under lock and key. And then, one day he died. 
Nirmalaji cried and cried. I wasn’t moved by her crying. My mother told 
me; people have their own ways of  mourning. She was sure Nirmalaji 
was sad; very sad.  

This was about thirty-three years ago. Nirmalaji dedicated her life 
to the service of  people in her district ever since. People sympathized 
with her childlessness even more. If  only she had a son, she would feel 
more secure. Even a daughter would do. Her husband’s demise freed her 
up of  the domestic duties that had irked her sense of  liberty. She had a 
lot of  time on her hands now and she felt compelled to dedicate it to the 
service of  society. 

She had had to tone down the fire she was known for when she was 
in college. She was the first-ever girl to be elected President of  the 
Students Union in the town’s college. She dreamt of  a bright political 
career. Senior leaders who visited the state always set aside time to get 
introduced to her. She radiated confidence and energy when she spoke 
on stage! Many, including her, imagined she’d become the country’s 
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Prime Minister one day. Men around her were either scared of  her or in 
love with her. She was called Durga by her political allies, and she 
believed it.  

Somewhere along the way, marriage happened. She strived to keep 
Durga alive. But home and dreams never agreed with each other. She had 
never reckoned she would struggle to balance them out. She knew her 
priorities. Nation first! But priorities have a way of  reshuffling 
themselves. She had imagined bedazzling the world with her large bindi; 
a symptom of  the complete woman. After the first week of  wearing red 
and pink silks, she realized her credibility lay in the khadi sarees and 
Kolhapuri Chappals. She started carrying a packet of  smaller bindis in her 
Jhola and just before entering the party office, the size of  the dot on her 
forehead would dramatically alter, and so would the look in her eyes.  

Her colleagues, however, failed to reciprocate her enthusiasm. So, 
she worked harder than ever to prove her commitment to the nation and 
her capability to become…well, a worthy member of  the party, if  not the 
Prime Minister. Home would wait for her like a hungry, abandoned 
child. She began to despise all children. The very sight of  them was 
disturbing. Marriage was expected to yield fruit. But she aspired to 
mother the entire nation! 

And then, love happened. During one of  the month-long training 
programmes of  party workers, she met “J” who unlike the man at home, 
shared her idealism and participated in her dreams. They would sit in the 
lawns of  the alien town every evening after the day’s routine and discuss 
political thinkers. She knew there were limits she couldn’t cross, and yet 
it was always a thrill to sneak under the barbed wire. The evening 
sessions gradually changed flavor without the political thinkers getting a 
whiff  of  it.  

By the time she returned home, she was only half  home. This man, 
the hungry home and the children waiting to be born were more 
repulsive than they had been a month ago. “J” and “N” wrote letters to 
each other with feverish frequency and then, they suddenly stopped. 
Nirmala would never know why. Routine took her in, and “J” became a 
thought that sneakily crept upon her once in a while, when her husband 
found the courage to demand her body. She had begun to forget what he 
looked like, but whenever he visited their bedroom, “J” was the sparkling 
Adonis they had jauntily read about the evening before they parted.  
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She managed to prove her commitment to her leaders; enough to be 
given a ticket in the state legislative elections. The pre-election campaign 
was exhilarating; just as she had dreamed. She felt like the Shakti that 
would save the world from doom. She wanted people to believe in her 
and they did! The man at home, his angry old mother and the children 
waiting to be born kept themselves busy with complaints and other 
chores. He contemplated Sanyas but that would affirm people’s 
apprehension that the children waiting to be born, were not born because 
of  him. So, he stayed and distracted himself  with visits to doctors, 
prescriptions, Gold bhasms and Shilajeet.  

She lost that election and subsequently, favour with party seniors 
and popularity amongst the townsfolk. But it all resurged when her 
husband died. She rose again— the Phoenix of  a strong woman who 
never lost sight of  her dream of  serving the people but had to take a 
break from politics to tend to her ailing husband. Walking the streets of  
the town, talking to people in the villages gave her a new surge of  life, 
the gasp of  breath she needed to fill her aging lungs with. She fought 
another assembly election and lost. This time she felt broken, in spirit 
and in body as postmenopausal osteoporosis set in.  

She sought refuge in Bhakti. After all, from nation to God is a noble 
trajectory to follow. As years went by, Nirmala increasingly found herself  
spending her days confined to her room. The hungry house needed her 
no more. She needed it. The life-sized calendar in her room was no 
longer a picture of  her party’s founding father. It had been replaced by 
one of  Radha and Krishna. The calendar had expired ten years ago but 
who cared! Gods don’t have limited shelf  lives. All day she would drag 
herself  around the house, managing the cooking, managing the cleaning, 
and managing her bones, all the while chanting “Radhe Radhe”.  

She gave me a call one morning, last year. I took the call 
unwillingly. She cried and I cried. I hated her for making me cry with her 
version of  her story. I wondered why she had picked me to narrate her 
life to. I was two generations her junior. She said she always thought I 
understood her…even when I had been seven years old. She said she 
always wanted to explain herself  to my angry eyes. I struggled to 
preserve my opinion of  her, yet found myself  calling her every day after 
that call. I waited for her to drop more details about herself  and found 
myself  sharing many of  my own, ones I did not know existed.  

Of  late, she had started complaining of  lack of  sleep. Some days, 
we’d laugh. Some days, I’d struggle to keep the conversation going. 
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Some days, I wished she would completely fade into oblivion. But that 
day, when she did not take my calls, I got worried. I tried getting on with 
my day but when I couldn’t, I mailed out an application for leave.  

On reaching her place and getting in by the rear door, I found 
Nirmalaji lying on the floor, crying and unable to move. I helped her get 
up and reach her bed. She had obviously broken her leg. She was visibly 
distraught and shaken. Having called for an ambulance, I sat her down 
to prepare for the hospital. She wanted me to change her clothes.  

“How did you fall, Ammaji?”  

“I had climbed on the chair and the chair flipped” 

“What were you doing trying to climb the chair so early in the 
morning?” 

“I hate this Radha. I wanted to beat her up with my walking stick, 
but the chair flipped.  

It dawned on me that she had dragged a chair to the wall and 
climbed on it to beat up the Radha in the calendar.  

“Radha?” I asked, feeling perplexed. “Why would you want to do 
that?” 

“She doesn’t let me sleep. These two perform Rasleela all night long. 
It annoys me so.” 

“Hmm” I said, “We’ll see what to do about them later. Let’s get 
you to hospital first.” 

“Not them…only her. Make sure she’s not there when we return. I 
want only Krishna on my wall.” 
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Review of “Radhe Radhe” 
JANESH KAPOOR 

We are now so much aware about the stereotyping of  characters against 
the backdrop of  social norms and how we are compelled, always or at 
least at times, to surrender to such stereotypes. It is the story of  a failed 
life (which partakes of  personal aspirations and interpersonal 
relationships) and the need to have at least one relationship or 
association with some other member of  the human world through which 
we can find self-expression [or, maybe self-realization in a different 
dictum] – and age or gender need not be a bar to it, as is amply borne out 
by the initially unstable and then apparently a need-based association 
between the narrator and her protagonist, Nirmalaji, which is gradually 
transforming into a life-bond between the two. Of course, “Radhe 
Radhe” is, in a manner of  looking at it, a story about human existence, 
and we do need a human environment to exist (I don’t mind if  such an 
expression sounds aphoristic, just as it might be viewed as a feministic 
(given the centrality of  a woman protagonist and her life) as well as a 
post-modernist narrative as it interrogates and fails to arrive at any 
plausible answer or solution with regards to every situation and 
relationship, whether it be on the personal or familial front, something 
which is very much rooted in the immediate context of  the story and 
therefore quite authentic. 

The thematic context of  the story offers an interesting contrast with 
the story by Rajan Kaushal, “Why Fear…” which was presented in the 
same session. While Rajan’s story emphasizes the Divine schemata 
behind what happens in life, Kamayani’s protagonist, Nirmalaji, again 
assumes existential dimensions in that she is not afraid to make choices 
of  her own, which appear to be drastic from the social stand point, and 
she is left near alone to grapple with their consequences. Since we do not 
really know how to respond to a personage like Nirmalaji, we take refuge 
in self-acclaimed pity for her. For instance, after her husband has died, 
we pity her thus hoping that she would realize the ‘blunders’ she has 
been committing all along: “People sympathized with her childlessness 
even more. If  only she had a son, she would feel more secure. Even a 
daughter would do”. Maybe Divine Will matters or maybe it is a design 
to make people conform to the social structure…. 
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In consonance with the thematic matrix of  the story – a woman 
refusing to succumb to social stereotypes of  a wife, daughter-in-law and 
a mother, or at least, attempting to carve out and establish her own 
identity despite her circumstances, the narrative tone is loaded with irony 
– pretty pungent at times. As a case in point, the sections which describe 
the relationship between Nirmalaji and her ‘unnamed’ husband may be 
taken up here. As the narrator states at the outset, “I remember her 
husband busy himself  with visits to hospitals, diligently filling 
prescriptions, bills and reimbursement forms”. The irony embedded in 
the description of  her husband indicated that theirs’ was a failed, 
insignificant relation from the very beginning, or that no attempt was 
made to build or resurrect it, except for occasional physical encounters 
[which too were doomed to fail – “he stayed and distracted himself  
with... prescriptions, Gold bhasms and Shilajeet” – and we later find our 
protagonist taking refuge in the romantic image of  “J”, who “was the 
sparkling Adonis” of  her imagination]. And then Nirmalaji’s husband 
dies ‘unnamed’. In fact, no other character in the story is named except 
for the metonymic “J”, whose brief  association with her remains an 
unfulfilled, fleeting association for Nirmalaji’s being. The reference to 
our protagonist as “Nirmala(ji)” keeps her a distant, sulking member of  
her social as also of  her political tribe which she wished to use as launch 
pad for her ambition to ‘mother’ her nation, although her own children 
(that is if  she desired them, we are not sure of  that) remain “waiting to 
be born”. Yes, the irony involved is pretty pungent as we can at times 
experience the stench emanating from Nirmalaji’s existence, which 
might in turn be the stench of  some un-owned, dumped aspect of  our 
own being. She envisions herself  as ‘Durga’ and ‘Shakti’ to enable herself  
as ‘Mother of  All’ and this makes her political colleagues either love 
[respect] or fear her, but perhaps never approach and appreciate her as 
another human being. And just as the mythological ‘Durga’ reincarnates 
herself  in different forms to battle the demons and protect her children, 
Nirmalaji is also constantly changing her ‘avataars’. Her large red bindi 
and her silk sarees are thus substituted with khadi, jhola and small bindis 
to fulfil her political incarnation of  the saviour of  the nation. Such a 
transformation is deep-dyed in irony as, while it represents the desire to 
fulfil her own self, it also signifies her acceptance of  political stereotypes 
to be able to do so in sharp contrast to the decrying of  stereotypes – the 
key tone of  her character. 

Irony is also embedded in the narrative progression in the story, 
which is presented as a linear one on the surface but eventually 
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characterized Nirmalaji’s existential space paradigmatically. The linear 
progression in the narrative may be listed thus: 

“Somewhere along the way, marriage happened” 

…. 

“And then, love happened” 

…. 

“[Then] [s]he sought refuge in Bhakti. After all, from nation to God 
is a noble trajectory to follow”. 

The events that 'happen' along the way are not a part of  the 
schemata of  things Nirmalaji has herself  desired. These are merely 
contingencies of  life that must be met with only to move on. However, 
when the apparently linear sequence of  events is mapped out spatially to 
collate her life and being, the movement [hesitant to describe it as a 
transition] from husband to lover to God embodies the existential void in 
her existence which she fails to fill up because of  the unbridgeable hiatus 
between the kind of  life we desire and the one which is thrust upon us. 
[Maybe, some kind of  balance, as proposed by Shivani in her story of  the 
same title is required. I am reminded of  lines by a senior poet from our 
state, Sh. Om Prakash Saraswat ji, in this context: 

जब यह िवĵ तुÌहारी आका±ंाओ ंका िवÖतार नहé / तब तुम कैसे कामना कर सकते 
हो / सभी नागफिनयŌ के कमल होन े कì ? (Writing from memory, might not be 

his exact words). As such, it may be observed that irony is the informing 
principle of  the narrative structure of  Kamayani’s story. 

The problematic construction and collapse of  Kamalaji’s world 
should be analysed from a woman’ perspective for an authentic 
understanding thereof; however, I do not feel qualified to do so. The 
story and the protagonists’ mental and emotional environ may be aptly 
approached and analysed from Erich Erikson’s formulation of  ‘inner’ 
and ‘outer’ space as characterising the basic orientations of  women and 
men respectively towards life and its processes. According to Erikson, a 
clinical psychologist, who based his inference on the basis of  play blocks 
given to a group of  girls and boys and their subsequent ‘constructs’, 
women predominantly exist in the ‘inner’ sphere, which is well-ordered 
and peaceful, like the interior of  a house [of  course, such an assumption 
might be justifiably contested by feminist theorists who might ascribe the 
tendency exhibited by girls to social conditioning, but Erikson tends to 
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view is as a distinguishing trait] as compared to the ‘constructs’ by boys 
which were mostly outdoor, automotive objects. While we may not dwell 
on the relative merits or demerits of  Erikson’s experiment, the potent 
idea being projected here is that the life-matrix of  a woman is deeper and 
more precarious compared to that of  a man. Kamalaji’s life, her 
emotions and expectations fail to be internalised and integrated with her 
being as they are constantly thwarted by the existing social structures in 
familial, social and institutional domains, which lack an imaginative 
apparatus to allow scope and space for the individualisation of  sorts that 
she seeks. 

The use of  language, words and expressions, used like a refrain, 
reinforce the formal progression in the story as well as its structurality. 
As a prominent example, let us look at the expression pertaining to 
children “waiting to be born” once again in this context. The expression 
is repeated twice and is subtly reincorporated into the narrative 
pictographically by positing ‘home’ as ‘hungry, abandoned child’. The 
expression is specifically an epitome of  the discontinuity between the 
desired and ascribed existence of  Nirmalaji while ironically establishing 
the stereotypes one is expected to enact as a part and parcel of  social 
existence and the apathy and patronizing sympathy that it entails from 
the social environs which keeps on changing in tone and tenor. The 
sentences are short and run-on syntactically which is suitable to establish 
the narrative contingency of  the story. The use of  such sentences keeps 
the reader alert and connected to the narrative tone and is also 
characteristic of  the unwieldy gap between expectation and reality of 
individual and social existence. 

However, the run-on or the run-through nature of  the narrative also 
gives rise to some stylistic lapses. For instance, the reference to the angry 
mother-in-law should have been introduced early and integrated with the 
husband, hungry home and children waiting to be born in the course of  
the narrative. However, the reference is made casually, only once and 
remains a loose strand. Similarly, the ‘Adonis’ motif  (or label it as you 
like it) with regards to “J” is a passing reference and fails to impress 
upon our perception of  either the protagonist or of  “J”. The calendar 
bearing the couple-image of  Radha-Krishan, which/who do/does not 
have a shelf-life, and is used both as a motif  (text-centric) and an 
archetype of  eternal or unfulfilled (?) love could also have been 
introduced in Nirmalaji’s bedroom as the backdrop of  her physical 
encounter with her husband while cohabiting with her ideal love on the 
imaginal plane. This would have enabled the emergence, disappearance 
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and re-emergence of  the motif/archetype with a symphonic ardour and 
force to encapsulate Nirmalaji’s life saga in a blended, conglomerate 
manner towards the conclusion of  the narrative. 

Audience’s Live Response 

Namrata Pathania: A bold narrative of  the dilemma of  a woman who wanted to 
excel in her chosen field...who somehow keeps the illusion of  perfect marriage 
going on... Great Kamayani. 

Irene Rattan: That was a stupendous first attempt. 

Sapna Pandit: That’s what story tellers do. Restore order with imagination... 
Congratulations Kamayani... beautiful narration. 

Girija Sharma: That was a beautiful story Kamayani... inimitably narrated in an 
idiom uniquely yours...with a great sense of  theatre too...Congratulations! 

Anita Sharma: Bold theme, beautiful portrait of  a woman trying her best to live 
life at her own terms, simple clear short precise sentences, narrated with clarity 
and confidence! Congratulations Kamayani! Looking to have few more stories 
from you. 
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ममा 
कँुवर िदनेश िसंह 

अिखल अभी सात बरस का नÆहा, अबोध बालक था। दसूरी क±ा म¤ पढ़ रहा था। अ±र-²ान 
से कुछ आग ेबढ़ रहा था। अपन ेआसपास कì दिुनया के रंगŌ को पहचानन ेलगा था; रंगŌ कì 
अपील को, रंगŌ के भेद को, बझूने लगा था। अभी कुछ िदन पहले उसकì माँ उसके िलए 
सÆुदर सी गलुाबी रंग कì टी-शटª लाई तो उसन ेउसे पहनने म¤ आपि° जताई। कारण पछूा तो 
कहन ेलगा, "ममा, िपंक कलर तो गÐज़ª का ह,ै म§ तो Êल ूया Óहाईट कल कì टी-शटª लूँगा..." 
माँ दखे रही थी िक ब¸चा कुछ-कुछ बड़ा हो रहा था; अपनी पसÆद-नापसÆद रखन ेलगा था। 
न केवल रंगŌ कì पसÆद करने लगा था, बिÐक टी.वी. सीåरयÐज़ म¤ भी Łिच लने ेलगा था। उस े
अब पहचान थी िक िकस चैनल पर कौन सा सीåरअल आता था, कौन िकरदार थे और कुछ-
कुछ सीåरअल म¤ कथानक के ÿवाह को भी समझने लगा था। उस ेलगभग सारा घटनाøम 
याद रहने लगा था। चåरýŌ को, पाýŌ को, समझने लगा था; उनम¤ तुलना करने लगा था। यही 
नहé, अब वह अपने आस-पड़ोस के लोगŌ को भी िवĴेषण व तुलना कì ŀिĶ से िनहारन े
लगा था। सभी को बड़े Åयान स ेबाँचन ेलगा था; उनके आचार-Óयवहार को परखने लगा था। 
पड़ोस कì आँटी को दखेता तो उसको अपनी मा ँ कì तुलना म¤ दखेता। Öकूल म¤ मैडम को 
दखेता, तो मन ही मन उसस ेअपनी माँ कì तलुना करने लगता।  

अिखल कì माँ को उस िदन बहòत आĲयª हòआ और परेशानी भी हòई, जब वह Öकूल स े

लौटन ेपर उसस ेपछून ेलगा ― "ममा, आशीष कì ममा कैसी अ¸छी बनकर रहती है... आप 
वैसी ³यŌ नहé रहती?" 

"अ¸छी का ³या मतलब? म§ अ¸छी नहé हó?ँ" मा ँन ेबड़ी हरैानी से, थोड़े ऊँच ेÖवर म¤ 
पूछा।  

"अ¸छी हो... पर... वो... वो सÆुदर-सÆुदर माला पहनती ह.ै.. िबंदी लगाती ह.ै.. चूिड़या ँ
पहनती ह.ै.. िलपिÖटक लगाती ह.ै.. आप ³यŌ नहé लगातé... ?" 
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"दखे, बेटे... इन सब चीज़Ō से कोई अ¸छा या सÆुदर नहé हो जाता... अ¸छाई और 
सÆुदरता तो इÆसान म¤ अपने अ¸छे गणुŌ से आती ह.ै.. पर त ू³यŌ सोचता ह ैय ेसब... बड़Ō कì 
बातŌ पर Ûयादा Åयान मत िदया कर, समझा... ?" माँ थोड़ा डाँट कर बोली। 

माँ कì डपट स ेअिखल थोड़ा सहमकर चपु रह गया। मा ँने उसे खाना िखलाया और 
िफर होमवकª  परूा करन ेका आदशे द ेिदया। वह ख़दु अिखल के साथ बैठ गई और जब तक 
सभी िवषयŌ का कायª परूा नहé हो गया, उसी के साथ बनी रही। सारे कायª म¤ एक घÁटे से 
अिधक समय भी नहé लगा। सरकार कì नई नीित के अनसुार अब ब¸चŌ को Ûयादा होमवकª  
नहé िदया जा सकता था। Ûयादा स ेÛयादा कायª Öकूल म¤ ही करवाया जाए, ऐस ेिनद¥श जारी 
हो चकेु थे। इससे ब¸चŌ को खेलने व अÆय पाठेतर गितिविधयŌ के िलए समय काफ़ì बच 

जाता था। अिखल कì माँ ने उस े ताना मारते हòए कहा ― "अब एक तो तुम लोगŌ को 
होमवकª  भी Ûयादा नहé िमलता, बस खेलने कì तरफ़ Åयान रहता ह ैया िफर टी.वी. पर या 
िफर ऊल-जलूल बातŌ पर..." 

अिखल न ेमाँ कì बात पर Ûयादा Åयान नहé िदया। और होमवकª  ख़Âम होते ही तरुÆत 
बाहर मोहÐले के ब¸चŌ के साथ खेलन े के िलए जाने कì इजाज़त माँगने लगा। इधर माँ न े
इजाज़त म¤ िसर िहलाया और उधर वह दौड़ पड़ा घर से बाहर...  

पित कì अचानक एक कार-ए³सीड¤ट म¤ मÂृय ुहो जान ेके बाद ब¸च ेके पालन-पोषण 
के साथ-साथ अÆय कई िजÌमेदाåरयŌ का बोझ अब अकेली िनिशता के काँधŌ पर आ िगरा 
था। सास-ससरु गाँव म¤ पैतकृ घर म¤ रह रह ेथे। वे वहाँ कì थोड़ी बहòत जो ज़मीन थी, उसकì 
दखेरेख करते हòए बढ़ुापे का वØत िनकाल रह े थे। महीन े म¤ एक-आध बार बहó व पोते स े
िमलने शहर भी आते। और बीच-बीच म¤, िवशेषत: Öकूल से ब¸च ेकì छुåĘयŌ के िदनŌ म¤ 
और ÂयौहारŌ के अवसर पर िनिशता भी अिखल के साथ गाँव जाती रहती थी। 

िनिशता शहर म¤ ब¸च े कì पढ़ाई व पालन-पोषण कì िजÌमेदारी िनभा रही थी। पित 
राºय के लोक-िनमाªण िवभाग म¤ अिभयंता थे। अपने जीते-जी वे दो-मंिज़ला एक मकान 
बनवा गए थे। ऊपर कì मंिज़ल अपने िलए रखी थी। नीचे कì मंिज़ल म¤ दो-दो कमरŌ के तीन 
सैट थे, जो िकराए पर िदए हòए थे। इनसे जो िकराया िमलता, उसी स ेिनिशता अब सभी ख़च¥ 
पूरे करती। एक तीसरी मंिज़ल अभी बननी बाक़ì थी, मगर अभी यह िनिशता के वश म¤ नहé 
था। उस कì एकमाý ÿाथिमकता थी बेटे अिखल कì अ¸छी पढ़ाई और परवåरश।  

अिखल कì बातŌ पर िनिशता न ेथोड़ा ग़ौर िकया, मगर िफर एक अबोध ब¸च े कì 
िज²ासा माý मानकर उस ेगÌभीरता स ेनहé िलया। उस ेिबÐकुल समझ नहé आ रहा था िक 
वह अिखल को िकस तरह समझाए िक भारतीय समाज म¤ एक िवधवा को शृँगार करने कì 
इजाज़त नहé ह।ै मगर उस छोटे-से ब¸चे को वह समाज के क़ायद-ेक़ाननूŌ व बंिदशŌ के बारे म¤ 
³या बता सकती थी। उसे ख़दु समाज के िनयमŌ को ठीक से समझना मिुÔकल हो रहा था तो 
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उस नÆहे ब¸च ेको ³या समझा सकती थी। वह तो िसफ़ª  इतना जान पाई थी िक समाज के 
रीित-åरवाज़Ō, माÆयताओ,ं िवĵासŌ व िनयमŌ का शांत रहकर पालन करते रहो तो जीवन 
शािÆतमय ढंग से चल सकता ह ैऔर यिद इनम¤ कहé कोई टकराव पैदा हòआ तो अशािÆत तो 
होगी ही, जीना भी दĵुार हो जाएगा। और समाज पुŁष-ÿधान होने से परÌपराओ ंव िनयमŌ के 
पालन का सारा बोझ मिहलाओ ंपर रहता ह।ै पित के न रहने के बाद एक बेवा का तो मानो 
आधा अिÖतÂव ही समाĮ हो जाता ह।ै और जब आिथªक ÖवातÆÞय न हो तो आधा ³या, 
अपना अिÖतÂव तो रह ही नहé जाता; वह तो आि®त हो जाती ह ै दसूरŌ पर, पåरवार पर, 
समाज पर। जहाँ कहé वह लीक स ेहटी, समाज उसस े(आÂम-)सÌमान के साथ िसर उठाकर 
जीने का अिधकार ही छीन लेगा।  

वैस े आस-पड़ोस म¤ बड़े समĦृ घरŌ स े कुछ नारी-मिुĉ संगठनŌ से जड़ुी मिहलाए ँ
िनिशता को उÂसािहत करतé एक सामाÆय जीवन-यापन के िलए, िकÆतु वह उनके बहकावे म¤ 
न आती। उसे उनके वचनŌ म¤ ÿचारबाज़ी Ûयादा िदखती; सही िचÆता व सहानभुिूत कम दीख 
पड़ती थी। मन तो िनिशता का भी करता िक वह भी रंग-िबरंग,े चटकìले कपड़े पहन,े गहन े

पहन,े शृँगार करे ― एक समय था जब वह ÿाय: जैसे िक करवा-चौथ के िदन, तीज-Âयौहार 
के मौक़े पर, नवरािý-िदवाली व बसÆत-पचंमी जैसे पवŎ पर और िववाहािद उÂसवŌ म¤ ख़बू 

शृँगार करती थी ― सोने स ेलदी तो वह कैज़अुली भी रहती थी। िकÆत ुकुछ वह समाज के 
भय स,े अशािÆत के भय स,े परÌपरा म¤ ढल गई और कुछ वह अपन ेपित के ÿित ÿमे व आदर 
के भाव के कारण भी समाज के चलन को Öवीकार िकए हòए थी। लेिकन एक ब¸चे को यह 
सब समझा पाना अभी सÌभव नहé था। वह बेचारा तो अभी तक ठीक से िपता कì मÂृय ुको 
भी समझ नहé पाया था।  

िनिशता सोच म¤ डूबी हòई थी िक अचानक डोर-बेल बजी। उसन े दरवाज़ा खोला, 
अिखल खले कर थका-थका वािपस आया था। साँझ ढल गई थी। सयूª रोज़ कì तरह आँख¤ 
मूँदे ÿयाण कर चकुा था। अिखल टी.वी. पर काटूªन नेटवकª  लगाकर बैठ गया। िनिशता 
रसोईघर म¤ रात के भोजन कì तैयारी म¤ लग गई। खाना पकान ेम¤ पौना-एक घटंा लग गया। इस 
दौरान अिखल काटूªन ÿोúाम दखेता रहा। खाना तैयार हो जान ेपर िनिशता घर के एक कोन ेम¤ 
पूजा के िलए बनाए Öथान पर साँÅयकालीन पजूा-आरती के िलए गई। उसने अिखल को भी 
वहाँ बलुाया। दोनŌ पजूा के िलए बैठ गए। माँ ने जोत-अगरब°ी जलाई और आरती गाई, बेटे 
ने भी ताली बजाकर साथ िदया। इस िनÂय सÆÅया के बाद दोनŌ न ेभोजन िकया। िनिशता कुछ 
दरे टी.वी. पर मिहलाओ ंसे सÌबिÆधत सीåरयल दखेने म¤ ÓयÖत हो गई।  

उधर अिखल अपनी छोटी-छोटी कार, जीप और अÆय िखलौनŌ के साथ खलेन े म¤ 
मशग़लू हो गया। मुँह स ेगािड़यŌ के चलान ेकì हòम-्हòम ्कì आवाज़¤ भी िनकाल रहा था। माँ 
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बीच-बीच म¤ टोकती िक आवाज़ न करे। मगर अनजान े ही Łक-Łक कर वह िफर आवाज़¤ 
िनकालन ेलगता। मा ँके ÓयÖत रहन ेपर वह अ³सर इसी ÿकार ख़दु ही म¤ मÖत रहता।  

टी.वी. पर सीåरयल के ख़Âम होने पर िनिशता ने अिखल से भी खले बंद कर अब सो 
जाने को कहा। अिखल ने सोने से पहले एक कहानी सनुने कì इ¸छा Óयĉ कì। उसके दादा-
दादी भी उसे कहानी ज़łर सनुाते थे। माँ ने भी पंचतÆý कì एक छोटी-सी कहानी सनुानी शłु 
कर दी। मगर अिखल ने यह कहानी पहले भी सनुी हòई थी। उसने कोई नई कहानी सनुान ेका 
आúह िकया। मा ँ का मन कुछ उखड़ा हòआ था। उसन े अिखल को थोड़ा डपट कर वही 
कहानी सनुन ेको कहा और ज़ोर िदया िक वह जÐदी सो जाए। उसे सबुह भी जÐदी उठकर 
Öकूल जाना था। कहानी सनुते-सनुते उसे नéद आ गई और कुछ दरे म¤ िनिशता कì भी आखँ 
लग गई। 

अगली सबुह िफर से वही िदनचयाª ÿारÌभ। ÿात: जÐदी-जÐदी अिखल को तैयार कर 
आठ बजे िनिशता उसे Öकूल तक छोड़न ेके िलए िनकल पड़ी। Öकूल क़रीब एक िकलोमीटर 
कì दरूी पर ही था।  

रोज़ कì तरह बेटे को Öकूल छोड़कर लौटने पर वह घर के सारे काम िनपटाने म¤ लग 
गई। दो बजे िफर से अिखल को Öकूल से लाना था। जÐदी-जÐदी काम िनपटा कर िनिशता 
पौन ेदो बज ेही Öकूल के ÿाँगण म¤ पहòचँ चकुì थी। छुĘी ठीक दो बज ेहोनी थी। और बहòत-से 
ब¸चŌ कì माताएँ भी वहाँ पहòचँ रहé थé। छुĘी के इतंज़ार म¤ सभी एक-दसूरे के साथ चपड़-

चपड़ गÈप-शÈप म¤ लगé थé। हर रोज़ कì तरह चचाª के केÆþीय िवषय थे ― एक-दसूरे के 
सटू, साड़ी व गहन,े या अपन-ेअपने ब¸चŌ कì बाल-लीलाए,ँ या सास-ससरु कì आलोचना, 
या पितयŌ के तौर-तरीक़े, या िफर ब¸चŌ कì ³लास-टीचर पर िटÈपिणयाँ।  

िनिशता भी अिखल के घिनķ िमý आशीष कì माँ के साथ बातचीत म¤ ÓयÖत हो गई 
थी। आशीष कì माँ बहòत सÆुदर थी। माथे पर बड़ी-सी लाल िबÆदी उसकì आभा को चौगुना 
कर देती थी। दोनŌ ब¸चŌ के बारे म¤ ही बितया रही थé। एक दम घंटी कì आवाज़ हòई। दो बज 
गए थे। छुĘी कì घोषणा थी। सभी अिभभावक ब¸चŌ को लनेे गेट पर इकęा हो गए। 
अÅयापकŌ न ेअपनी-अपनी क±ा के ब¸चŌ को लाईन म¤ खड़ा कर िदया था और एक-एक 
करके ब¸चŌ को गटे से बाहर भेज रह ेथे। पाँच िमनट म¤ अिखल भी बाहर आ गया। वह तुरÆत 
मा ँकì तरफ़ दौड़ा और अपना बÖता उतार कर उसे थमा िदया। साथ ही आशीष भी आ चकुा 
था और उसने भी अपना बÖता अपनी माँ के पास दे िदया था। अब दोनŌ ब¸चे हसँते-खेलते, 
बितयाते, हाथŌ म¤ हाथ डाले, कभी एक-दसूरे के काँधŌ पे हाथ धरे जा रह ेथे। दोनŌ कì माँएँ भी 
बात¤ करतé जा रहé थé। बातŌ बातŌ म¤ आशीष का घर आ गया। उसकì माँ न ेिनिशता से कुछ 
दरे Łकने को कहा। पहले तो िनिशता ने कुछ आपि° जताई, मगर जब आशीष ने भी अिखल 
को कुछ दरे Łकने के िलए ज़ोर िदया, तो िनिशता मान गई।  
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इधर िनिशता आशीष कì माँ स ेबातŌ म¤ लग गई। Öवेटर कì बनुाई; िकसी िडश कì 
रेिसपी; ब¸चŌ के िवकास और कुछ पाåरवाåरक समÖयाओ ंको लेकर चचाª चल रही थी। उधर 
अिखल और आशीष अपन-ेअपने बÖते उठाकर भीतर के कमरे म¤ चले गए। दोनŌ अपनी 
बातचीत म¤ ÓयÖत हो गए। इस बीच आशीष कì माँ ने चाय बना दी व िबिÖकट के साथ 
िनिशता को परोसी। ब¸चŌ के िलए दो िगलास दधू कमरे म¤ दकेर आई। बातŌ-बातŌ म¤ पता ही 
नहé चला कैस ेवØत बीत गया। दो घटें बीत गए थे। घड़ी म¤ चार बजते दखे िनिशता खड़ी हो 
गई और आशीष कì माँ स ेचलन ेकì इजाज़त माँगने लगी।  

― "अब हम¤ चलना चािहए... हमने आपका बहòत समय ले िलया..." 

― "नहé, नहé, आप ऐसा ³यŌ कहतé ह§? बहòत अ¸छा लगा आप से बातचीत कर 
के... और... अिखल और आशीष भी िकतन ेमÖत हो गए ह§... इन ब¸चŌ कì भी अपनी ही 
एक अलग दिुनया होती ह.ै.." 

― "जी हाँ, यह तो सही ह.ै.." 

― "कुछ दरे और बैठो ना... ब¸चŌ को खेल लने ेदो... इन का जी अभी नहé भरा..." 

― "नहé, नहé, अब चलना ह.ै.. अिखल को होमवकª  भी कराना ह;ै थक कर यह सो 
जाता ह,ै िफर काम का वØत नहé रहता... घर के और काम भी ह§..." ऐसा कहकर िनिशता 
अिखल को आवाज़ लगाती ह,ै मगर ब¸चे अपनी बातŌ म¤ इतने खोए थे िक अिखल को मा ँ
कì आवाज़¤ सनुाए नहé दé। आशीष कì माँ और िनिशता उÆह¤ बाहर लाने को कमरे म¤ गई।ं 
िनिशता ने अिखल को चलन ेको कहा –  

― "अिखल, घर नहé जाना ह ै³या?" 

― "ममा, हम वीिडयो गमे खेल रहे ह§, कुछ दरे Łक जाओ ना..." 

आशीष भी कहने लगा, "आँटी, हम¤ गमे परूी करन ेदो ना..." 

― "नहé बटेे, अब देर हो रही ह;ै हम¤ चलना होगा... अिखल िफर िकसी िदन आ 
जाएगा... (अिखल से) बेटे, अब चलो... अपना बगै उठाओ और चलो..." 

अिखल ने उÆमना-सा होकर बगै उठाया और बाहर कì ओर को चल पड़ा। दरवाज़े तक 
आशीष और उसकì माँ उÆह¤ बाय कहन ेको आए और उÆह¤ िफर आन ेको कहन ेलगे। िनिशता 
ने भी उÆह¤ अपन ेघर आमिÆýत िकया और इसके साथ ही वहा ँस ेिवदा ली।  

घर पहòचँते ही, कपड़े बदलन ेके बाद, माँ-बेटा दोनŌ कुछ दरे टी.वी. दखेने बैठ गए। बेटा 
कोई काटूªन ÿोúाम दखेने कì िज़ĥ कर रहा था, मगर माँ ने मिहलाओ ंका कोई कायªøम लगा 
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िदया था। ऐस ेम¤ बोर होकर दस-बारह िमनट म¤ ही अिखल कì आँख लग गई। टी.वी. स ेथोड़ा 
Åयान हटने पर िनिशता ने अिखल को सोते देख, उस ेकÌबल ओढ़ा िदया। और Öवयं उसके 
होमवकª  और ³लास टीचर से िमलने वाले अÆय िकसी िनद¥श के िलए उसके Öकूल बगै स े
डायरी िनकालने को बढ़ी।  

बैग खोलन े पर पहले बाहर कì ज़ेब से उसन े लंच-बॉ³स िनकालकर धोन े के िलए 
अलग रखा और िफर जब उसने डायरी िनकालन ेके िलए बैग के अÆदर हाथ डाला, तो उसका 
हाथ कुछ ऐसी चीज़Ō पर पड़ा, िजनके बारे म¤ वह सोच भी नहé सकती थी। िलपिÖटक, 

मÖकारा, िबिÆदयाँ और कुछ चिूड़याँ ― ये सब चीज़¤ दखेकर उसका माथा ठनक गया। 
आिख़र अिखल ये सब कहाँ से लाया होगा? और ³यŌ लाया होगा? िकसी के यहाँ से चरुाए 
हŌग?े पर िकस िलए?  

ब¸चे कì इस हरकत पर उसका मन उिĬµन हो उठा। उसने तुरÆत सो रह े ब¸चे को 
झकझोरना शłु कर िदया।  

― "अिखल... अिखल... उठ... अिखल... उठ ज़रा..." 

अिखल कì नéद टूट गई। आँख¤ मलता हòआ हरैानी म¤ वह माँ कì ओर दखेने लगा। मा ँ
को ग़Öुसे म¤ िचÐलाते हòए दखे वह सहमा-सा, अवाक् था। माँ िफर उसे झकझोरते हòए, उसकì 

लाई चीज़Ō को हाथ म¤ लेकर बोली ―  

"अिखल, ये सब कहाँ से लाया ह ैतू?... बता कहा ँस ेलाया ह?ै" 

मा ँको झÐलाते हòए दखे अिखल डर के मारे कुछ नहé बोला। उसे ख़ामोश दखे माँ को 

उस पर और सÆदहे होन ेलगा। अब वह उसके कान मरोड़ते हòए पछू रही थी ― "जÐदी बता, 
नहé तो सज़ा िमलेगी... तेरी िपटाई कłँगी और वॉशłम म¤ बंद कर दूगँी..." उसके इस ÿकार 
बार-बार धमकाने पर अिखल कुछ Łक-Łक कर बोलने लगा –  

"आ... आशीष..." 

वह अभी कुछ बोल ही रहा था िक उसकì माँ न ेिÈजर स ेिचÐला कर िझड़का, "³या? 
तूने आशीष के घर से चोरी िकया ये सब?..." और साथ ही उसने अिखल के गाल पर एक 
तमाँचा भी जड़ िदया। 

अिखल रोने लगा। माँ ने िफर उसके कान मरोड़ते हòए पछूा, "सच-सच बता तून ेचोरी 
³यŌ कì?"  

िससकते हòए अिखल बोला, "ममा, म§न ेचोरी नहé कì..." 

― "िफर ये सब सामान कहाँ से आ गया तेरे पास?"  
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― "म§ने आशीष के साथ ऐ³Öच¤ज िकया ह.ै.." 

― "³या मतलब? ³या ऐ³Öच¤ज िकया ह?ै" 

― "म§ने उसे अपनी ट्वाय ůेन दी ह.ै.. उसके बदल ेम¤ य ेलाया हó"ँ 

― "लेिकन ये सब िकस िलए उठा लाया?" 

― "आपके िलए..." 

― "³या? मेरे िलए?... लेिकन ³यŌ?" 

― "वो आशीष कì ममा भी तो य ेसब लगाती ह.ै.. तो आपके िलए भी ले आया..." 

― "लेिकन तनू ेऐसा ³यŌ िकया?" 

― "आप भी आशीष कì ममा कì तरह सÆुदर िदखोगी..." 

अिखल के िसर पर हाथ फेरते हòए िनिशता न ेउसे गले से लगा िलया और कुछ पलŌ के 
िलए वह चÈुप सी हो गई।  
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कहानी ‘ममा’ कì समी±ा 
बलदेव िसंह ठाकुर 

‘ममा’ कँुवर िदनेश िवरिचत कहानी ह ैजो इनके ÿथम कहानी सúंह “जब तक िज़ंदा ह§” म¤ 
संगहृीत एक महßवपणूª व ममªÖपशê कहानी ह।ै इसस े पवूª इनके अनेक काÓय-सúंह, 
समी±ाÂमक व शोधाÂमक úंथ ÿकािशत हो चकेु ह§। इÆह¤ कई सािहिÂयक परुÖकारŌ से नवाज़ा 
जा चकुा ह ैव इनके सजृन पर कई िवĵिवīालयŌ म¤ शोधकायª भी हो रहा ह।ै 

‘ममा’ एकल (िवधवा) नारी व उसके सात वषêय ब¸च े कì कहानी ह।ै माँ का नाम 
िनिशता व बेटे का अिखल ह ैजो शहर म¤ रह रह ेह§। पित कì मÂृय ुहो चकुì ह ैजो मरने से पवूª 
शहर म¤ दो मंिज़ला मकान बना दतेा ह।ै िनिशता ऊपर कì मंिज़ल म¤ रहती ह ैऔर नीचे कì 
मंिज़ल के दो कमरŌ के तीन सैट िकराए पर िदए गए ह§ और यही आमदनी उनके गज़ुर-बसर 
का आधार ह।ै सास-ससरु गाँव म¤ थोड़ी-सी खेती भी करते ह§ व कभी-कभार उनसे िमलन े
शहर आ जाते ह§। िनिशता ने अिखल को एक िकलोमीटर कì दरूी पर िÖथत िवīालय म¤ 
ÿवेश िदलाया ह।ै वह िनÂयÿित उसे िवīालय छोड़न ेव लान ेजाती ह ैव इस बीच घर के सारे 
कायª भी करती ह।ै कुल िमलाकर ‘ममा’ का कथानक डेढ़ िदन का है। िवīालय से लौटकर 
सायं माँ बेटे को होमवकª  करवा रही ह।ै वहé स ेकथानक शłु होता ह।ै होमवकª  करके बेटा 
खेलन ेचला जाता ह ैऔर माँ इस बीच घर के कायª िनपटा देती ह।ै अिखल खेलकर वािपस 
आता है तो टी.वी. दखेता है। िनिशता उस े पजूा-आरती म¤ साथ बठैाती ह।ै अिखल मा ँ स े
अपने सहपाठी- सखा आशीष कì माँ कì तरह सज-धजकर रहन े का आúह करता ह ै तो 
िनिशता उसे कहती है िक सÆुदरता गणुŌ सी आती ह।ै भोजनोपराÆत कोई कहानी सनुाकर उसे 
सलुा िदया जाता है। दसूरे िदन िनिशता बेटे को िवīालय छोड़कर वािपस आकर घर के कायª 
िनपटाकर दोपहर पĲात् पनु: लान ेजाती ह ैऔर वािपसी म¤ आशीष कì माँ के आúह पर चाय 
पीन ेको Łक जाती ह।ै अिखल और आशीष वीिडयो गमे खेलन ेम¤ ÓयÖत हो जाते ह§। चाय 
पीकर मा-ँ बेटा घर वािपस आते ह§। शाम को वही िनÂयÿित के कायª और अिखल काटूªन 
लगाने कì िज़ĥ के परूा न होन ेपर उसी मþुा म¤ सो जाता ह।ै िनिशता टी.वी. पर कोई मिहला-
कायªøम दखेने के बाद बेटे कì Öकूल डायरी दखेन े के िलए बैग खोलती ह ैतो हतÿभ रह 
जाती ह।ै यही कहानी का चरम-िबÆद ुह।ै बगै म¤ शृगँार कì वो सभी वÖतुएँ थé िजÆह¤ अिखल 
मा ँको पहन ेदेखना चाहता था। िनिशता øोध म¤ अिखल को उठाकर उसे चाँटा तक रसीद कर 
दतेी ह ैतो अिखल उसे बताता ह ै िक उसन ेअपनी ट्वाय-ůेन आशीष को दकेर बदले म¤ य े
चूिड़या,ँ िलपिÖटक, िबंिदयाँ आिद ली ह§। अÆत म¤ माँ ने बेटे को गले लगा िलया और कहानी 
समाĮ हो जाती ह।ै  
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कथानक का अÆत ÿमेचदं कì ‘ईदगाह’ कहानी कì तरह है। िचमटा और सौÆदयª-
ÿसाधन दो वगŎ व काल-खÁडŌ कì आवÔयकताए ँ और ÿाथिमकताए ँ हो सकती ह§। परÆत ु
उ°रदाियÂव और चाहत का भाव तīगुीन पåरवेश से ही आता ह।ै अिखल अपनी माँ को 
िकसी भी सरूत म¤ अपने िमý कì माँ से कमतर नहé दखे सकता। यिद हािमद मलेे म¤ िमठाई न 
खाकर दादी-माँ को िचमटा लाता ह ै तो अिखल भी अपनी ट्वाय-ůेन क़ुबाªन कर दतेा ह।ै 
संवेदना का उÂस िकस घड़ी और िकस िच°विृ° स े होता ह,ै इसकì मनोरम छिव ÿÖततु 
कहानी म¤ बहòत ही िशĥत स ेउभारी गई ह।ै माँ के सज न पान ेकì िवडÌबना ही कहानी को 
मामाªÆतक बना दतेी ह ैिजसके Ĭारा लेखक ने łढ़-समाज कì वजªनाए ँबख़बूी उजागर कì ह§। 

कथा कì यह केÆþीय पाý मानती ह ै िक िवþोह का मतलब अपने को अशाÆत करना ह―ै 
“समाज के रीित-åरवाजŌ, माÆयताओ,ं िवĵासŌ व िनयमŌ का शाÆत रहकर पालन करते रहो तो 
जीवन शािÆतमय ढंग स े चल सकता ह ै और यिद इनम¤ कहé कोई टकराव पैदा हòआ, तो 
अशािÆत तो होगी ही, जीना भी दĵुार हो जाएगा। और समाज पŁुष-ÿधान होन ेस ेपरÌपराओ ं
व िनयमŌ के पालन का सारा बोझ मिहलाओ ंपर रहता ह।ै पित के न रहने के बाद एक बेवा 
का तो मानो आधा अिÖतÂव ही समाĮ हो जाता ह।ै . . . जहा ँकहé वह लीक से हटी, समाज 
उसस ेआÂम-सÌमान के साथ िसर उठाकर जीने का अिधकार छीन लेगा।” िनिशता का यह 
िचÆतन उसे समझौतावादी नारी बनाता ह।ै वह Łिढ़यŌ को तोड़ती नहé िनबाहती ह।ै परÆतु यह 
भी िनिĲत ह ैिक िनबाहने के पĲात ्भी वह शाÆत कहा ँह?ै ³या समाज के बाĻ घटनाøम कì 
संरचना म¤ ढलना शािÆत ह?ै शािÆत तो अÆतĲेतना से उभरती ह ै िजस Öतर पर िनिशता 
अशाÆत ह।ै सÌभवत: कहानीकार िवधवा ľी कì इसी दशा को उजागर करना चाहता ह।ै  

कहानी म¤ भले ही िपत-ृिवहीन सÆतान कì एषणा तुĶ हो गई हो, परÆतु पित-िवहीन 
पÂनी िवडÌबनाओ ंम¤ पल रही ह;ै यही कहानी का मलू संवेī भी ह।ै कहानीकार ने केवल दो 
पाýŌ के आधार पर कथानक को गुंथा ह।ै ÿासिंगक पाýŌ के łप म¤ आशीष व उसकì माँ को 
सजृा ह।ै बाकì सभी पाýŌ का माý परो± वणªन ह।ै पाýŌ म¤ परÖपर सामंजÖय कì समझ ह।ै 
िकसी भी पाý का दसूरे स ेिवरोध नहé ह।ै माँ, बेटा, िमý, िमý कì माँ या दादा-दादी; पाýŌ म¤ 
हर Öतर पर समझौता या संतुिलत जीवन-ŀिĶ है। शहरी पåरवेश का जीवन काफ़ì कुछ 
औपचाåरक भी होता ह ैऔर यही सब कुछ ‘ममा’ कहानी म¤ भी िचिýत हòआ ह।ै इस कहानी 
के सवंाद भी छोटे, वणªन- ÿधान व पाýानकूुल ह§। िनिशता- केिÆþत अÆयपŁुष शैली के Öव-
संवाद कहानी का सबल प± ह।ै लेखक कì भाषा पर परूी पकड़ ह।ै िÖथÂयंकन के िलए ÿयĉु 
सामाÆय भाषा ÿभावशाली ह ै और उदूª, दशेज शÊदŌ का ÿयोग भी सहजता स े हòआ ह।ै 
मनोविृ° को महुावरŌ के ÿयोग Ĭारा उजागर िकया गया ह।ै आĮवा³य सŀश अÆयतम कथनŌ 

का ÿयोग करके कहानीकार ने अपनी उÂकृĶ कहानी कला का पåरचय िदया ह।ै यथा ― 
“सरूज आँख¤ मूँद े ÿयाण कर चुका था।” समúत: कँुवर िदनेश को भाषा-िशÐपी कहा जा 
सकता ह।ै  
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अतएव ÿÖतुत कहानी म¤ पåरिÖथितयŌ कì िवडÌबनाओ ंम¤ एक समझौतावादी नारी ह ै
जो सब कुछ समझते हòए भी िवþोह नहé करती ह।ै सÌभवत: लेखक ने समाज कì łढ़-
वजªनाओ ंको िदखान ेके िलए ही कथा कì सिृĶ कì हो। यīिप नारी-समाज का एक वगª, भले 
ही वह कम ह,ै इन वजªनाओ ंको तोड़ रहा ह।ै यह भी हो सकता ह ैिक अिधकाँश का िचýण 
लेखक का Åयेय रहा हो। यिद ब¸चे के िचýण को केÆþ म¤ रखकर िवĴेषण िकया जाए तो 
बाल- सलुभ चĶेाओ ंव एषणाओ ंकì माँ कì ममता के साथ जगुलबÆदी (माँ के चाहने के Öतर 
पर) भी सÆुदर बन पड़ी है। अत: इस कहानी म¤ जीवÆत पåरवेश ह ै जहाँ मानवीय भावŌ व 
संवेदनाओ ंके रेशŌ का िवगलन कर समाजानłुप łपाÆतरण हòआ ह।ै  



Audience’s Live Response 

Irene Rattan: Dinesh sir, sensitive portrayal of  the trials of  a single mother. 
Commendable. 

Leena Vaidya: Very touching stories Suneela ma'am and Dinesh sir. 

Rajan Kaushal: Wonderful stories.... very touching... Congratulations Suneela 
Ma’am and Dinesh Sir. 

Savita J.B. Singh: Loved the enunciation and pronunciation of  Hindi by the 
anchor and the story teller... both sounded really good! 

Irene Rattan: बलदवे सर, ³या बात कही ह ैआपने। लेखक कहé ना हो.... वाह! 
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THE HOLE IN THE WALL 
MAHI YOGESH 

“Why have I kept you? To doze off  whenever you find a chance?” 
thundered Kishan Lal as Rahil woke up with peals of  sweat on his 
forehead. Kishan Lal stood there pointing at the unwashed utensils and 
babbled, “Who’s going to wash these, you or your Abba?” A nervous 
smile appeared on Rahil’s sunburnt face when he realised that he was 
dreaming and that his secret was still well kept. A dealer had bought and 
brought fifteen boys, huddled in the back of  a truck and Rahil was one 
of  them. Four boys were from his village and eleven from the nearby 
villages. They were being taken to work in the factories and dhabas in 
the town. Kishan Lal had paid a handsome sum of  ten thousand rupees 
for him, which his father and the dealer had shared equally. He was ten 
years old, with a slight frame but was tall for his age. He knew nothing 
about dreams or childhood. Kishan Lal, a stout man of  over fifty, was 
Rahil’s new master and his dhaba was his new home. 

His job was to serve tea to the shopkeepers nearby, wash utensils, 
scrub the floor and obey Kishan Lal with a nod every time he was 
summoned. There was an old cinema hall in the locality and Rahil went 
there every day to serve tea to the Babu at the ticket window. He had 
seen young men loiter around the hall, waiting for their turn as one show 
ended and the other followed. He so much wanted to see a film, any 
film, but he knew Kishan Lal would never allow him to be absent from 
his duties for three long hours. The coloured film posters were all over 
the front wall of  the cinema hall and they were alluring for the little boy. 
He had tried to catch a glimpse of  the inside of  the cinema hall by 
standing close to the entry door but was pushed away by the ticket 
checker. 

He took tea for the shopkeepers at two in the afternoon and had to 
return with the empty glasses by 3 pm. This was the only time when he 
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was on his own and away from Kishan Lal’s sharp gaze and scathing 
tongue. One day, after he had served tea to the Babu at the ticket 
window, he went towards the back of  the cinema hall to have his fun 
time there. He threw heaps of  dry leaves in the air and urinated on the 
wall. There were two old film posters on the wall. On the first poster the 
colour of  the heroine’s saree had faded away and the other poster was 
half  torn from the top with only two pairs of  legs left in the lower half. 
He picked up a piece of  charcoal from the ground and started drawing 
the upper body on the two pairs of  legs. He drew a figure of  a bald man 
with a big paunch on the first pair of  legs; he looked at it and had a 
hearty laugh. Then he thought of  making a thin man; so, on the other 
pair of  legs he drew the figure of  an extremely skinny person with a 
tube-like waist and a long face. This little act of  creativity filled him with 
great excitement and he started tearing the poster with the heroine whose 
saree had faded; he thought, “If  I cannot watch a film, I can at least keep 
an old poster.” As he tore off  the poster, he saw that there was a three-
inch-wide hole in the portion of  the wall that the poster had covered. 
There were loose stones and gravel in the hole which could be easily 
removed. He delicately removed the small stones and tried to clean the 
inner surface of  this hole. As he emptied the entire contents of  the hole, 
he began to hear some sounds, which were not familiar but exciting. To 
peep through this opening, he had to stand on his toes. A feeling of  
sudden exhilaration and joy took over his whole body when he saw that 
from this miniscule opening, he could see the screen on which a film was 
running. His eyes grew big. He thought, “Is this real, or am I day-
dreaming?” This was what he had longed for and now without even 
buying a ticket he could see a film and that too at any time he wanted to. 
He was thinking fast, and then with a sudden feeling of  fear he 
shuddered. He looked all around to see if  there was anybody watching 
him but only found a crow flitting on the branch of a tree opposite the 
wall. He turned around and stood with his back towards the wall trying 
to hide the hole. Then he turned around again and peeped through the 
hole and realised he was standing on his toes. He looked for something 
that he could stand on comfortably, but not finding anything, decided to 
relish the movie that was going on. The time passed quicker than he had 
thought. He knew he had to go. His heart was racing. He thought aloud, 
“Nobody should know about this opening in the wall”. He had to cover 
it up and make it look as it appeared earlier, before he had torn off  the 
posters. He could not paste the torn posters back but he thought that 
later in the evening he could bring some rice from the shop to use as 
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adhesive. He furtively started filling the hole with the loose gravel, mud 
and dry leaves lying on the ground.  

Kishan Lal screamed as he saw him coming, “Hey you scoundrel, 
don’t even think of  running away. I have paid a lot of  money for a 
scrawny fool like you,” reminding Rahil his worth. All these dialogues 
got mixed up with the ones he had just heard while peeping through his 
little kaleidoscope. Hiding his joy, he returned to his work thinking of 
many more films that he would watch in the coming days. It was 
challenging for him to contain his excitement, but he tried as best as a 
child can try to hide his gratification.  

Every day with a song in his heart, he made his way to the market 
to serve tea, and then rushed to the secret hideout to enjoy the panorama 
of the film world that it unfolded. He could never watch a complete film 
together. He had seen the same scenes from a film till it ran for a week and 
had later tried to connect different scenes from different films to make a 
movie of his own. His days were like dreams where he like a poor hero 
worked at a dhaba and whenever possible escaped into a film. His dreams 
were made up of  the films that he had repeatedly watched. He got 
confused at how fast the life on the screen moved as compared to the real 
life he led. He wondered how the heroes in the films wore new clothes in 
different scenes whereas he had just one extra pair of shirt and pants to 
change. The worn-out sweater whose sleeves were short for his long arms 
was the only piece of warm clothing he owned. His mother had woven 
this sweater for him when he was eight and he still continued to wear it. 
She had made it with some leftover yarn which was noticeable in the 
haphazard pattern on his sweater. He could not read and write well. His 
father had taken a loan from the village landlord to marry off  his two elder 
sisters and now he was bound to the landlord’s fields and so was Rahil. He 
was sent to school at seven and removed after a year to help his father. 
When he turned ten, he was brought by a dealer to work in the town. He 
once cried his heart out at the death of the hero’s mother and had longed 
to go home, but giving up this fun was too much for him. Through the 
films he had got close to a world which was more beautiful and vivid than 
his own pallid life at the dhaba. He had seen the mountains and the seas 
which he had only heard of. He felt intoxicated by the show of  colour and 
dance and woke up mumbling the dialogues of  a film.  

One afternoon, while filling the glasses he spilled some tea on the 
floor. Kishan Lal noticed his exuberance. But today he said nothing, just 
stared hard. There were customers in the shop and Kishan Lal did not 
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want to make a scene; so, he let him go. In the evening Rahil cleaned the 
tables and helped Kishan Lal to close the shop. As he turned to go to bed 
Kishan Lal gave him a forceful jerk and he almost fell to the ground. He 
pulled Rahil by his neck, brought him close and stared in his eyes. “Why 
are you in such a hurry to run to the market Hmm? Don’t forget, my 
eyes are on you!” Rahil could not utter a word; Kishan Lal pushed him 
to the floor and left the shop. Rahil nearly choked and realised that at 
any cost he had to keep his secret safe. “I will lose my greatest 
amusement, if  someone came to know about my wanderings, caught me 
peeping through the hole and reported it to Kishan Lal,” he thought. So, 
he reduced his visits to the compound and decided to go there only thrice 
a week. Months passed and a whole year went by and his jubilance grew 
manifolds.  

One morning when he was attending the customers, he heard a 
discussion about the Cinema Wala. He stood near the table to gather 
more, “So finally the Cinema Wala has hit the jackpot,” one of  the 
customers said. “The cinema hall is old but, the property has value,” 
added the other. Rahil forgot to put the tray down on the table. “What 
are you listening to? Foolish boy!” screamed Kishan Lal and hit him on 
his head. The joy he had secretly found had taught him to ignore these 
fiery rebukes and blows with nonchalance. He had always felt jealous of  
the Cinema Wala whom he considered to be the happiest person in the 
world. “He can watch any film for free anytime and he makes money by 
showing it to others, what more can one ask for and now he has hit 
another fortune, God is extremely benevolent to him,” he thought. 

Rahil wanted to be a Cinema Wala when he grew up. By the 
afternoon, the conversation he had heard in the morning had lost its 
effect on him. He carried on with his work and as the favourite part of 
his day arrived, he joyously arranged the tea glasses in the metal carrier 
and made his way to the shops.  

After serving the customers, he tip-toed to the back of  the cinema 
hall. As he approached the place, he heard rustling of  the leaves and saw 
three men inspecting the building and its compound. They had long 
measuring tapes and were noting down something. He stood there 
transfixed. All gaiety left him when he found company at his usually 
deserted hideout. “Have they found out about the hole and have come to 
mend the wall?” he thought. One of them saw him staring and shouted, 
“Hey you chokre run away from here.” While he crossed the market place, 
he saw people hanging out in groups talking about the cinema hall.  
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A week went by and every day when he went to the compound, he 
found somebody there. The following week, when he went to the market, 
he heard that the film shows for the day had been cancelled. When he 
passed by the front gate of  the Cinema Hall, he saw a lock hanging there. 
The bigger gate had a smaller entry to its left which had a broken latch. 
He sneaked in through that little gate and went towards the backside. 
Today there was nobody there. He slowly approached the hole and saw 
that nobody had even bothered to check it in all these days. He removed 
the loose gravel from the hole and peeped in but there were no colours or 
sounds coming from the other side. Today it was just a black hole staring 
at him. He stepped back and felt uncomfortable, the black hole disturbed 
him. He put the gravel back and hid it.  

He could not sleep that night and woke up exhausted in the morning. 
While washing utensils he heard Kishan Lal say, “What kismet Cinema 
Hall wala has, inherited property is selling for crores.” “Now our town will 
also have a touch of  the big city,” his customer added enthusiastically. 
Next morning while running for errands the people saw an enormous 
machine with jaws attached to an arm, move towards the market. People 
left their work and children left their play to follow the machine. Rahil also 
left his work and ran to see. A huge crowd had gathered outside the 
cinema hall. He shoved and pushed through the crowd to have a closer 
look. The sturdy gigantic arm of  the machine hit the old building and the 
structure crumbled before his eyes. The crowd cheered at the demolition 
but Rahil’s legs began to tremble. His face went pale.  

He staggered to the dhaba where Kishan Lal was waiting for him, 
“Abbe, if  you have had your fun get back to work or get lost!” The word 
‘fun’ pricked him; he could not tell anyone what he had lost. He wanted 
to howl and cry but had to hold back. When he went to sleep, he was 
reminded of  his village, the dirty lanes and one room home with no 
electricity. One day his father had handed him over to the dealer, who 
brought him in the back of  a truck with fourteen young boys and they 
left their homes far behind to work and live amidst complete strangers at 
unknown places. He remembered his mother had stood at the door 
wailing and pleading to his father not to send him. His head began to 
ache. For a year these memories had not haunted him. He felt sick and 
wanted to go home to his mother. That night in his dream, he saw the 
scary machine with jaws approach him while he was peeping through 
the hole in the wall. 
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Review: “The Hole in the Wall” 
MEENAKSHI F. PAUL 

“The Hole in the Wall” is an engaging story of  Rahil, a ten-year-old boy, 
who was bought by Kishan Lal, a dhaba owner, for ten thousand rupees 
from a dealer who had ‘bought and brought’ fifteen young boys from the 
village. The story begins with Kishan Lal reprimanding Rahil for 
sleeping while there was much work to be done. This harsh tone of  the 
beginning becomes a foil for the endearing tale that follows. Rahil 
worked a long day and slept in the dhaba itself. His work included taking 
tea to the nearby shops and cinema hall in the afternoon. He enjoyed 
doing this work because “This was the only time when he was on his 
own and away from Kishan Lal’s sharp gaze and scathing tongue.” Rahil 
was mesmerised by the larger-than-life posters pasted on the wall of  the 
hall and longed to watch a movie. The glitz and aura of  films fuelled his 
fantasy and dreams of  fortune in the midst of  his poverty and squalor. 
He was driven away, however, even if  he peeped in the door of  the hall. 

Rahil has no friends and his family back in the village had sold him 
in desperation born of  penury. He feels acutely alienated from the world 
and the magical world of  films seems to offer him the only opportunity 
to escape his mundane existence. One day, he makes his way to the back 
of  the hall for a few moments of  solitary fun. He plays with the dry 
leaves and draws figures on the partly torn and faded posters. He decides 
to take home the poster of  the heroine in a faded saree, for, “If  he could 
not watch a film, he could at least keep an old poster.’” As he peals off  
the poster, a three-inch hole is revealed behind it. This hole in the wall 
becomes his passport to the land of  fantasy in which he is the hero. The 
silver screen complements his daydreams and the friendless boy projects 
his feelings on to the cinematic characters. So, the individual self  of  
Rahil seeks self-definition through fantasy, even as his relational self  is 
marked by the absence of  meaningful bonds of  attachment. The hole in 
the wall dhaba in which he is condemned to child labour is displaced by 
the hole in the wall of  the derelict cinema hall that offers him visions of  
love, adventure and heroism. Rahil’s name means ‘traveller’ and ‘to 
leave,’ the dhaba and the hole in the wall map his journey from drudgery 
to daring.  
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Rahil watches sporadic scenes of  films through the hole whenever 
he can and then strings what he has seen with what he imagines. The 
vivid scenes of  far-off  places, the dialogues and the emotions portrayed 
by the actors fuel his creativity. Rahil understands the significance of  his 
find and when Kishan Lal becomes suspicious of  his alacrity to go to the 
market, he rations his visits to the treasure hole to three times a week. 
After a year, Rahil discovers that the cinema hall is being sold. People 
gossip about it and men get busy measuring and evaluating the property. 
He peeps through the hole “but there were no colours or sounds coming 
from the other side. Today it was just a black hole staring at him. He 
stepped back and felt uncomfortable, the black hole disturbed him.” 
From this point, the story moves towards its resolution fairly quickly. 
The unravelling of  Rahil’s dreams reaches its conclusion with the jaws of  
the pulveriser biting into the wall of  the cinema hall. The end of  the 
fantasy marks the return of  reality and Rahil remembers his poverty-
stricken home, his mother’s wailing and his father’s helpless deal with 
the agent which brought him to the town: “That night in his dream, he 
saw the scary machine with jaws approach him while he was peeping 
through the hole in the wall.” 

Mahi Yogesh has spun an appealing story of  a child who faces the 
odds of  life with a mix of  gutsiness and innocence. Sadness and longing 
are kept at bay through daydreaming of  an alternate life and the hole in 
the wall becomes a concrete medium to live that imagined life for Rahil. 
The tone of  the story reminds one of  Ruskin Bond’s “The Thief ” and 
Dicken’s Oliver Twist. Yet, the story would benefit from scrupulous 
editing in order to smoothen the narrative and eliminate errors. Also, the 
characters in the story could be fleshed out some more to enhance the 
effect sought by the writer. The interaction between Rahil and Kishan 
Lal is quickly sketched out to keep the focus on the hole in the wall; 
nevertheless, the characterisation would gain from layering of  their 
personalities, emotions, and experiences. While Rahil’s character is 
envisaged from the child’s perspective and can absorb the gaps, Kishan 
Lal’s character remains fairly stereotypical. The impact of  Rahil’s 
alienation is thus weakened. The direct descriptions in the story hold out 
an opportunity for additions that may engage the senses more and help 
to fully conceive the world of  the story. The exchange of  dialogues, 
however, is sharp and ably maintains the momentum of  the story.  

The story makes us aware of  the reality of  child labour that is 
unabated in our society despite the constitutional directives and 
legislations prohibiting child labour. Rahil is one of  the thousands of  
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‘Chhotus’ and ‘Chhokras’ who are robbed of  their childhood and pushed 
into a life of  toil and sweat. Rahil is also one of  those who face 
hardships with ingenuity and grit. So, while the story ends on a note of  
pathos, it is hoped that the enduring spirit of  Rahil, although bruised, 
may not be broken. This hope is ignited with the knowledge that Rahil 
had used the fantasy world of  films to cope with the harshness of  his 
existence but, at the same time, he had never lost sight of  his reality.  



Audience’s Live Response 

Sangeeta Singh: Sad tragedy of  lost childhood pleasures. 

Anupama Singh: Mahi ma’am your story was full of  mysteries, surprises, 
humour, satire and dejection. It was a gripping story indeed.  

Anita Sharma: An introspective story! Congratulations Dr. Mahi! 

Namrata Pathania: A brilliant analysis Meenakshi Ma’am.  

Irene Rattan: I loved it that you took up a child as a protagonist. Despite the fact 
that we have various types of  topics in our writings, but to give voice to the 
ignored and the voiceless is highly relevant and greatly required. Congratulations 
Mahi to depict a sensitive theme. 
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A GIRL AS OLD AS THIRTY 
PRAKASH AVASTHI 

I turned thirty last summer. My father is hopeful—rather he is almost 
certain that he would be able to fulfil his only remaining wish—the wish 
of  being able to find a suitable match for me. Whenever father comes 
across a ‘nice’ young man or even a relatively older one, he loses his 
sleep and begins to make enquiries about him. Now, why on earth, that 
should not happen? Afterall, I am his only daughter and after mother’s 
passing away, this responsibility weighs heavily on his mind. Isn’t it 
bizarre that my younger brothers are married and living happily with 
their families but I, the eldest child of  my father, am still unmarried? 
Ever since he retired, he sighs anxiously when he looks at me saying: “As 
old as thirty—and still unmarried!”  

Father is not the only one worried about me. Even I want to get 
married now as almost all of  my friends have been married long enough. 
Father keeps inviting home the prospective grooms—so many of  them. 
So, what do I do? Granted, I am no princess, people would swoon over, 
but I am also not so wretched that I would agree to marry just about 
anyone. The ‘boys’ who come to ‘see’ me behave as though they have 
already ‘accepted’ me and the other way round too. Now, let’s look at 
what happened yesterday. Father brought some spicy snacks from the 
market and whispered to me, “Sheela, get ready quickly and make some 
tea.” 

I asked him nervously, “Anything special Papa?” 

“Yes, Mr. Ram Singh has been recently posted as tehsildar here. I 
have invited him over for tea.” 

“But Papa…”, I wanted to say something but was interrupted by 
father. 
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“I have told you to make tea. If  you want to ask me anything, ask 
later.” 

Meanwhile, come evening and the new tehsildar appeared on the 
scene. Seeing his blood shot eyes and an obese frame, I guessed at once 
that he takes less tea and more of  other drinks. He must have been about 
thirty-five years of  age but looked forty or more. Forgetting his age and 
that he himself  was once an officer, father began to fawn on him 
brazenly while addressing him as ‘sir’ on more than one occasion. The 
tehsildar kept on boasting about his family, his well-placed brothers, his 
sister’s forthcoming marriage to a high-ranking officer, his big house in 
Delhi and so on. When the discourse became too vulgar to bear, I quietly 
slipped out of  the room on the pretext of  preparing tea leaving him in 
father’s company.  

After a few days father invited a doctor who bragged about 
ministers being his patients: “With your qualification, I’ll get you a job in 
no time. Making one phone call will fix everything. You know, there are 
as many as five ministers who are my patients.”  

Now what do I do with such people? After one such encounter, 
father asked: “What do you think about this boy?” I stood quietly with 
my head down not uttering a word. He shouted at the top of  his voice, 
“What sin have I committed? You are thirty years old! I can barely sleep. 
Wherever I go, whomsoever I meet, I am asked only one question: ‘Have 
you found a suitable match for your daughter? When are you marrying 
her off ?’, and so on”. 

For some time, father stayed quiet after this outburst and then said: 

“Listen, what’s your opinion about that engineer?” 

“Papa…” 

“Yes, say something”.  

“He is much older to me. I won’t be comfortable marrying a person 
ten years my senior in age.” 

“You are too fussy. Remember…” 

“Yes Papa, I have turned thirty.” 

“And that Civil Supplies Officer? He’s not much older to you.” 

“I don’t think I can communicate with him in any way.” 
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“Oh, my child you’re forgetting that you are not a young girl 
now….” 

“Yes Papa, I’m as old as thirty.” 

Next day my brother came to visit us along with his family. My 
father was delighted to see the children. We were all sitting together. In 
the middle of  a conversation, he suddenly stopped talking and then 
sighed. A heaviness seemed to fill the air. My brother and his wife sat in 
front of  us, their gaze fixed on me as though I had committed some 
blunder. Father began his characteristic refrain, “How I wish Sheela too 
would settle down!” And now it was the turn of  my brother to show 
sympathy: “Don’t worry Papa! A suitable boy for her will be found 
soon.” As everybody nodded in agreement, a wry smile appeared on my 
father’s lips and he sighed again.  

I pitied my father, who constantly faced the onslaught of  the 
neighbours’ and the relatives’ inquisitiveness: “Not yet? Well, your 
daughter is highly educated, why would she marry just about anyone? It 
would have been so easy to marry her off  had she been an ordinary and 
a less educated girl. Maybe we can help you.” Father didn’t know what 
to say. Though proud of  me, he found it hard to counter these 
unsolicited opinions. It appeared people around me had nothing else to 
occupy their minds with but the thought of  the long-delayed marriage of  
a girl as old as thirty. 

Winter passed and the sleepy earth began to wake up slowly, ready 
for the birth of  the spring. Soon the trees began to blossom turning red, 
purple, yellow and orange. The heaviness of  the air gave way to a light 
fragrant breeze. The rustling of  leaves and the songs of  birds filled the 
air. The sun-kissed grass looked so inviting. As I stepped out of  home for 
a stroll, I was overcome with a strange feeling of  listlessness. Soon I 
found myself  sitting on a bench, my eyes somewhat heavy. The gentle 
breeze soothed my spirits. I closed my eyes. After a while I heard 
someone humming a beautiful melody marked by a note of  gay abandon 
rare to find in a systematically composed musical piece. “What a 
soothing tune”, I said to myself  and looked around. A young man was 
walking merrily across the road. He looked radiant as he smiled, gentle 
breeze lightly fanning his thick black hair. The moment he saw me, he 
stopped, looked at me, smiled intriguingly and occupied the bench 
opposite mine. He held a book in his hand and in no time was absorbed 
in it. After a while I realized I was feeling very light. Did I sleep? Was it 
a dream? No, no I was awake. The sound of  the melody was still echoing 
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in my ears. I looked around. The charming young man sitting right there 
had left. Stung by acute loneliness, I walked back home with heavy steps.  

That day I just couldn’t concentrate on anything. The haunting 
sound of  the melody seemed to grip my mind as never before. I smiled 
when I remembered his smile. I hummed the melody he hummed. 
Seeing my excitement, father asked, “You look a bit nervous. Are you 
alright?” 

“Yes Papa, why do you worry? I’m alright.” 

“This is not fair. Why wouldn’t I worry? Thirty years old and no 
sign of  marriage! You just don’t seem to like anyone. At this age you 
cannot be a chooser. Sham Singh is a nice boy. Just today he was asking 
about your well-being. I fail to understand in what sense he is lacking.” 

“Papa, I have already told you what I feel about him.” 

“Tell me again.” 

“He behaves a bit awkwardly, always talking about money matters. 
Doesn’t ever smile…” 

Father nearly lost his temper, “Oh, my God! What do I do? 
Someone is old’ someone immature, someone laughs loudly, someone 
does not smile….” I remained silent. He continued, “What kind of  a boy 
are you looking for? Tell me what kind of  a gentleman do you want to 
marry?” 

I remained quiet for a while. Then suddenly I was astounded to 
find myself  pouring out my feelings so passionately: “Papa, I would 
want to marry someone with a smile so charming that it would envelope 
me…who would hum a melody so sweet as to engulf  me like the song of  
the Earth itself.” Father froze up on the sofa—agape. “Oh my God! My 
fears have come true!” said he. After a pause, he muttered to himself, 
“This girl has gone crazy.” I put my arms around his neck and said 
gleefully, “Papa, You’re right.” 

I could not sleep that night. Every moment weighed heavily on my 
mind. The next morning as soon as father left home, I combed my hair, 
put on a light lipstick that matched with my lavender salwar-kameez and 
smiled in the mirror. “Will he come again?” I asked myself. That very 
moment, I heard the sound of  humming that possessed me yet again. I 
found myself  walking on the forest road to the spot where I had met 
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him, until I reached the bench in the garden. The young man appeared 
again. I stood as though in a trance.  

“Do you live here?” he asked me. 

“Yes, I live here with my father.” 

He smiled again and waving a goodbye went his way. I waved my 
hand, wanting to say more, ask more but my lips froze and so did my 
feet. He walked some distance, turned and smiled yet again before 
disappearing. I spent the entire evening restlessly. A mixed feeling of  
anxiety and euphoria overpowered me again next morning. I could hear 
the rumbling sound of  thunder in the distance. The dark sky looked 
ominous. Yet I stepped out. Suddenly, it started to rain. I ran for cover 
and reached the veranda. The young man stood in front of  me near our 
front gate. Drenched in rain, he was still smiling. “Come inside. You’ll 
catch cold”, I said. Hesitant at first, he finally came indoors. We sipped 
tea together. I felt I was melting in his warmth as his voice softened. The 
rain had stopped. I looked around. He was here a moment ago. Where 
has he disappeared? A feeling of  loneliness began to overcome me yet 
again. 

My father who associated my state of  mind to some delusion of  
sorts kept a dignified silence for a couple of  days. His troubled look, 
however, revealed the disquiet within. Suppressing the commotion that 
raged inside his mind, he asked me coolly, “My child, what is the 
matter? Why do you look so dazed these days?” His fragile and ageing 
frame seemed to reel back under the weight of  an undefined fear. I found 
it hard to look into his anxious eyes. I knew how desperately he wanted 
me to ‘settle down’. The conflicting emotions of  hope and fear gripped 
me. 

“Haven’t you taken a decision so far?” he asked once again almost 
pleadingly.  

“Papa, I like a boy…” 

“Is he one of  those…?” he asked, his eyes beaming. 

“No Papa” 

“Then who is he? What’s his name? What does he do?” 

I realised I did not have answers for any of  these questions. What I 
finally said sent father in a fit of  anger.  
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“I don’t know his name. I don’t know what he does. But I know 
that I…I…love him.” 

“What nonsense are you talking?” he retorted. 

Father stood dazed while I continued, “He is sensitive. He knows I 
am lonely, very lonely. I do not laugh. I do not sing. He understands me. 
Came to see me even as it was raining. I love him”, I said, scalding tears 
rolling down my cheeks. Father could bear it no more. Quietly he walked 
out of  the room looking very sad and remorseful.  

The next morning, I began to wait again. But he did not come. Yet 
another day came. The sun shone brightly and the light breeze blew 
gently. But he did not come. I waited, waited endlessly. Birds chirped 
happily and flowers bloomed everywhere. Then came summer. But he 
did not come.  

My father and family believe that I had concocted this story to 
console myself. The truth, however, is that he will certainly come. When 
flowers bloom in the spring and birds begin to sing in chorus, he will 
come—whistling and singing gaily, tugging at my heartstrings again with 
his warm smile. 



 

 

 

 

Translated from Hindi by Girija Sharma 
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Review: “A Girl as Old as Thirty” 
JANESH KAPOOR 

“I turned thirty this summer”: The opening line of  the story has a strong 
prophetic tone, almost ominous. Apparently, a statement of  fact, it 
acquires an ominous character when read in the context particular to it. 
The person turning thirty is a girl who is still unmarried: a constant 
source of  worry and consternation to her father, family and society 
because Sheela, the girl, is “As old as thirty – and still unmarried”. The 
expression runs like a refrain with subtle variations throughout the 
narrative:  

“You are thirty years old! I [the father] can barely sleep.” 

…… 

“Yes Papa, I have turned thirty.” 

…… 

“When are you marrying her off ?” 

…… 

“Thirty years old and no sign of  marriage. . .” 

Marriage is thus not a matter of  individual choice. It involves the 
parents, the family and the society more than the individual concerned. 
Sheela’s father is keen “to fulfill his only remaining wish – the wish of 
being able to find a suitable match for [her]”. Father’s wish is a natural 
one; she is his only daughter, the eldest of  his offspring. It is but natural 
that she should be married and settled in life like her younger brothers. 
The responsibility “weighs heavily on his mind” ever since his wife 
passed away. 

The emotional and filial responsibility of  the father is permutated 
into anxiety by social pressures that he has to reckon with on a regular 
basis. The undercurrent of  social mindset is explicit in the kind of  
observations that the neighbours and relatives make about Sheela having 
to remain single for so long: “Not yet? Well, your daughter is highly 
educated, why would she marry just about anyone? It would have been 
so easy to marry her off  had she been an ordinary and less educated 
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girl”. He does not possibly find support from his sons either. The matter 
invariably comes up for deliberation during family meets only to end 
with mere comforting words for the father: “Don’t worry Papa! A 
suitable boy for her would be found soon”. The father can merely smile 
wryly and heave a sigh. 

The antinomy in the views of  the father and the daughter regarding 
matrimonial alliance is also quite apparent. While the father tends to 
think that the prospective groom should be well placed socially and 
economically, the daughter continues to cherish ideas of  platonic love. 
As she once blurts out to her father: “Papa, I would want to marry 
someone with a smile so charming that it would envelop me. . . who 
would hum a melody so sweet as to engulf  me like the song of  the Earth 
itself ”. The poor father is sure the girl has turned crazy as he freezes up 
on the sofa: “At this age you cannot be a chooser”. 

So far, the atmosphere of  the story is dull and dreary as the season 
is that of  winter. We now have the advent of  Spring and the mood of  
nature begins to turn colourful -- “red, purple, yellow and orange”, 
which offset the “light fragrant breeze” to the tune of  the “rustling of  
leaves”. The filiations and passions of  Sheela also appear to come of  age. 
It appears like a dream to her. She sits on a bench, significantly in an 
outside space for the first time in the story and seeks to do away with the 
“heav[iness]” of  her situation, with eyes closed. After a while she hears 
“a beautiful melody marked by a note of  gay abandon”. It came from a 
young man “walking merrily across the road”. “He looked radiant as he 
smiled, gentle breeze lightly fanning his thick black hair. The moment he 
saw me [Sheela], he stopped, looked at me, smiled intriguingly and 
occupied the bench opposite mine”. This is the moment when love 
happens; at least for Sheela. She is unable to concentrate on anything 
that day or sleep at night, her mind gripped with the “haunting sound of 
the melody”.  

The next morning Sheela finds herself  getting ready and moving 
out to the same space in expectation of  another encounter with the 
young man: “I combed my hair, put on a light lipstick that matched with 
my lavender salwar-kameez and smiled in the mirror. Will he come 
again? I asked myself ”. Her expectation is duly fulfilled as the man 
appears again, humming melodiously. The two also exchange a few 
words in a bid to get acquainted. Sheela is left “euphoric” again with a 
mix of  anxiety about the coming day as the young man disappears out 
of  view. Next, they meet at Sheela’s place, who invites him inside as it is 
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raining and the man is drenched. While they sip tea together, she feels 
like melting in his presence. Then the rain stops and the young man 
disappears yet again and is never seen thereafter. 

However, to Sheela the young man represents love and the dream 
of  the life she yearns for. As she vehemently declares her resolve to her 
father to wait for the young man as she loved him, the latter is 
remorsefully sure that Sheela had concocted the story to console herself.  

Seasons begin to pass but Sheela continues to wait full of  hope. It is 
on this note of  hope that the story concludes: “The truth, however, is 
that he will certainly come. When flowers bloom in the spring and birds 
begin to sing in chorus, he will come – whistling and singing gaily, 
tugging at my heartstrings again with his warm smile”. 

“A Girl as Old as Thirty” has been translated from a relatively long 
Hindi story by the translator’s late father – indeed an eloquent tribute to 
his cherished memory. On the linguistic level, the translation does total 
justice to the original. There is no jugglery of  words, which 
unfortunately is the case with some translations when the translator is 
unable to find and organize words and expressions which are close to the 
original context. In fact, the language used by the translator is fluid 
enough to carry the readers with it, even if  they do not have access to the 
original story. In fact, the translation reads like an original story in 
English. The colour and the sound images used by the translator to 
establish the two parts of  the story – the first characterized by anxiety 
and the second by hope – have also been fine tuned to the original. The 
trajectory of  the story is marked by a leap of  hope and faith, which 
accords meaning and purpose to Sheela and which would perhaps also 
sustain the father. Indeed, no matter how cliched it sounds, it is our 
hopes and dreams which keep us going. . . 

While the translated version is a shortened re-writing of  the 
original, a couple of  passages pertaining to interaction between the 
characters could have been retained for an authentic contextualization of  
the translated version. The most pertinent one is the brief  conversation 
between Sheela and the young man as the two sit together as it rains and 
thunders outside. At this juncture in the original, the young man 
observes that he would certainly come to meet Sheela again if  it does not 
rain – a strong indicator that he might not continue to be there for Sheela 
with the passage of  time despite her dream of  building a platonic 
relationship with him. As another instance of  what could have been 
included is the brief  banter between Sheela and her younger brother over 
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the apparent change in her demeanor, who can now be seen happy and 
chirpy. This would have infused the translation with a sense of  sibling 
teasing so common in families and also served as a qualifier for the 
element of  hope which infuses the story. 

However, a story is not something which is always available to us in 
black and white and may be translated word-for-word. It is what can be 
abstracted from a narrative, recounted and retold in a different idiom. A 
successful translation is one which captures the essence of  the original 
story and does not move very far away from the source. Girija Sharma’s 
translation seeks to retell the original story which is better suited to the 
new readership most likely to read it in English only. It is a successful 
translation which accords a new life to the original story. 



Audience’s Live Response 

Priyanka Vaidya: I was lost somewhere in emotional swings of  a woman turning 
thirty! 

Anupama Singh: Such a poignant truth has been narrated in such a touching 
manner by you ma'am. Bitter truth of  our society. 

Neelima Kanwar: Beautiful story, beautifully narrated...thank you, ma’am. 

Sangeeta Singh: In the context of  Girija Madam's story, I would also like to 
applaud the decision of  the cabinet for having increased the marriage age of  girls 
from 18 to 21. 

Kamayani Vashisht: Thanks Ma'am Girija, for that engaging story. Enjoyed the 
conclusion. 
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AND THEN THE RIVER FLOWED 
PRAVEEN KUMAR 

Words fascinate me and I love to listen to the cadence their arrangements 
produce, but the moment I attempt to dress up a character or weave a 
story, words fail to fall into place and grow viscous. Restless tales lurk 
faintly in some corner of  my mind, but they refuse to take a body and a 
shape. An overwhelming amorphous cloud muddies the river of  thought, 
hangs over it like an ill omen, and spews in fits its chaotic elements, 
leaving me dazed. Don’t know from where and why this cloud floats in, 
adding to my misery, leaving me fuming, shredding my faith in my 
creativity that has been drilled foolishly into my mind by those who 
claim to know me. Not that I am a lost case, incapable of  writing 
sensible sentences, but this cloud comes with such frequency that I begin 
to lose faith in the unfounded belief  that I’ll bloom into a writer 
someday, whose words will cast a spell in the literary world. 

I had never been inclined to write stories or novels. Deficient in 
empathy, inquisitiveness, and other writerly traits, I hardly fit the bill. But 
those whose orbital paths coincide with mine feel persuaded that a writer 
is waiting to be awakened within me, something I have failed to notice 
myself. Their faith and insistence weigh heavy on me. Should I yield to 
their misplaced faith or stick to my unartistic self ? An attempt was being 
made to carve a writer out of  an unimaginative bore, who hardly took 
interest in people’s lives – probably the key ingredient in a writer’s 
repertoire. The impasse into which our conflicting views had crystallized 
implored a quick resolution for my sanity. A part of  me was willing to 
oblige and do the bidding, but a lot many other faculties refused to 
cooperate. The pen would hardly move across a page; it felt an 
insurmountable friction and dragged on producing uninspiring phrases 
and poorly conceived metaphors. Despite the unease I felt, I was too 
arrogant to admit to myself  that I was incapable of  looking into human 
minds besides being helplessly pathetic in capturing the externalities.  
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The nature of  my professional work and personal aspirations of  a 
different nature, obstructed my journey to literary stardom, which 
anyway was hardly a possibility or priority. But new possibilities can 
knock at the door of  life most unexpectedly; they can peep through 
unexpected dark alleys, which often hide from view the light at the 
farthest end. My possibilities came wrapped in shock when I had to 
move unwillingly to a remote location; I was left bewildered and 
distraught, incapable of  processing the new challenge with sense and 
sensibility. A seven-hour drive through the seeming wilderness landed 
me into a non-descript village that had nothing to boast of  except its 
menacing peaks, lovely people, and a captivating place of  worship. The 
journey to this land, which had existed in my mind only as a name and 
not as a living, habitable place, was an endless encounter with fear. 
Incessant rain had added to the magic, mystery, beauty, fear, and other 
undefined emotions. The arrival was no less dramatic as I bumped into a 
group of  important-looking people, who extended a warm welcome, 
which failed to evoke a positive feel in the tired, frustrated, and unhappy 
soul. Someone offered to comfort, “You are fortunate because the 
presiding deity of  the temple herself  decided to requisition your services 
for the people of  this area.” This aggravated my irritation, but it did not 
take long before the import of  the words dawned on me. The place had 
an ineffable magnetism and charm that soon gripped my soul and made 
me bow before it in total submission.  

It was getting dark and the towering hills surrounding the place 
filled me with intense sadness. Cold added to the misery; the presence of 
a known face was the only source of  comfort. It was a revelation that 
even insignificant things had the potential to alter the rhythm of  life; they 
could trigger joy or sadness instantaneously. And when would joy turn 
sour, filling one with sadness, none could predict. Days rolled by and I 
found that a new world of  innocence and natural grandeur was opening 
up before my eyes. While my workplace was always teeming with people 
whose painful stories of myriad ailments weighed heavy on my 
conscience, the sprawling complex, where I was offered a place to live, 
was always abuzz with activities, sounds, and an endless flow of  people. 
There was never a single dull moment here. People from all strata of  
society could be seen paying obeisance to the goddess. Politicians, high 
officials, and common people came from far and wide, giving it a unique 
charm. But for me the greatest charm lay in the simple folk who served 
in the temple with utmost devotion and love. An instant bond was forged 
with the people and the place, the physicality of  which lasted till my 
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departure, but on an astral plane, it’ll remain with me for life. Their 
existence is eternally etched on my mind. 

The place had a mesmerizing beauty; tall deodars and rocky cliffs 
had an overpowering presence. Long walks in the wilderness, peppered 
with an animated discourse on spiritual matters by a junior colleague 
Prabodh added ineffable joy to the whole experience. I behaved like a 
curious seeker in his presence. He was more than willing to indulge me. 
In response to a question like, “Why does isolation and absence of  
human company leave us sad and insecure?” he would dwell on the 
intricacies of  human emotions and of  his encounters with the spiritual 
masters. Metaphysical questions fascinated him, and he loved to 
expatiate upon these topics. He had read a great deal of  literature of  this 
kind, and had spent a few months deep into the uninhabited mountains, 
where none except the seekers of  the divine truth lived and prayed. “Sir, 
listen to this piece of  music, and forget about your doubts; the melody, 
rhythm, and divinity of  this rendition will dissolve your doubts in no 
time,” he would assure me. He always spoke with conviction and passion 
about spiritual matters. His incredible stories often left me both 
mesmerized and puzzled. During one such sessions, he said, “I met a 
very old yogi, who looked resplendent, and with no sign of  physical or 
mental decline that comes with age. I sat in his company enraptured for 
days together and listened to his discourses, which had multiple strands 
of  spirituality, science, and metaphysics.” Stories of  this kind filled me 
with a deep sense of  wonder and awe. On other days, we would sit 
together on a mound, deep into the wilderness, and enjoy music in total 
silence. An inexplicable joy flowed unhindered though no words were 
exchanged.  

While Prabodh took me on an inner journey, Balu, an apparently 
arrogant yet caring man, made my life joyful in his own humble way. He 
was a dynamic and talkative worker whose presence could be felt in 
every part of  the temple. I was drawn towards him, and he too showed 
his fondness for me. I couldn’t understand why I liked him because I had 
never been good at forging friendship with simple village folk. I realized 
for the first time the power of  innocence and love; generally, only in 
books do we speak about such emotions in glowing terms, but these 
come alive when we see them manifested in a living being. Balu 
interacted with me like a friend, would even tease me freely, without 
inhibitions. He always spoke to me with a feigned annoyance whenever I 
took leave. “Sirji! I don’t like your frequent absences. I am very angry 
with you. Why do you go to your hometown so frequently?” he would 
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act as if  he were really displeased. I would then explain my position, try 
to convince him that the number of  days I had spent away from the place 
were too few to give him reason to feel indignant. Jeevan, the cook, was 
another friend whose love had its own fragrance. Without being 
demonstrative, he would try to feed me with love. He had noticed my 
lack of  excitement about food and made it a point that I ate well. He 
would invariably insist on having an extra chapati, and would always 
keep my share of  the sweet dish despite it being in short supply. Once he 
got to know that I was seeking transfer from the place, he was dismayed. 
“Sirji! I don’t like the idea at all. Why don’t you serve here till 
retirement?” he expressed his disapproval of  my plans. I knew it was 
nothing but attachment. He expressed similar sentiments on a number of 
other occasions. He tried to pressurize me by telling, “Devi ma would be 
unhappy with you if  you decide to go.” Expression of  such pure love 
from someone with whom my association was relatively new put me in a 
big dilemma. Should I listen to my family, which needed me and was 
desperate to have me back, or should I respect Jeevan’s loving insistence 
on prolonging my stay here? It was a difficult call. Moreover, the place 
which in the first few days of  my arrival had looked so dreary and 
deserted now began to look like a home – vibrant, joyful, loving, and 
very charming. A heady mix of  the people and the place had captivated 
me; it was beyond me to break the spell.  

Long periods of  isolation on Sundays or holidays were blissful. My 
soul, which looked tattered and joyless after years of  constant inner 
chatter and restlessness, physical movement and emotional upheavals 
began to heal. Equanimity, an easy calm, and love for nature, fellow 
humans and simple things of  life began to take roots. On certain 
occasions I spent whole days confined to my cramped but beautiful 
room. I couldn’t understand why I never felt lonely, unhappy or 
disoriented despite not meeting a single soul for long hours. Peace 
pervaded my whole being, and no physical deprivation or discomfort 
could destabilize me. Even power cuts during the snowfalls were not 
much of  an inconvenience. A new understanding of  life was taking hold 
of  me. Each had their contribution – loving friends, which included 
colleagues, temple sevaks and also the nearby shopkeepers with whom I 
had little in common. I felt it for the first time that we constituted a large 
human family in which each member was equally important; education, 
affluence, poverty, caste, class, or position hardly mattered. We were all 
notes of  a symphony, and unless all notes played in tandem, the only 
possible music was a jarring noise. I was beginning to take interest in the 
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multiple strands of  the web that made society. Children returning from 
school on foot, who respectfully bowed and touched our feet gave me as 
much joy as our occasional encounters with high-profile visitors to the 
temple, who often interacted with us as we were regarded the intellectual 
elites in this rural setting.  

A great many local patients thronged the hospital with their 
sufferings and ailments. Some came with routine problems, but in some 
cases, long years of  neglect had taken their diseases beyond a point of  no 
return. They struggled to articulate their symptoms, but their bodies said 
it all. Nikita and Vinti, my two nursing associates, came to their rescue. 
With utmost patience and empathy, they dealt with them, mediated and 
bridged the linguistic gap that lay between these simple folks and a 
medical specialist, who revelled in medical jargon. To my innocent 
inquiry how they could ever remain calm and helpful, they would 
respond with innocent smiles and disarming candidness. “They are 
almost family, directly or indirectly. In villages, the boundary of  our love 
is not so well-defined. It spills beyond a mother, father, brother or a 
sister; a neighbor or a distant acquaintance has an equal right to sit in the 
comforts of  the canopy of  love we erect,” said Nikita with conviction, 
leaving me speechless. Are they a different human species or is my 
understanding of  human nature so pathetic and limited? The smell of  
festering wounds, medicine, and the huge associated paraphernalia that 
attempted to steal life from death, couldn’t dampen the spirit of  my 
team; the challenging working conditions couldn’t kill their free-flowing 
humaneness and abundant charm. The whole atmosphere palpitated 
with a vibrancy and exuberance that their collective energies produced. 
Their tender approach to human connections, their quiet and 
unobtrusive presence released a torrent of  ideas that had been 
simmering, waiting to spill over into images and phrases. 

Life has its own logic and pace. We can hardly visualize what lies 
in store for us. What seems profitable to us may prove disastrous in the 
long run, while a seemingly unwelcome event may bring joy. My life too 
took a decisive turn when, one fine day, I picked up the pen and found 
that the company of  these beautiful characters had mobilized my 
writerly instincts that had lain dormant all these years. I had met these 
artless souls only for a few months, but their ruggedness, commitment, 
unbounded love, and passion for life ignited in mean urge to look deep 
into human soul, to experience the rhythm of  life intimately. I had never 
known that our lives had so much richness and depth, love and beauty. 
Their lives were an unfathomable quarry where multi-hued gems lay 
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embedded. The seeds that had lain unsprouted all these years had finally 
found the soil they had been yearning for; tender offshoots were joyfully 
playing with the wind. The frozen mass of  ideas and emotions was 
beginning to thaw. The river carried in its life-giving waters a huge mass 
of  the fertile earth. The pen, which had got stuck in the rough furrows 
and looked rudderless, was finally moving freely, happily, energized with 
the human spirit and warmth. It was feeling uncaged and natural, almost 
like a river swollen with water, soil and uprooted trees during a 
calamitous flood. The barrier was finally crossed and a new, beautiful, 
resplendent view was emerging from behind the fog that had blinded my 
gaze.  
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Review: “And Then the River Flowed” 

JANESH KAPOOR 

“And Then the River Flowed” by Praveen Kumar appears to be based 
upon the age-old adage that the seeds of  creativity are inherent in all 
‘thinking’ human beings, particularly if  they enjoy a certain degree of  
felicity with regards to linguistic expression as well. This is particularly 
true of  the present writer-narrator, who has always been “fascinate[d]” 
by words: “I love to listen to the cadence their arrangements produce. . .” 
and can feel “Restless tales lurk faintly in some corner” of  his mind. 
Numerous friends and well-wishers constantly endeavour to provide a 
fillip to the dormant creative zeal of  the writer, who feels both 
encouraged and constrained by such efforts as the moment he attempts 
“to dress up a character or weave a story, words fail to fall into place and 
grow viscous”, thereby “shredding” his “faith in [his] creativity”. 

However, as Carl Gustav Jung has averred, our creativity (yes, we 
are innately creative, lest the opening sentence of  the review be taken as 
an ironic indictment of  sorts) comes to the fore when we feel ourselves to 
be the captives of  some unwarranted situation or perceive an existential 
challenge to our being (often the result of  the finitude of  existence). It is 
when the narrator gets posted to a remote hilly area in the course of  
professional life and is subject to certain experiences, which are a 
proscription as well as a transcription of  the hitherto routine life, offset 
with the basic inertia to change and the gradual interiorizing of  the 
inapposite involvement in the new ethos apart from the professional-
scape that the river of  creative expression begins to flow. 

Initially the writer-narrator is “bewildered and distraught” and is 
“incapable of  processing the new challenge with sense and sensibility” 
The very idea of  working and living in a “non-descript” village that has 
“nothing to boast of  except its menacing peaks, lovely people and a 
captivating place of  worship” after having apparently lived in cities for 
long. The very journey to the place “was an endless encounter with 
fear”. It is to be noted that the narrator’s description of  the place is 
characterized by antithetical expressions as they combine anxiety and 
awe. The sentence which precedes his arrival at the new place is a case in 
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point: “Incessant rain had added to the magic, mystery, beauty, fear and 
other undefined emotions”. 

However, it is the mystery and majesty of  the place with its 
“ineffable magnetism” which soon charms the narrator who begins to 
view his transition to the place as a revelation of  sorts: “it was a 
revelation that even insignificant things had the potential to alter the 
rhythm of  life; they could trigger joy and sadness instantaneously. And 
when would joy turn sour, filling one with sadness, none could predict”. 
It is the pervasive human environment of  the temple and the unflinching 
faith of  the people from every quarter of  life in the benevolence of  the 
deity, along with specific people who form a close proximity to the 
narrator that his experiential matrix begins to transform into an all-
embracing and inclusive spectrum of  being. He forges “an instant bond” 
with “the simple folk who served in the temple with utmost devotion and 
love” and observes that the “physicality” of  his encounter with “the 
people and the place” “lasted till my departure, but on an astral plane, 
it’ll remain with me for life. Their existence is eternally etched on my 
mind”. He never finds a “single dull moment” in life now. 

Some personages from this new environ find a special mention in 
the story. One is Prabodh, a young colleague of  the narrator, who ignites 
a spiritual spark of  sorts in the narrator. Prabodh’s “animated discourses 
on spiritual matters” during long walks “in the wilderness” added 
‘ineffable joy to the whole experience”. While Prabodh never accords 
any concrete answers to the queries by the writer-narrator, he apparently 
deepens the mystery and seductiveness of  matters immaterial through 
suggestive stories and musical recourses, leaving the latter “both 
mesmerized and puzzled”, vicariously perpetuating his “deep sense of 
wonder and awe” associated with the place. 

Another such personage is Balu, “an apparently arrogant yet a 
caring man’, who made the narrator’s life “joyful in his own humble 
way”. Balu would interact with him “like a friend” and tease him “freely, 
without inhibitions” and pose to be angry when he would proceed on 
leave on account of  familial or social obligations. Jeevan, the cook at the 
temple, also finds a loving place in the narrator’s memory. Jeevan made 
it a point that he ate well, was aware of  his lack of  appetite, perhaps due 
to his different eating habits, and would reserve some sweet dish for him 
to boost his appetite. 

The writer-narrator can now consciously experience the 
transformation in his personality and outlook. Long periods of  alone-
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ness no longer bothered him. “Equanimity, an easy calm, and love for 
nature, fellow humans and simple things of  life began to take roots. . .. 
Peace pervaded my whole being, and no physical deprivation or 
discomfort could destabilize me”. He is able to meditate upon and 
realize a rare harmony with every aspect of  being alive: “I felt for the 
first time that we constituted a large human family in which each 
member was equally important; education, affluence, poverty, class, or 
position hardly mattered. We were all notes of  a symphony, and unless 
all notes played in tandem, the only possible music was a jarring noise”. 

Eventually, it is Nikita and Vinti, the two nursing associates of  the 
narrator, who “mediated and bridged the linguistic gap” that often 
proved to be a barrier between him and his patients”, and who remain 
ever calm and helpful to the simple folks who come to him for medical 
intervention in their diseases which “long years of  neglect” had in some 
cases move “beyond a point of  no return”. For Nikita and Vinti, these 
patients “are almost family, directly or indirectly” both by virtue of  their 
profession as well as the sense of  belongingness and association with the 
place and its people. While the narrator’s association with Prabodh, Balu 
or Jeevan is more of  a personal alchemy, It is the care and concern which 
these two women exude towards humanity at large, which is perhaps an 
epiphany-like event for him and ushers a total transformation of  his 
being variously orchestrated by his sojourn in this peculiarly humane 
place with a harsh geography. He is able to shed the persona of  an 
intellectual struggling with words and ideas and respond intimately to 
the human condition around him, like a sahaj sahridaya. And the river of  
creativity begins to flow. . . .  

Structurally and linguistically “And Then the River Flowed” is a 
well-knit story. There are no loose strands in the narrative and the 
syntagma fall into place perfectly. The choice of  words is rigorous and 
orchestrates the state of  mind of  the writer-narrator characterized first by 
doubt and anxiety before moving to the mountainous incluse and later 
by acceptance and equanimity. Thus, antonymic words and expressions 
like “incapable”, “unfounded”, “unartistic” [sic], “insurmountable”, 
“uninspiring”, “unexpected” and the like abound in the first half  of  the 
story, but rarely occur in the later part. However, the language used 
remains too elite and does not capture the linguistic peculiarity of  the 
rural, mountain people, whose feelings and expressions appear to be 
merely approximated even when assigned within quotation marks. While 
the “cadence” of  strictly English language may be well maintained here, 
the words really “fail to fall into place and grow viscous” at least in this 
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instance, as the language used by the rural folk tends to be idiomatic and 
inflectional. The use of  “Sirji!’ as an endearing form of  address is the 
only exception one can pin point in this context. 

Moreover, despite the delimited canvas of  a short story with little 
scope for growth and development of  context and characters, one feels as 
a reader that the depiction of  the mountainous environment and the 
characters drawn there from lack due cross-matching. Various characters 
could have been assigned some traits drawn from their environment. For 
instance, Balu’s apparent arrogance could have been likened to the 
towering hills and his caring attitude to the melting snow. 

“And Then the River Flowed” is eventually a self-reflexive story 
wherein the writer tries to explore and justify one’s creative process vis-à-
vis the changing circumstances and environment of  his personal and 
professional life. There is hardly any event executed on the external 
plane: the substance of  the story comprises the thought process of  the 
narrator which borders on the philosophical. However, all said and done, 
there lies embedded within the narrative, a larger story which is about 
life itself  and its joie de verve. 

Audience’s Live Response 

Priyanka Vaidya: Beautiful expressions and metaphors! This story teaches the art 
of  living. Mesmerizing! 

Sangeeta Singh: "Candid confessions" of  the evolution of  a writer/ artist/human 
being. Autobiographical inward journey of  a mystic-seeker. Love the sheer flow 
of  the river of  words.... 

Kamayani Vashisht: The story of  a story! Praveen sir, let this be the beginning of  a 
new journey. 

Shivani Chaudhary: An unconventional pastoral narrative... inner chatter, peace, 
harmony, charming human touch... how well contours of  life have been painted. 
It's a story of  finding extraordinary happiness in the ordinary. 

Swaraj Raj: A tellingly effective memoir of  a story. Sir, we are the people we 
meet, the stories we read, the stories that we tell ourselves about ourselves… we 
grow, we evolve in response to all that we encounter… very well narrated. 
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छतरी 

िÿयंका वīै 

िज़ंदगी के चालीस बसंत वो अकेल े िबता चुका था, एक अजीब सी कÔमकश थी जो उस े
रोकती थी। अकेले रहन ेकì आदत हो गई थी।  

अजीब आदत थी, होटल म¤ िमली लड़िकयŌ के बारे म¤ जानन े कì कोिशश करता। 
उनके अतीत कì तह¤ खोलता और िफर िज़ंदगी और भावनाओ ंकì कृिýमता को देख ठहर 
जाता। िकसी को उस जीवन म¤ धकेला गया था और िकसी न ेख़दु उस बाज़ार म¤ क़दम रखा 
था। 

Óयापार दोनŌ पåरिÖथयŌ म¤ था। उसे िज़ंदगी एक बाज़ार और भावनाए ँवÖतुए ँलगती थी। 
गहरा उतरन े कì आदत थी और वो सारी कहािनयाँ उसके अतंमªन को घरेे रखती, उनस े
िनकलना आलोक के िलए सÌभव न था। कभी कहé बाहर जाता तो भी बड़े शहरŌ कì गिलयŌ 
म¤ िबखरी कहािनयŌ को समेटन ेपहòचँ जाता। कभी िकसी को नज़र भर नहé दखेता, न िकसी 
को Öपशª ही करता। रात भर आराम कुसê पर बैठ मĦम रोशनी म¤ उन लड़िकयŌ कì अनकही 
और अनसनुी दाÖतानŌ को सनुन ेकì कोिशश करता। 

आलोक एक महीन ेकì छुĘी लेकर मुंबई चला गया। िकताब¤ पढ़न ेका शौक़ था और 
िकताबघर म¤ जाते ही उसकì मलुाक़ात एक ख़ामोश पहेली स ेहòई, जो शÊदŌ का समंदर थी, 
िफर भी कोई हलचल नहé थी। 

अजीब पागलपन था। कुछ पान ेकì होड़ नहé थी, कुछ जानन ेकì होड़ थी और वो 
समंदर अथाह था और गहराई का कोई अतं नहé। वो डूबता चला गया। 

आलोक इस बार िकसी ऐसी लड़कì स ेिमला िजसके जीवन कì गहराई तक पहòचँना 
सÌभव न था। 

वो लड़कì साँवली थी। गहरी काली बड़ी-बड़ी आँख¤ और घुंगराले बाल। 

“तुÌहारा नाम ³या ह?ै” 
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जो नाम आप द ेदो। िजतन ेलोग आते ह§ उतन ेनाम द ेजाते ह§ और म§ अपना नाम भलू 
चुकì हó,ँ याद करना भी नहé चाहती। उन लोगŌ को भी कहाँ मेरा नाम याद होगा, मेरा चेहरा 
भी भलू गए हŌगे।  

ब°ी भी जलाना नहé चाहते, ख़दु का चेहरा जो छुपाते ह§। 

'म§न ेनाम पूछा और तुमन ेसब बता िदया, नाम नहé बताया।” 

“नाम पहचान स ेजड़ुा ह,ै पहचान तो गमु ह,ै इन बदनाम गिलयŌ म¤।”  

वो हंस दी। हसँी उसके चेहरे से अलग ही नहé हो रही थी और ख़शुी उसकì िज़ंदगी स े
बहòत दरू थी। 

“आप पहले ह§ जो बात कर रह ेह§। ... बात कौन करता ह?ै” 

िफर ख़ामोशी न ेदÖतक दी।  

दोनŌ चुप हो गए। बाहर बाåरश हो रही थी। आवाज़ थी तो बस बूँदŌ के टपकन ेकì। 

"परदा खोल दो। हाँ! िखड़कì भी खोल दो।” 

“अरे! यहाँ कोई कभी भी िखड़कì खलुवान ेवाला नहé आया। तुम अजीब हो।” 

“³या पीना पसदं करोग?े” 

"काली चाय अदरक वाली। बस!” 

'अ¸छा! तमु तो अपना नाम बताओगी नहé, ननैा सही रहगेा!” 

‘नैना! नैना! नैना!’ वो नाम दोहराने लगी। िकतना अ¸छा ह ैसनुन ेम¤!  

नैना न ेकभी कुछ नहé दखेा था, रोशनी उस ेडराती थी और रात अधेंरी होती थी। नैना 
कì बड़ी-बड़ी आँखŌ म¤ काजल ऐस ेलग रहा था मानो आसमान को काले बादलŌ न ेबाँधन े
कì कोिशश कì हो। 

"तुÌहारे बाल तुÌहारे चेहरे पर िगर रहे ह§, तुÌहारी आँखŌ को दखेना ह।ै इÆह¤ बाँध लो।” 

हाँ! चाय अपने िलए भी बनाना।” 

वो मैिथली म¤ कोई गीत गनुगनुा रही थी। उसकì आवाज़ बहòत सरुीली थी और बाåरश 
कì åरमिझम म¤ संगीत घलु गया था। 

"गाओ, चुप ³यŌ हो गई?” 

“चलो िखड़कì के पास दो कुिसªयाँ लगा दो, वहé बैठ¤गे।” 
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ज़ोर स ेहंस पड़ी, एक तो चाय और ऊपर से सदê कì बाåरश। 

"बैठ जाओ, गाना अ¸छा गाती हो। कुछ और सनुाओगी, अभी तो बारह ही बजे ह§, 
पूरी रात बाक़ì ह।ै चाय अ¸छी ह,ै थोड़ी और बनाओगी?” 

वो चाय बनाते हòए गाना गनुगुनाती रही और आलोक उसके मैिथली भाषा म¤ रच ेहòए 
गीत म¤ उसका अतीत खोजता रहा। मानो शÊदŌ के पीछे का सच, धड़कन म¤ िछपा संगीत 
सनुना चाहता हो। 

"मैिथली कैसे आती ह?ै” 

“य ेगीत कहé Łह म¤ बसा ह,ै बाक़ì कुछ ठीक स ेयाद नहé।” 

अतीत याद नहé, पहचान पता नहé, नाम का अिÖतÂव नहé, जानन े कì चाह नहé। 
आलोक िखड़कì स ेिदख रही बूँदŌ म¤ खोया हòआ था। कुछ ढूँढ रहा था। म§ कभी िखड़कì नहé 
खोलती! ख़ासकर जब बाåरश हो रही हो तो! आलोक नैना कì मŁÖथल हòई आँखŌ को देख 
रहा था। 

पूरी रात िबना कुछ कह े और सनु े बीत गई। ख़ामोशी चीख़ रही थी। कुछ था जो 
अिभÓयĉ हो रहा था, कुछिबना ÿयासŌ के मकुÌमल हो रहा था।िबना कोिशश के घिटत हो 
रहा था। आलोक िबÖतर पर सो गया, नैना ने बरसŌ बाद बाåरश को दखेा था और वो सोफ़े पर 
बैठ एकटक िखड़कì स ेबाहर दखेती रही और कब उसकì आखँ लग गयी उसे पता न चला। 

अगल ेिदन सबुह िफर वही चाय। 

“सािहब! ऐस ेआप यहाँ नहé Łक सकते।” 

"म§ तुÌह¤ क़ìमत द ेदूगँा।” 

“िकसकì क़ìमत, अदरक वाली चाय कì?” 

“हा!ँ चाय और गान,े दोनŌ कì!” 

वो मÖुकुरा दी। पहली दफ़ा उस ठहरी सी लहर म¤ उफ़ान आया था। रेिडयो पर 
ÿधानमýंी जी का संबोधन आ रहा था, उÆहŌन ेकहा, “जो जहाँ ह ैवहé रह!े” लॉकडाउन लग 
गया था। 

“³या तुम मझेु लॉकडाउन ख़Âम होने तक यहाँ रहन ेदोगी?” 

ठीक ह।ै वो गीत गनुगनुाते हòए रसोई म¤ चली गई। 

“हा!ँ कल का एक सवाल अधरूा ह।ै तुÌह¤ बाåरश ³यŌ पसदं नहé?” 
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“इस सवाल का जवाब ज़łर दूगँी। “बोलते-बोलते वो चुप हो गई। दोनŌ अपनी 
ख़ामोिशयŌ म¤ खो गए। आलोक िदन भर कÌÈयटूर पर अपन ेकाम करता रहा। नैना कहािनयाँ 
िलखती थी। उसकì डायरी म¤ सबकì कहािनया ँदÜन थी। आलोक उस डायरी को पढ़ना नहé 
चाहता था। वो नैना के मुँह से उसकì दाÖता ँसनुना चाहता था। 

"³या कभी िकसी स ेÈयार हòआ ह?ै िकस बारे म¤ िलखती हो, खोने के बारे म¤ या पान ेके 
बारे म¤?” 

“पाया होता तो यहाँ नहé होती।” 

Èयार कì तलाश भी अजीब ह।ै Èयार कì तलाश म¤ खोया हòआ आदमी सब पर िवĵास 
करता ह।ै सभी को िदल म¤ पनाह दतेा ह ैऔर सब कì िज़ंदगी म¤ आग के बाद बची राख कì 
तरह िबखर जाता है। राख िफर िकसी उÆमĉु हवा के झŌके के इतंज़ार म¤ ठहरी रहती ह।ै 

पुनः जलना चाहती ह,ै जो सÌभव नहé। राख स ेखेलते-खेलते अनेकŌ िचराग़ बझु गए। 
बझुन ेसे जलन ेतक का सफ़र और जलन ेस ेपुनः बझुन ेतक का सफ़र भी अजीब होता ह।ै 
Èयार नाम का लÜज़ मरेी कहािनयŌ म¤ कभी था ही नहé। अगर ग़लती स ेउस शÊद को िलखती 
तो आँखŌ म¤ पड़े रेत कì तरह वो शÊद चुभता। पुनः िमटाती और कर दतेी अलिवदा उस एक 
शÊद को िजसकì सदा से तलाश थी। पीछे भागती। अब लÜज़Ō से काम नहé चल रहा था। 

वØत कì कँटीली धरातल पर पÕुप के बीज िबखेरन ेकì सोचती और कोई उसे ÿतािड़त 
कर रŏद कर चला जाता। िजजीिवषा के िलए िफर नए राÖते पर चल पड़ती। 

व±ृ के सब फूल तोड़ िदए गए थे।  

जो भावनाए ँथी वो घटुन ेलगी थी। 

Èयार तो कभी था ही नहé। Èयार ठहरता ही नहé। Èयार तो Öव¸छंद हवा सा गज़ुर जाता 
है। Èयार कì तलाश ख़Âम हो चुकì थी। Ńदय अनेकŌ आघात सहकर पाषाण होन ेलगा था। 
जब कभी कोई उसकì तरफ़ मÖुकुराकर दखेता तो उसके बढ़ते हाथŌ को दखे वो सहर जाती 
और िवलीन हो जाती। Öपशª उसे µलािन स ेभर दतेा। वो Öपशª स ेभागती। 

िजस ľी के जीवन म¤ कोई पŁुष नहé होता, वो सब के िलए आसान लàय होती है। सब 
उसकì भावनाओ ंके साथ खेलन ेको तैयार होते ह§। Èयार ³या इसंािनयत ही िमल जाए, काफ़ì 
है। 

सरूज ढल रहा था। हवा म¤ ठंडक थी और ननैा को एक रबड़ देते हòए आलोक ने कहा, 

"तुÌहारे बाल बँधे हòए अ¸छे लगते ह§!” 

मानो उसकì काजल लगी गहरी आँख¤ पूछ रही हŌ, “आिख़र तुम चाहते ³या हो?” 
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नैना ने अलमारी से एक छतरी िनकाली और ज़ोरज़ोर से रोन ेलगी। 

“आप मझुस ेबात करना चाहते हो ना? कोई बात ही तो नहé कì िकसी न,े िकसी न े
कुछ नहé पूछा कभी। ये छतरी बाबा ने दी थी, दो िदन पहले ही म§ µयारह कì हòई थी। वो 
रंगिबरंगी छतरी। म§ रात भर उस छतरी को अपने साथ लेकर सोती, डर था िक मेरा छोटा भाई 
ल ेलेगा। आज म§ ख़दु उस ेदनेा चाहती हó,ँ वो नहé ह।ै म§ य ेछतरी लकेर नदी पार गाँव से दरू 
अपन ेåरÔतेदार के घर गई थी। बस यही छतरी थी मेरे पास। नदी म¤ भीषण बाढ़ आ गई, घर 
और घर का कोई भी सदÖय नहé बचा। सब डूब गया। सब तरफ़ पानी था, िज़ंदगी का कोई 
िनशाँ नहé था। सबकुछ डूब गया था। लहर¤ भी मेरे घर का पता नहé बता रही थी। सब सवाल 
िनŁ°र रह गए। मेरी िज़ंदगी िकस िदशा म¤ जाएगी,मझेु नहé पता था।मरेी नौका और मेरा सफ़र 
कुछ भी मेरा अपना नहé था।” 

“मेरे पास बस एक छतरी बची थी।” 

“म§ दोबारा कभी अपन ेमा-ँबाबा को नहé देख पाई। उनकì तÖवीर¤ भी डूब गई थी। कुछ 
भी शेष नहé था, उनके चेहरे मेरे िदल म¤ अभी भी कहé दÜन ह।ै” 

“बाबा का हाथ म§ अभी भी महससू करती हó,ँ माँ कì गोद मझेु बहòत याद आती ह।ै” 

“छोटा भाई अभी भी मेरी चोटी खéचकर मझेु सताता ह।ै” 

“वो िगरन े के बाद िबना कपड़े झाड़े िफर स े भागना, धलू से नहाना और िफर भी 
िखलिखलाते रहना, िमĘी स ेसन ेचहेरे म¤ जो हसँी फूट पड़ती थी वो बहòत याद आती है।आइन े
स ेÛयादा मा ँकì आँख¤ हाल बताती थी और ख़ामोशी भी बहòत शोर करती थी। भोलापन ऐसा 
िक Èयार जीतन े के िलए åरĵत नहé दनेी पड़ती थी और थोड़ी सी चोट लगन ेपर कई हाथ 
सहलान ेके िलए उठते थे। िपता कì उँगिलयŌ स ेमेरी उँगिलयाँ छोटी होती थी और पकड़ कर 
लगता था िक दिुनया के सबसे ताक़तवर आदमी ने थाम िलया और अनंत साहस भर जाता 
था। अब िकसी भी दौलत से वो िमĘी म¤ सनी मÖुकान, साहस, छोटी उँगिलया ँऔर लÌबी 
दौड़ नहé ख़रीदी जा सकती।”  

“µयारह साल कì उă म¤ कोठे पर उन चीख़Ō को सनुन ेकì आदत हो गई थी और मेरी 
ही उă कì छोटी-छोटी लड़िकयŌ को गिुड़या तोहफ़े म¤ दी जाती थी।” 

“पþंह साल कì उă म¤ म§ वहाँ स ेभाग गई। एक िकताबŌ कì दकुान म¤ काम िकया, पढ़न े
का शौक़ था। 

उस दकुान कì मालिकन ने एक कमरा द े िदया। पढ़ाई िफर से शŁु करन ेम¤ मदद कì। 
अधेंरे कमरे म¤ माँ-बाबा स ेबात¤ करती, वो नहé थे, उनका एहसास बाक़ì था: 
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“बाबा! म§ पढ़ñ ँगी, अब माÖटर तो नहé बन सकती। िज़ंदगी न ेऐस ेपाठ पढ़ा िदए ह§, परंत ु
म§ पढ़ñ ँगी।” 

“िहदंी के सब लेखकŌ को दकुान म¤ बैठ पढ़ िलया, जो ख़रीददार िकताब लेते थे उÆह¤ 
लेखक और िकताब के बारे म¤ बता देती। कहािनयाँ सनुाना आदत हो गई थी।” 

वØत बीतता गया ।” 

 “वो बैसािखयाँ काटन ेलगé। िफर स ेक़ìमत चुकानी पड़ी। कमरा महँगा हो गया और 
िज़ंदगी सÖती। कुछ महीन ेही हòए थे िक िफर से वही िसलिसला शŁु हòआ। अब कì दफ़ा पढ़े- 
िलख ेलोग थे, कोठा भी नहé था। म§ थी और मेरा छोटा सा घर, िबना एहसास का िजÖम और 
िबना धड़कन का िदल।” 

“सनुा ह ैआपन?े ये िदल धड़कता ही नहé।” 

“अभी भी कालांतर म¤ िकताबघर जाती हó।ँ .... तभी आप िमले! िज़ंदगी कहानी बन 
गई ह।ै” 

एक ज़मान ेसे िकसी ने कुछ पूछा नहé था। सब िसफ़ª  बताते ह,ै कोई बीवी से परेशान, 
कोई घर से, कोई नौकरी से, कोई िज़ंदगी स।े कोई नहé पछूता िक मेरी ³या कहानी ह।ै 

वो छतरी को गले सा लगाकर रोन ेलगी, काजल बह गया था। 

बाल अभी भी बँधे थे। 

आलोक उठा, “तुम अदरक वाली चाय लोगी?” 

“मझेु कहािनया ँपसदं ह,ै ³या रोज़ शाम को एक कहानी सनुाओगी?” 
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िÿयंका वैī कì कहानी "छतरी" कì समी±ा 
हेम राज बंसल 

सािहÂय बहòत सी ऐसी कहािनयŌ स े भरा ह§ जो वÔेयाओ ंके जीवन और उनकì वाÖतिवक 
पहचान स ेजझूता रहा ह ै। कमला दास (1934-2009) कì कहानी "ए डॉल फॉर दी चाइÐड 
ÿॉिÖटट्यटू" (1977) तेरह वषª कì लड़कì Ł³मिण कì जीवन Óयथा पर ÿकाश डालती ह।ै 
बाबरूाव बागलु (1930-2008) कì "वमुन ऑफ दी Öůीट" और िनरंजन कì "दी लाÖट 
कÖटमर" भी Ńदय िवदार कर दनेे वाली कहािनया ं ह।ै इÖमत चगुताई (1915-1991) और 
कुअªतुल ऐन हदैर (1926-2007) कì कहािनया ं भी समाज के इस कड़वे सच को उजागर 
करती ह§ । लेिकन िÿयंका वīै कì कहानी एक ऐसी ही मजबरू लड़कì के िजÖम स ेन शłु 
होकर समझ से शłु होती है। “छतरी” कहानी एक उस लड़कì के बारे म¤ बताती ह ैजो एक 
ऐसी दिुनया म¤ खदु को खोया हòआ पाती ह ैजहां उसकì अपनी कोई Óयिĉगत पहचान नहé 
रह पाती। कहानी के मु́ य पाý ओजस के जीवन को दखे¤ तो वह उन लड़िकयŌ के बारे म¤ 
जानना चाहता ह ैजो उसे होटल म¤ िमलती ह§। उसे इस बात स ेपीड़ा पहòचंती ह ैिक कैस ेजीवन 
माý एक बाजार कì तरह ह ैऔर भावनाए ंबनावटी। वह लड़िकयŌ कì िजंदगी म¤ उतर जाना 
चाहता ह,ै उÆह¤ समझना चाहता ह,ै उÆह¤ ³यŌ और कैसे खदु को बेचना पड़ रहा ह,ै ³या वो ये 
सब िकसी पाåरवाåरक समÖया के कारण कर रही ह§ या िकसी आिथªक समÖया के कारण या 
िफर Öवे̧ छा स।े  

कहानीकार आलोक को एक ऐसे पाý के łप म¤ दशाªती ह§ जो िबलकुल अलग ह ै
िजसका मकसद िकसी के िजÖम तक पहòचंना नहé बिÐक उनकì आÂमा, मन और 
पåरिÖथितयŌ को समझना ह।ै यही कारण ह ै िक जब वो मुंबई जाता ह ैतो एक िक़ताबघर म¤ 
एक ऐसी लड़कì को पाता ह ैिजसको आज तक िकसी ने समझने कì कोिशश ही नहé कì थी। 
जब वह उससे उसका नाम पूछता ह ैतो वह बताना ही नहé चाहती। उस ेयह जान कर आĲयª 
होता ह ैिक िकसी न ेआज तक उससे उसका नाम जानने कì कोिशश ही नहé कì थी। उसके 
पास आज तक िजतन ेभी úाहक आय ेथे वो केवल शारीåरक भखू िमटान ेआये थे, कभी ब°ी 
तक जलान ेकì कोिशश नहé कì थी उÆहŌन े³यŌिक वो िकसी को भी अपनी पहचान नहé 
बताना चाहते थे। इसिलए सबको अधेँरा पसदं था और अधेँरे म¤ ही लौट जाना तािक उनकì 
सामािजक पहचान पर कोई नकाराÂमक ÿभाव न पड़े।  
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िÿयंका वīै न ेकाफì मािमªक ढंग स ेइस लड़कì का िचýण िकया ह।ै िभÆन-िभÆन लोग 
उस े अलग-अलग नाम से पुकारते थे और इस कारण वह अपना नाम तक भलू चुकì थी। 
आलोक का उसे नैना नाम देना उस लड़कì कì वाÖतिवकता को दशाªता ह।ै य ेनाम उसे अधेँरे 
स ेउजाले कì तरफ लान ेकì कोिशश करता ह,ै और समाज को भी एक आइना िदखाता ह ैिक 
हम¤ कैसे अपन ेनैना, अपनी आँखे एक वÔेया कì िजंदगी को एक अलग ŀिĶकोण स ेदेखन ेके 
िलए खोल दनेी चािहए। नैना का िखड़कì कभी न खोलना भी उसके अदंर के अधँरेे को 
दशाªता ह।ै िखड़िकयां जीवन म¤ नयी संभावनाओ,ं अवसरŌ कì ÿतीक होती ह§ और इसी के 
साथ-साथ बाहरी दिुनया कì झलक भी िदखाती ह§ लेिकन नैना के सÆदभª म¤ ये सारी 
सÌभावनाय¤ माý एक कभी न पूरे होन ेवाल ेसपन ेके समान थé। इसके अलावा िकसी ने भी 
उसके िदल कì िखड़कì म¤ गहराई से नहé दखेा था और न ही िकसी ने उसकì पीड़ा को भांपन े
का ÿयास िकया था। यही कारण था िक वह कभी भी कमरे कì िखड़कì नहé खोलती थी और 
दसूरा यह भी िक लोग अपनी पहचान छुपाना चाहते थे। 

लेिखका नैना कì तुलना उस व±ृ स ेकरती ह§ िजसके सारे प° ेऔर फूल तोड़ िदए गए 
हो। नैना के जीवन से भी सारी खिुशयŌ łपी फूल तोड़ िदए गए थे। कुछ वØत के तमाचŌ न ेतो 
कुछ उसका िजÖम नोचन ेवाल ेिवलािसता म¤ डूबे लोगŌ ने। उसका बाåरश को पसदं न करना 
उसके जीवन कì एक असहनीय घटना से जड़ुा था। उसकì रंग िबरंगी छतरी के साथ नैना कì 
बहòत सी याद¤ जड़ुी थी ³यŌिक वह उसे उसके बाबा न ेदी थी। यही वो छतरी थी जो उसके 
बाबा के Èयार का ÿतीक थी और इसी छतरी ने उसे उस भयानक रात को बचाया था जब गाँव 
म¤ आई बाढ़ म¤ सब कुछ डूब गया था। बची थी तो िसफª  वही ³यŌिक उस रात वह उस गाँव म¤ 
नहé थी। इसी िववशता के पåरणामÖवłप एवं अनाथ होन ेके कारण µयारह साल कì अवÖथा 
म¤ ही उसे वÔेयाविृत म¤ धकेल िदया गया था। िÿयंका कोठे कì वाÖतिवकता को सबके सामन े
लाकर नैना के माÅयम स ेउस पर Óयµंय करती ह§ जो नैना कì उă कì बि¸चयŌ के चीखन ेकì 
आवाज़ से पता चलता ह।ै नैना साहस जटुा कर िजस तरह से भाग िनकलती है और एक 
पÖुतक कì दकुान पर काम करती ह ैवह उसके हŌसल ेएवं िवĵास को दशाªता ह।ै लेिकन अब 
िफर से बढ़ती मंहगाई के कारण उसे मजबरून वही करना पड़ता ह ै-- िजÖम बेच कर गजुारा। 
और अगर िÿयंका के शÊदŌ म¤ कहó ं"िबना एहसास का िजÖम और िबना धड़कन का िदल", 
कुछ इस तरह का जीवन हो जाता ह ैनैना का। 

आलोक नैना के दःुख भरे जीवन वतृांत स ेआĲयªचिकत हो जाता ह ै। वह उस ेजीवन 
जीन ेकì एक नई आस देना चाहता ह।ै लेिखका कहानी को एक औपचाåरक अतं नहé दतेी, 
वह यह पाठकŌ पर छोड़ दतेी ह§ और यह कहानी के अिंतम ÿĳवाचक वा³य "³या रोज़ शाम 
को एक कहानी सनुाओगी?" स ेÿतीत होता ह।ै हालािँक आलोक वहा ंलॉकडाउन के बीच 
फंसा था लेिकन उनकì यह मलुाकात हम¤ उनके जीवन के एक सहुावने भिवÕय कì ओर इिंगत 
करता ह ै³यŌिक आलोक बहòत ही सहानभुिूत पूवªक नैना को समझने कì कोिशश करता ह ै।  
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नैना कì रंग-िबंरंगी छतरी जीवन के उन रंगŌ अथाªत खिुशयŌ का ÿतीक ह ैजो उसके 
बाबा उसकì िज़Æदगी म¤ भर देना चाहते थे। नैना का छतरी से हमेशा िचपके रहना उसके बाबा 
कì उसके िज़Æदगी म¤ परो± łप से िनरंतर साथ रहन ेका एवं सहारा दने ेको दशाªता ह।ै िजस 
ÿकार स ेछतरी बाåरश और धपू स ेहमारी र±ा करती ह ैवैसे ही नैना के बाबा कì भ¤ट कì हòई 
छतरी उसे िवकट िÖथितयŌ से िनपटन ेम¤ ढाल का काम करती ह।ै  

"छतरी" 2020 म¤ ÿकािशत कहानी-सúंह लॉकडाउन डायरी: कही-अनकही कहािनयां 
म¤ सिÌमिलत ह।ै यह कहानी आिथªक िववशता म¤ जझू रही औरतŌ के मजबरून िजÖम-परोसन े
कì पीड़ा को िदखाती ह।ै लेिखका कì इस तरह कì औरतŌ के ÿित संवेदना का पता इस बात 
स ेचलता ह ैकì उÆहŌन ेपूरी कहानी म¤ कहé पर भी 'वÔेया' शÊद का ÿयोग नहé िकया ह।ै यह 
कहानी आिथªक िववशता म¤ जझू रही औरतŌ के मजबरून िजÖम-परोसन ेकì पीड़ा को िदखाती 
ह।ै आलोक जैसे समझदार पाý का होना भी इस बात का पåरचायक ह ै िक िज़Æदगी म¤ 
वÔेयाओ ंको भी ÿेम कì जłरत होती ह,ै उÆह¤ केवल शारीåरक भोग कì वÖतु माý नहé समझा 
जाना चािहए। वे भी भावनाÂमक łप स ेभखूी होती ह§ िजस ेशारीåरक िवलािसता कभी पूरा 
नहé कर सकती। कहानी कì सुंदरता इस बात स ेभी ह ैिक कहानी म¤ मु́ य łप स ेदो ही पाý ह§ 
और वो सही मायन ेम¤ एक-दसूरे स े'बात' करते ह§ और एक-दसूरे के मनोभावŌ को समझते ह§। 
यह कहानी हम¤ जॉजª बनाªडª शॉ (1856-1950) के मशहóर नाटक िमिसज़ वारेन'स ÿोफेशन 
(1902) कì भी याद िदलाता ह ै िजसम¤ उÆहŌन ेकहा था िक वÔेयाविृत एक नैितक चूक के 
कारण नहé बिÐक आिथªक जłरत कì वजह से उÂपÆन होती ह।ै इसी के साथ-साथ यह 
कहानी बाल तÖकरी, मु́ यत: मासमू लड़िकयŌ कì तÖकरी तथा उÆह¤ िजÖम बेचन ेके धधं ेम¤ 
धकेलन ेवाल ेलोगŌ पर कड़ा कटा± ह।ै  



Audience’s Live Response 

Jyoti Mishra: Very passionate rendering Priyanka... 

Seema Bawa: Mesmerizing! 

Shikha Kapur: Amazing! Lovely narration! 

Shelley Narang: Loved your rendition …so passionate, yet delicate. 

Arun Guleria: Very heart touching story Priyanka... exposed hidden layers of  
society… great. 

 

 

 

 



  

 

16 

WHY FEAR WHEN I AM HERE 
RAJAN KAUSHAL 

Mohan was literally dragging his feet while returning home. Earlier, he 
would always want to reach home as early as possible. He had never 
experienced this kind of  eerie feeling where he would just keep walking 
and should never be home. What troubled him the most was that he was 
fired from his job despite his honesty, loyalty and dedication towards the 
company. This thought crossed his mind relentlessly despite giving his 
heart and soul to the company, the owner didn’t think at all before his 
dismissal. He was the oldest employee of  the company and had been 
there from the day when the owner Mr. Chopra inaugurated it by 
breaking the coconut. He had seen the firm meandering through the 
tumultuous path during recession to achieving the culmination of  
success, eventually. When he arrived near his home, the kids playing in 
the street thronged him for grabbing their toffies as he would bring toffies 
for them everyday. “Today I have nothing, kids,” said he and showed his 
empty hands. 

He had a surge of  extreme sadness on his face. The moment he 
pressed the doorbell, he didn’t know how he would face his wife and 
kids. His wife opened the door but without making an eye contact with 
her or uttering a word, he went inside. The wife could sense the change 
in his behaviour. She gave him a glass of  water and sat near him. Then 
after a moment she asked, “What happened, are you Ok?”  

He said in a very low volume while gazing at the floor, “Rekha, I 
have lost my job. They have fired me.”  

The wife was shocked but remained quiet for a while. But after a 
couple of  minutes she asked, “But why did they do it?” 

Mohan sighed and explained, “You know our employees’ union 
has been on strike as we haven’t been paid our bonus and dearness 
allowance this year. The owner gave the reason that company had 
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incurred a huge loss this year. Being there in the accounts department, I 
knew it was true. So, I appealed the union leader to give our owner some 
time and apprised him of  the losses this year. But he got infuriated and 
alleged, “You are a minion of  the owner and a traitor of  our union.” It 
had happened a week back. That very day, our employees in the union 
shouted the slogans against me, calling me a traitor. Today, union made 
a compromise with the owner and agreed on half  bonus and half  DA 
now and half  of  it to be paid the next year.” 

“So good, union has compromised,” she interrupted. 

Mohan continued, “Yes, but along with that they kept a demand in 
front of  the owner.” 

“What demand,” asked Rekha exasperatingly. 

 He replied, “The demand to fire me. When the owner resisted a bit 
then they threatened to go on the strike again. The owner called me and 
handed over the letter of  dismissal and asked me to leave,” his voice 
cracked while saying this. 

His wife said, “But why did you advise the union leader when there 
was no need?” 

When Chopra Sir, the founder of  the company was on his death 
bed, one day he had called me. He asked me to help his son in handling 
the company being the oldest employee. He reposed trust in me. He 
valued my loyalty towards the company. So, there was nothing wrong in 
telling the union leader about the loss the company had incurred. It was 
true,” he answered. 

“But what did you get after telling this truth”, asked Rekha in 
frustration. 

“Don’t worry I’ll find another, job soon,” replied Mohan. 

“I had told you so many times to make a job shift to any other 
company. You could get better salary in any other company as per your 
long experience and capability. But, you never listened to my advice. You 
have not faced any interview in the last 20 years. It is not going to be that 
easy,” responded Rekha. 

Mohan didn’t answer and just got up and went to the balcony. He 
sat there and kept ruminating over the happenings in his life. His wife 
brought him a cup of  tea and the newspaper. “Why newspaper,” he 
asked.  
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“So, that you may look for a new job,” replied she. 

Being a practical lady, she knew that he would have to try hard; 
only then he could secure a job. She never wanted the family to suffer for 
want of  money. They required money for the education of  their kids. 
The son was pursuing his engineering whereas; the daughter was 
preparing hard to get admission in a medical college. Both the kids were 
in dire need of  money for their fees and other expenses. The next day 
Mohan appeared in an interview. They were looking for a fresher and 
not a very experienced guy for the post as they wanted to shell out a 
miniscule amount as emolument. There were very few jobs available, as 
most of  the business houses were firing employees to cut their costs and 
fight with the recession in the market. A couple of  companies could give 
him a job but he couldn’t justify why he left the previous one. So, he was 
considered as a candidate with dubious reputation. He had tried 
everything but still couldn’t obtain a job even after two months. Their 
savings had gone and there was an urgent need to get a job. His wife tried 
to contact a few relatives to help him getting a job, but to no avail. 
Mohan prayed every day in the evening but he was unable to concentrate 
on prayer. The picture of  his Guru and his words, “Why fear, when I am 
here” flashed through his mind. He remembered what he had said in his 
discourse when he had gone to his ashram long ago, “Keep your 
intention correct, I’ll take care of  the rest.”  

But this question kept disturbing him that despite his right 
intentions, honesty and diligence he was suffering so much. A couple of  
tears fell down his cheeks while gazing at the picture of  his Guru. 

Though, his wife would come up with one idea or the other every 
day to secure a job but even after acting upon her advice myriad times, 
he could not obtain a job. Today, when he finished his evening prayers, 
she had been waiting eagerly with one more idea to divulge. 

She said, “I was thinking that at times, especially in troubled times 
we ought to take the help of  our relatives.” 

Mohan stared at Rekha angrily but again she started giving her 
logics, 

“Why not, relatives should help each other” 

“Who are you talking about?” asked Mohan. 

“Krishna, Bhai Sahab, whom you had met, at the demise of  his 
father,” she answered.  
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“What are you saying? I hope you haven’t gone crazy. He is my 
grandmother’s sister’s grandson, such a distant relative. I had met only 
once during the last rites of  his father, 18 years back. He doesn’t even live 
in India. He has his business in South Africa,” he blurted out.  

“So, what, but you told me that he had asked you to tell him if  you 
ever need any help, he would,” she responded. 

He said that as everybody says, during exchanging pleasantries. He 
might not be even remembering my name. It has been 18 years, nobody 
remembers such a small meeting of  just a couple of  minutes,” replied 
Mohan instantly.  

“You please try, if  he doesn’t recognise you then don’t take it to 
heart,” she pleaded. 

His son Lokesh was listening to this conversation and he started 
searching Krishna in South Africa on the Facebook. Facebook showed 
37 results. He quickly went to his parents who were chatting in their 
balcony. 

“Baba, Facebook is showing all these profiles when I searched 
Krishna in South Africa. Can you identify his face Baba?” asked Lokesh.  

Mohan looked at the profile pictures on his son’s phone one by one. 
But he couldn’t find him, so he said, “Look for Krishna Awasthi.”  

“Ok, Baba,” replied Lokesh. 

As he searched Krishna Awasthi, there came a profile showing the 
picture of  a gentleman. He was dressed in a charcoal black suit and had 
radiance on his face. There was an aerial view of  the Cape Town as the 
background of  his profile picture. 

“Baba, look at this picture, is he Awasthi uncle?” asked his son 
with excitement.  

“A little smile came on Mohan’s face and he said, “Yes, he is 
Krishna Awasthi.” 

“Lokesh, can you get his phone number from the Facebook?” 
mother asked Lokesh instantly.  

“Let me see, Mummy, if  he had put his phone number on the 
Facebook,” saying this, Lokesh started searching again. 
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“No, he hasn’t Mummy, but we can send him the friend request 
from Baba’s Facebook account. Let’s see whether he accepts it or not?” 
replied Lokesh. 

“Ok, send it, immediately,” responded mother. 

Though, Mohan was reluctant to send the request but he remained 
mum. 

His son immediately sent the request and said, “Baba, if  he accepts 
your friend request, it means he has recognised you. We will proceed 
further, only then, don’t you worry Baba,” Lokesh assured him as he 
knew the nature of  his father, that he never wanted to lose his self  -
respect. 

Now everyone got busy in their works. Lokesh checked the 
Facebook in the evening. He literally ran to meet his father who was on 
the terrace and was lost in his thoughts. Lokesh danced there like a kid 
but his father snubbed him, “What are you doing, Lokesh, have you 
gone mad?” 

“Baba, Awasthi Uncle has accepted your friend request and he has 
sent you a message on the messenger, saying, ‘Got connected to you after 
a long time, and how are you, Mohan?” informed Lokesh. 

Mohan didn’t believe his ears and said, “Are you sure, Lokesh?” 

“Yes, Baba, yes, very sure,” saying this he danced again. 

“Stop this Lokesh, he has just accepted my friend request. I have 
not got the job yet, so, please stop this,” said Mohan irritatingly. 

“Come on, be optimistic, Baba, I am very hopeful, you will get the 
job soon, if  he gives his reference,” responded Lokesh.  

Mohan came down; he himself  typed a message on the messenger 
and described the entire scenario in short. He requested him to give a 
reference so that he could get a job and he would be grateful. After half  
an hour, Mr. Awasthi sent a message asking for Mohan’s phone number. 
As Lokesh sent his phone number just after a couple of  minutes Mohan 
received a call from Mr. Awasthi’s office. His assistant connected him to 
Mr. Awasthi. 

After exchanging the pleasantries, he explained the entire story in 
short though Mr. Awasthi listened the entire narrative sympathetically 
but he said, “You do one thing send me your CV across on my email 
address which I am sending you on messenger, let me see what I can do. 
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Ok, dear I will get back to you in a couple of  days,” and he kept the 
phone down. 

After this, Mr. Awasthi straightaway called up his personal 
Assistant and told her, “See, Suzane, I’ll send you a CV in a shortwhile, 
immediately forward that to the HR department of  our office in India. I 
want to know every detail about this guy, his work, conduct, reputation 
where he was working in his previous company. I want to know the 
reason why he was fired from there.” 

“Right sir,” Suzane answered. 

After a couple of  days Suzane came and handed over the report 
about Mohan which they had received from their Office in India. 

The report said the same version what was narrated by Mohan in 
his telephonic conversation. Mr. Awasthi asked Suzane to connect him 
to Mohan. 

He said “Hello Mohan, see instead of  giving you a reference for the 
job, I offer you a job in my company in South Africa, you will get good 
salary and other perks, a nice place to stay as well. What do you think 
about the offer?” 

“Well, I will have to think, Bhai Sahab,” replied Mohan. 

“What is there to think Mohan, have you got your passport?” 

“No, I haven’t,” Mohan replied. 

“Anyways that can be made fast these days. You make up your 
mind, get your passport ready and call me back, I’ll send you the Air 
ticket, take care, bye.” As he talked about the offer to his wife and kids, 
they couldn’t believe it to be true. 

“What are you thinking now, please go and get your passport 
made,” said Rekha. 

“I will help you Baba, I know the process, as I have got it made,” 
said Lokesh 

“What happened why you are so sad Baba,” asked his daughter 
Meghna.  

“Nothing, Meghna, I had never thought that a day would come 
when I would be forced to leave my company first and then my country. 
Now I have no other choice but to accept the offer,” replied Mohan in a 
very sad tone.  
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As Mohan called Mr. Awasthi after a week and informed him that 
he had got his passport ready. He immediately told him that he would be 
sending him the tickets soon on his mail. 

Next week, Mohan flew to South Africa, and there the official car 
was ready to receive him. He was taken to the guest house where he got 
fresh and changed his clothes. Then he met Mr. Awasthi and, in the 
office, he met him like a professional and spoke to him formally. He 
handed him over his appointment letter. He was given the designation of  
the senior Accounts Officer in the central office of  Awasthi Group of  
industries. Mr. Awasthi would also sit in that office itself. From central 
office all the offices located in various locations are supervised by the 
owner and the staff. He was given a fully furnished apartment from the 
office as promised. Mr. Martin Astle was asked to brief  him about the 
various companies of  their work and his work in the accounts 
department. Every day Mr. Awasthi would keep a strict vigil on him 
through the CCTV, and he found him very punctual and sincere. When 
Mohan’s senior Mr. Astle was called to report about the performance 
then he simply said, “He is excellent, Sir. He has got a thorough 
understanding of  accounts.” 

Mr. Awasthi was elated to know that. He again called Suzane and 
asked her to check the credibility and character of  the new employee by 
tempting him by wealth, wine and women. He was offered a huge bribe 
to change some entries in the accounts but he refused straightaway and 
acquainted Mr.Awasthi of  the happening. Even other temptations of 
wine and women were not paid any heed by him. So, he had got through 
even in this test. His domestic help was asked about his lifestyle at home 
and he said, “This guy leads a very boring life, sleeps at 10 o’clock and 
gets up at 5 O’ Clock in the morning. Starts his day by praying in his 
little temple and ends the day again by praying. He eats whatever is given 
to him, no likings at all, no drinking; no partying God knows what he 
lives for.” 

Just after a month, he was promoted as the head of  the accounts 
section. Now Mr. Awasthi started discussing various problems his 
companies were facing. Every time he posed a problem in front of  
Mohan, he gave him an ideal solution. This clearly showed that Mohan 
not only was exceptionally well in accounts but even in other matters 
related to the company as well. Mr. Awasthi could sense that though 
Mohan had worked in a smaller company for so long but he was quite 
aware of  the fact where the international market was moving as he was 
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in the habit of  reading the Economic Times everyday. Mr. Awasthi also 
realised that he had a vision for taking the company ahead but till that 
time he had neither got the opportunity nor any exposure to prove his 
mettle. One day when Mr. Awasthi called him and asked him, “Mohan, 
are you happy here?”  

“Yes, Sir”, Mohan replied. 

“Then, why don’t you look happy?” he asked further. 

“I don’t know, Sir, but I had not thought about coming here, living 
here as I was very happy in that small company. The owner Mr. Chopra 
had asked me before leaving for his heavenly abode to be there and look 
after the company. But destiny had something else in store for me,” 
replied Mohan. 

“I understand that, anyways it has been three months now, go 
home, spend a couple of  weeks with your family, then bring them here, if  
possible,” suggested Mr. Awasthi. 

“Yes sir,” Mohan replied. 

“You pack your stuff  you will get the ticket soon” 

The moment Mohan leaves Mr. Awasthi spoke to his manager in 
the Indian office and directs him to initiate the deal of  taking over KGX 
Pharmaceuticals. As the company was incurring losses and the price 
quoted was more than the expected so the owner readily agreed. Within 
a week KGX Pharmaceuticals had become Awasthi Pharmaceuticals. 
Mr. Awasthi called up Mohan and asked him about his plan of  coming 
back to South Africa. He said, “Sir, I would be back after a week.” 

“Ok, you may stay there for three months now,” said Mr. Awasthi. 

“But I have come here just for a couple of  weeks, Sir,” responded 
Mohan. 

“But I want you to be there, as I have recently taken over a new 
company there which was incurring losses. Now it is your job to 
transform that company into a profitable one as I have appointed you the 
CEO of  that company.” 

“CEO of  a company…., which company is that, Sir?” asked 
Mohan in surprise.  

“KGX Pharmaceuticals,” responded the boss. 

After hearing that, Mohan felt choked, and couldn’t speak a word. 
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There was silence for a few seconds and then Mr. Awasthi said, 
“Mohan, check your mail, your appointment letter has been sent along 
with all the details of  the company. You may take any assistance 
required from our office in India. They will be contacting you soon. 
Once you join me in South Africa, after three months then you have to 
give me a presentation on what changes you made in the company. Wish 
you Good Luck! Take care.” Mr. Awasthi kept the phone down after 
saying this. 

Mohan sat down and it was still difficult for him to believe that he 
would be the head of  the company from where he was fired six months 
back. Such a turnaround in such a short span seemed like a dream. 
When this news was divulged to the members of  his family they were 
overjoyed and celebrated the occasion. But that night Mohan went to his 
Pooja room locked himself. He looked at the picture of  his Guru, read 
again those words written at the top of  the picture, ‘Why Fear When I 
Am Here’ and tears trickled down his eyes, he remembered the day when 
he was fired and he couldn’t understand why he was fired. Now he 
realized that everything happened because of  the divine plan as God 
wanted to give him something better. 

He wiped his tears, got a pen and paper and wrote down about his 
priorities in the company. Then he wrote down those things he thought 
were necessary to do in the company but he couldn’t do due to lack of  
authority. Next day, he went to the company, hung the picture of  his 
Guru in his room first, with the title, ‘WHY FEAR WHEN I AM 
HERE.’ Some employees were shocked to see him as their CEO. 
Whereas, some were apprehensive as to what would happen to their jobs, 
others were happy too as they knew that he was a very good human 
being. He called up a meeting of  all the employees, which had never 
happened in the history of  that company. Earlier, only union leaders 
would speak to the management. Then they used to pass on that message 
to the employees. They would communicate the matters as per their 
petty motives. Mohan in this meeting delivered a brief  speech, “Dear, 
fellow workers, first of  all accept my greetings. I had joined this 
company as a junior accountant 20 years back. I vividly remember the 
day when this company was inaugurated by our worthy owner Late 
Chopraji. I still see myself  as an employee who has been here from its 
inauguration till now, except for the six months’ time. I love this 
company as it has given food, shelter and everything, I and my family 
needed and even to yours as well. I never ever felt that I was working just 
for salary. I expect the same love from you for this company. If  you look 
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after this company nicely, in return it will look after you and your family 
in same proportion. Many people may have some apprehensions that I 
may be revengeful and I may take their jobs away. But believe me I am 
not going to do anything like that. I know what happens when you lose 
your job, I won’t let any of  our employee go through that tragic 
experience at all. I know, you all are capable and have done a great job 
here. One thing I want you to keep in your mind that you all will grow if  
the company grows. Love this firm and this firm will love you in return. 
Each one of  you may come and meet me anytime if  you have any 
problem. No other channel is required. Two employees don’t need any 
other channel to talk to each other. If  we can bring this company into 
profit, it will be beneficial for each and every employee. Now every 
month we will meet and discuss our progress, problems and plans. Let’s 
take it as a challenge that in this quarterly report we will bring this 
company into profit. Wish you all good luck.” 

This speech had infused a great confidence among the workers and 
now an environment of  positivity had started prevailing there. In the 
same way he had a meeting with his sales executives and motivated 
them. He established a better communication with his wholesalers and 
offered them incentives too. 

He did achieve what he had planned to achieve. When the next 
quarterly report came his company had attained profit. Share value of  
the company had gone up. When he went to South Africa, he delivered a 
presentation on how he converted a sick company into a profitable one. 
Mr. Awasthi was simply overjoyed. Though he was thoroughly 
professional but he couldn’t stop himself  rising from his chair and 
hugging him. Afterwards, he asked him to manage the Awasthi 
Pharmaceuticals from South Africa and he was given the task of  CEO of  
two of  his South African companies and was asked to bring the required 
changes in them in the next couple of  months. He studied their entire 
system. With great precision he understood the problems and tried to 
find their solutions. He was doing a wonderful job. A few days later Mr. 
Awasthi called him up and asked him to come to his home in the 
evening. He went there and it was a huge mansion. As he sat in the 
drawing room waiting for Mr. Awasthi but then a servant came and told 
him, “Sir, is calling you in his bed room.”  

He went there and saw that Mr. Awasthi was in his bed and was 
looking sick. 

“Sir, what happened, are you fine,” asked Mohan. 
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“Come, Mohan, sit here,” replied the boss. 

Mohan sat on a chair near his bed. Mr. Awasthi held Mohan’s hand 
and a stream of  tears rolled down his eyes. He said, “Mohan, my brother 
I am dying.” 

“What are you saying Sir?, asked Mohan, absolutely shocked. 

“Mohan just listen to me, about 10 months back, I got to know that 
I had blood cancer. I went to USA for my treatment but even there the 
doctors told me that I had maximum one year. They told me that for 
about 10 months I would be able to work but towards the end I would 
feel as if  there was no energy in my body. I was not afraid of  the death at 
all. But I was extremely worried about my son Shankul. He was a drug 
addict and when after remaining in rehabilitation centre for one year 
though he gave up drugs but suffered from acute depression. Now he 
doesn’t speak much. He remains in his own world. I had already lost my 
wife a few years back. Now there would be nobody to look after him that 
was my chief  concern. Another worry was my 18000 employees who 
work in my companies. What will happen to their future and their 
families? When that day, I sat for meditation and these words written 
there ‘WHY FEAR WHEN I AM HERE’ started flashing my eyes, 
again and again. Then picture of  my Guru flashed. That was a kind of  
sign that don’t worry. That very evening, I got a Facebook request from 
you. I put you to various tests but you passed all the tests. Now I don’t 
think there could be a better successor to my business empire. Please, 
take care of  my son Shankul. Treat him as your own son. Whatever 
belongs to me is yours from now onwards.” 

Mohan sat there shocked and speechless. He was gazing at the 
picture of  his Guru hanging there in front of  him with the words ‘WHY 
FEAR WHEN I AM HERE’. He had now understood the divine plan 
completely why he lost his job and why he came there. It was all God’s 
plan. The lawyer was called and all the formalities were completed. That 
day onwards Mohan remained there with him and every evening he 
would spend with him. He would sit near him till late in the night talking 
and assuring him that he would take care of  his son and his business 
very well. After a couple of  months Mr. Awasthi passed away very 
peacefully. No need saying that Mohan loved and looked after Shankul 
just like his kids.  
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Review: “Why Fear When I am Here” 
SHIVANI CHAUDHARY 

Dr Rajan Kaushal’s “Why Fear When I am Here” is a story about faith, 
telepathy and the tendency of  our belief  system to govern our lives. The 
author has done a commendable job in driving home the point that every 
end marks a new beginning. So, when something goes wrong, God 
wants us to get something better. It is thus, a story about trusting the 
divine plan. 

Everyone has their own belief  system but we all feel, at certain 
points of  time, our lives moving according to a masterplan. We are like 
blocks of  a jigsaw puzzle; we are arranged to complete an array which is 
then broken to create a fresh one. Our conscious choices may result in 
small decisions like choosing a profession or a place of  work but we do 
not consciously choose our looks, parents, place of  birth, etc. We can’t 
negate the fact that life happens to us. There is a superpower that brings 
us sufferings, joy, gain or loss. 

The story has a well-knit structure. There are two subplots in the 
story which merge through the punch line ‘why fear when I am here’ 
thus justifying the title of  the story. The protagonist of  the story Mohan 
connects both the subplots.  

The first subplot unravels the crises that Mohan is undergoing. 
Despite being sincere, loyal and one of  the founder employees of  Mr. 
Chopra’s company KG Pharmaceuticals, Mohan loses his job. His wife 
Rekha emerges as a strong and practical lady who does not want her 
family to suffer a financial crunch. She suggests Mohan to ask for help 
by contacting people who could help them come out of  the situation. 
Their son Lokesh is pursuing engineering and their daughter Meghna is 
preparing hard to get admission in a medical college. So they need funds. 
Mohan sits in meditation and visualizes his guru’s words ‘why fear when 
I am here’. 

In the second subplot we come across Krishna Awasthi, his 
business empire, his son Shankul, his Secretary Suzane and Mr Astle, 
Mohan’s senior in South African setting. Mr Awasthi is Mohan’s distant 
relative – his grandmother’s sister’s grandson.  
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The two subplots meet when Mr Awasthi offers Mohan a job in his 
company but puts him through ordeal by testing him in every possible 
way. The reader is shocked when the revelation of  Mr Awathi’s Blood 
cancer is made. His wife is already dead; his son Shankul who used to be 
a drug-addict and now faces anxiety issues needs care and supervision. It 
is when Mr Awasthi is reminded of  his guru’s words, ‘why fear when I 
am here’ that he gets a call from Mohan asking for help. Mr Awasthi 
wants Mohan to take charge of  his business empire and his son Shankul. 
Mohan becomes CEO of  the company he was fired from and Mr 
Awasthi passes away peacefully. Mohan takes good care of  Shankul and 
the conflict of  both the subplots gets resolved. The ending gives relief  to 
the reader and also suggests the reader to have faith when life gives 
troubles. 

The story begins with a metaphor of  returning home empty 
handed, without toffees for kids. It is ironical that the one who used to 
bring hope and toffees to the kids who thronged around him is hopeless 
and helpless today. The opening of  the story describes how layoff  shakes 
a person completely, more so, when the person has been more than 
dedicated and sincere in his services. Here I’m reminded of  Dr APJ 
Abdul Kalam’s quote: “Love your job but don’t love your company, 
because you may not know when your company stops loving you.” 

The story holds significance during the COVID crisis when many 
employees are being laid off. Crises like losing a job, a shelter or a 
partner paralyze the world of  the sufferer and nothing seems to make 
sense. 

In such cases end of  something seems like end of  everything. But 
there is always a reason why things happen the way they do. This is what 
Dr Rajan Kaushal’s story is all about. 

Mohan loses his job, his credibility and his reputation. He is 
literally dragging his feet while returning home. His anguish, despair and 
guilt weigh heavy on him so much so that he hesitates to face his wife 
and children. He is devastated. Unlike Saul Bellow’s Tommy Wilhelm 
(who loses his job as he fails as a salesman and an actor) and also unlike 
J.M. Coetzee’s David Lurie who is forced to resign due to his 
misconduct, Mohan has lost his job despite his right intentions and 
efforts. Mohan tells a truth about the company’s financial position which 
evokes the anger of  the employee union which ends up calling him a 
traitor and the owner’s minion. How his own fellow workers blame him 
and turn against him without knowing the truth reminds me of  Gurmeet 
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Bedi’s “The Terror” which Prof. Meenakshi F. Paul has translated. In 
both the cases people become polarized in their opinion and blame the 
innocent, without knowing the truth. They suffer due to what 
psychologists label as mob behavior. 

Mohan is suffering despite his right intentions, honesty and 
diligence. Whenever someone gets sufferings in life, a train of  
unanswered whys keep disturbing the sufferer. Here in the story even the 
reader feels Mohan’s pain and fails to understand why bad things happen 
to good people. It’s been two months since he has lost his job. Now he is 
running out of  funds and has responsibilities to shoulder. He is unable to 
find a new job. He feels lost. 

It is rightly said that when all doors get shut a small window opens 
up. For Mohan this window opens up in the form of  his guru’s words, 
why fear when I’m here. Then begins the search for Mr Krishna 
Awasthi, Mohan’s distant relative, who could help him find a job. 

We see technology and social media playing a great role in the 
story. Krishna Awasthi is searched through Facebook. E-mail, 
messenger, CCTV cameras-all provide the necessary communication set 
up. The new technology and social media that we all fear is estranging 
people from one another is seen as a medium to connect. Their speed 
and economy help Mohan and his family sail through their troubled 
phase. 

Mohan’s hard work, sincerity and efficiency are appreciated by Mr 
Awasthi and his team. His karmas ultimately bring him the desired 
prarabdha and then his entrepreneurial journey begins. In this way the 
author establishes the reader’s faith in Mohan’s virtues and skills. This is 
how the story becomes inspirational. 

Success does not come to him easy and overnight. He possesses the 
entrepreneurial skill set which enables him to succeed. Besides financial 
skills, knowledge of  international market, crisis management skills, he 
possesses good communication and leadership skills. He also has good 
customer service skills, analytical and problem-solving skills, strategic 
thinking and planning skills. He communicates effectively with his 
employees, sales executives and wholesalers. 

Speeches of  leaders carry huge influence. His speech as a new 
leader infuses confidence amongst his team. He introduces an open-door 
policy so that anyone could meet him. He gives his employees a 
conducive environment to work in and a work culture that encourages 
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them to work to their full potential. As a result of  which productivity 
increases. It all happens because Mohan has the capacity to translate his 
vision into reality. His leadership steers the company into a profitable 
position. 

Mr Awasthi is impressed with the results that Mohan has brought 
forth. When we meet Mr Awasthi for the first time in the story, we 
visualize him as a mighty, established businessman but when the story 
unfolds, we get to know how he is suffering and has limited time left. He 
is worried about his son who is struggling too. He fell a prey to drugs 
and then to depression. After his stay at a rehabilitation centre, he needs 
to be taken care of.  

Here the author successfully drives home the point that all of  us 
have our own struggles. The grass looks greener on the other side but we 
fail to realize that life has a different question paper for all of  us. We all 
have our phases. 

Mohan’s tough phase is over now. His virtues are rewarded. He 
becomes the CEO of  the company he was fired from. 

Here I am reminded of  Steve Jobs, the co-founder of  Apple who 
was fired from his own company. In 2005, Jobs was reported to say: 
getting fired from Apple was the best thing that could have ever 
happened to me. Then he founded his second company NEXT which 
was ultimately acquired by Apple and Jobs became its CEO. 

The story becomes didactic when Mohan is tempted with money, 
wine and women but the integrity of  his character wins him good 
fortune. There is also a moral statement in the story that the whole story 
rests upon, “Keep your intention correct I will take care of  the rest.” 

In Dr. Rajan Kaushal’s story we find that Mohan and Mr Awasthi 
get connected through magical words of  their guru ‘Why fear when I’m 
here’. These words resonate with Aamir Khan’s famous dictum from the 
movie ‘Three Idiots’: Aaaal ij well/ All is well. Faith is all about trusting 
something you cannot prove. It may include fooling oneself  into 
believing that everything’s going to be fine. This is why, I believe, 
carrying lucky charms or wearing lucky dresses work because they make 
you believe that everything is going to be all right.  

It’s true that faith does not solve all the problems of life, but neither 
does logic nor science. Mohan’s prayers and Mr Awasthi’s meditation re-
inforce the Power of  Prayer elaborated by Dr APJ Abdul Kalam.  
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So, here we have a powerful story that gives hope to one and all, 
especially during the testing Corona crisis. I congratulate Dr Rajan 
Kaushal for writing such an inspirational story and I am thankful to ETF 
for giving me the opportunity to review this beautiful story. 



Audience’s Live Response 

Vandna Kumari: Rajan sir, amazing story which revolves around few words but 
with a great vision. 

Girija Sharma: An absorbing story Rajan… was glued to the screen throughout... 
congratulations! 

Anupama Singh: Very interesting story Rajan Sir which is replete with a positive 
note of  faith and uprightness. 

Abhyudita: Rajan sir, the story envisions today's scenario. Congratulations! 

Shikha Kapur: Rajan sir, you are an amazing storyteller! 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



  

 

17 
fcfYy;k a 

js[kk 

Mªkbax:e esa vkrs gq, ckcwth vknru ut+jsa >qdk ysrs gSaA ,slk ugha fd os 
[kkus ls igys ^^;k nsoh loZHkwrs"kq {kq/kk:is.k---** ti jgs gksrs gSaA os rks cl 
njokt+s ds lkeus okyh nhokj ls vka[ksa cpk jgs gksrs gSaA tSls gh og nhokj 
ihB ihNs pyh tkrh gS] os vk'oLr gksdj viuh r;'kqnk dqlhZ ij cSB tkrs 
gSaA vc tks nhokj lkeus gS mlls vkeuk&lkeuk gksus esa dksbZ Hk; ugha] dksbZ 
[krjk Hkh ughaA og rks dsoy nhokj gSA ysfdu ftl nhokj ls og ut+jsa cpk 
jgs gksrs gSa ,d ogh nhokj ,slh gS tks dsoy iRFkj&xkjs dh fpukbZ ugha gSA 
og /khjs&/khjs lkalsa ysrh gSaA ne lk/ks [kM+h jgrh gSA ckcwth ls vka[ksa feyrs 
gh va/ksjs esa fcYyh dh vka[kksa dh rjg dkSa/krh gS vkSj fdlh vi'kdqu dh rjg 
jkLrk dkV ysrh gSA fQj [kkuk rks D;k fnu Hkj dk pSu pkSiV gks tkrk gSA  

dHkh&dHkh ckcwth vius bl csisans Mj ls ijs'kku Hkh gks tkrs gSaA vkf[kj 
,slk Hkh D;k gS\ D;ksa ut+jksa esa ut+jsa Mkydj ugha ns[k ysrs ,d ckj\ vius 
cwrs] vius gkFkksa ,d&,d bZaV fpuokbZ gS bl ?kj dhA lc nhokjsa mUgsa 
vHk;nku nsrh gqbZ –<+rk ls [kM+h gSaA flQZ ;gh ,d nhokj ut+jsa iM+rs gh 
dkyh fcYyh cudj xqjZ&xqjZ djus yxrh gSA ckcwth vius Hk; ds leFkZu esa 
dbZ rdZ tqVkus yxrs gSa] tSls fd uSiksfy;u tSlk O;fDr Hkh fcYyh ls cgqr 
Mjrk FkkA ;k fd tSls dbZ yksx pwgs dks ns[krs gh larqyu [kks cSBrs gSa ;k 
dkSdjksp ns[kdj Nykaxsa yxkus yxrs gSa--- vkfn&vkfnA  

dy tc fdVh NksVk&lk cywaxM+k ¼fcYyh dk cPpk½ mBk, jlksbZ ds 
njokt+s ij [kM+h gksdj lklq eka ls dVksjh Hkj nw/k ekax jgh Fkh rks ckcwth 
>V ls viuh ykbczsjh ls ckgj vk x, FksA fdVh fcYyh dh uje ihB ij 
gkFk Qsjrs gq, dg jgh Fkh--- ^^gkÅ D;wV&gkÅ D;wV** vkSj rHkh ckcwth fdlh 
vfu"V dh vk'kadk ls vo'k gksdj fdVh ds gkFk ij >iV iM+s FksA cywaxM+k 
fdVh ds gkFk ls uhps yq<+d x;k vkSj E;kÅa&E;kÅa djrk gqvk dgha ljd 
fy;k FkkA fdVh dg jgh Fkh--- ^^eSa bls ikywaxh** vkSj ckcwth mls bl rjg 
ns[k jgs Fks tSls og /keZ cny ysus dk lkoZtfud ,yku dj jgh gksA  
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os /khjs&/khjs vius dejs esa ykSV vk, Fks vkSj dqN gSjku ls Fks fd mudk 
gkFk ,slk csdkcw dSls gks x;kA cgw ds lkeus e;kZnk dk mYya?ku dSls dj 
cSBk mudk viuk vuq'kkflr gkFkA  

fdVh ikao dqN vf/kd t+ksj ls iVdrh gqbZ vius cSM:e esa ?kql xbZA 
[kh>dj xgjh lkalsa ysrh gqbZ fd dSls iwokZxzg xzflr yksxksa ds chp vk Qalh 
gS mldh ft+UnxhA llqj ds lkeus D;ksa ph[kdj ugha dgk mlus& ^^eq>s vius 
'kkSd iwjk djus dk iwjk gd gSA** dSls lg fy;k mlus og ewd çgkjA  

C;kg ds igys cjl ifr ds lkFk jgrs gq, ml chgM+ çkUr esa fdVh ds 
ikl yEck [kkyh le; jgrkA ifr lqcg gh dke ij fudy tkrs vkSj ykSVus 
rd 'kke <y tkrhA d‚yst vkSj lkFkh&lafx;ksa dk lkFk NwVs vHkh vf/kd 
le; ugha chrk FkkA x`gLFkh ds nkf;Roksa dh tdM+u Hkh dlh ugha FkhA cgqr 
vylk;s gq, ls fnu FksA Åa?krs&tkxrsA /khjs /khjs vius u, fdjnkj dks 
le>us vkSj mlesa mrjus dh NksVh&NksVh dksf'k'ksa dj jgh Fkh fdVhA ,slh gh 
,d dksf'k'k ds rgr mlus twV ds ,d VqdM+s ij dqN dlhnk djus dh ckr 
lksphA gks ldrk gS vc Hkh dgha eu esa eklh ds os 'kCn dqu&equ djrs gksa 
tks mlus vius ?kj dh cSBd esa viuh gksus okyh lkl ds lkeus flj >qdk, 
gq, lqus Fks & ^^bruk i<+us&fy[kus ds ckotwn ?kj ds dkeksa esa cgqr #fp 
j[krh gS fdVhA flykbZ&d<+kbZ&cqukbZ lcesa fuiq.k gSA**  

xfeZ;ksa dh lwuh] yEch nqigjh esa ?kM+h fVd&fVdkrh jgrh vkSj fdVh 
ugkbZ&/kksbZ] fM;ksMksjsaV dh lqokl esa Mwch&Mwch twV ds js'kksa esa dkys Mksjs 
?kqekrh jgrhA dqN gh fnuksa esa twV ds ml VqdM+s ij ls nks dkyh fcfYy;ka 
viuh uhyh&gjh&vka[kksa ls Vqdqj&Vqdqj >kadus yxhaA ,sls lh/ks csckd ns[krh 
gqbZ fd ekuksa vka[ksa feyrs gh xqjZ&xqjZ djus yxsaxhA xfeZ;ksa dh Nqfê;ksa dh 
miyfC/k Lo:i fcfYy;ka ykSVhaA fdêh us ydM+h ds lqUnj pkS[kVs esa e<+okdj 
mUgsa ltk fn;kA u tkus D;k lkspdj mlus Mkbfuax :e dh bl nhokj dks 
gh lokZf/kd mi;qDr ik;kA  

ckcwth ^;k nsoh loZHkwrs"kq---^ dgrs gq, tSls gh Mkbfuax :e esa ?kqls] 
mudh igyh ut+j tSls fcfYy;ksa us cka/k yhA dkyh Mksjh ls mdsjh xbZ os 
fcfYy;ka dqN ,slh thoar yxha fd ckcwth dks vkHkkl gqvk ekuksa os vHkh dg 
nsaxh--- ^E;kaÅ*! ml fnu os [kkuk ugha [kk ik,A yxk tSls fcfYy;ka mUgsa ut+j 
ls cka/ks muds gj fuokys dks Hkw[kh vka[kksa ls rkd jgh gSaA  

mUgsa irk Fkk ;g fdVh dh dyk—fr gSA mls vkgr fd, fcuk bUgsa bl 
dejs ls ugha gVk;k tk ldrkA ^^;s eugwl fcfYy;ka ;gka ls gVkvk s&** iRuh 
ls ;g dguk ftruk vklku Fkk cgw ls ;gh dguk mruk gh dfBuA cgw 
i<+h&fy[kh vk/kqfud yM+dh FkhA dqyhu FkhA dyk vfHk#fp;ksa ls c[kwch 
ifjfprA mlds vkus ls ?kj dh lkt&lTtk] j[k&j[kko esa dbZ ifjorZu vk, 
FksA ckcwth ns[krs Fks fd mUgsa dqN vuqdwy] dqN çfrdwy Hkys gh yxs] ckdh 
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lHkh lxs&lEca/kh] fe=&ca/kq cgw dh vdwr ç'kalk fd;k djrsA lkSan;Z cks/k dk 
,d u;k vk;ke mlus bl e/;oxhZ; ikfjokfjd ifjos'k esa tksM+k FkkA  

ckcwth tc Hkh dHkh iRuh ls viuh ilan ;k ukilan dh ckr djrs og 
gj ckj ;gh dgdj ckr Vky nsrh& **dj ysus nks thA tks th esa vk, djsA 
gekjs fnu rks vc yn x,A budk t+ekuk gSA budk ?kj&ckj gSA dgrs gSa uk 
& tsM+k /;kM+k] rsM+k cjrkj k& ;kfu le; ds vuqdwy crkZoA**  

ckcwth dks iRuh dh bl ço`fÙk ij dHkh rks vk'p;Z gksrk gS] dHkh Øks/k 
vkrk gSA ogh iRuh tks mudh ilan ds lkFk dHkh vklkuh ls lger ugha gks 
ikrh Fkh] tks viuh ckr ls dHkh Vl ls el ugha gqbZ] ogh cgw vkSj csVs dh 
vuqdwyrk ds lkFk fdruh vklkuh ls <y tkrh gSA dgka ls vkrk gS ;g 
yphykiu\ lgu'khyrk] mnkjrk] Lohdkj ;k fQj L=hlqyHk O;kogkfjdrk\ 
dHkh&dHkh rks os Hkhrj gh Hkhrj rerek dj jg tkrsA mUgsa yxrk ;g ,d 
rjg dh pkykdh gSA lÙkki{k ls le>kSrk dj ysuk--- ij fQj os #d tkrsA 
rks D;k os Hkh ;g eku jgs gSa fd ?kj esa Hkh lÙkk dk gLrkarj.k gks pqdk gS\ 
fjVk;jesaV ds lkFk gh muds flagklu ij csVs&cgw dk jkT;kfHk"ksd dc vkSj 
dSls gqvk] mUgsa rks irk gh ugha pykA gka] dsUæ esa cnyh gqbZ ljdkj dk 
vkHkkl mUgsa ?kj dh cny jgh uhfr;ksa vkSj dk;ZØeksa esa tc&rc gksus yxk 
FkkA dHkh guqekuth ds dSysaMj dh txg iou osx ls nkSM+rs gq, ?kksM+ksa us ys 
yhA dHkh rkuiwjs ij >qdh eXu ehjk ds LFkku ij dksbZ ekaly lkaFkkyh vk 
fojkthA xsans vkSj pEik dh D;kfj;ksa esa dSdVl foylus yxsA xkSjh xŞ ;k dk 
xÅxzkl ikyrw dqÙkksa esa caVus yxkA dqN QuhZpj ukSdjksa ds dejksa dks 
'kksHkk;eku djus yxk vkSj dqN cjlksa dh tkuh&igpkuh viuh lh pht+ksa us 
vius vfLrRo dh j{kk ds fy, cSd;kMZ esa 'kj.k yhA ckcwth us gj ifjorZu 
dh Qkby ij viuh vPNh ;k cqjh fVIi.kh ntZ dh vkSj gj Qkby eqag ij 
Qhrk cka/ks pqi yxk xbZA^^  

ckcwth ns[krs vkSj dHkh dHkh cfu;ku mrkjrs gq, ;k deht ds cVu 
can djrs gq, cqncqnk nsrs& ^^old order changeth---**A os mu fnuksa igqap 
tkrs tc 'kSyh dh ^oSLVfoaM^ i<+rs gq, mUgsa Hkh vius Hkhrj loZ/oaldkfj.kh 
,d çp.M vka/kh dh inpki lqukbZ nsrh FkhA fQj os Lo;a gh mlds vkosx ls 
Fkddj f'kfFky vkSj =Lr gksdj cSB tkrs vkSj ,d ykpkj lk vFkkZuqHko muds 
gkFkksa esa dkafrghu iRFkj dh rjg pqHkrk jgrk & ifjorZu dj ikuk vkSj 
ifjofrZr gks tkuk & bu nks fLFkfr;ksa ds chp dk varj gh ;kSou vkSj tjk 
dk varj gSA rdZ dks dqN vkSj vkxs ys tkrs rks yxrk iRuh us rks loZFkk gkj 
eku yh gS D;ksafd vkSjrsa tYnh cw<+h gks tkrh gSaA ysfdu os Lo;a\ os vHkh gkj 
ugha ekusaxsA lkeuk djsaxs vkf[kjh ne rdA  

nwljs fnu fdVh us ns[kk fcfYy;ksa dks Mkbfuax :e dh nhokj ls inP;qr 
djds ckgj xSyjh esa LFkku fn;k x;k gSA twrksa okys jSd ds dqN ÅijA ;g 
Hkh dksbZ txg gqbZ\ njokt+k [kqys vkSj Lokxr esa tqM+s gkFkksa dh txg fcfYy;ksa 
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ds iats ut+j vk,A vko ns[kk u rko mlus mUgsa ogka ls Hkh mrkjk vkSj 
çfrdkj Lo:i ckcwth ds cSM:e ds njokts+ ls dqN gVdj Vkax fn;kA  

ckcwth ogka ls xqt+js rks ^ckcwth ik; ykxwâ  dh rtZ ij dksbZ tSls 
vkrs&tkrs dgus yxk] ^^ckcwth] E;kaÅ&E;kÅa!**  

ckcwth mlh fnu ckt+kj ls ,d yksdfç;] yksd euHkkou isafVax dk fçaV 
ysdj vk, vkSj Mkbfuax :e dh [kkyh iM+h nhokj ij Vkax fn;kA gYdh Øhe 
jax dh nhokj ij Qwyksa dk xqynLrk egd mBkA ckcwth dks dqN lkFkZd lk 
dj ikus dk larks"k gqvkA fMuj ds le; fdVh dh ut+j iM+hA Lor% ukd 
fldqM+ xbZ--- ^^gkÅ d‚euA** nwljs fnu og fçaV ckFk:e esa igqap x;kA  

cSM:e dh rjQ vkrs gq, ckcwth vH;klo'k tirs gq, vkrs--- ^^;k nsoh 
loZHkwrs"kq fuæk :is.k lafLFkrk---** vkSj nksuksa dkyh fcfYy;ka mudh uhan ij 
>iêk ekj dj xqjZ&xqjZ djus yxrhA  

fcfYy;ka mUgsa lnk ls laLdkjo'k v'kqHk vkSj veaxydkjh yxrh gSaA 
eDdkj] /kwrZ] pkykd] fyacM+h vkSj ykyphA cpiu esa eka dHkh&dHkh NksVh 
cfgu dks ^fyacM+h fcYyh^ dgdj MkaV yxkrh Fkh D;ksafd og [kkus dh phtksa 
ds bnZ&fxnZ Mksyrh jgrh FkhA fdlh Hkh fujhg çk.kh ij dSls rks >iVrh gS 
fcYyhA pksjVh dgha dhA pksjksa dh rjg ncs ikao pyukA ?kkr yxkdj geyk 
djukA muds rkÅth ls lquk Fkk mUgksaus--- ^^fcYyh vka[kksa okyh vkSjr dk 
Hkjkslk ugha gksrkA papy] yqHkkouh ijUrq nxkckt+A** irk ugha D;ksa lHkh mudh 
eka dh pky dh rqyuk fcYyh dh pky ls djrs gSaA bruh /kheh] lqdqekj fd 
pys rks vkgV rd u gks& fcYyh dh rjgA os pkgrs gSa lkjs mieku cnydj 
j[k nsaA viuh fnoaxrk eka dh fdlh Hkh Le`fr ds lkFk fcYyh tSlh dqyPN.kh 
dks u tksM+saA  

tc baVj esa i<+ jgs Fks] mUgha fnuksa ,d fQYe ns[kh FkhA mlesa dkyk 
tknw djus okys tknwxj dh est+ ij cSBh gjh vka[kksa okyh fcYyh vkt Hkh tc 
;kn vkrh gS rks iy Hkj ds fy, lkal #d tkrh gSA dgka rks dgk tkrk Fkk 
fd [kkuk ijns esa [kkuk pkfg,A Hkyh&cqjh ut+jksa ls cpkdj vkSj dgka vc 
Mkbfuax :e esa lEekfur iqj[kksa dh txg MVh gqbZ gSa ;s dywVh fcfYy;kaA  

ckcwth us gBkr fu'p; fd;k fd fcfYy;ka bl txg ls gVsaxh ugha rks 
os lcds lkFk est+ ij cSBdj [kkuk NksM+ nsaxsA iRuh ds lkeus ;g ?kks"k.kk dh 
rks og mYVs mUgha ij cjlus yxh a& ^^bls gh dgrs gSa lfB;k tkukA fcYdqy 
cPpksa tSlk LoHkko gks x;k gS vkidkA ckygB djus yxs gSa bl mez esa 
vkdjA NksVh&lh rLohj brus I;kj ls cgw us cukbZ gSA rkjhQ djuk rks nwj] 
?kj esa dqgjke epk j[kk gS bls ysdjA [kcjnkj tks vkSj dksbZ ckosyk epk;kA 
tgka gS] ogha jgus nsa bls--- D;k QdZ iM+rk gS--- cM+k ogh tks eu ekjsA** dksbZ 
dqN Hkh dgs] viuh uhan vkSj Hkw[k esa ,slh ?kqliSB og dSls lgsa\ ?kj esa bruh 
vogsyuk gks rks O;fDr dh vfLerk cpsxh dSls\ ckcwth us nwljs fnu fcfYy;ka 
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gVkbZa vkSj cPpksa ds dejs esa Vkax vk,A bl ckj rks iRuh ljsvke cgw ds [kses 
esa 'kkfey gks xbZA  

^^cPpksa ds dejs esa dkyh fcfYy;ka\ efr ekjh xbZ gS D;k vkidh\ dgha 
jkr dks Mj tk,a rks\**  

,d ckjxh eu esa vk;k] iRuh ds gkFk idM+dj fxM+fxM+k,a ^^vjs rqe Hkh 
ugha le>ksxh\ eSa Hkh fcfYy;ksa ls Mj tkrk gwa--- va/ksjs esa gh ugha] mtkys esa 
HkhA** ;g Hkh eu esa vk;k fd fcuk fdlh ls dqN Hkh dgs pqipki bls mrkjsa 
vkSj ydfM+;ksa okys dejs esa Nqik dj j[k nsaA vkf[kj ;g jkek;.k] egkHkkjr] 
xhrk] dqjku ;k tiqth lkgc tSlh dksbZ ifo= —fr rks gS ugha ftls egkçy; 
ls cpkuk t+:jh gks ;k jktk jfo oekZ dk dksbZ iq'rSuh fp= ftls /kjksgj dh 
rjg lqjf{kr j[kk tkuk t+:jh gSA fQj ,d nwljk Hkko vk;k fd dyk dks 
u"V djuk vijk/k gh ugha og'khiu vkSj dk;jrk Hkh gSA  

ckcwth dqN 'krksaZ ij viuh ckr j[kuk pkgrs gSaA eku ysa fd Mkbfuax 
:e esa Qwyksa ds xqynLrs dk fp= QwgM+ vfHk#fp n'kkZrk gS vkSj ;fn ogka 
tkuoj gh ltk, tkus gSa rks xk; vkSj fgj.k tSls Hkksys vkSj okRlY;e; i'kq 
D;ksa ugha\ ckcwth /khjs&/khjs le>us yxs gSa fd ;s lc vc QS'ku esa ugha gSA 
fo'okl vkSj Hkksysiu dh txg la'k; vkSj pkykdh us ys yh gSA 'kk;n 
blhfy, QS'ku esa gSa fcfYy;kaA  

ckcwth cgqr dqN dguk&lquuk pkgrs gSa ijUrq x`gLokeh dh e;kZnk vkM+s 
vkrh gS vkSj os pqi yxk ysrs gSaA  

fQygky fcfYy;ka cPpksa ds dejs ls Hkh gVk yh xbZ gSa vkSj vc ykbczsjh 
dh 'kksHkk c<+k jgh gSaA vc ckcwth Mkbfuax :e ds fy, Qyksa dk fp= ys 
vk, gSa rkfd cgw dk ?kk;y eu dqN rks 'kkar gksA cgw us ns[kk rks fQj 
fVIi.kh dh & ^^;g ?kj gS ;k dqatM+s dh nqdkuA** ckcwth pqi jgsA cgq&csfV;ksa 
ls [kqYye&[kqYyk fookn djuk 'kksHkk ugha nsrkA  

okd;q) dh txg 'khr;q) py jgk gSA fcfYy;ka lpeqp diV pky 
py jgh gSaA fcYyh dk oSHko gekjh laL—fr dk ijkHko gSA ;g gekjh 
vfHk:fp;ksa esa ik'pkR; gLr{ksi dk |ksrd gSA ckcwth bl /keZ;q) esa vtqZu 
dh rjg fo"kkn eXu [kM+s gSaA fdl ij 'kL= mBk,a\ 'k=qi{k esa muds vius gh 
cky&cPps gSaA ykbczsjh tks mudk vHk;kj.; Fkh vkt tc lqcg ^loZeaxy 
ekaxY;s---* tirs gq, ogka ?kqls rks lUu jg x,A ukjk;.kh Hkxorh ljLorh dh 
txg ogh dqyVk fcfYy;ka ewaNsa fuiksj jgh FkhaA mudk psgjk fu"çHk gks x;kA 
?kk;y lUukVs ls f?kjk gqvk og psgjk] ?kqVh gqbZ ph[kksa ls fo—r og psgjk--- 
ugha] vc vkSj ugha--- ckcw th ds gkFkksa ls xk.Mho NwV dj fxj iM+kA  

dkSu thrk] dkSu gkjk\ ;g crkus okyk dksbZ 'ks"k ughaA fcfYy;ka viuh 
txg ykSV vkbZ gSa 'kk'or lR; dh rjg ?kwjrh gqbZ & Hk;ghuA ckcwth mudh 
vksj ihB fd, pqipki [kkuk [kk jgs gSaA 
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Kitty Alias Baloongda: The Many Lives of Cats in 
Rekha Vashisht’s “Billiaan” 

ANU JAIDEV 

This review will begin with addressing aspects of  formal composition in 
the short story “Billiaan” to illustrate how they relate to the complex 
trooping of  cats in the story. It will offer an analysis of  Babuji, the 
beleaguered father figure in terms his mental monologues and 
conversations (or the lack thereof). It will also address the positioning of  
women in the narrative space, the unnamed wife, and the daughter-in-
law, Kitty. It will deliberate upon the central crisis on which the story 
hinges: Kitty’s act of  defiance of  weaving cats into a screen, and the 
brilliant intertextual referencing of  another set of  felines in a different 
screen. The review will then focus on the reconfiguration of  domestic 
space in terms of  the almost postmodern assemblage and re-assemblage 
of  artifacts, pictures and other household objects. The consequent 
discussion will focus on the joys of  patriarchy and the rather elusive 
discourse of  power. It will examine the articulations regarding gender, 
authority, intergenerational power struggles, fears and the whole build-up 
around the inarticulable: all in the space where potentially anything/ 
everything may be said.  



‘Billiaan’ by Rekha Vashisht is a neat narrative triumph. In terms of  
composition, the story is clean and elegant. It is beautifully structured: 
almost Austenian in its brevity, unforced and unpretentious, inviting the 
reader into a simple immersion in the textual space. For a story so 
endearingly simple its achievements are rather tremendous. It reveals its 
treasures one bit at a time, in terms of  carefully ordered details and 
observations. For instance, Babuji’s reluctant admission of  his fear of  
cats drops into the text, one innocuous detail at a time. From a 
psychoanalytical perspective, his fear, bordering on phobia would not be 
about cats per se, it would be about what the cats represent to him. The 
build-up is as compulsive as it is reluctant. The narrative utilizes a 
judicious mix of  aggregated memories, assessment of  the self, reasons 
and rationalizations through interplay of  flashbacks and flash forwards. 
What emerges is a deliciously detailed composition hinging on the 
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concretized image of  unexpected/ unsuspecting stray kitten, the 
‘baloongda’. Babuji’s unlikely nemesis actually gets him to act out of 
character when he literally pushes the little kitten out of  Kitty’s arms: 
and he is painfully aware of  it. The stray kitten (that later morphs into 
the screen woven with cats) is rejected in this initial moment as at once 
unworthy of  note and also unreasonably terrifying (clearly capable of 
inducing a completely knee-jerk phobic response). The articulation of  
Babuji’s turmoil comes through the closely aligned narratorial voice: the 
only plausible strategic machination for articulating the inarticulable.  

Cats are troped in the story as culturally loaded metaphors with a 
complex self-referentiality as they erupt into the textual frame and then 
linger about. The cats are positioned within the two intergenerational, 
different cultural orientations that collide and culminate into the central 
crisis. Cats, or rather the different ideas of  cats, have an organic, 
contextual reference point within the story. Cats inspire very different 
kinds of  emotions in the two contenders. The stray is a furry pet for 
Kitty-- “how cute, cute, cute’. For Babuji, it is a tad repellent, inane, 
inferior and beneath contempt. Miniature feline, at once domesticable, 
and potentially wild, vile and ominous. To be fair, cats are rather belated 
entrants in the domestic space in this provincial part of  the subcontinent. 
Naturally for him, Kitty’s adoration of  the kitten as “how cute” smacks 
of  a much more serious breach. In the narrator’s description, it is akin to 
almost the cardinal transgression of  religious conversion. 

Babuji catalogues several negative stereotypes associated with cats: 
vile strays, tricksters, clever dissemblers, surreptitious predators…and 
cat-eyed-unfaithful- women. And bit by bit he divulges his own fear and 
disgust of  them. The memory of  a green-eyed black cat in a film he saw 
as a young boy that still sends shivers down his spine. His mother’s 
reprimanding of  his kid sister as a greedy, gluttonous kitten, forever 
loitering about eatables. And finally, his uncle’s comparison of  his 
mother’s walk with the walk of  a cat; perhaps the most insidious and 
problematic of  all his memories, fueling his need to be rid of  cats. He 
needs to cleanse his mother’s memory from any stain of  anything cat-
like, but he can’t. At best he can repress it, only to have it come alive in 
walls breathing cats. Incidentally, all the cat traits he catalogues are also 
subliminally suggestive of  his unsayable assessment of  the daughter-in-
law monikered Kitty.  

In an adept illustration of  inter-generational, gender dynamic the 
story presents Babuji, the supposed formidable father figure, at a 
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complete loss when he is dealing with his daughter-in-law. It is by 
definition an uneasy relationship, based entirely on discretion, 
consideration and the ability to hold one’s tongue. His almost visceral 
revulsion towards the kitten is his communication. Kitty’s belated 
response is in terms of  the end product of  her talent and aesthetic 
judgement: her woven cat-screen, which she gifts to the household. She 
installs her cats right where she wants them without saying anything to 
him. Whether her choice of  subject for this artistic maneuver is 
incidental or deliberate, is beside the point. Essentially, she is right on 
target. Given that she is the daughter-in-law, the domestic space and its 
arrangement is supposed to fall in her purview and it is his intrusions vis-
à-vis the positioning of  the cat-screen that are regarded as completely 
unwarranted.  

Kitty weaving cats into her screen is reminiscent of  another 
weaving literary predecessor. The intertextual reference to Aunt Jennifer 
weaving tigers into hers is quite unmissable (See Adrienne Rich’s “Aunt 
Jennifer’s Tigers”). But Kitty isn’t Aunt Jennifer yet, and the kittens have 
a little growing up to do. Moreover, cats seem relatively harmless, or do 
they? A tiger burning bright on a screen would be a declaration of  fierce 
assertion, but it probably wouldn’t be as creepy as a cat waiting to 
pounce, and of  course the metaphor would be lost. Or maybe, Kitty is 
aware that she can accomplish so much more with cats than her 
predecessor could with tigers. With this single stroke, she over-rides 
Babuji’s authority without confronting him. A fine instruction in stealth-
strike for Aunt Jennifer! 

The story skillfully engages with this almost postmodern 
assemblage and re-assemblage of  artifacts, pictures and other household 
objects: moving/removing; placement/replacement/substitution of  the 
screen from the dining room to the entrance wall, to the library, to the 
kids’ room, and back to the dining room. The screen, pictures, artifacts 
are tokens through which power is negotiated here. The constant 
changes in domestic art illustrate the unquiet currents underlying them. 
Most of  the changes are innocuous: too ordinary to be taken up and yet 
the chipping away at authority is unmistakable. The calendars, flowers, 
paintings, even routine practices of  everyday piety are in a kind of 
transition. The ‘gau gras’ for instance, is replaced by scraps for cats and 
dogs. Kitty’s aesthetic decisions render the established-order-of-things in 
the household completely redundant. But then, the order of  things is 
about so much more than just how things are ordered. The modification 
of  space and images after all has significance beyond what is said and 
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acknowledged. These are gestures and maneuvers which happen in lieu 
of  the conversation that can’t happen. There’s a new lesson for Babuji in 
the new, altered order of  things in his universe. Power is not necessarily 
vested in any person who seemingly dispenses it: it is dialectical and 
discursive, and its accents change over time. Old order changeth. Indeed. 
In his traumatized isolation, Babuji alone sees what the deliberate 
fixtures of  the screen are capable of  doing. Alas, he can’t say anything: 
not even to his wife. 

The story thus, makes a fine illustration of  the joys of  patriarchy. 
Patriarchy, which privileges a certain class of  men for a major part of  
their lives, ultimately renders them incapable of  adequate personal or 
even domestic articulations. The noblesse oblige code does demand that 
one doesn’t complain and doesn’t explain. After all, how does the master 
of  the house say that he is so terrified of  the cats, he can barely breathe? 
How does the lion ever acknowledge feeling completely upstaged by a 
cat? The story, thus, brilliantly illustrates the plight of  paternalist 
inflexibility versus feminine adaptability and inventiveness. His wife 
adapts, siding with the children (in an almost cat-like betrayal?) Kitty 
works around his disapproval of  her intended pet. The cats find a way. 
He alone stands disempowered.  

In his interview with Derek Attridge titled “This Strange Institution 
Called Literature”, Derrida talks of  the literary space as the space where 
potentially anything/everything may be said. The narrator breaches the 
silence around the unsayable dilemma here, hence the story. The true 
triumph of  the story however, is in its effective verbalisation of  the 
nature of  the unsayable and the impossibility of  articulation: authority 
trapped in its own sense of  consequence cannot articulate its 
vulnerability. The most important conversation, which goes round and 
round in circles in Babuji’s head, can never actually be had: even if  it 
means that he may barely breathe while he swallows his food, potentially 
for the rest of  his life. That is his fait accompli and his tragedy.  



Audience’s Live Response 

Vivek Negi: Narration with a difference. Experience is definitely matchless. Bahut 
aadar Ma’am apko. 

Sangeeta Singh: Amazing intertextuality. 

Pankaj Singh: What a beautiful narration of  complexity of  human emotions and 
sensitive and often difficult family relations! 
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Kulbhushan Sharma: Beautiful narration of  the story Rekha ma’am. Human 
relations are complex and this assertive complexity brings in originality and 
multiplicity of  it. Your story portrays life and its diverse facets. In-depth analysis 
Anu Ma’am.  

Girija Sharma: A masterly analysis of  a deeply symbolic story. Not only the 
story… you too articulated the inarticulable so lucidly… 
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NIRVANA 
SANGEETA SINGH 

Jay could hear the voice say “Go north.” He couldn’t help it. He knew if  
he didn’t obey the voice all his sanity would be ripped off  of  him. He 
packed a bag for himself, stuffing all kinds of  essentials he could find. 
After having an early dinner, he went to bed. Waking up early, he took a 
quick hot shower and caught the bus that went north. He waited 
anxiously for guidance from the voice. 

Jay was among the very few people of  the world who could hear 
this voice. It was called the white voice. He had found out about this 
voice a few months ago. He had help from another man, who, like him 
could hear this voice. It would’ve been overwhelming for any ordinary 
person but he was unfazed by it. He had thought that this was just a 
dream. However, after hearing his guide’s story he started trusting the 
voice. He believed it was real. 

The concept of  the white voice was hard to explain. It didn’t really 
have an exact meaning however, one thing was clear, it could only be 
heard by someone who was about to attain enlightenment. Buddha saw 
his previous lives flash in front of  him because he had summoned the 
white voice. It was this very voice that guided him to nirvana. Jay was 
about to get enlightened. 

Unlike Buddha, he hadn’t summoned the white voice. It just 
appeared to him. He didn’t meditate, didn’t practice any rituals and yet 
he achieved what millions only dream of. It was simply because he had 
continued the cycle of  life and he had suffered for all his sins. All his 
actions had had reactions and his life had come to a still place. He wasn’t 
moving forward or backward; he simply existed. It was time to relieve 
him from this endless cycle. It sounded impossible. 

He could still feel human emotions. The main difference was, most 
of  his emotions were stirred neither by him nor the world outside but by 
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the white voice. He was going to be part of  the bigger power soon. He 
obeyed the white voice because it was true. 

Jay had been waiting for another order from the voice. He had to 
keep going North till then. Maybe he would end up in the mountains. He 
didn’t care much. The bus stopped at a station for some time. He got out 
for some fresh air. He stretched his hands and entered the convenience 
store nearby. He sipped the canned coffee he had bought from a vending 
machine. He stuffed some other snacks he had bought in his bag. The 
journey may just be long. 

It was late at night. Everything was dark outside. There were only 
three people in the bus, including Jay. The bus moved on an empty road. 
It was very silent. He was about to fall asleep when he heard the voice 
again. “Stop!”  

All sleep vanished from his eyes. He sat upright on the seat and 
patiently waited for the bus to stop. When it finally reached the station, 
Jay got out and waited for further directions. The voice whispered in his 
mind “Find Sita Mane, daughter of  the carpenter.”  

Jay looked around. He wanted someone’s help to navigate through 
this unfamiliar little town. An old drunk man was sitting on a bench at 
the station. “Sir?” Jay asked. 

“What do you want?” The man replied. 

“Sita mane, the daughter of  the carpenter.” Jay said, mimicking the 
monotonous white voice.  

“Yeah. She lives nearby.” The old man took a swig of  liquor and 
gave jay the directions. Without wasting any time, he went to the 
carpenter’s place. It was a warm and cozy looking house. Jay knocked at 
the door. A young beautiful woman stood in front of  him. 

“I am here for Sita Mane.” He said. The woman was hesitant to 
entertain this stranger who arrived at such ungodly hour. 

“Yes. That would be me.” She managed to say. 

“I wanted to talk to you about the dreams you are having these 
days. They are true.’’ As soon as he finished the sentence Sita froze. Her 
eyes were wide open, she wasn’t blinking. She was completely stunned. 
She tried to say something but Jay beat her to it.  
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“Let me explain this. The voice that tells you that it is approaching 
is truly approaching. It tells you of  everything you did in this life and 
you cannot resist it. Does it scare you?” 

“Yes. It doesn’t feel normal.” Sita mumbled. “Please come in.” She 
added as he followed her inside. They sat in the well-lit living room to 
discuss things further. 

“The voice doesn’t feel normal because it isn’t any ordinary voice in 
your head. It is very supreme. We call it the white voice. I hear it too. It 
speaks to me even when I am awake. It has given me a task. I have to tell 
you about this white voice. If  I don’t do this you will resist it. It’s human 
nature. We are just not ready to face something that powerful. I resisted 
it too. My guide helped me embrace this voice. It is actually very gentle. I 
am aware of  everything that has happened to me in the past. I also know 
of  things that will happen in the future. It is very simple.”  

Sita nodded. She was not sure if  all this was true but something 
about Jay made her feel that he was the most honest man in the universe. 
Jay’s simple and calm aura soothed her and she knew she could trust 
him.  

“I will tell you everything. Then you can be with your thoughts, the 
white voice will guide you further. You will attain peace.” Jay stated. It 
was already late. He decided to stop talking. Sita sensed his wish and 
agreed to let him stay at her house that night. He slept in the living 
room. 

They both were awake early next day. Sita made breakfast which 
they ate in silence.  

“Let me continue from where we left. The white voice will 
completely take control of  your thoughts gradually. It will tell you about 
your current life first. Everything you did, every decision you made, 
everyone you met, every emotion you felt will be displayed to you with 
perfect details. You will start to understand how your mind works.”  

Sita listened to him in awe. She was completely focused on every 
word that comes out of  his mouth. This flash of  memories would be 
scary, he told her but she felt that she could get through this step. 

“Not only your current life, the voice will tell you about all your 
previous lives too. You will know who you were before you became Sita 
Mane. We all have an energy inside us, which keeps us alive. It is our 
truest self. The voice will show you the journey of  this energy. You will 
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get to know all the places this energy has been. You will be fully aware of 
everything. The voice will then take control.” 

Sita kept nodding. She couldn’t believe she was going to experience 
all this. After her father’s death she was left alone. Her mother had 
passed away when she was very young. Sita started practicing meditation 
to get peace. This was what she wanted: to get rid of  the cycle of  birth 
and death. Whenever she meditated, she was in a peaceful place. She 
wanted to be there forever. It was almost time to get fruit for her labor. 

“You have to complete one task before you finally get enlightened.” 
Jay spoke, pulling her back into reality. 

“What task?” she asked. 

“You, like me and many others, have to guide the next person who 
is about to get enlightened. Like I explained, many people resist the 
voice. It hinders the process. It is sad that in the modern age people are 
so engrossed in all the illusions, bound by possessions and relations that 
they fail to see the truth even if  it approaches them. That has created a 
need for guides like us. We have to carry out this task of  teaching others 
otherwise; everyone will be stuck in this world forever.” 

“Why not teach everyone about this? Everyone wants to get rid of 
this suffering after all.”  

“Many people have tried. I am afraid I won’t be able to teach 
anyone about summoning the voice because I never did that. The voice 
itself  approached me. Even if  I told everyone about how the voice works, 
would they believe me? In the end, it is about faith. Someday all your 
sins and deeds would be balanced. You will reach this point that day. 
That’s all I can say. Not everyone needs to be taught. Some things should 
be experienced at the right time.” Jay answered. 

She seemed to be satisfied with the answer and stayed silent. There 
was nothing more to it. He had completed his task. He was waiting for 
the white voice to stop all his thoughts. It was better if  he left. He soon 
announced his wish of  going back home. Sita did not protest.  

Jay attained enlightenment. The voice emptied his thoughts and 
replaced them with the final truth. He was at peace. Soon his being 
became connected to the supreme power. His physical body glowed 
before its energy left it. He was free from everything. 
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“Nirvana”: A Review 
SUBHASH VERMA 

The great Indian Yogi, spiritualist, and teacher Paramahansa Yogananda 
has said, “Before embarking on important undertakings, sit quietly, calm 
your senses and thoughts and meditate deeply. You will then be guided 
by the great creative power of  spirit”. ‘Nirvana’ focuses on the universal 
themes of  enlightenment, self  realization, spiritualism and intuitive 
experiences of  common person that lead people to be directed or guided 
by, in Paramahansa’s sense, ‘the creative power of  spirit’. The author 
brings the Buddhist philosophy back to life in her own way in this 
gripping story about Jay, the central character, who is on the threshold of  
getting enlightenment. As Jay is about to get enlightened, he can see the 
state of  the world and life with clarity but to complete the cycle he has to 
explain the nature of  the white voice to someone else, who is trying to 
resist it and fails to comprehend its stance. Having awakened, he realizes 
his duty to help other people find freedom from suffering. He himself  is 
guided by someone to embrace this voice and now he has surrendered 
himself  to it. It is the same white voice which was summoned by Lord 
Buddha and it ‘guided him to Nirvana’. It can ‘only be heard by 
someone who was about to attain enlightenment’. 

Jay’s journey to attain enlightenment commences with the 
instructions of  the white voice, initially to ‘Go North’ and later to ‘find 
Sita Mane, daughter of  the carpenter’. Like Jay, Sita is also a pure soul 
that’s why the voice itself  approached them. Jay finally succeeds in 
completing the enlightenment cycle after explaining the true nature of  
the voice to Sita. Now the inner tumult of  Sita is pacified but before 
getting enlightenment she has to ‘guide the next person who is about to 
get enlightened’. At the end of  the story Jay attains ‘Nirvana’ where his 
mind is at complete peace and his soul is merged with the universe. 

The title ‘Nirvana’ fits the story it is meant for. This is because the 
concept of  Nirvana is discussed throughout the story and at the end the 
protagonist is in a state of consciousness beyond emotions, positive or 
negative. His desires and sufferings all go away and he is ‘free from 
everything’. 
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The story explores the roles of  metamorphosis that impact human 
lives at various places. Metamorphosis as a personified presence in the 
story seems to be regulating and governing all life, dissolving the line 
between the past and the present. In ‘Nirvana’ metamorphosis is a 
pivotal concept and the author has used it as the unifying theme to bring 
out the reality of  life. Perhaps, it would be relevant to call 
metamorphosis, in the modern times, an alternative perspective of  
reality, a subtle governing principle of  life. Jay and Sita’s evolution from 
human beings to enlightened individuals is caused by metamorphosis 
which leads to growth. Metamorphosis as a doer in the story plays two 
roles in Jay’s life: as perspectives, bringing psychological and emotional 
change and as transcendence, bringing spiritual change. After being 
physically and emotionally or intellectually transformed, the final step of  
life is self-realisation or ‘Nirvana’, a philosophical term for spiritual 
transformation and at the end of  the story both the characters are 
completely metamorphosed. 

The theme of  intuition leads the readers to meditate or cogitate on 
the total immersion of  the soul into the universality of  life where 
everything is connected. It appears that when someone acts positively by 
heart and soul, she/he reaches closest to the universal force. This 
thematic conception of  the story appears reflecting the fact that our life 
stories, world’s history of  the present and future are written by the same 
metaphysical hand. Reference of  Lord Buddha regarding the ‘Nirvana’ 
or ‘Enlightenment’ is given but Jay doesn’t go through any sort of  
meditation on the basis of  that we can declare him enlightened. But Jay’s 
attitude can be analysed in context to the Buddhist principle expecting 
that Jay would not have any unfulfilled desire of  material things and he 
has no attachments with the external or physical things around him and 
he has reached the neutrality about the martial world. So, he might have 
had that level of  developing intuitions in him that turns to be the ‘white 
voice’ and draws him towards other similar but unfamiliar fellow Sita in 
the North. There is another probability that can be observed through 
modern psychological or neurological tools where such persons are 
usually kept under treatment declaring them mentally ill. But this 
probability itself  gets faded when another character Sita is convinced 
with Jay’s journey to her home accepting the fact that she was passing 
through the same dilemma or thought processing which has been clearly 
discussed by Jay with her. 

The story is beautifully structured where the plot and setting take 
place in an unknown place where journey of  the protagonist is guided by 
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the white voice, ‘Go North’. Jay takes bus from unknown place and the 
reference of  the ‘empty road’ and ‘only three people in the bus’ provides 
the hint to anticipate the setting of  place as rustic or hilly. The reference 
of  the journey to the end of  the ‘mountain’ again offers hint that the 
protagonist is journeying from plain or semi-plain to mountains. 
However, the thematic weight of  the story overlaps the events of  the plot 
as well as the setting. Characterization is woven with unique human 
beings guided by the mysterious metaphysical force. The story carries the 
readers to the spiritualistic journey of  Jay whom we come to know what 
the ‘voice’ is really about. No extra information about the main character 
is given and the readers are compelled to believe in the events happen to 
occur with the intuitive experiences of  Jay and the other female character 
Sita. The characterization reflects the spiritual magnetism among the 
characters affirming the universal idea that each character in this world 
serves a particular purpose determined by the supreme power. The point 
of  view is third person omniscient where narrator castes light on the 
analogy of  the flow of  self  realization in two chief  characters. The 
narration moves forward directly as per the direction of  the metaphysical 
‘voice’. The soul of  the chief  character Jay is about to be liberated from 
the sin of  the world and the character appears more ripen in context of  
‘self  realization’ while the character of  Sita is walking on the similar 
track. Jay hands over the spiritual flame of  ‘self  realization’ to Sita who 
can feel its eternal power and does not ask even a single question from 
the unknown person, Jay, about his uncalled and uninvited arrival at her 
home. Through its cardinal characters the story delineates two-fold 
moral message that one must make the knowledge comprehensible for 
dissemination and goodness is redeemable. The narrative indicates the 
intuitive mind and self  realization of  a person who can pursue, listen or 
feel the voice of  God.  

The story can also be analysed through the post-modernistic lenses. 
Many people believe in the ‘voice’ of  supreme power and intuition and 
take them as guidelines to instruct their lives. They even think that 
dreams in form of  intuitions are the “Language of  the World” that 
liberates people from the cycle of  birth and death. Jay’s journey to ‘Go 
North’ as per the direction of  ‘white voice’ is postmodern stance of  
“hyper-reality” that proves truthful when another character Sita 
unquestionably accepts what Jay articulates to her.  

The story can be judged by the sharpness of  its preception, which 
stirs our feelings and thoughts into motion. Carrying deep philosophical 
meaning, the story is multi-layered and enigmatic. It is written in simple 
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but powerful words and hence it is precise and meaningful. The story 
opens up the research and dialogues regarding the theme, conception 
and dimensions of  spiritual principles of  human life. Is Nirvana the only 
way to liberate oneself  from the unnecessary suffering that most of  us 
inflict upon ourselves by resisting various attributes of  reality or calling 
them wrong? Is there something like a transcendent metaphysical space 
one in some sense occupies once fully liberated? These questions are 
intentionally left unanswered by the author and the readers are impelled 
to ponder over them.  
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BALANCE  
SHIVANI CHAUDHARY 

Shanaya used to be a feminist but now she is not.  

Born to the parents who believe educating girls is as important as 
educating boys, she grows up into a confident working woman. Her 
parents and Sangharsh's parents decide to have a meeting. She meets 
Sangharsh, the horoscopes match and the families slate the date for their 
wedding. Shanaya and Sangharsh get married. She is glad no one has a 
problem with her working as a teacher after marriage. That’s the only 
concern. She just wants to puruse her career in teaching and she believes 
everything else can be adjusted to. She believes love begets love and 
respect begets respect. So, she is not worried. She knows if  she cares 
enough and manages things well, it’s not difficult to make a place for 
herself  in the new family and have a life of  her choice. All the literary 
discourses that she reads and teaches to her students turn her into a 
feminist. Her dad’s words keep echoing in her mind, “You are not only 
going to make rotis and do the laundry, you’ll have a life too.” She is a 
woman of  opinion and wants to raise her voice for equality but little 
does she realize that her perception is not all that would govern her life. 

Sangharsh is more than what Shanaya could ever ask for. A 
thorough gentleman -- caring, understanding, adaptive and well-behaved. 
His professional prowess coupled with benevolence could win any heart. 
He endears everyone with his enchanting smile. Shanaya is so fortunate 
to have him and so is he to have her as all he wants from her is 
adjustment and he has understood that she is capable of  doing it. He had 
lost his mother in his early childhood and has been brought up by a step-
mother and father to whom he owes everything. He is indebted to them 
and wants to keep them happy in every case because they have brought 
up a motherless boy, they have educated him. They are everything for 
him.  
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Shanaya understands his concerns and leaves no stone unturned to 
please them. Gradually she learns to place her in-laws’ preferences and 
choices before hers. She is so inspired by Sangharsh’s personality that she 
feels blessed to bring happiness to this guy's life who has struggled all his 
life through after losing his mom. His aura is magnificent and he spreads 
positive vibes wherever he goes. He gels with everyone and always helps 
the needy. He treats all human beings equally irrespective of  status, 
gender, caste or religion. He could easily be friends with rickshaw-walas, 
drivers, his subordinates, seniors and higher authorities, MLAs, 
entrepreneurs or anyone. Shanaya learns life lessons through his 
conduct. His life journey had only polished and refined him. He does not 
have bitterness for anyone. 

Shanaya is amazed at the possibility of  existence of  such a man. “I 
must thank my lucky stars. He is so broad minded…does not believe in 
gender defined roles…does not try to dominate me…feels happy if  I take 
decisions and he wants me to celebrate life. He never tries to change me. 
He adores me the way I am. Such men only exist in movies or in fairy 
tales. I must have done some good karma. All my life through I have not 
come across someone like him… someone with so much of  basic 
goodness, compassion and generosity.” He definitely deserves the best 
life and Shanaya is all set to give him one.  

Pretty soon Shanaya realizes the dictum that she had forgotten 'Har 
kisi ko mukammal Jahan nahi milta, kisi ko zameen toh kisiko asmaan nahin 
milta.’ (It’s not possible for everyone to get everything.) She has got a 
perfect husband and a perfect job but her frequencies don’t match with 
her in-laws. They have different value and belief  systems. They view 'the 
new bahu' (the newly wed daughter-in-law) as someone who would rob 
their son of  his money. They believe she will take their son away and will 
break their home. They have set norms for bahus of  the house. They say 
the elder bahu has taken away their son as they moved out of  town for 
their jobs. Now they just have the younger son. He must obey them and 
so must his wife. They have all terms and conditions ready and Shanaya 
is just expected to adhere to them. They tell her how much they have 
done for her husband and it’s now his and her duty to obey them and 
look after them. They make it clear to Shanaya that whatever they have 
belongs to their daughter (who happens to be step-mother’s daughter) 
and whatever she wants, she should get from her parents. They have no 
love or respect for the new bahu; they only have conditions and 
expectations. 
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Every now and then they tell Shanaya how short and ugly she is as 
compared to their tall and handsome son. They often pass comments 
stating that her parents didn’t give enough in marriage though there were 
other alliances from richer parties for their son. They make fun of  her 
parents too which becomes unbearable for Shanaya. Her parents are 
valuable for her. They have raised her without selfish motives. Through 
her thick and thin, they have been with her. For her, all elders deserve 
respect but her in-laws believe that boys' parents are superior and they 
can take liberty to comment on her and her parents. She sees all 
feminism that she has read collapsing in front of  her eyes. She is helpless 
and speechless. 

Shanaya should only listen to. She should never raise her voice 
otherwise they would tell Sangharsh that all that they have done for him 
has gone waste because she does not respect them. They want respect 
from the bahu whom they despise and ill treat all the time. They have a 
license to mock at her, to be angry at her for nothing and to complain 
about her but she being a bahu is not expected to react. They support 
Sangharsh in whatever he does but oppose Shanaya for everything she 
does. Shanaya understands the ploy; it is a strategy that they use to 
please him and to gain financial benefits from him. They boast of  being 
rich but it is only Sangharsh and Shanaya who plan and finance 
everything. In-laws have hoarded the liquid assets for their daughter and 
want Sangharsh to construct a house. He does not mind because they 
have already done enough for him. They have financed his education 
and wedding. They have done it for a motherless boy.  

Shanaya could easily draw a parallel between Sangharsh and the 
protagonist of  the movie ‘Beta'. In her favourite TV series, ‘Ashoka’ 
Sangharsh is akin to Bindusar who is so blinded by the honey-coated 
words of  step-mother Helena that he respected her as his own mother 
whereas she wanted him to die so that her son becomes the king. 
Sangharsh’s father had lost his first wife to suicide so he never opposed 
his second. 

In-laws keep a vigil over Shanaya and they ensure that she does not 
have any time left to enjoy. They keep her engaged in chores and other 
activities. They convey to her that watching TV and indulging in hobbies 
suit unmarried women. They get furious at the very idea of  her wanting 
to go for a movie with her friends. ‘There is enough work at home and 
you want to go for a movie. Going to theatres is nothing but wasting 
time and money.’ They would say with a grave tone. Shanaya's conduct 



192      Let Us Tell a Story 

is under constant scrutiny so much so that whether she does something 
or she does not, she is always held guilty. Her action or inaction, her 
words or her quietness, her involvement or detachment – everything 
offends her in-laws. She feels choked and unwanted. It becomes almost 
impossible for her to bear the brunt all the time. Shanaya keeps 
adjusting. Women around her have strict in-laws and hubbies who are 
not supportive. At least, he doesn’t say anything to her or to them. He is 
a great manager and he knows how to strike a balance. 

She has only two major faults -- one she comes from another home 
and second, she is their 'bahu'. Had she been a neighbour or a family 
member, they would have sung praises of  her management skills. Being 
an early bird, she goes to a nearby temple daily to seek the blessings 
which give her strength to carry out her hectic routine. Then cooks 
breakfast and packs lunch, gets her son ready for school and drops him 
to school. Meanwhile she does the laundry, arranges things, cleans the 
house and quickly glances at the grocery requirements she should get 
while on the way back home from her college. She makes sure that all 
meals, snacks and tea are prepared and served well in time. She takes 
care of  her son Dhruv’s requirements and homework. She takes her in-
laws out for buying essentials that they need.  

Since she is not a perfect driver, she doesn’t mind the comments she 
regularly gets from her in-laws for her driving. Even her parents would 
have probably felt the same way but they wouldn’t demean her every 
now and then. “It’s not fair to compare your parents with your in-laws. 
Your parents love you for who you are. Their love doesn’t lessen with 
your mistakes. In-laws can’t love you. They are only trying to 
accommodate you.” Shanaya consoles herself. Fulfilling her 
responsibilities towards the family motivates her and makes her happy 
but there are untangling snafus since her in-laws are not happy with her 
and they are constantly poisoning Sangharsh against her. “Girls break 
families. Their parents' interference can break homes too. Keep them at 
one arm's distance. She is now our bahu. She must only think about us.” 
Shanaya could clearly perceive how boys’ parents' interference could 
break homes too but saying it would hurt Sangharsh and she wants him 
to be happy at any cost. “Let them say and do whatever pleases them. 
Let them complain”, she tells herself. 

They hate it when he takes her out for shopping. They don’t have 
any problem when he goes for parties or short trips with his friends but 
they cannot stand it if  he goes out with her. At home they never like it 
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when he gives her time or even takes her name. They don’t want him to 
take her to their relatives either. Encompassed by patriarchal and 
orthodox set up, Shanaya feels suffocated. She has no choice but to 
adjust without complaining. She feels like spending time with her 
parents but she is not allowed to visit them often. It is only Sangharsh 
who manages to take her to her parents' place on a few weekends when 
his parents are at their village. Had he not been so supportive, Shanaya 
would have given up. She doesn’t have the grit to face it all alone. She is 
not quiet because she is weak but she values Sangharsh more than being 
right so she just keeps adjusting.  

Sangharsh is aware of  her plight but he is feigning ignorance 
because he does not want to hurt his parents by speaking in her favour. 
Shanaya tells herself, “Had it been a female-dominating society, 
Sangharsh would have come to stay with her parents. What if  they found 
faults with him? What if  they despised him? What if  they kept passing 
on comments to him? Would she have spoken up? Probably, she would 
have been in a similar fix. She too wouldn’t have courage to oppose her 
parents. She too would have tried to make a balance. So, it’s not a 
question of  being a boy or a girl. It’s a question of  balancing the two 
opposite poles, two types of  people who will never like each other.” So, 
she can’t blame Sangharsh, it’s the lop-sided system that has to be 
blamed. His parents’ insecurity is to be blamed. The system does not 
provide security to aged people. So, like most of  the parents, Sangharsh’s 
parents want him to be their support in old age, and after all, that is why 
they brought him up! Why should they waste their time and energy to 
think about Shanaya's happiness? 

She has her solid support system. Besides her husband and son, her 
parents and siblings adore her. She grows in teaching and research at a 
professional college. Her students and their queries keep her engaged. 
She is blessed to have wonderful colleagues, mentors and friends. She 
has passion for two things – English and Teaching. She is living a life of  
her choice. At her workplace she loves to read and write. She is fond of 
writing poetry and listening to talk shows and interviews. What she 
enjoys the most is engaging her students in activities like group 
discussions, mock interviews and extempore. She feels victorious when 
she witnesses their stage fear vanishing. She gets rewarded when her 
students improve their pronunciation after attending her accent learning 
modules. She feels immense proud when her students send her messages 
thanking her after being placed or selected for a job. Grooming her 
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students and seeing them evolve add to her self-esteem. When she counts 
on the number of  blessings, she feels highly grateful.  

At home, everything is fine but her in-laws keep complaining. 
Sangharsh does not pay a heed. He is a busy professional and a socialite. 
He just wants his space. He is doing great community service and social 
welfare activities. Such petty issues do not matter to him. He is capable 
of  earning name and fame. He has told Shanaya his heart. He has told 
her “I am not someone who is satiated after a 9 to 4 job. I like 
socializing. I have my goals. I have my circle. I want to enjoy my life.” 
Shanaya does not mind giving him space because he has noble thoughts. 
He adores her. He is someone who has taught her the meaning of  
celebrating every moment. He has given her wings. He supports her in 
living her dreams. He plans weekend parties and outings for Shanaya 
whenever his parents go to their village on weekends. So, there is no one 
to say things. He wants peace and he does not want to annoy his parents. 
At the same time, he wants his wife to enjoy her life too. He is a good 
son and a good son never prioritizes his wife and children over his 
parents, although he had tried to intervene once when he saw Shanaya 
getting choked because of  his step-mother’s remark. What his dad said in 
response to Sangharsh's initiative shocked Shanaya even more, “Tere 
saahi na sadka ch rulde. Iha tu chakki ne kursiya par bathalya.” (Motherless 
boys like you stray on the roads. She picked you up and helped you 
become a professional.”) 

Shanaya is all praises for Sangharsh. He has been through a lot but 
never gives way to negativity. He is a devoted son, a loving father, an 
excellent professional, a helpful friend and an adorable husband. He has 
struggled a lot after losing his mom to suicide. As a sensitive child, he 
diverts his attention to others' pain and develops a notion that it is his 
duty to resolve people’s problems to whatever extent he can. He grows 
up into an empathetic intellectual whom everybody adores. He is an 
expert in his field. All his seniors, juniors and friends are in awe of  his 
wonderful behavior and management skills. He undertakes counselling 
of  sad, depressed and lonely people at his personal level. He has 
rejuvenated many lives. He is adept at doing chores, extremely fond of  
cooking. He wants to help Shanaya whenever he gets time out of  his 
busy schedule but is shamed by his parents that he being a boy can’t do 
women’s jobs. Ironical! He had learnt the chores since childhood as he 
used to help his step-mother. 
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It has been a decade since Sangharsh and Shanaya have been saving 
money to build a house of  their dreams. Rented accommodations have 
their limitations. After a great search they could find a suitable flat under 
construction. Sangharsh pays the advance and books it in Shanaya’s 
name. “Why my name?” she enquires disbelievingly. “You are the 
backbone, you deserve it” says he. “But won’t your parents be annoyed?” 
“No,” assured he. To their surprise, his father also helps them in paying 
the advance amount for the house. His father’s paternal property is 
disputed and he is getting old. So, he wants to live with his son. He 
wants Sangharsh to be his support and Sangharsh is honoured to be so.  

Everything seems to be fine but for the attitude of  his parents 
towards his wife. His parents' constant poisoning and interference has 
now started having an adverse effect on Shanaya and Sangharsh's 
relationship. He wants to be the best son and she wants to be the best 
wife but the balance falters.  

He succumbs to the increasing pressure, increases his intake of  
drinks and starts smoking. She opposes all this. He dislikes her for 
opposing him. She could see his deteriorating health so she urges him to 
reduce his drinking and smoking but he stops listening to her. He starts 
avoiding her. She is unable to make sense of  this stupor but she is trying 
and praying for things to improve.  

Nothing works. One day she returns from her college to find him 
dead.  

Unbelievable! What a shock! A shock for everyone! What a 
mysterious demise! 

“Was he hypertensive? He probably got a heart-attack.” 

“Was something wrong with him? Did he succumb to some 
pressure? 

“Was he depressed?” 

No clear-cut closure but one thing is clear that he is not going to 
come back. Shanaya wants to die too. She would never know what he 
took in mind. She is in utter doldrums. She has lost all faith. How could 
her God let him go? Was no one in the universe powerful enough to stop 
the disaster from happening – the sun, the moon and the gods she 
worshipped? She realizes, “Life’s mathematics is a little different. If  one 
goes out of  two, nothing remains.” Life has lost meaning for her but she 
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can’t quit. She needs to live for her son, her fatherless son who needs to 
be taken care of. A life full of  challenges awaits them.  

His parents are shattered too. They probably failed to realize that 
things are to be used and people are to be loved. After his demise they 
buy the house which Sangharsh wanted to. Now it belongs to the step-
mother and her daughter. Now in-laws don’t have a problem to send 
Shanaya to her parents’ place. She moves out with her son.  

She often says to her son Dhruv, “I wish he could have stayed and I 
would have gone.” One day Dhruv comes to her and goes like, “Never 
say that again mom. Maybe the world needed him more than you but I 
need you more than anybody else. I'll stay strong, if  you stay fit. Mom, 
please don’t lose your balance… look at me… I am just nine. I want to 
live my life happily. See what all I have gone through. After losing dad I 
can’t afford to lose you. Look at me and you will have several reasons to 
live. Look at nana nani (maternal grandparents) and all those people 
who love you. They can’t see you depressed. Unfortunately, dad is gone 
but we are still here. We are here to live not to ruin our lives. Dress up 
the way you used to. Do what makes you happy. Dad is in our hearts 
and one day, everyone will go. Let’s live till then.” The same wisdom 
that Sangharsh possessed has suddenly dawned upon naïve Dhruv. 
Losing a loved one is the most painful experience but who can challenge 
the cosmos or God, if  there is any? Who can challenge the laws of 
universe? Who has got an answer for why someone dies? But we have to 
pick up the pieces and stand up again till our time comes. Though it is 
true that a comeback needs to be much stronger than the setback. 

“Did he take pressure for something? …He probably got a heart 
attack or maybe it was some kind of  a mistake. Issues were there in his 
life since his childhood but what could have broken such a strong man? 
He never complained, never misbehaved. He got enough recognition and 
love. Could he give up? No! He was extremely strong. Who does not 
have issues in life? Could anything break such a fighter? No! Impossible! 
But… Remember ‘The Titanic!’ The unsinkable sank! It did. All of  us 
are vulnerable. Who knows what’s coming up next? … He can’t ruin our 
lives. He knew he meant the world to us. He loved Dhruv too…but who 
knows when death would knock at the door?” 

Men are mentally less strong than women. They express less. They 
believe in escape strategy to overcome their stressful situations. Just like 
women, men have their pressures too. They have a pressure to earn and a 
pressure to pay debts to their parents. All their lives they can’t do enough 
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for their parents even if  they do everything possible for them. They have 
to maintain a balance between professional and personal lives. They have 
a constant pressure to maintain a balance between their parents and wife. 
Some men face false allegations by women. Some are made victims. 
They are doubted more; they can be easily conspired against. In many 
homes they are not taught basic life skills believing that their mothers, 
wives and sisters would be doing everything for them. Men are so 
dependent on women. They have competition from women in almost all 
domains. Men have to deal with property issues. They compete and fight 
with their own siblings for property and other issues. They face peer 
pressure too. Parents, friends and relatives are constantly comparing 
them with more successful people. As a result, they have to handle 
professional jealousy too. Men talk about peace treaties and world affairs 
but they don’t know where their own lives are heading. They have a 
pressure to know the latest happenings. They have pressures of  various 
kinds. Shanaya has seen the constant pressure that men face, even the 
very strong ones. So, her notions of  feminism collapse. “No, it’s not 
about a man or a woman; it’s about striking a balance.” 



Narrated by Praveen Kumar 
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Review of “Balance” 
HEM RAJ BANSAL 

The story “Balance” by Shivani Chaudhary is very touching as it dwells 
on the sensitive topic of  suicide/death and sensitizes us about the 
importance of  viewing each individual as a unique human being, having 
her/his personal space and limitations and it is something which is 
above the purview of  gender. It revolves around the life of  the 
protagonist Shanaya who deems herself  lucky for having been born in a 
family that gives equal space to both male and female children. Shanaya 
learns a lot from her mother who does not only manage her professional 
life efficiently but also performs household chores really well. The 
accommodative and liberal ambience of  the home can be seen in the fact 
that Shanaya’s father is a vocal critic of  gender dictated roles. He wants 
his daughter to excel in life-enhancing skills and competitive ambience 
rather than just push her for the drudging life of  a family cook. Be it the 
playing of  the games that boys do or anything else, she feels proud of  her 
father for being so affectionate and liberal towards her.  

Though the stories of  discrimination against females in families 
where daughters are considered a burden, a liability to be raised up, 
educated and married off, makes Shanaya simmer with indignation, her 
father’s showering of  profuse affection on her encourages her to face 
challenges in life boldly. As an avid reader, she knows about women 
oppression through the feminist discourse too. It is one of  the reasons 
that like the second wave feminists, the protagonist believes in financial 
independence of  women which does not only make them self-dependent 
but also self-confident. So, the narrator grows up to be a feminist and by 
offering lessons to her students, she develops feminist sensibility in the 
early years of  her career. 

The author shows that marriage is not at all an institution of  
oppression (as is often said) if  the partner gels well with a professional 
woman. Shanaya’s eventual marriage with Sangharsh is such a tale of  
happiness in the early years of  marriage where she does not only find 
him adorable, caring, and sensitive but also respectful of  her teaching 
career. The author projects the husband figure in a highly idealized way. 
From being a philanthropist to a dutiful son, he transcends all the 



Balance a      199 

barriers of  class/caste/religion which can be seen in his befriending the 
people from various classes of  life. As for Shanaya, she feels really 
blessed to have Sangharsh as a husband whose heart brims with love for 
all and he makes her believe that life is something to be celebrated than 
lamented.  

However, her in-laws had different expectations from her. She sees 
things go awry for her. For her parents-in-laws, a daughter-in-law implies 
one who does not only rob the husband of  his money but also causes 
separation/conflicts between the son and his parents. For them, a bahu is 
synonymous with someone who like a witch exercises a bad influence on 
her husband. The author speaks against such stereotypes about a newly-
wed woman wherein she is viewed just as a beast of  burden and at the 
same time not as a maker but a breaker of  home. Moreover, the bahu, 
(Shanaya) is not seen as a daughter but simply as someone who can 
never be a loyal member of the house despite her utmost devotion to the 
family. The author also exposes the problem of  dowry in the story as 
Shanaya and her parents are constantly subjected to humiliation and 
jeering remarks for having given her little dowry. It is this emotional 
abuse which proves too much for the innocent and sacrificing Shanaya.  

The author shows how Sangharsh feels indebted to his step-mother 
and father who raised them when he lost his biological mother at a 
tender age. She equates him to the hero of  the movie Beta and Bindusar 
of  the TV Series Ashoka who love their mothers, not realizing the fact 
that the same mothers in the stories wish their son dead. Though the 
step-mother does not wish Sangharsh to be dead in the story, he is 
misused for his sacrificial nature.  

A woman who has enjoyed independence at her parents’ home and 
has nourished dreams of  a better life with a bright professional career 
with her husband, too many restrictions from her in-laws stifle her very 
womanhood and individuality. Despite serving her parents-in-laws with 
full dedication, Shanaya does not receive any love from them. As a 
teacher she does perform her duties well and as a bahu she takes care of  
the needs of  all. Apart from it, she takes care of  her son and his studies. 
Yet her conservative parents-in-laws object to her every move of  finding 
out time and space for her or going for movies or looking for other 
means of  steaming out her pent-up emotions. It is what makes her life, 
existence unbearable. However, she goes on bearing everything silently as 
she believes that at least her husband does not ever speak a word against 
her and manages things really well. She rues the fact that her in-laws 
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believe in their son’s contentment at the cost of  their daughter-in-law’s 
happiness. It pains her to learn that her parents resent their son’s giving 
time/space to her or taking her for shopping or so. Though Sangharsh 
tries to strike a balance between the two extremes, his spirits ultimately 
begin to dampen. 

Sangarsh, indeed, does a lot of  sangharsh, that is, struggle. His 
struggle begins since the death of  his mother and continues unabated. 
Working for the poor and the destitute, managing the parents who are 
demanding, showering love on his wife, who feels otherwise reduced to a 
zilth in her house, shows how he tries to balance things in life. However, 
at the same time, he is governed more by a sense of  gratitude to his 
parents as he does not want to offend them. He is also conscious of  the 
ever-worsening situation of  his wife, yet with the passage of  time, things 
prove too disastrous for him to handle. Besides, a decade long blessed 
marital life, the too much parental interference begins to weigh heavily 
on the psyche of  Sangharsh and eventually leads in his taking refuge in 
alcohol and ultimately suicide, an act of  self-destruction and at the same 
time of  all those who are left behind, especially the wife and the son. It 
does not only shatter Shanaya but also makes her question the existence 
of  gods whom she worshipped every morning and evening.  

Interestingly, the author does not bear any grudges against the 
social set-up, patriarchy, or gender roles. Despite her story’s central 
character being a victim of  gender stereotypes, she does not like the label 
of  being a feminist. What she puts forth through her story is empathy. 
An empathetic eye and a sympathetic heart to view the pressure that 
men cope with when confronted with two diametrically divergent 
situations. Through the sad plight of  Shanaya and the tragic suicide of  
Sangharsh, Shivani Chaudhary also makes a case for men who have 
constant pressures from many ends to bear with. She gives more 
importance to individuals than to men or women. The author pleads for 
a genderless society and a genderless society does not mean a sexless 
society. The moment we try to view everything from male or female 
gendered perspective or identities, the problem rises from there. The 
author makes a sort of  plea to strike a balance between the gendered 
spaces as she also makes us think of  the insurmountable pressures that 
men undergo. Dorothy Sayers (1893-1957) in her essay “Are Women 
Human?” also highlights the same concerns of  treating an individual as 
a human being first than a man or woman. 
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Audience’s Live Response 

Deepti Vaidya: Beautiful narration of  complex human relations! 

Jyoti Mishra: Absolutely spellbound by Shivani's heart-rending story & more so 
by Praveen Sir's lucid presentation... 

Prajya Mishra: Sensitizes us about the position of  men in matrimony...nine-year 
old son seems to have a grey head on young shoulders. Shivani thanks for giving 
us a slice of  life. 

Irene Rattan: Gripping narrative 

Anjali Parmar: Very emotional, wonderfully narrated sir. 
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THE MAD MYSTIC IN HEAVEN 
SOM P. RANCHAN 

Gods and Goddesses were sitting in a rectangular hall with gold and 
silver pillars, hundreds of  them. The hall was silvery white inside, but the 
outer walls were opalescent. There were many gates to the hall. One gate 
was for small time deities to whom the lesser mortals prayed for the 
health of  their cattle and children, and for giving them reprieve from 
distress and mundane pressures. The middle gate of  the Cornelia was for 
the middle echelon deities for praying to for radical improvement of  
fortune and for knowledge and expertise in a given field laced with a bit 
of  superior, ineffectuating insight. The high arched gate was for the entry 
of  gods and goddesses who were a notch or two below the principal 
gods, The Big Three with their be-decked spouses. Thy Big Three did not 
enter through any gate. Being transcendent they parachuted down from 
an occult aperture in the roof  of  the hall. No other deity had seen the 
lapis lazuli roof, though one could see the high ramparts of  ruby. 

It was a custom with this divine club to hold an annual meeting in 
mid heaven, wherein they invited a mortal from the earth-plane, together 
with an entourage, to check the rise and fall of  their numinosity in the 
world down below. 

But this time a lone mystic was invited. It was not clear if  he was to 
be quizzed about his identity. Chitragupta did not have his card in the 
reference file. An undercurrent of  excitement ran through the august 
assemblage. Even the Big Three with their consorts wore expressions of 
puzzlement, though they did their best to cloak it because their 
reputation among the thousands of  gods was that they were know-all. 
They were omniscient. 

In came a non-decrepit looking frail mystic in his dhoti, with no 
upper garments. He had a trance-idiot look though the cut of  his face 
was Germanic. He broke into a dance, clapping his hands like he was 
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elongating tortillas. Suddenly the dance stopped and he stood stock still 
with no sway to his body, as if  he were in a psychotic state. 

The august audience was stunned. They had never seen anything 
like this before. In the earlier conferences, the earthlings had come and 
read their reports on virtues and vices prevailing and fighting it out on 
the earth-plane. So many secretaries and secretaries of  the high echelon 
deities stenoed the gist of  the reports for the lesser gods and the gist of 
the gists for the big Three, who stashed away the files. It was more of  a 
charade than for real because the earth-plane continues in its eonic stasis. 

Suddenly the stock-still figure came into awareness. In the 
twinkling of  an eye, he grew in size, his chest enlarged preternaturally 
and heaved: “O Gods and Goddesses, small and large and the Sovereign 
Three! It is time you left mid heaven and deigned to come down and 
mingle with the earthlings. The membrane between the earthlings and 
you is now translucent if  not transparent. Mingle with them in work and 
play.” 

“Hey Tasuki! son of  Vasuki, who is around Shiva’s neck, who rolls 
in the creeks like water, and as a prince in festivities and parties, seducing 
old maids and bonny lasses, just for the heck, because you have a fluent 
libido. But it’s time you loved. I don’t mean fidelity or loyalty. No, no, no 
Tasuki, you are free. But love from the feeling centers.” 

This was a bombshell. Tasuki sitting close to Shiva felt hit by the 
dart of  truth. His fickleness was lanced. All the deities squirmed as the 
mystic spoke with authority. Putting an inch or two more to his size and 
widening his affectionate grin, he swept Vishnu and Lakshmi with his 
gaze and spoke with a boom. His voice had become baritone: “Forget 
the Avtar routine. The paradigm is an old hat. No more trips and no 
more laying through vaunted scriptures. Humans now are gods, some 
active, majority in latency, many in varying stages of  fluency, a few 
dormant. But the new age has unfolded an existential practicality and its 
numinosity. Vishnu, there is no need for your dues ex machine 
interventions. You are cashiered. You may as well go to Vaikuntha. If  
Lakshmi wants to go with you, fine! Though being rajasik, she would like 
to be down there, giving beauty, elegance, exquisiteness on the run to the 
high born and the lowly, though the categories pertain to the range, 
scope and quality of  consciousness, not to wealth, status, privilege and 
prestige.” 
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The impulsive Lakshmi got up, materialized into an owl and 
started flying from pillar to pillar, raining down the buff  brown feathers. 
The gods and the goddesses stood up and broke into a stampede to 
collect the Golden Fleece. 

By now the mystic took on the miens of  a Lord and resumed: 
“Now you have Lakshmi’s talisman, a feathery piece, I bid you to 
dance.” 

Began the dance. In the ensuing, they forgot their rank. For a few 
moments their hierarchy was gone. Democracy ruled. Strange, they sat 
down wherever they were. Now they were comingled. They felt a new 
ease that they had never experienced for ages and eons. 

The sage stopped suddenly. Went into a trance. From its depth he 
spoke with a whispery resonance: “Saraswati! Come down with me and 
emanate. Brahma too can follow with a syn pados smidgeon. Down 
below we have to give to the world and the teeming humans and unfold 
the lotus of  the psyche winged with executive imagination. Good bye 
gods! It was a privilege being with you. Prior to it I had experienced you 
in meditation and muse and in Bhava Samadhi.” 

After he disappeared, the gods and goddesses continued sitting for 
a while. A thought flashed through the bee hive – they had been like 
sleeping for ages to the world, and for eons, being high and happy, 
indifferent to the world below, merely intervening spasmodically to keep 
the keel from sinking into the oroborus of  the sea. 



Narrated by Janesh Kapoor 
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Disrupting the Divine, ‘Opalescent,’ and  
Mid-Heavenly Realm: A Review of  
Som P. Ranchan’s “The Mad Mystic in Heaven” 
ROSHAN LAL SHARMA 

The story, “The Mad Mystic in Heaven” by Som P. Ranchan, has been 
compiled in the book titled All My Boys and Other Stories published in 
2005. Viewed simply, the story is about a “mad”, “lone”, and “non-
decrepit looking frail” mystic with “a trance idiot look” and a face with a 
“Germanic” cut. With a dhoti and unclad upper body, the mystic bears 
unusual demeanor in contrast to the august gathering of  Gods, 
Goddesses and middle- and lower-rung deities to ascertain the degrees of 
their “numinosity”/divine influence in the human world. The mad 
mystic, in fact, represents the mortals in the meeting, but proves to be far 
wiser, sharper and wittier not only compared to earthlings but also the 
divine, complacent beings. He ends up offering them correctives of  
diverse sorts. Interestingly, Ranchan does not view Gods, Goddesses, 
deities and wisdom figures as abstract, unapproachable entities; he rather 
engages them as tangible/ veritable presences in human life as their 
importance lies in the profound impact that they have on the human 
heart and mind through (verbal/non-verbal) interaction, psycho-spiritual 
and alchemical transformations. 

The modernist curve of  Ranchan’s creative idiom (both in poetry 
and fiction) is well-known and so is his uncanny ability to lend 
contemporary flavor to mythological stories, tales, themes and motifs. 
“The Mad Mystic in Heaven” evidences narrative experimentation not 
only at the level of  narration but treatment of  content as well. The mad 
mystic is a disruptive as well as a levelling narrative device that Ranchan 
employs to first disrupt the hierarchical splendor of  mid-heaven “august 
assemblage” and then to ensure non-hierarchal, equal and democratic 
commingling of  the Gods, Goddesses and lesser-/lower-level deities. 
Being wont to hierarchies symbolized by different entry gates to the 
rectangular and spectacular meeting hall for Gods, Goddesses and 
“small time deities” hailing from different categories, the august 
gathering could never think in terms of  breaking the hierarchic norm. 
“The big three”, “principal gods” have been delineated in the story in a 
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reverse order as Shiva, Vishnu and Brahma. Intriguingly, Shiva’s spouse 
has not even been referred to even in passing whereas the “bedecked 
spouses” of  Vishnu and Brahma have been duly acknowledged but 
assigned special roles concerning weal and welfare of  humanity. The big 
three Gods are privileged enough just to parachute down at will — a 
power that the gods and goddesses at the second rung did not enjoy 
alongside “small time deities”. 

Ranchan introduces the “lone mystic” rather dramatically. 
Chitragupta’s reference file missing the mystic’s card containing his 
personal information, mystifies the latter’s identity even further. It causes 
bewilderment even to the principal gods who try their best to camouflage 
it behind their so-called “omniscience”. Upon entering the hall (a 
sacrosanct “rectangular” space not meant for the ordinary human folks), 
the mystic (an official invitee to the mid-heaven meeting) suddenly starts 
dancing in a weird, psychotic fashion clapping his hands as if  
“elongating tortillas”, and then abruptly stands “stock still” in front of  
the astounded divine audience. The mystic, besides defying the past 
protocol for earthlings, also baffles the “big three” who find it hard to 
take the entire spectacle for real, simply because it appears more of  a 
charade than actual.  

As the mad mystic regains consciousness and becomes aware of  his 
surroundings, he grows into an enormous being. With his preternatural 
physical proportions, the mystic exhorts “Gods and Goddesses, small 
and large and the Sovereign Three” to mingle with the denizens of  the 
earth. He has a piece of  advice for Tasuki, son of  Vasuki who adorns 
Shiva’s neck that despite his “fluent libido”, he should love from the 
“feeling centres”, which implies that libido, or eros loses sense if  there is 
bhavashunyata, i. e. lack of  genuine ‘feeling-register’ (an expression that 
Ranchan would use so frequently in day-to-day interaction) that 
emanates from relational principle in life. Owing to such authority and 
confidence in an idiom hitherto unheard in mid-heavenly realm, each 
one of  the participants in the conference becomes nervous and thus 
squirms as the mystic comments on fundamental Vritti signifying an 
integral, body-mind-soul behavioural mode that regulates/governs us. 

It is worth mentioning that the writer has focussed on Tasuki rather 
than Shiva and his spouse, Parvati, who is not mentioned even once in 
the entire story, compared to the bedecked Lakshi and Saraswati, the 
spouses of  Vishnu and Brahma respectively. The mystic then increases 
his size and grins a little more, and tells Vishnu and Lakshmi that they 
should shed the old and dated “Avatar” paradigm. He denounces the 



The Mad Mystic in Heaven a      207 

“vaunted” scriptures indulging in pointless adulations of  Gods and 
Goddesses and thereby declares that nowadays “[h]umans . . . are 
gods”—some active, fluent and “majority in latency” (italics mine). 
Almost like Jungian Wise Old Man, the mystic sounds rather 
prescriptive as well as emphatic as he spells out the new age norm 
wherein “existential practicality” is viewed in numinous terms. He 
suggests it to Vishnu that he may go to Vaikuntha along with Lakshmi in 
case she so wishes; else, according to the mystic, she could go down to 
the human world wherein she can bless folks with “beauty, elegance and 
exquisiteness” based on “range, scope and quality of  their 
consciousness” rather than their status or birth. The mystic’s language 
thus is unconventional, deconstructive as well as challenging as it impels 
the reader to think afresh about the human world as well as the divine 
beings who need to be humanized so that their relevance to the common 
folks could be ascertained without of  course compromising the core 
symbology associated with them. 

As if  taking a cue from the mystic, Lakshmi gets up, materializes 
an owl (her vehicle which mythologically signifies intelligence, wisdom, 
and prosperity), flies from one end to the other and rains down “buff-
brown feathers”. The whole gathering becomes frenzied to catch hold of  
the “golden fleece”, that is the auspicious feathers of  the owl which the 
mystic terms as Lakshmi’s “talisman” strategically. The talisman is 
undoubtedly magical as the mystic’s leela/ play persists all the more 
overwhelmingly. Taking on the “mien of  a Lord”, he invites the 
gathering “to dance”, which, in fact, is a ploy to dissolve hierarchies, 
break boundaries and commingle all the divine beings non-hierarchically 
and non-discriminately with a view to make democracy prevail. As if  
under a spell, they do his bidding, and experience an unprecedented 
lightness and “a new ease” in their celestial selves after “eons”. 

Slipping into a trance even at this juncture, the mystic-sage tells 
Saraswati with “whispery resonance” to come down as “an emanate” 
along with Brahama who is allowed just a miniscule space. In fact, 
Saraswati has a major role to play down there through “unfolding the 
lotus of  the psyche winged with executive imagination” in a world with 
“teeming humans”. It implies connecting human beings with their souls 
and creative imagination, which has been lying in latency.  

On that note, the mystic bids them adieu and thereby reveals before 
them how before this meeting, he had experienced them in “meditation 
and muse and in Bhava Samadhi”. The mystic, at this point gets rooted 
to the ground where he meditates, engages with his creativity and also 
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experiences Bhava Samadhi—a state of  ecstatic consciousness upon 
realization of  one’s Ishta (god/deity/object of  worship) through constant 
devotional practices. It may outwardly appear sahaja (effortless) but 
requires intense devoutness and devotion that can trigger inner 
transformation through attaining oneness with the Ishta. To put it simply, 
it is a merger of  one’s bhava with his Ishta which endows him with the 
depth as well as the expansion of  consciousness. He disappears 
thereafter leaving them dumbfounded with a thought that flashed 
through the “beehive” (signifying the co-operative, divine society) that all 
the divine beings have been lying in deep slumber in the sense of  being 
indifferent to the world down there for a long while, and would intervene 
only at the time of  crisis and to “keep the keel not sinking into the 
ouroboros of  the sea”. The need of  the hour thus is that their 
numinosity/divinity, rather than “spasmodically” remaining available to 
all the mortals, is available incessantly irrespective of  their hierarchal 
position/ status. 

The mystic’s lesson to the divine beings has profound political 
implications as well. In fact, this story may also be viewed as political 
allegory. A highly stratified and hierarchized world unfolds before us 
right from the very beginning. We have divine beings representing 
various classes/ categories such as the “Sovereign Three” Gods, 
Goddesses, lower-and middle-rung deities along with the lesser mortals. 
The heaven is a space which is deeply complacent but ironically 
conscious enough to ascertain annually whether their numinosity is still 
acceptable/ influential in the human realm or not. It implies that Gods 
and Goddesses want to ensure that the power equation between the 
divine and human kingdoms should remain as it has been all through 
without ever bothering to do anything extra for the lesser mortals. The 
same situation has been prevailing year after year, and the divine 
gathering would quite curiously listen to reports from the human world 
with all its problems. 

This time around, however, something dramatic happens as the 
notes taken down by the secretaries are stashed away by the “big three” 
due to the arrival of  a puzzling presence called the mad mystic, who 
emerges as an unconventional forced mythifying and demystifying the 
mid-heaven divine hypocrisy that gets exhibited/showcased every year. 
Ranchan has employed him as a disruptive narrative device to set aside 
the “big three” via disallowing them relatively lesser narrative space and 
preferring instead to engage with the Lakshmi and Saraswati instead 
because of  their meaningful presence and role in the human world that 
has gone awry and totally off-center. Thus, the mystic as a 
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demythologizer enables the divine figures to engage with/ awaken to the 
human world and its problems. In his poetic universe of  dialogue epics, 
Ranchan engages with Wisdom Figures (such as Christ, Mother Sharda, 
Swami Vivekananda, Sri Aurobindo, Lord Krishna, Manjushri and 
Baha‘u’llah) symbolising finer essences that imbue man’s being with an 
immortal, changeless aspect. That is precisely the reason why man in his 
mortal aspect keeps looking up to them and thus seeking guidance to 
grapple with problems in day-to-day existence. 

Structurally, the story has a well-thought-out narrative frame which 
in no way seems congealed/coagulated. We, in fact, come across 
narrative fluidity in the form of  frames of  diverse sorts. Firstly, there is 
the basic frame in the form of  a deeply hierarchized divine assembly 
taking place in an opalescent hall; secondly, there is the mystic’s frame 
which counteracts on the basic frame and disrupts it by creating other 
semantic frames such as Tasuki-Vasuki frame, Lakshmi-Vishnu frame 
and Saraswati-Brahma frame, which have been deconstructed in a way 
that they could be disentangled from their loaded, conventional and 
mythological significations. The mystic offers a counter-discourse, a 
counter narrative not only to neutralize numinosity/divinity around the 
“Sovereign Three” but also to point toward its finitude/limitation via 
embedding them within existential, human world/ context. Tasuki lacks 
bhava register, which is a must; Lakshmi’s “beauty, elegance and 
exquisiteness” would be more useful and meaningful for earthlings 
irrespective of  their status or class; Saraswati too needs a non-incestuous 
space [devoid of  Brahma] to be herself  and thus ennoble and enlighten 
the human world with a wisdom that puts all classes/hierarchies in a 
perspective. The postmodernist curve of  the story thus becomes evident 
as the grand narrative concerning the “big three” overarching gods 
(Brahma-Vishnu-Mahesh) has been layered with several mini narratives 
that have been carefully lent prominence. Abrupt disappearance of  the 
mystic towards the end is both dramatic as well as unconventional. A 
hint has been dropped through a potent thought that flashes through the 
“beehive”, a metaphor for ‘rank-less’, ‘status-less’, classless and non-
hierarchal, divine democratic presences, that they need to awaken to the 
fact called human existence, and thus ‘repurpose’ their role in making it 
better.  



Audience’s Live Response 

Anu Jaidev: A very nuanced and sensitive reading. Thank you, Dr. Roshan. 

Anupama Singh: Marvellously deliberated upon the story, Roshan Sir. 
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BIMLA “PAAGAL” 
SUNEELA SHARMA 

‘In-mate of  Nari Niketan passes away due to multiple organ failure.’ 

The news, along with the photograph of  the deceased, silently screamed 
out my failure in my face from the tiny column of  the page five of  the 
newspaper where it was inconspicuously squeezed in. I perched my 
magnifying glass over the column to read it again. 

This was Bimla Paagal – my Bimla, whose death they had reported. 
The news said that Bimla had died, due to multiple organ failure within 
a week of  being sent to the Nari Niketan at Shimla. As I sat still in the 
glazed balcony of  my flat, the symphony of  a busy early morning 
routine, composed of  cooing of  the birds, calls of  garbage boys, 
newspaper boys, milk walas, morning bhajans, coupled with the 
cacophony of  monkeys romping from one rooftop to the other played 
around me in its usual melody. In the middle of  all this, I suddenly felt a 
numb inside, the first symptom of  a shock perhaps, I thought, even as I 
managed to pretend to go through the rest of  the newspaper with my 
morning cup of  tea. Screams and a commotion from outside withdrew 
me out from my trance. As I stood up, I saw a petrified little school boy 
standing on the tiny winding road below the four-storied building where 
I lived. He was wiping away tears of  terror from his face with one hand, 
a school bag on his back as he clutched a lunch box tightly in his other 
trembling hand. Two huge monkeys, their eyes glued onto the lunchbox, 
were moving slowly towards him. Out of  nowhere, shouting and running 
from the opposite direction, friends of  this boy pounced upon the 
monkeys. Moments later, the tables had turned, with the boys now 
chasing the monkeys away instead. I stood there, admiring the brave 
boys, and their unity that gave them the strength to chase the dangerous 
monkeys away. A gust of  cool breeze drew my attention to the dark, 
towering, thick grove of  giant pine trees dotting the famous Jakhu hill of  
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Shimla behind our building. One couldn’t help but admire the majesty 
and strength that resulted from their collective number, due to which 
perhaps, they had survived the axe of  modern multi-storied concrete 
jungle of  Shimla. Single trees are slaughtered everyday…. like the lonely 
Bimla. I lamented aloud to myself, realizing that we, Bimla and myself  
had finally lost our struggle within and outside.  

“Oh, why couldn’t we all be strong? Why couldn’t we fight it all 
together?” 

As I sat there looking at the blue canvassed sky with patterns and 
shapes of  clouds chasing each other, I remembered Bimla “Paagal”. She 
too was a lonely tree, who got slaughtered. 

I still remembered the day I met Bimla for the first time, as if  it was 
only yesterday. She and I, both were about the same age then… I was 
thirty-one years old and it was 27th April, 1998, my first day as a teacher 
in school and my second one in Rampur, the quaint little hometown of  
my husband. Located at about a hundred and twenty kilometers from 
Shimla, with a resident population of  only a few thousands and an equal 
number of  floating populations, this town is the biggest supply base for 
civilians as well as the armed forces, beyond the capital city of  Himachal 
Pradesh up to the borders of  China and Tibet. After my father in law’s 
death, we had decided to return home from Mumbai. 

This particular morning was an important one in my life; I had to 
make it to my new job at the school before the eight o’clock prayer time, 
as was stipulated in my appointment letter. A family servant well versed 
with the labyrinth alleys of  the old town market was deputed to guide 
me to my destination. Engrossed in my own thoughts as I turned around 
a sharp corner, I collided into her–and she fell in a heap, literally 
knocked down by my momentum. The next moment I was pulling her 
up but to my surprise she was a heavy and lifeless bundle. As I struggled 
to pull her upright and pleaded to her to get up, my attention was 
arrested by two huge black eyes that stared into mine from a dark, mud-
stained pudgy face, while ringlets of  short curly hair spilled all over and 
dark swollen lips said to me in a dead monotone -- “I’m hungry, give me 
food, they tore all my clothes, give me your clothes”. Dazed and unable 
to unlock my eyes from those captivating ones, I groped for my lunchbox 
inside my bag, and shoved the two paranthas that I had cooked for 
myself  towards her, got back on my feet and rushed to join my new job. 
Memory of  a young naked body, barely covered with a tattered blanket, 
kept haunting me even as I went through my day. Those big dark eyes 
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kept challenging me. My new colleagues interacted with me during the 
lunch break and provided me the opportunity of  narrating my curious 
encounter of  the morning to them. I was told that she was -- Bimla 
Paagal, and one must change one’s path if  one came across her as she 
was an inauspicious jinx. On further inquiry a colleague informed me 
that Bimla belonged to a village nearby. A few years ago, she fell in love 
with a truck driver and eloped with him from her home. He turned out 
to be an agent supplying girls to transporters for their needs on the road. 
Ever since then, she became the play doll of  these highway transporters, 
often used and thrown by them and therefore abandoned and disowned 
by her own family, when she turned towards them for protection. With 
this knowledge about her, my eyes searched for Bimla as I walked back 
from the school that day but she was nowhere to be found. That evening, 
over a cup of  tea, I mentioned her name to my mother in law. Peering at 
me from behind her favorite magazine, she gave me a quizzical look 
through her spectacles and asked how I knew about her. After my 
recount of  the incident, a stern -- “she is the shame of  our town and 
should be avoided” made it obvious that no further discussion on the 
topic was going to be entertained in the house and my curiosity was left 
to itself. 

Life thereafter moved at an automated pace in the months that 
followed as all of  our family got busy settling down. Bimla was by now a 
part of  my life in Rampur. I would often run into her, in the alleys of  the 
town market, at bus stand, on the road or at the Chaudhary adda, where 
goods were loaded and unloaded from trucks on the road. I would 
quickly turn my face away as soon as her big black accusing and my 
guilty, helpless eyes would meet. Sometimes She would be in tatters and 
at other times her torn clothes were replaced by new ones. By now, it was 
easy to guess that her new clothes would remain new only till the time 
she was ‘picked up’, and the tatters on her body meant the inevitable had 
happened again on the road in the dark of  night -- a grim and sad 
reminder of  the façade of  a safe, secure and cultured society that we all 
pretended to live in. Over the years, to me, Bimla became a silent symbol 
of  this naked truth of  our civilized society. And my muffled protest 
against her suffering was limited to my own limited status of  a modest 
bahu amidst a social system where traditions worship a woman as a 
Devi but persecute her as a stigma, a scum as soon as she tries to put a 
step beyond the boundaries of  the stereotyped role set for her -- her 
Lakshman Rekha. Braving it out I tried sharing my concerns for Bimla 
amongst my peers at times but this drew a helpless submission to the 
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inevitable, given the fact that Bimla had been abandoned by her family 
who had no doors to take her back. 

In the following year I began teaching at the government college of  
the town which was a couple of  kilometers away. We often heard that 
Bimla had lost her mental equilibrium, which did not surprise anyone as 
she had been noticed eating garbage and even the hospital waste. Then 
we heard stories of  Bimla delivering and killing her own new born babies 
twice, even throwing stones at anyone who ventured near her. One day I 
found her near the gate of  our college, amidst a crowd of  students, her 
naked body tangled with strips of  torn clothes around it. We had to 
procure clothes and food from the college hostel for her. This time she 
was different. She lay there, refusing to respond and move. We were 
forced to leave her but next morning she was gone. A few days later she 
was located in another place again in torn clothes…. 

Years rolled by and Bimla Paagal’s life and identity merged with 
the highway transport life of  Rampur. The small town too underwent the 
changes of  digital world, the wonders of  electronic media and people 
including me flowed with its pace. She was often seen lurking in the 
town’s alleys, scavenging for food in the gutters, garbage bins, wedding 
parties and as for her tale of  new and torn clothes, it lost the race with 
the new life that moved at a pace faster than the story of  Bimla. Her 
story was told to the young girls of  the town as a moral lesson of  the dire 
consequences if  a girl decided to leave her home, and for their mothers 
… a metaphor of  our own muffled identities. 

Many years passed and now I was posted at a college in Shimla. 
One Saturday evening, an old friend from Rampur, called me. Our 
friendship dated back to the times of  our own struggle for identity. 
Nowadays she was running an NGO for differently abled children at 
Rampur. Her mention of  Bimla’s name brought so many memories 
flooding back. She announced on the phone that she had finally filed a 
petition to the court for Bimla’s protection and healthcare. As a result, 
the court had ordered her treatment at the state hospital at Shimla. She 
requested me to ensure that Bimla should not be declared mentally fit at 
the hospital and sent back by the medical authorities, as was done with 
patients in police custody under legal directions. 

As I read Bimla’s medical report that was mailed by my friend to 
me, to my dismay I discovered that Bimla had lost her health completely 
due to prolonged sexual abuse and neglect of  physical hygiene. She was 
heading on for multiple organ failure and could be HIV positive. I felt a 
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pang of  guilt and shame for having forgotten her. Her black eyes haunted 
me in my sleep that night, pleading for justice and by the morning I had 
decided, I had to do something. I called another friend who runs a 
nursing college in the city and together, we went to welcome Bimla on 
her arrival at the city hospital. The moment our eyes met, I looked 
straight into them. A catheter was attached to her for the ablutions she 
couldn’t render herself. It was clear at the first look that she was now too 
weak and needed an attendant but the doctor on duty almost threw me 
out demanding me to prove that I was related to Bimla. I was able to 
click a few pictures of  Bimla though, and shared them on facebook to 
seek help. We received no less than two hundred likes but no hand came 
to hold hers’. I spent a sleepless night as the stipulated period of  police 
custody was to lapse the next day and she would be sent back to 
Rampur. Now was the time that an honest medical report stating her 
pathetic mental and physical state would be required for her salvation 
and directions from the court for sending her to a mental re-habilitation 
centre. 

Next morning, I met the head of  the department where Bimla was 
under treatment. The doctor seemed more concerned with his position in 
question rather than the situation of  the poor victim. When I told him 
Bimla’s saga of  loss of  innocence, physical, mental and emotional 
torture, her social boycott, my association with her, I sensed a shadow of  
sympathy cross the stoic face of  the doctor. He requested me to put my 
signatures at the base of  two blank sheets, promising to do all he could to 
help save Bimla’s life. Confident that Bimla would be shifted to the 
mental rehabilitation centre for further treatment the next day, I thought 
of  spending some time with her before leaving the hospital. As I went 
near her bed, she looked up at me like a fresh lily flower. The nursing 
students from my friend’s college had washed and scrubbed her. She 
looked so pretty wearing a bottle green kurta and black slacks with her 
hair neatly combed into a plait.... The girls were really pampering her 
and she seemed to have won the hearts of  all the patients in her ward. 
Someone had even kept a small bunch of  roses near her bed. I asked her 
what she wished to eat and with a strange glint in those dark eyes, she 
raised her arms spreading them wide like a little child and demanded lots 
of  oranges and chocolates which we procured for her. Had I known that 
that night when I left Bimla, it was to be forever, I would have tried to 
fulfill all the rest of  her wishes too. The next day Bimla was sent to a 
home for Destitute women with a medical report that declared her 
mentally, physically and medically fit and a witness, Suneela Sharma, 
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had certified that she was never sexually assaulted nor was she found 
indulging in any activities indicative of  mental illness .Bimla, declared 
medically fit, was sent by the court to a Nari Niketan where she passed 
away after a week, coincidentally on the International Day for women. 
Bimla was released from the body prison of  a woman while the whole 
world celebrated freedom for women. 

The frantic ringing of  the doorbell brought me back to the present 
and I realized that I was surely late for my 10:00 am lecture. I rushed to 
the door to let in Renu, an orphan girl who had lost her father during the 
construction of  our building fifteen years ago, and since then she had 
been adopted by the families of  our neighbourhood. She was just fifteen 
then when she started helping us all in our house chores, now a mother 
of  two daughters herself. As Renu stared at me with a perplexed look in 
her eyes, I gave her a tight hug, made a silent promise to Renu and took 
her inside.  
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Review of “Bimla ‘Paagal’” 
ABHYUDITA GAUTAM 

Bimla Paagal is a tragic and pathetic tale of  a woman, who had fallen in 
love and eloped with her partner only to be betrayed, abused and 
discarded like a scrap. The sanctity of  her marriage was ruptured, her 
chastity torn down, her dignity shattered and mutilitated just like the 
clothes on her body that barely managed to cover up her wounds. In fact, 
it would not be wrong to say that this tale is about a woman who fell 
victim to circumstances and is unable to overcome the emotional trauma 
that led to repeated physical assaults on her body ultimately resulting in 
her mental retardation and imbalance. 

The story is about the failure of  the society to protect her and 
provide Bimla the basic necessities of  life like food, clothing and shelter 
that every individual has a right to. Her succumbing to her wounds and 
illness was a tragedy that the writer and her fellow workers regret in the 
story as they tried to rehabilitate her but could not succeed in their noble 
mission. 

Suneela Sharma has narrated the story beautifully in an 
autobiographical manner with a lot of  sensitivity, adopting the stream of  
consciousness technique by chronologically depicting the events in her 
own life as well as that in Bimla’s life giving it a structure of  a parallel 
narrative. There is pathos in the story as one feels pity and sympathetic 
for the protagonist. 

The present day is when she hears about Bimla’s death as the 
morning routine sounds of  the milkman, newspaper boy, morning 
hymns, garbage boys and the monkeys jumping on the rooftops 
reverberated in the background. The four stages of  the writer’s life which 
are the significant turning points in her life also narrate the four different 
phases of  Bimla’s life.  

The first instance is her first day to her school where she had joined 
as a teacher when on the way she bumps into a hungry and nude Bimla 
on the road, second one was when she was settling down her family 
business in her hometown when she observes Bimla wandering around 
like a lunatic who had evidently been sexually exploited. By the time the 
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writer joined her services of  college cadre, Bimla’s condition had 
deteriorated to such an extent that she had transformed into a scavenger 
feeding on garbage and leftover food and had even started pelting stones 
at people who came near her, as a natural defense instinct against the 
men who had assaulted her. Suneela Sharma shifted to Shimla when she 
was told that a petition for Bimla’s protection and welfare was filed in 
the court. 

The writer’s own struggle to find an identity for her been narrated 
simultaneously with Bimla’s story who was the same age as the writer. 
Both the women’s lives run parallel in the narrative. 

Bimla, the name, means pious and pure, but ironically, she was 
subjected to very heinous atrocities in her life that devastated her 
chastity. 

The writer has symbolically represented the retaliation in her story 
when she narrates the incidence of  the struggle of  the school boys with 
the aggressive monkeys trying to snatch away their lunch boxes. The 
need to be united and gather ourselves to fight against the challenges of  
life is portrayed, which the writer and her fellow social workers failed to 
do. 

There is also a comparison between the cutting and felling of  the 
trees with the sexual exploitation of  Bimla. This theory of  Eco Criticism 
is evident through the reference of  trees in the story and we are reminded 
of  The Flowering Tree by AK Ramanujam where a woman’s body is 
disfigured by the human hands that pluck the twigs of  the tree violently. 

Labeling of  Bimla as ‘Paagal’ or a jinx is the issue of  witch-hunting 
that the authoress has brought in. We can make a reference to The 
Madwoman in the Attic by Gilbert and Gubar as Bimla has been isolated 
and alienated in the society that thought of  her as an outcaste or a 
monster. 

Bimla’s roaming around without clothes, becoming a subject of 
ridicule and loathing is a stark contrast to the worshipping of  the 
Goddesses in our country. Sustaining on garbage and wasted food by 
Bimla is an indication of  malnutrition that the women of  the Asian 
countries suffer, which has been elaborated upon by Amartya Sen in A 
Hundred Million Women are Missing.  

The issue of  personal hygiene of  women is also another aspect to 
ponder over, which is the basic right that every woman is entitled to, and 
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that Bimla could not access as she was not provided the personal and 
secure space even during her menstrual cycle. 

Bimla’s toothless smile shows her hope to overcome the adversity 
of  life even though she was unarmed and unguarded to face this cruel 
world. Teeth may symbolically be taken as natural defense tools that she 
had shed making herself  vulnerable to the wolves of  the society. 

The story ends tragically when Bimla, a probable case of  HIV 
positive dies due to multiple organ failure, much to the utter dismay of  
the writer and her fellow social workers. 

However, the story ends with another ray of  hope for the writer 
who opens up her door to a new domestic helper called Renu, in whom 
she sees an opportunity to compensate for what she could not 
accomplish for Bimla. 

The story of  Bimla “Paagal” seems to have come a full circle.  



 

Audience’s Live Response 

Irene Rattan: Suneela ma’am, your words carry the pain of  your heart. 

Priyanka Koundal: Such a beautiful and heart touching story.... Ma’am, I want to 
read it again, so can you tell me please from where I get this? Any soft copy? 

Leena Vaidya: Suneela Ma'am we had a somewhat similar case over here in 
Bhunter, Kullu. I just informed the authorities and now feel sorry that I never 
followed it after she was shifted to Shimla. 

Namrata Pathania: There is a Bimla Paagal in every nook and corner of  our 
society. What is lacking is empathy and action. 

Savita J.B. Singh: Suneela Ma’am...you have touched on a very sensitive topic... 
Heart rending... the plight of  women! 

 

 

 

 

 



  

 

22 
uaxk vkneh 

;ksxs'oj 'kekZ 

lk¡> gksrs gh v¡/ksjk mrj vkrk gS iVfj;ksa ijA fQj vkx&/kq,¡ ls flldrs gq,] 
batu ds iSj Nqd&Nqd] Nqd&Nqd ljdus yxrs gSa & /khjs&/khjs] rst] fQj 
cgqr rstA 

lUukVs ds fiatjs ls 'kCncs/kh ,d yEch lhVh Vdjkrh gS phRdkj dh 
rjgA dqN iaNh ej tkrs gSaA dqN mM+ tkrs gSaA dqN csne gks tkrs gSaA 

tks ej tkrs gSa os ^vki ejs] tx ijy;^ futkr ik tkrs gSa jkst&jkst 
ds ^ijiap^ ls] Mj&Hk; lsA tks mM+ tkrs gSa] os va/ksjs esa ia[k QM+QM+krs jgrs 
gSaA tks csne gks tkrs gSa] os nwljh phRdkj dk ^/kM+kdk^ l ds fy, [kqn dks 
rS;kj ls djus yxrs gSaA 

lhVw dks csyk&dqcsyk ;g jsy dh lhVh cgqr cqjh yxrh gS & Mk;u] 
eugwlA gj oä tku lk¡lr esa jgsA Hkje yxk jgrk gS fd ;g dgha ^VqaMh 
jk{kl^ dh rjg QM+QM+kdj mlds Vijs dks u yid ys---iVfj;ksa ls mrjdjA 

fuxksM+h uhan mpV tkrh gS v/kjkrsA 

fQj vkt rks uhan ;w¡ Hkh m[kM+dj vk jgh FkhA 

lq[kuh & mldh choh] cM+h&cM+h vk¡[kksa esa iqrfy;k¡&lh upkrh fQjrh 
gS] u tkus fdl djetys ds iYys ck¡/k fn;k mej Hkj dksA u dHkh I;kj dh 
ckr djs---A muhanh jkr dks HkM+HkM+kdj mBk nsxk] ^lq[kuh jh] ns[k rks ?kM+s esa 
vkVk gS cpk gqvk\ dy dk tqxkM+ gks tk;s rks ,d fnu Nqêh d:¡A ftLe 
nq%[k jgk gS lkjkA BaM yx x;h gS 'kk;nA 

lhVw dks vius uke ls fp<+ gSA lq[kuh dks vius uke lsA 

vkSj ;g xkM+h Hkh ,su xyk [ka[kkj&[ka[kkjdj xqtjrh gS ;gk¡ ls & 
vk/kh jkr dksA u dksbZ lqj] u dksbZ rkyA blds cs<axs Mjkous fjfj;kus ij 
dkSu rkyh ihVus cSB tk;s] dkSu xkus ukpus yx tk;sA  

lhVw tc iSnk gqvk Fkk rks blh /kM+/kM+krh xkM+h dh yEch lhVh cth Fkh] 
mlds ckiw dgrs FksA vUnj ek¡ dks tksjksa ds njn Fks & gky&csgkyA m/kj 
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xkM+h dh lhVh cth vkSj b/kj ykyVsu dh dk¡irh&>k¡irh ykS esa cw<+h nkbZ us 
pV [kq'k[kcjh Qsad nh Bhd vk¡xu esa] ^jktk csVk gqvk gS js rsjs] eaxrjkeAß  

v¡tqfy Hkj crkls cpkdj j[ks Fks vkM+s fnuksa ds fy,A eaxrw us lkjs ds 
lkjs yqVk fn;sA 

fQj og eu gh eu xquus yxk & csVk gqvk gS] vPNh ckr gS] ysfdu 
jktk csVk! gS u cs<axh ckr! og ?kaVksa g¡lrk jgk vkSj mnkl gksrk jgkA  

ysfdu ,d dke dj fn;k mlus QVkQVA csVs dk uke j[k fn;k lhVwA  

lhVw dks vkt vius fnoaxr cki dh ;kn vk x;h gS cgqr cqjh rjg lsA 
jkr ds lk<+s ckjg cts gSaA ihyk&ihyk pkan pedrk gS & Åij] cgqr Åij 
vkdk'k esaA lkeus ds Å¡ps&Åaps igkM+ T;ksa ds R;ksa [kM+s gSa pkSdUusA xkM+h dk 
ph[kuk lqudj muhans ls ldidkdj mB cSBs gSa tSlsA vtkus cksy dh 
ijNkb;k¡&lh Qsad jgs gSa jLlh dh ekfuan&Bhd lhVw ds lkeus ---  

^dqN cksy lhVw] jkr dV tk;sA^  

vc lhVw D;k cksys\ ek?k eghus dh dM+dM+krh BaM! nk¡r ct jgs gSa 
BdkBdA xwnM+ dks Qsad&osaddj vk¡xu esa mdM+w¡ cSB x;k gS lhVwA chM+h dk 
lqêk yxk jgk gS HkdkHkdA  

llqjh uhan mpV x;h gSA mpVh dgk¡\ uhan vk;h dc gS vkt\ lksprk 
gS & tks gqvk cqjk gqvkA  

ckiw us ejrh ckj dgk Fkk & 

^lqu csVs] rsrs ik¡o ilkfj;ks] tsrh ykach lkSjA gekjs ^cal^ esa ;g eqgkojk 
cgqr iqjkuk gSA lEifÙk] tk;nkn] ?kj] tehu--- ;g lc clh;r djus dh 
^ijFkk^ gekjs [kkunku esa dHkh ugha jghA ge vius liwr csVksa dks viuh 
fiyfiyh ilfy;k¡] [kqjnqjs gkFk] fcokbZ iM+h ,fM+;k¡] cks> ls ckSus gq, flj] 
fNys gq, dU/ks Hkj fn[kk nsrs gSaA gekjs csVs cM+s l;kus gSaA ftLe ij Vk¡dh gqbZ 
bl iFkjhyh Hkk"kk dks [kqn le> ysrs gSaA dksbZ f'kdk;r ugha djrsA ---ns[k 
csVs] rsrs ik¡o ilkfj;ks tsrh ykach lkSjA pknj NksVh iM tk;s rks mdM+w¡ gks 
tkukA fQj Hkh de iM+s rks isV] Vk¡xksa dks Nhy&rjk'kdj NksVk&NksVk dj 
ysukA diM+k fcÙkk Hkj Hkh jg tk;s] dksf'k'k djuk og vaxqfy Hkj diM+k rqEgsa 
iwjk <d ysA uaxk er gks tkuk! ge vui<+] x¡okj] xjhc] etnwj yksx gSaA 
uaxk gksuk 'kksHkk ugha nsrk gesaA  

^vc le>k lhVw fd mlds fny esa ^gksy^ lh D;ksa eph gS bruh\ 
Bhd&Bhd uhan D;ksa ugha vk jgh gS\ lhVw [kqn gSjku fd ckiw D;ksa ;kn vk 
jgs gSa vkt brus tksjksa ls\  

'kk;n vkt og uaxk gks x;k gS iwjk dk iwjkA fdlh us ns[kk ;k ugha] 
mlus ns[k fy;k gS vius vkidksA  
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og ncs ik¡o lq[kuh ds fljgkus cSB x;kA ^gkSyŝ  ls mlds ekFks dks 
Nwdj ns[kk & ^lq[kuh jh] vkVk-----\* ysfdu #d x;k cksyrk&cksyrkA ckr 
dqN vkSj djuh FkhA eq¡g ls fudy x;h dqN vkSjA  

lq[kuh us ^Å¡g^ djds djoV cnyhA  

vthc vkSjr gS! u <ax dk igusA u <ax dk [kk;sA u <ax dh ckr 
djsA u <ax ls lks;sA  

ysfdu ;g nks"k fdldk gS\ D;k lq[k fn;k gS lq[kuh dks mlus vc 
rd\  

lhVw lksprs&lksprs #d x;kA igys gh dkQh cks> gS flj ijA vc vkSj 
D;k&D;k lksps lhVw\ 

fiNyh xehZ esa lq[kuh cksyrh Fkh] ^vcdh tkM+ksa esa gkM+ [kM+&[kM+ djsaxs] 
ns[k ysukA xqnM+ lkjs QV x;s gSaA ns[krs ugha diM+s lkjs m/kkM+h&m/kkM+h gks 
jgs gSaA rw rks enZ gS] uaxk jg ysxkA eSa vkSjr tkr gw¡A lqbZ ls ftLe esa 
dgk¡&dgk¡ cf[k;s yxkrh fQ:¡xhA 

lhVw dks cl xqLlk gh vk x;k] ^dSls dgrh gSa rw fd eSa uaxk jg yw¡xkA 
ckiw us dgk Fkk--- [kSj] jgus nsA vkxs ls ,slh ckr er djukA dgs nsrk gw¡A^  

cqM+cqM+krk jgk lhVw ;wa ghA chM+h dk lqêk [khaprk jgk xgjs] cgqr xgjsA 
/kq,¡ ds ?kus dkys dksgjs esa mlus viuh lkjh ftUnxh dh ifjØek dj yhA 
xksy&xksy NksVk&lk nk;jk gSA fdruh nsj yxrh gS ?kwe&?kqekdj okil 
viuh txg vkus esaA ysfdu ml nk;js esa ^?kqeko^ cgqr gSA lkjk jkLrk dk¡Vksa 
vkSj uqdhys iRFkjksa ls vVk gqvk gSA ihNs ns[krk gS rks Bksdj yxrh gSA vkxs 
ns[krk gS rks v¡/ksjk fn[kk;h nsrk gS] ?kVkVksiA 

cM+s&cM+s lius mlus dHkh ugha ns[ksaA--- vc rks cl ,d lk/k jg x;h 
gSA mldh >ksaiM+h ds fdokM+ yx tk,¡] clA ckdh tks gS] Bhd gSA nks 
rhu&lky ls lksp jgk gSA iSlksa dk ^ cslxh ^ tqxkM+ ugha cSBrkA lk/k T;ksa 
dh R;ksa /kjh&/kjkbZ iM+h gSA 

fcu C;kgk Fkk rks Bhd FkkA ysfdu tc ls lq[kuh dks C;kg dj yk;k 
gS] fdokM+ dh fpUrk [kk;s tk jgh gS jkr&fnuA fnu Hkh [kSj fudy tkrk gSA 
jkr dk Mj yxk jgrk gSA pksj&Mkdw] xqaMs&mpDds--- 'kgj dh vkcksgok xk¡o 
dks Ml jgh gS /khjs&/khjsA [kVdk yxk jgrk gS ges'kk&ges'kk fd dksbZ dksBjh 
ds Hkhrj >k¡d jgk gSA [kSj] pqjkus yk;d pht rks dksbZ ugha gS ?kj esaA tks gS 
og lq[kuh gSA toku&tgku mldh chohA xÅ tSlh lh/khA ysfdu nqfu;k 
dh utjsa rks lh/kh ugha gSaA dHkh&dHkh ?kj ykSVus esa nsj gks tkrh gS rks 
lq[kuh ds lkFk&lkFk fdokM+ dk /;ku vk tkrk gS >ê lsA ^/kM+kdk^&lk 
mBrk gS dysts esaA ?kj esa iDds fdokM+ ugha gSa rks ?kj iwjk uaxk&uaxk yxrk 
gSA lq[kuh cSBh gS lkeusA lq[kuh ugk&/kks jgh gSA lq[kuh cfr;k jgh gSA 
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lq[kuh f[kM+&f[kM+ g¡l jgh gSA lq[kuh lks jgh gSA--- lq[kuh lhVw dh vksj 
ns[krh gS vkSj [kqn dks <hyk NksM+ nsrh gSA ^lje^ yxrh gS dksbZ vkSj ns[k ys 
rks! ---  

tc ls taxy dk dke yxk gS] ydM+h dk xksnke ;gk¡ cuk gSA vkjs dh 
e'khu yxh gS] 'kgj ls yksx ;gk¡ vk;s gSaA nsgkr ds dPps&iDds ?kjksa esa 
fdokM+ksa vkSj rkyksa dh t:jr iM+ x;h gSA 

xqaMs&mpDds iDdh lM+d NksM+dj ixMaMh ij b/kj&m/kj e¡Mjkus yxs 
gSaA dqNsd ixMafM;k¡ rks [kqn cuk ysrs gSa ;sA rkdrs jgrs gSa vxy&cxy 
thHk fpifpikrs gq,A ydM+h ds xksnke ds dkfjUns] taxy ds Bsdsnkj] ljdkjh 
vkneh mlds Vijs ds lkeus ls bdys&nqdys Vgyrs] [ka[kkjrs] Hkíh gjdrsa 
djrs jgrs gSaA fdlh fnu mUgksaus ns[k fy;k fd ?kj esa fdokM+ ugha gSa rks! 
lhVw dk fny cSB tkrk gSA dHkh&dHkh fngkM+h dk dke NksM+dj og igjk 
nsus cSB x;k gS ?kj ij [kqn ngyht ij cSB tk;sxk vkSj lq[kuh dks vksV esa 
dj ysxkA ysfdu tc ?kM+s esa vkVk pqd tkrk gS rks lq[kuh tcjnLrh /kdsy 
nsrh gS mls dke ijA 

dHkh&dHkh ,slk Hkh gqvk gS fd b/kj xkM+h dh lhVh cth] m/kj lhVw 
>ViV mBdj va/ksjs esa viuh choh dks VVksyus yx tkrk gSA cxy esa lks;h 
gS pSu lsA Bhd gSA lq[kuh dHkh&dHkkj tkxh gksrh gS xqipqiA lksprh gS lhVw 
jkse&jkse esa jlh&clh v¡xM+kbZ ys ysxk vHkh&vHkh vkSj lq[kuh dks txk nsxk 
>d>ksjdjA ysfdu eu dh tc ,slh gkyr gksrh gS rks lhVw mls txkrk 
ughaA mYVs [kqn tkxdj mls FkiFkih nsdj lqyk nsrk gSA--- FkksM+h&FkksM+h 
dksf'k'k djrh gS lq[kuh lhVw dh ckr le>us dhA--- 

lhVw cl lksprk tk jgk gSA ,d utj ckgj] ,d utj HkhrjA ,d 
[;ky ;gk¡] ,d [;ky ogk¡A 

fefljth vk;s Fks bykds esaA dSlk Hkk"k.k fn;k FkkA nks dksl nwj rd 
vkokt cqyUn FkhA [kknh ds diM+s >dk>dA xys esa ^Mksyjŝ  ds Qwyksa ds gkjA 
lkjk bykdk VwV iM+k Fkk Hkk"k.k lquus ds fy,A fefljth dHkh g¡l tk;saA 
dHkh pqi gks tk;saA cl ns[krs&lqurs curk FkkA ,d&nks ckj rks Hkk"k.k 
nsrs&nsrs jks iM+sA [kwc ;kn gSA vHkh dh ckr gS & gq, gksaxs lkr&vkB eghusA 
taxy ds Bsdsnkj] dkfjUns lc vxy&cxy esa pgd jgs FksA HkkbZ&Hkrhts Fks 
muds ;k vius [kkl vknehA nkSM+&Hkkxdj iwjk bUrtke fd;k Fkk mUgksausA 
'kgrhjksa dk Å¡pk pcwrjk cuk;k Fkk] tgk¡ ls fefljth Hkk"k.k ns jgs FksA 
ekfyd yksxksa us dgk Fkk] ^lhVw] usrkth dk Hkk"k.k [kRe gks tk;s rks 'kgrhj 
mBkdj okil ^Vky^ esa j[k nsukA Hkh[kw] Hkknzw] eksgu] yPNw lcdks dg fn;k 
gSA le>s! gj 'kgrhj dk /;ku j[kukA* 

lhVw blfy, vxyh ykbu esa cSB x;k Fkk] Bhd pcwrjs ds iklA dHkh 
usrkth dks ns[krk] dHkh 'kgrhjksa dksA Hkk"k.k dh dksbZ&dksbZ ckr le> esa vk 
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tkrh] ckdh jke tkusA yksx rkyh ctkrs FksA og chM+h eqag esa [kksals igys 
bnZ&fxnZ yksxksa dks ns[krkA fQj pê ls nksuksa gkFkksa dks ,d&nwljs ls feyk 
nsrkA 

ijrki gS usrkth dkA cksyks] usrkth th t;!  

fefljth dh vk¡[kksa esa vk¡lw FksA tkus D;ksa\ Bhd lkeus cSBs lhVw dh 
vksj mUgksaus ns[kkA lhVw dks le> ugha vk;k fd og rkyh ctk;s ;k jks;sA 
QVkQV chM+h cq>kdj dku esa [kksal yhA 

fefljth pcwrjs ls mrjsA cM+s I;kj ls lhVw ds dU/ks ij gkFk j[kkA ck¡g 
ls idM+dj mls pcwrjs ij ys pysA [kM+k dj fn;k lcds lkeus mls iyd 
>idrs lc dqN gks x;kA lhVw cqr cuk lc ns[krk jgkA HkhM+ esa ls nks&pkj 
vkoktsa Hkh vk;ha] ^eaxrw dk Nksjk gS] lhVwA^ dqN yksx g¡ls HkhA ysfdu 
feftjth dh vk¡[ksa xhyh Fkha& 

^ns[kks] bl xjhc etnwj dh gkyr ns[kksA gn gSA vktknh ds ckn D;k 
feyk gS bldks\ ;g Hkh bUlku gSA HkkbZ gS ;g gekjkA xka/khth us dgk Fkk 
^vaR;ksn;^---A eSa dle [kkdj dgrk gw¡ fd ;fn eSa pquko thr x;k rks lcls 
igys bl HkkbZ dh gkyr lq/kk:¡xkA^  

rkfy;k¡! --- 

lhVw dks dqN oä yxk bl ^lneŝ  ls mcjus esaA ysfdu og iwjh rjg 
xn~xn~ gks x;kA ^lk{kkr~̂  ukjk;.k gS fefljthA brus vknfe;ksa ds chp rM+kd 
ls cksy x;s] ^;g HkkbZ gS esjk^A /kUu gks egkjkt! dgk¡ jktk Hkkst] dgk¡ xaxw 
rsyhA 

lkFkh etnwjksa us Vgksdk fn;k] ^vc rsjh pkanh gS] lhVwA^  

cM+h jkr rd] ml fnu lhVw 'kgrhj mBk&mBkdj ^Vky^ rd igq¡pkrk 
jgkA ydM+h ds Bsdsnkj] ckcw lc mldh ihB Bksad jgs Fks] ^fefljth [kq'k 
gksdj x;s gSa] lhVwA^  

FkksM+h&lh nk:] foyk;rh] fiyk nh mUgksausA ih x;k xVkxV lhVwA 
fefljth dh twBu FkhA ijlkn le>dj ih x;kA 

?kj vkdj lq[kuh ij jkSc >kM+us yxk] ^rw D;k le>rh gS eSa nks Vds dk 
vkneh gw¡\ tkurh gS] fefljth us vkt lcds lkeus lhVwjke ds dSls&dSls 
c[kku fd;s\^  

lq[kuh us vk¡[ksa eVdk;haaA nk: dk lkjk u'kk xk;c\ 

^lq[kuh jh] vc dke gks x;k le>A pcwrjs ij gkFk idM+dj ys x;s 
eq>sA esjs dU/ks ij gkFk j[k fn;k ;w¡A cksys] ;g HkkbZ gS esjk ;w¡ j[kk gkFkA^ 
lq[kuh dks xqnxqnh gks vk;hA--- ,d chM+h vkSj lqyxk yh lhVw usA--- fefljth 
thr x;sA ^eUrjh^ cu x;sA 
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lhVw us nk: ih yh ^[kq'kh^ esaA vcdh foyk;rh ugha FkhA iYys ls 
[kjhnh&lLrh ns'khA ^iOok^ Hkj p<+k fy;kA cl flj dks p<+ x;hA fxjrk] 
iM+rk] yM+[kM+krk] g¡lrk] xkrk] ukprk jgk lhVwA ?kj vkdj choh ls >xM+k 
dj fn;kA 

^nk: ihdj viuh ?kjokyh ls >xM+rk gS rwA yM+uh gS rks dksbZ cM+h 
yM+kbZ yM+A* 

;g cM+h yM+kbZ D;k gksrh gS\ Hkw"k.k ckcw ;wfu;u ds tyls esa cksyrs Fks] 
^vius gd dh yM+kbZ yM+ksA^  

vc ;g ^gd^ D;k gksrk gS\ ,d VafV;k gks rks le>s lhVw! --- 

fefljth ^eUrjh^ cuus ds ckn bykds ds nkSjs ij vk;s rks jaxr gh 
nwljh FkhA thi] dkj lc vxy&cxy esaA te?kVk yksxksa dkA lc ,d lqj esa 
cksys] ^eUrjhth ftUnkokn!^ jax&fcjaxs Qwyksa ds gkjA eUrjhth nksuksa gkFkksa ls 
^ijuke^ djsa lcdksA---;g vxyk tUe] fiNyk tUe dqN ugha gSA tks gS] cl 
blh tUe dk [ksy gSA çrki gS egkjkt dkA ftldks gS] mldks gSA ftldks 
ugha gS] mldks ugha gSA--- lhVw lksp jgk gSA 

^/kUu gks eUrjhthA ekVh ^ifoÙkj^ gks x;hA* 

^/kkj ijksyh^ ds esys esa Hkh ,slh pgy&igy ugha ns[khA 

Hkk"k.k ds oä bl ckj fQj lhVw pcwrjs ds ,su cxy esa cSBk FkkA ijUrq 
eUrjhth vcdh vkleku dks ns[k jgs Fks vkSj /kjrh ds thoksa dks ^mins'k^ ns 
jgs FksA 

Mkd c¡xys esa Hkh cM+h /kDdeisy FkhA ckgj dqlhZ yxkdj cSBs Fks 
fefljthA QSlys ij QSlyk lquk jgs FksA ftl rjax esa lhVw muds djhc 
nkSM+k] mlh /kDds esa lUrjh us ihNs /kdsy fn;k] ^ykbu esa vkvksA* 

^D;ksa vk;sa th ykbu esa\ fefljth HkkbZ gSa gekjsA^  

fefljth us gYyk lqu fy;kA m/kj ns[kkA lhVw us /kM+Yys ls nksuksa gkFk 
tksM+dj ^ijuke^ dj nhA ^lk;r ns[kk ugha fefljth usA^ b/kj m/kj 
?kwe&fQjdj tc Hkh fefljth dh utj lhVw iM+rh] og rM+ ls ijuke dj 
nsrk&iwjk nqgjk gksdjA ,d ckj] nks ckj--- ik¡p&lkr ckj ,slk gks x;kA 
^igpkuk ugha lk;nA^  

vxy&cxy taxy ds Bsdsnkj] eUrjhth ds vius [kkl vkneh] vQlj] 
lkgc yksx] iapk;r ds ij/kku] ljiap--- cM+s&cM+s yksx cSBs FksA 

lhVw dks dld jg x;h fd ijuke dk tokc ugha feyk Bhd lsA 
eSukjke ljiap dh utj mBh dksbZ nks ?kaVs cknA 

^D;k pkgrk gS] lhVw rw\ eUrjhth ls dksbZ Qfj;kn djuh gSA D;k\^  
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vc ns[kk fefljth us lkQ&lkQA 

^dkSu gS ;g vkneh\^  

lhVw dks yxk tSls tksxuh ds ^<k¡[k^ ls fdlh us mls /kDdk ns fn;kA 
ysfdu l¡Hky x;k ,dneA gks ldrk gS mlds lQsn iktkes vkSj yës dh 
deht ls u igpku ik jgs gksaA ^lknh^ ds VSe dk lwV gSA [kkl&[kkl ekSds 
ij igurk gS lhVwA 

^eSa lhVw gw¡] thA fiNyh ckj---A* taxy ds Bsdsnkj yksxksa us ?kwjrh gqbZ 
utj ls ns[kk mlsA og Mj x;kA mUgsa Mj viuk Fkk fd dgha og fngkM+h] 
etnwjh--- tqYe] tcjnLrh dk c[ksM+k u NsM+ ns ;gk¡A 

ljiap us dgk&^bldk uke lhVw gS th] tukcA^  

eUrjhth g¡lsA iku dh ihd FkksM+h&FkksM+h gksaBksa ls ckgj fudy vk;hA 

ljiap us lhVw dks Vgksdk fn;k&^tYnh cksy lhVw] D;k rdyhQ gS rsjh\ 
eUrjhth dks VSe ugha gSA cgqr ls dke gS djus dksA^  

^th---A* 

lw>k ugha ,su oä ij fd D;k cksys\ HkkbZ okyh ckr rks x;hAvc u;s 
fljs ls ckr 'kq: djuh FkhA ysfdu Q¡l x;kA vc cksyuk t:jh Fkk dqNA 
mlds eq¡g ls fudy x;k & 

^th] esjs ?kj esa fctyh ugha vk;h vkt rdA^  

lHkh g¡l iM+s tksj yxkdjA eUrjhth us eqag Vs<+k fd;k] ^rsjs ?kj esa 
fctyh ugha vk;h vkt rd\ ckgj rks lkjs >dk>d gSa---?kj esa fctyh 
yxokus dk Bsdk ljdkj dk ugha gSA^  

^gSa! dgk¡ xyrh gqbZ lhVw ls\^ mlus nwljh ckr idM+ yh ^>ê^ ls & 

^th] th esjs ?kj dk njoktk djhc pkj lky igys VwV x;k FkkA nhed 
us pê dj fn;k Fkk iwjk dk iwjkA cki&nknk ds VSe dh ydM+h FkhA--- vc 
fdokM+ ugha gSA--- lje yxrh gSA^  

eUrjhth Bgkdk yxkdj g¡lsA muds lkFk lHkh g¡ls tksj&tksj lsA nwj 
[kM+k lUrjh Hkh lkjh ckrsa lkQ lqu jgk FkkA dU/ks ij cUnwd j[ks 
lh/kk&likV [kM+k FkkA ysfdu g¡lh ls dej esa ypd vk x;hA 

g¡lus okyh ckr djrk gS lhVwA 

irk ugha ;g D;k gks x;kA vc dq'ky blh esa Fkh fd lhVw Hkh tksj 
yxkdj gal ns] clA 

eUrjhth vHkh fiNyh ckr ij xkSj dj jgs Fks] ^lje dkgs dh] js\ rw 
uaxk jgrk gS vius ?kj esa D;k\^  



226      Let Us Tell a Story 

lhVw g¡lrk&g¡lrk ,dne pqi gks x;kA dSlh ckr dj nh fefljth us\ 
og lc dqN lqu ldrk gS] ysfdu etky fd ,slh ckr dksbZ cksy tk;sA 
lq[kuh ugha cksy ldrh mlds lkeusA 

cl] Hkkx vk;k ogk¡ ls cqM+cqM+krk gqvkA---igpkuk ughaA dksbZ ckr ugha--- 
ysfdu uaxk D;ksa cksyk eq>s\ 

fnekx NksVk gS mldk ojuk lcdk fglkc crk nsrk lkQ&lkQA 

vkSdkr ugha gS oSlh ojuk lkjh ckr lkQ&lkQ dg nsrkA 

FkksM+h&cgqr nk: tc [kksiM+h esa p<+rh gS rks iSj dkcw esa jgsa ;k u jgsa] 
fnekx esa phtsa t:j lkQ fn[kk;h nsrh gSaA iwjh rlohj f[kap tkrh gS ydhj 
ydhjA Mj Hkh ugha O;kirkA 

cM+h&cM+h xkfy;k¡ gyd ls ckgj meM+us dks vkrh gSaA [kwu ihrs gSa 
vkne[kksjA---lroknh gfjpUnj cus gSaA uaxs gSa [kqn iwjsA lhVw dks xkyh nsrs 
gSaA--- lcdh lk¡B&xk¡B gSA feyhHkxr gSA fgLlk&iÙkh gS ca/kh gqbZ lcdhA 
taxy dk Bsdsnkj] [kkl&[kkl dkfjUns] ljdkj ds vkneh---eUrjh] lUrjh---
lcA ckiw dgrk Fkk&lkjk nsl uaxk gks x;kA rw er uaxk gks tkuk] lhVwA---
cqïk ejrh c[kr nks Vds dh lh[k ns x;k eq>s! fcydqy fgtM+k cuk x;k 
eq>s!  

fdlh us vkokt nhA 'kk;n Hkh[kw FkkA 

^bruh er ih] lhVwA tk] rsjh ?kjokyh ns[k jgh gksxh rq>sA^ lq[kuh dh 
;kn cM+h nsj ls ugha vk;h FkhA xqLlk mrj x;kA ysfdu ^fQfdj^ p<+ x;k 
,dneA 

^fdokM+ ugha gS Vijs esaA--- ;s eq, yqPps&yQaxs] xq.Ms nqfu;k Hkj dsA 
budk D;k nhu&bZeku! ek¡&cgu] dksbZ ugha gS lk;n budh! bUgksaus /kjrh dh 
lje uaxh dj nh gSA isM+ dks rus ls VVksy&VVksydj tehu ij fcNk nsrs gSa 
yEck dkV&elydj taxy ds taxy lkQ dj fn;s gSaA cslje! csg;k! taxy 
ds lkjs diM+s fpFk&fpFkdj m?kkM+h dj fn;s gSa bUgksausA^---  

/kDd ls lksprk gS lhVwA Mkd c¡xys esa tks vkSjr Qfj;kn ysdj [kM+h 
Fkh] 'kqØ gS og lq[kuh ugha FkhA ysfdu dksbZ rks Fkh cspkjh!  

Hkh[kw] mldk nksLr] nwljs fnu Mkd c¡xys ls foyk;rh nk: dh [kkyh 
cksrysa ys vk;k cksjh Hkjdj! ml lqcg bykds esa cgqr de eqxksaZ us ckax nhA 

^pksj gSa lkjs ,d uEcj ds lkjs nsl dks [kk x;sA isV ugha Hkjk HkqD[kM+ksa 
dkA^  

D;k gqvk vxj lhVw Hkh NksVh&lh pksjh dj ys rksA --- 
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ydM+h ds cM+s&cM+s xksnke gSaA 'kgrhj ds cM+s&cM+s ^Vky^ gSaA lkjh mez 
mldk cki 'kgrhj dks dU/kk yxkrk jgk gSA lhVw Hkh ogh dke dj jgk gS 
yM+diu lsA fngkM+h etnwjh tks Hkh gS] ogh gSA ^iqxko^ dSls gks\ b/kj os ,d 
jkr nk:] nkor--- tkus fdl&fdl esa gtkjksa [kpZ dj nsa cSBs&BkysA dksbZ 
fglkc ek¡xs buls! 

cgqr ckj lhVw dks ,slk yxk gS fd og vdsyk gSA fny ds Hkhrj tks gS] 
mls lgkjs dh t:jr gSA bdës gksa lcA feydj dqN Bhd&Bhd ckr dh 
tk;sA Bhd&Bhd ckr lksph tk;sA--- nks&pkj dHkh bl ykbu ij lksprs gSa rks 
ekfyd yksx pê ls nkuk Qsad nsrs gSa muds vkxs vkSj ;s HkkbZ pkVus yxrs gSa 
FkwFku lsA 

nkuk mls Hkh Qsadk FkkA 

^rsjh rjDdh dj nsaxs ge] lhVwA rsjh ?kjokyh---A^  

lhVw dk eq¡g ,dne vaxkjkA eqfë;k¡ fHkp x;haA 

^rqeus ns[k dSls fy;k esjh ?kjokyh dks\^  

Fkj&Fkj dk¡irk gS lhVwA--- 'kgrhj dU/ks ij ykns gq, ,dne fnekx 
lq[kuh dh vksj eqM+ tkrk gSA lh/kh&lknh vkSjr gSA cSBh gksxh bl le; 
pwYgk Qw¡dusA I;kt dk NkSad yxkdj vkyw dh lCth cuk jgh gksxh vkSj 
vutkus esa ckgj Hkh ns[k ysrh gksxh b/kj&m/kjA dgk¡ rd vk¡[ksa ewans! njokts 
ds ^iYyŝ  ugha gSa blfy, [kq¡[kkj HksfM+;s fnu dks Hkh pcsuh <w¡<rs jgrs gSa---[kkSy 
jgk gS lhVwA gM+cM+k x;k gSA 

^lhVw] otu lEekyA 'kgrhj Mksy jgh gSA^ nwljh vksj ls 'kgrhj dks 
dU/kk fn;s gq, Hkh[kw us psrkouh nhA 

lhVw eu gh eu lkspus yxk] ^vPNk! lEHkkyrk gw¡ otuA djrk gw¡ dqN 
tqxrA^  

pksjksa ds ?kj esa lsa/k yxkus dh ckr mlus cgqr fnuksa ls lksph FkhA 
ysfdu fgEer ugha iM+ jgh FkhA ^/kM+kdk^ yxrk gS cM+k! ekywe ugha ;s bruh 
cM+h&cM+h pksfj;k¡ dSls dj ysrs gSa vkSj [kq'kh&[kq'kh >sy ysrs gSaA Mksyrs jgrs 
gSa [kwc] jkScnkc lsA budh vkSdkr Hkh Bhd] tkr Hkh BhdA fljrkt] /kjejkt 
cus jgrs gSaA lhVw dks jkLrs esa iM+k gqvk nl iSls dk flDdk mBkus esa Hkh 
viuh iwjh :g ls yM+uk iM+ jgk Fkk brus tksjksa ls! 

'kgrhj ds ^Vky^ vkSj vkjs dh e'khu esa fpjs gq, dqN ^Qês^ mldh utj 
esa Fks cgqr lkjsA mlus dsoy nks ^Qêksâ  ij utj xM+k yhA ekSdk ikdj ^Vky^ 
ds [kwc uhps fNik fn;k mu ^iYyksâ  dks lkjs gkykr dks]le>uk]ij[kuk t:jh 
Fkk igys! vkB&nl fnu rd ^iYyksâ  dh fdlh dks fQdj ugha gqbZA lhVw us 
nqckjk ekSdk lEHkkyk vkSj ^iYys* mBkdj FkksM+h nwj ys x;kA >kM+h esa fNik 
fn;s ,d txg---A 
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FkksM+k&FkksM+k lQj r; fd;k uki&rksydjA eghuk Hkj ds ckn nks ^iYyŝ  
?kj rd igq¡psA mlus ?kj ds fiNokM+s fNik fn;s djhy dh >kM+h esaA fcuk 
fdokM+ ds ,d dejs esa pksjh dk fcÙkk&Hkj lkeku fNikus dh xqatkb'k ugha 
FkhA 

lq[kuh ml ^VSe^ ikuh dk ?kM+k Hkjus x;h FkhA--- ;w¡gh loky&tokc 
djsxhA mlds isV esa ckr iprh dgk¡ gS\ HkDd ls cksy nsxh fdlh lsA 

nwljs fnu fngkM+h ij ugha x;k lhVwA lkjk fnu lq[kuh dks vksV esa fy, 
cSBk jgk ngyht ijA lksprk jgk xqipqiA cl] lksprk jgkA lq[kuh us iwNkA 
dqN ugha cksykA lq[kuh MjhA 'kk;n ^Hkwr&ijsr^ dh Nk;k iM+ x;h gksA iwNuk 
t:jh FkkA lhVw us f>M+d fn;k cqjh rjgA [kkuk Hkh ugha [kk;kA lka> gks 
x;hA lq[kuh jksrs&/kksrs lks x;hA lhVw tkxrk jgkA 

cl] ;gh ckr gS fd lhVw vkt jkr ek?k dh BaM [kk jgk gS&vk/kh jkr 
dksA oSls jkst xkM+h dh lhVh mldk bUrtkj djrh FkhA vkt mlus igy 
dh gS bUrtkj djus dhA 

ckiw ;kn vk jgs gSa brus fd iwNks erA nksuksa vksj ladV gSA fdokM+ 
[kqys jgrs gSa rks lq[kuh vkSj fdokM+ cUn gks tk;sa rks lhVwA uaxk gksuk nksuksa esa 
ls ,d dh fdLer esa fy[kk t:j gS! 

chM+h ds /kq,¡ esa og ftUnxh dh iVjh ij csrgk'kk nkSM+ jgk gS& 
gk¡Qrk&dk¡irkA NksVh&lh iVjh gSA eqM+&eqM+dj ogha ls pDdj dkVrh gS 
ckj&ckjA lhVh dh ddZ'k vkokt vkrh gS dkuksa esaA 

ykSV tk;s lhVw D;k\ 

D;k tokc nsxk yksxksa dks--- ogh ydM+h gSA eksgj yxh gSA ns[kA 

D;k dgsxk yksxksa dksA ^,dk,d fdokM+ dSls yx x;s\ rsjh vkSdkr D;k 
gS\* 

,d njokts ds ^iYyŝ  Hkj yxkus dh vkSdkr u gks vkneh ikl rks 
ykur gS ,slh ftUnxh ij! 

^Vky^ ds dkfjUns] taxy ds Bsdsnkj og'kh] [kw¡[kkj vk¡[kksa ls ?kqM+fd;k¡ 
nsrs fQjsaxs mlsAmlds Vijs dks ns[kdj eq¡g ls vthc&vthc lh ykj Vidkrs 
fQjsaxs & ^okg cPpw] gekjh gh ydM+h vkSj gels gh ijnk!* rksM+dj j[k nsaxs 
os fdokM+ dksA lq[kuh utj esa xM+ tk;sxh Bhd lkeusA ,slh gkyr esa cksy 
Hkh D;k ik;sxk og\ flj uhpk fd;s viuh pksjh ekuuh iM+sxh mlsA yk[k 
nyhysa ns ys og >wB cksyk ugha tk;sxkA vDy de gSA nkao&isp ugha 
tkurkA fQj nqfu;k cM+h le>nkj gS! tkurh gS fdldh ckr dk fo'okl 
djuk gS vkSj fdldk ughaA 
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ftuds ikl olhyk gS] os lkS&lkS [kVds lEHkky ysrs gSa fcuk [kjksap 
[kk;sA ;gk¡ NksVh&lh ckr ugha lEHky ik jgh gSA yxrk gS ftLe esa lkgh ds 
dk¡Vs pqHk x;s gksaA flj ds lkjs cky tSls eqafM;k x;s gksa ,d jkr esaA BaM gS 
cgqr] ysfdu vkt dh BaM T;knk Hkkjh iM+ jgh gS lhVw dksA 

,d rjdhc lw>h gS mls fd bu ^iYyksâ  dks okfil igq¡pk ns vHkh blh 
^VSe^ e'khu vkSj ^Vky^ ds iklA lkQ dg nsxk fd xyrh ls ys x;k FkkA 
okil igqapk jgk gw¡--- ysfdu xksj[kk pkSdhnkj lkS&lkS loky djsxkA f'kdk;r 
djsxk ekfydksa rdA fQj viuh usdfu;rh dks lkfcr djus ds fy, mls tkus 
D;k&D;k djuk iM+s\--- ,sls ekSds gksrs gSa tc mls vius lkFkh] mldh ckr dks 
otu nsus okys cgqr de fn[kk;h nsrs gSaA og vdsyk iM+ tkrk gS lcdk 
vieku lgus ds fy,A--- 

jkr ds yxHkx lk<+s rhu ct x;s blh lksp esaA gV&fQjdj ckr ogha 
igq¡ps ckj&ckj---A 

fQj mlus lc dqN iDdk lksp fy;kA og fiNokM+s x;kA djhy dh 
>kM+h ls ^iYyŝ  fudkysA ykyVsu dk rsy fNM+ddj ekfpl yxk nh ^HkM+kd^ 
lsA 

vk/kh jkr esa vkx dh yiVsa mBha fiNokM+s lsA lhVw vius nksuksa gkFk&iSj] 
fny&fnekx--- tqnk&tqnk--- fQj bdV~Bk rkius yxk mdM+w¡ gksdjA iwjh pSu 
lsAth esa rks vk;k Fkk fd lq[kuh dks Hkh mBk ns] ^mB Hkkxoku] vkx rki ysA 
nsonkj dh gSA^ fQj dqN lkspdj mlus lq[kuh dks ugha mBk;kA og vkx 
vdsys gh rkih mlusA 



Narrated by Praveen Kumar 
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;k sx s'oj@uaxk vkneh : 
ftruk cM+k O;fDrRo % mruk gh Js"B jpukdeZ! 

fnus'k /keZiky 

;g ckr eSa cM+h rlYyh ds lkFk ;ksxs'oj dks ysdj dg jgk gw¡A mudh 
jpuk,a vius le; dk og nLrkost gSa ftldh L;kgh dHkh Qhdh ugha iM+ 
ldrhA oSls gh ugha dg jgk gw¡ fd mudh jpuk,a dkyt;h jpuk,a gS] 
[kkukiwfrZ ds fy, ugha gSaA gaxkek [kM+k djuk mudk dke ugha gSA os lekt 
esa py jgs ljksdkjksa ls iwjh rjg ls ifjfpr gSaA fdldks D;k feyrk gS\ 
fdldks D;k ugha feyrk\ bl lcls ifjfpr gSaA ;g xjhch] ;g nklrk dk 
Loj ijk/khurk esa tdM+h vktkn ns'k dh vk/kh ls T;knk vkcknh dk 
:nu&lc ys[kd dh vk[kksa ds lkeus gSA dkSu gS tks vketu dks 'kks"k.k dh 
vkx esa vkxs /kdsy jgk gS vkSj Lo;a ihNs cSBk rek'kk ns[k jgk gS\ ;ksxs'oj 
dk ekuuk gS fd dke gksxk rks fodkl rks gksxk ghA pdkpkSa/k djus okyk 
fodkl Hkh gksxkA dqN ds fy, ns[kus dk vkSj dqN ds fy, pkanh cukus dkA 
eaxrw dk csVk lhVw vkSj lhVw dh ?kjokyh lq[kuh fodkl dh blh pdkpkSa/k ds 
f'kdkj gSaA rHkh mudh ftanxh esa va/ksjk gSA 'kCnos/kh lUukVs ds fiatjs ls 
Vdjkrh phRdkj iSnk djrh lhVh ds vkokt ls ,d nwljh vkokt vfLrRo esa 
vkrh gS vkSj og gS lhVw! eaxrw ds ;gka csVk vk;k gSA yksxckx c/kkbZ nsrs gSa % 
^^jktk csVk vk;k gSA** csVs rd rks eaxrw dks Bhd yxrk gS ij jktk csVk 
v[kjrk gSA xjhc dk csVk jktk dSls gks ldrk gS\ cps gq, dqN irk'kksa dks 
gh rks og f[kyk ik jgk gS tks c/kkbZ nsrs gSaA mlds ikl nsus dks nwljk gS Hkh 
dqN ughaA ftanxh dh vkf[kjh jhr fuHkkrs&fuHkkrs rd eaxrw dqN Hkh rks ugha 
ns ikrk lhVw dks] u migkj :i esa vkSj u lh[k :i esa] cl ;gh ,d dFku % 
^ns[k lhVw] gekjh clh;r] gekjh tehu] gekjh tk;nkn] gekjs lius gVfQj 
dj fiyfeyh ilfy;ksa] [kqjnjs gkFk] fcckbZ iM+h ,fM;ka] cks> ls ckSus gq, flj] 
fNys gq, da/ks vkSj iFkjhyh Hkk"kk ds flok vkSj dqN ugha & Hkys gh ge 
vui<+] xaokj] etnwj] gesa cl ,d gh ckr ;kn j[kuh gS % fd ge dHkh uaxk 
u gks! uaxk gksuk gesa 'kksHkk ugha nsrk!**  

Hkys gh ek?k eghus dh dM+d BaMA Vkij esa ctrs nkarA xqnM+ dks Qsad 
Qsad dj mdMw curs lhVw vkSj lq[kuh] NksVh iM+rh pknj & fQj Hkh uaxk 
ugha gksus dh ckr dj eaxrw ugha jgkA  

lka> ds Hk;kog –'; ls 'kq: gksrk uaxk vkneh] iVfj;ksa ij mrjrk 
va/ksjk] lhVh ds lUukVs ls fiatjs ls Vdjkrs phRdkj iSnk djrs] [kkSQukd 
eatj] ifj.kke esa dqN iaNh ej tkrs] dqN mM+ tkrs] dqN csne gks tkrs] ekuks 
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fu;fr ds rhu eatj! blh =klnh ls xqtj jgh ekuork! ejus okyksa dks rks 
jkst ds çiap ls eqfDr fey tkrh gS] ckfd;ksa dks ;g Hkh ulhc ughaA csne 
gq, os QM+QM+krs jg tkrs gSaA lhVw dks ;g jsy dh iVM+h vkSj mlds pkjksa 
vksj eaMjkus okyh fo"kSyh lqjygfj;ka vPNh ugha yxrhaA mls yxrk gS gj 
le; tku lkalr esa gSA mls Mj gS fd dgha ;g Mjkouh vkokt VqMh jk{kl 
dh rjg QM+QM+kdj mlds Vkijs dks u yid ys!  

vukLFkk dk ;g Loj lhVw ds pkjksa vksj vgfuZ'k eaMjkrk gSA vkSj firk 
eaxrw dk ;g cksy Hkh fd xjhc Hkys gh {k.k çfr{k.k fuaxksM+h jkr vkSj 
m[kM+rh uhan ds vkxks'k esa e`R;q dk migkj D;ksa u ik ys] ij mls dnkfi 
uaxk ugha gksuk gSA uaxk gksuk xjhc dks 'kksHkk ugha nsrk!  

lhVw dks ckj ckj yxrk gS % ?kj esa fdokM+ dk u gksuk ,d rjg ls 
uaxk gksuk gSA mlds ;gka ckck vkne ds tekus dk cuk fdokM+ nhed us pV 
dj fn;k vkSj rc ls ysdj vkt rd ogka u rks u;k fdokM+ yxk vkSj u gh 
cps [kqps fdokM+ dh eqjEer gh gks ikbZA mldh eu% fLFkfr bls ysdj gj iy 
nqfo/kk esa jgrh gSA mls dbZ ckj yxrk gS tSls ?kj uaxk gks x;k gSA dbZ ckj 
yxrk gS dksbZ gS tks ns[k jgk gS] >kad jgk gSA ij fdls D;qa ns[kuk pkgrk gS 
dksbZ\ ,slk D;k /kjk gS ;gka\ fQj lglk Lej.k gks vkrk gS fd lq[kuh rks gSA 
mls viuh fpark ugha] lq[kuh dh fpark gS] tks vthc vkSjr gS] tks u rks <ax 
dk igu ikrh gS] u <ax dk [kkrh gS vkSj u gh <ax dh ckrsa gks ikrh gS 
mlls vkSj u ,slk gS fd brfeuku ls og <ax ls lks ikrh gks!  

og lksprk gS % blds flok ftanxh esa vkSj gS Hkh D;k\ nky] ywu vkSj 
jksVh vkSj fQj pSu ds nks iy vkSj csfQØ uhan! ckj ckj ,d mykguk og 
Lo;a gh Lo;a dks ikfjr djrk fn[krk gS % vkf[kj mlus mls ,slk fn;k gh 
D;k gS\  

fQj tc og lq[kuh dh vksj ykSVrk gS rks og ,d çk;f'pr dh eqæk esa 
fn[kkbZ nsrk gSA ,sls tSls lcds fy, ftEesokj og ,dA lq[kuh esa fdlh Hkh 
rjg dk dksbZ nks"k fn[kkbZ ugha nsrkA mYV og rks ,d ekxZn'kZd dh Hkwfedk 
esa vk [kM+h fn[kkbZ iM+rh gS tks ekuksa mls lpsr dj jgh gks % ^^vc ds tkM+ksa 
esa gkM+ [kM+ [kM+ djsaxs] ns[k ysuk!** og mls Lej.k djkrh fn[krh gS % ^^xqnM+ 
lkjs QV x, gSa] lkjs m?kkM+h m?kkM+h gks x, gSaA**  

;gka rd rks Bhd gS] ij fQj ,d mykguk Hkj Loj % ^^rw rks enZ gS] 
uaxk jg ysxkA ij eSa vkSjr tkr gw¡] lwbZ ls ftLe esa dgk¡ dgk¡ cf[k;s yxkrh 
fQ:axh\**  

lhVw ls u dgrs curk gS vkSj u lqurs curk gSA cM+cM+krk gS fd eSa 
uaxk jg ywaxkA cki dk vlj ml ij Hkh gSA cki Hkh ugha pkgrk gksrk fd 
mldk csVk vkSj mldh cgq uaxh jgsA uaxk gksuk xjhc ds fy, viekutud 
gSA  
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xgu volkn esa pys tkus ds flok lhVw ds ikl ckfd dqN gS ughaA 
chM+h dk xgjk lwVk yxkus ds flok, 'ks"k dqN fn[krk ughaA mls yxrk gS 
;gh chM+h xjhc dh vekur gSA og chM+h ihrk gS] tksj dk dl ysrk gS] xgjk 
lwVk yxkrk gS rks mls ;g ckr lkeus vkrh fn[kkbZ nsrh gS fd /kqa, ds ?kus 
dkys dksgjs esa ekuks mlus viuh iwjh ftanxh dh ifjØek dj yh gksA bl /kqa, 
esa mls xksy xksy NksVk NksVk nk;jk curk fn[krk gSA mls çrhr gksrk gS fd 
mldh ftanxh dqN bl nk;js dh Hkkafr gh gS& xksy xksy NksVs NksVs nk;js esa 
caVh gqbZA ij mls lglk yxrk gS fd mlds bl nk;js esa ?kqeko cgqr gSaA 
lkjk jkLrk dkaVks uqdhys] iRFkjksa ls vVk gqvk ekuksaA vkxs dqvk ihNs [kkbZA 
Bksdj yxus ds iwjs volj ekstwnA blls cpko ughaA va/ksjs&?kukVksi va/ksjs esa 
cp dj fudyuk mls vlg~; tku iM+rk gSA lc jkeHkjksls NksM+ nsrk gSA 

,d ifr gksus ds ukrs lq[kuh dks ysdj mldh fpark tkbt gSA lq[kuh 
xÅ tSlh lh/khA u dksbZ Ny vkSj u dksbZ diV! ,d ckr mls Hkhrj gh 
Hkhrj dpksVrh gS fd tc ls og mls C;kg dj yk;k gS mlus mls dqN ugha 
fn;kA ;gka rd fd >ksiM+s dk fdokM+ rdA mls tc Hkh lq[kuh dk fdlh Hkh 
ckr dks ysdj Lej.k vkrk gS rks lkFk esa fdokM+ dk Hkh Lej.k vuk;kl vk 
tkrk gSA mls yxrk gSa fcuk fdokM+ ds ?kj uaxk gSA fdokM+ ugha rks ?kj 
ughaA fnu rks tSls rSls fudy tkrk gS] loky jkr dk gSA ;g loky vkSj 
Hkh Hka;dj 'kDy ys ysrk gS D;ksafd ;gka ydM+h dk xksnke tks [kqy x;k gS 
vkSj fQj ydM+h ds xksnke ds dkfjans] taxy ds Bsdsnkj] ljdkjh vkneh 
mlds Vij ds lkeus bdys mdys] Vgyrs [ka[kkjrs] Hkn~nh gjdत¤s djrs---  

fQj fodkl dh bl /kkjk esa iaxMafM;ksa dk cuukA ubZ ixMafM;ksa dk 
cuukA ;ksxs'oj ixMaMh dks xarO; rd igqapkus dk ,d tfj;k ekurs jgs gSaA 
nks /kkjkvksa dks tksM+us okyk ,d tfj;kA ysfdu ;gka ixMaMh ,d fojks/kkHkkl 
ysdj mifLFkr gksrh fn[krh gSA NksVh NksVh ixMafM;ks rks gksrh gh gSa] ij ubZ 
ixMafM;ksa dk cuuk dqN vkSj mdsjrk gSA ,sls esa lhVw dks yxrk gS fd nsgkr 
ds dPps iDds ?kjksa esa fdokM+ksa vkSj rkyksa dh t:jr iM+ xbZ gSA xqaMks mPpdksa 
}kjk vius fglkc ls ubZ ixMafM;ks dks cukuk ladV dk lcc gSA ,sls esa 
lhVw /;kM+h dk dke NksM+ igjk u ns rks D;k djs\ [kqn ngyht ij vkSj 
lq[kuh dks vksV esa iM+s jgus dks ck/; u djs rks D;k djs\ lhVw lksprk gSA 
cl ;gh Mj [kkrk vkSj Mjkrk gS lhVw dks fd dksbZ ns[k u ys fd ?kj esa 
fdokM+ ughaA tc Hkh lhVw ,slk lksprk gS rks mldk fny cSB tkrk gSA mlds 
Hkhrj ,d Mj oge ds :i esa cSB tkrk gSA xkM+h dh lhVh ctrs gh lhVw 
va/ksjs esa VVksyus yx tkrk gS tcfd og ,d dksus esa iljh iM+h gSA  

lq[kuh dks ysdj mldk lkspuk vuk;kl ughaA og ,d ,d –'; dks 
viuh vka[kksa ds lkeus ns[krk jgrk gS tSls dksbZ dgkuh py jgh gksA og 
ns[krk gS % lq[kuh cSBh gS lkeusA og ns[krk gS lq[kuh ugk /kks jgh gSA og 
ns[krk gS lq[kuh cfr;k jgh gSA mls yxrk gS lq[kuh f[kM+ f[kM+ gal jgh gSA 
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mls larks"k gksrk gS fd lq[kuh lks jgh gS vkSj tc lq[kuh mls ns[krh gS rks 
cl ,d gh laokn % ^^rqe gksrs gks rks [kqn dks <hyk NksM+ nsrh gw¡A dksbZ ns[k 
u ys % lje yxrh gSA** 

D;k djs lhVw tcls fodkl dh c;kj us ;gka nLrd nh gS] ydM+h dk 
xksnke] vkjs dh e'khu] 'kgj ds yksxksa dk ços'k gqvk gS] mlus eglwl fd;k 
gS tSls lcdqN xM+cM+k x;k gS] ,sls tSls [kwa[kkj HksfM+, fnu dks Hkh pcsuh 
<wa<rs fQjrs gSaA Fkdkgkjk lhVw vius fy, foJkx ds dqN {k.k pkgrk gSA mls 
yxrk gS tSls mez gks xbZ gks foJke fd, gq,A blhfy, og lq[kuh ls ?kM+s esa 
vkVs gksus dh ckr iwNrk gSA vkVk cpk gks rks /;kM+h u djs] foJke dj ys! 
tc le; yxrk gS og ncs ikao lq[kuh ds fljgkus tk cSBrk gSA mlds ekFks 
dks Nwrk gS vkSj ,sls esa vkVs dk ç'u fQj ftank gksus yxrk gSA lhVw dh 
ftanxh vkVs] fdokM+] /;kM+h bu lcds chp Qal dj jg tkrh gSA  

lhVw lksprk gS fd oSls rks bl >ksiM+s esa ,slk dqN ugha pqjkus dksA dksbZ 
vekur ugha vius ikl ftls dksbZ pqjkuk pkgsA ij fQj lglk ;g fopkj 
ços'k ikrs nsj ugha yxrh fd lq[kuh rks gS mldh vekur] mldh ftanxh] 
mldh ftanxh dk edln! toku tgku tks dqN Hkh gS lq[kuh gh rks gSA og 
lksprk gS fd nqfu;k lh/kh ugha gS] nqfu;k dh utjsa lh/kh ugha gSaA og lksprk 
gS fd ?kj esa fdokM+ ugha rks ?kj uaxk uaxk yxrk gS] [kkyh [kkyh! mls yxrk 
gS fd tSls 'kgjh ekufldrk us xkao dks Ml fy;k gSA ixMaMh ds jgrs gq, 
Hkh ubZ ixMaMh dk cukuk % vkf[kj fdlfy,\ xkM+h dh lhVh dk ctuk] lhVw 
dk lq[kuh dks ryk'kukA lq[kuh dks ysdj cSBk ;g dSlk Mj gS tks mls [kk, 
tk jgk gSA og Hkhrj gh Hkhrj lksprk gSA D;k ;g lc mldh lykerh ds 
fy, ugha\ og tksj nsdj lksprk gSA ,d ut+j Hkhrj] ,d ut+j ckgj] ,d 
[;ky ;gka vkSj ,d [;ky ogka! dSlh fofp= fLFkfr\ dbZ ckj og eglwl 
djus yxrk gS fd gks u gks ixMafM;ka mlds Hkhrj Hkh cuus yxh gksaA tks 
eqfDr dks ugha uXurk dks mdsjrh gksaA 

fefljth dk çdj.k dgkuh dks ubZ /kkj nsus ds fy, rks gS gh] 'kCn ds 
vFkZ dks xgjkbZ ls le>us ds fy, ,d vkStkj dk dke Hkh djrk gSA fodkl 
dh c;kj cgh gSA pquko blh fodkl dks çfrfcafcr djrk gSA fefljth vk, 
gSaA i;knksa dks irk gS fd os thrus okys gSaA muds fy, 'kgrhjksa dk ,d 
pcwrjk cuk;k tkrk gS rkfd os ogka ls ,d nenkj Hkk"k.k ns ldsaA mudk 
nenekrk Hkk"k.k vkSj mudk nenekrk O;fDrRo ;gh nks ml fnu dh ppkZ ds 
fo"k; gSA lhVw] Hkh[kw] Hkkn: eksgu] yPNq] lcdks Bsdsnkj dk vkns'k pcwrjk 
ltkus dks vkSj lekfIr esa Vky esa j[k vkus dkA Mksyjs ds Qwyksa ls ltrk 
egdrk Vedrk fxfljth dk psgjk lHkh ds fy, vkd"kZ.kA nenekrs Hkk"k.k 
lcds fy, dkSrqgy ls de dk fo"k; ugha] blds dbZ dbZ :i gSaA blesa 
xqLlk gS] blesa 'kkafr gS] blesa vJqvksa dk uhps Viduk gSA Hkk"k.kksijkar 
fefljth dk pcwrjs ls uhps mrjuk vkSj lhVw dks xys yxkuk vkSj lcds 
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le{k ;g ?kks"k.k djuk dle [kkrs gq, % ^^ns[kks HkkbZ yksxks] bl vkneh dks 
vktknh ls D;k feyk\ ykpkjh csclh ;g lc! ysfdu vkxs ,slk ugha gksxk] eSa 
bl ckj thrwaxk rks ,slk dqN ugha gksxk] eSa lcls igys bl /;kM+hnkj etnwj 
dh xjhch nwj d:axkA blds ftanxh ls va/ksjk gVk nwaxkA**  

lhVw fefljth ds 'kCnksa ds vkxs ijkLrA vka[kks es vkalw fy, og lksprk 
gS fd fefljth bUlku ugha lh/ks ukjk;.k dk vorkj gSa! tc lc c/kkbZ nsrs 
dgrs gSa lhVw rsjh pkanh gks xbZ gS rks og Qwyk ugha lekrkA og fefljth dh 
twBu dh cph 'kjkc ihrk gS] tc iwjk vlj ugha gksrk rks [kqn ds iSlksa dh 
ns'kh ihrk gSA ?kj vkdj lh/ks lq[kuh ij /kksal tekrk gSA gVfQj dj mlds 
ikl lq[kuh gh rks gSA lq[kuh ls lkeuk gqvk ugha fd u'kk NqearjA lq[kuh 
ulhgr :i esa dgrh gS % ^^esjs ls D;q yM+rk gS\ yM+uh gS rks dksbZ cM+h 
yM+kbZ yM+A** mls tyls esa Hkw"k.kckcw th dh rdjhj dk ,d okD;kr Lej.k 
gks vkrk gS % ^^cM+h yM+kbZ % vius gd dh yM+kbZA**  

blh çdj.k dk nwljk –'; cM+k Hk;kog gSA fefljth thrs gh ugha] 
ea=h Hkh cu x, gSaA vius igys nkSj is gSaA lhVw dh [kq'kh ds fBdkus ughaA 
og muds lehi igqapuk pkgrk gS vkSj mUgsa ;g Lej.k fnykuk pkgrk gS fd 
rc ,slk dgk FkkA ysfdu ;g D;k ea=h ds vaxj{kd rks mls /kDdk ekj dj 
ckgj dk jkLrk fn[kk jgs gSaA lhVw Qfj;kn j[krk gS % ^^esjh >ksiM+h esa fctyh 
ughaA** ea=h dk mÙkj % ^^fctyh yxkuk ljdkj dk dke ugha gSA** lhVw fQj 
ls Qfj;kn yxkrk gS % ^^esjs ?kj esa fdokM+ ugha gSA** ea=h dk mÙkj % ^^vius 
?kj esa dkgs dk Hk;\**  

lhVw dks yxrk gS tSls tksxuh ds <ka[k ls fdlh us /kDdk ns fn;k gksA 
vc u galus dks vkSj u jksus dksA xqLlk vk jgk gS ea=h ij % lroknh 
gfj'paæ curs fQjrs gSaA mls fQj ls ckiw dh ckr dk Lej.k gks vkrk gS % 
lkjk ns'k uaxk gks x;k gSA rw er uaxk gksuk lhVwA mls lkQ fn[kus yxk gS % 
^^;s eq, yqPps] yQaxs] xqaMs nqfu;k Hkj ds] bUgksaus /kjrh dh lje uaxh dj nh 
gSA** jktusrkvksa vkSj muds vnZfy;ksa dh foospuk djrs djrs og mu ij 
cjluk 'kq: gksrk gS % ^^taxy ds taxy lkQ dj fn, gjkfe;ksa us] cslje 
csg;k] lc fpFk fpFk m?kkMh dj fn;k bUgksausA** fQj og mYV dj ns[krk gS 
vkSj fopkj djrk gS % ^^Mkd caxys ls tks vkSjr Qfj;kn ysdj [kM+h Fkh] 'kqØ 
gS og lq[kuh ugha FkhA fQj Hkh dksbZ rks Fkh cspkjh] lkjs ns'k dks [kk x,] fQj 
Hkh isV ugha Hkjk HkqD[kM+ksa dk!**  

mlesa Hkh gYdk lk ,slk dqN djus dks eu djrk gSA og Hkh pksj ds 
?kj esa lsa/k yxkus ckjs lksprk gSA ydM+h dk xksnke] 'kgrhj ds Vky vkjs dh 
e'khu esa ns[ks Fks mlus] phjs gq, dqN Qês pkj ikap gh rks pkfg, fdokM+ dk 
eqag <kius dks! igys og ogha fNikrk gS] fQj le; ns[k ogka ls dqN nwj 
djhy dh >kM+h esa fNikrk gSA fcuk fdokM+ ds dejs esa rks fry Hkj dqN 
j[kus dh txg ughaA 
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oSpkfjd }a} dh 'kq:vkr ;gha lsA xjhc pksjh Hkh ugha dj ldrkA og 
dbZ rjg ds lokyksa ls f?kj tkrk gS % D;k D;k tokc nsrk fQjsxk yksxksa dks] 
,dk,d fdokM+ dSls yx x,\ eksgj yxh ydM+h ;gka dSls igqap xbZ\ D;k 
Vky ds dkfnans taxy ds Bsdsnkj] cg'kh [kqa[kkj vka[kksa ls ?kqM+fd;ka nsrs 
fQjsaxsA mls ckj ckj ;gh ckr ?ksj ysrh gS fd og dnkfpr >wB ugha cksy 
ik,xkA ckj ckj ckiw dh dgh ;g ckr nLrd nsrh % uaxk er gksuk lhVw] ge 
xjhc xokj etnwj] gesa uaxk gksuk 'kksHkk ugha nsrk! fQj Hkh og vius Hkhrj 
eglwl djrk gS fd og iwjh rjg ls uaxk gks x;k gSA ;g ckr vyx gS fd 
mlus cM+s lius ugha ns[ks] cl ,d gh lk/k % >ksiM+h ds fdokM+ yx tk,] 
clA ;gh Mj mlds Hkhrj lek;k gS] rHkh rks og Hkhrj gksus ij Hkh og mls 
ckgj ryk'kus yxrk gSA toku tgku mldh chch lq[kuh! xkM+h dh lhVh 
dk ctuk vkSj lhVw dk ckgj tk lq[kuh dk ryk'kukA  

cgqr lh ckrsa gSa tks lhVw dk ijs'kku djrh gSa&  

ea=h dk ;g dguk] ^^lje dkgsa dh js] dksbZ uaxk jgrk gS vius ?kj esa 
dksbZ D;k\**  

fQj vuk;kl cgrs fefljth dh vka[kksa ls vkalwA  

[kknh ds diM+ksa] Mksyjs ds Qwyksa ls lts fxfljthA  

ek?k eghus dh dM+d BaM] daidaikrh BaM ls 'kq: gqbZ dgkuh ^uaxk 
vkneh*& tc 'kh"kZ ij igqaprh gS rks Hkh ogh daidaikrh BaM ij vkjs dh 
e'khu ls pqjk dj yk, pkj ikap QVksa ij feêh dk rsy fNM+d vdsyh vkx 
lsadrk lhVw] lkjh vkx---  

'kk;n gh mldh blls ftanxh Hkj dh daiu 'kkar gksA  



Audience’s Live Response 

Ursem Lata: हÐकू का कÌबल, होरी कì गाय, जोख ूका पानी, झŌपड़ी म¤ िकवाड़... 

Janesh Kapoor: An iconic story wonderfully narrated.... We are happy and 
satisfied that we have been able to associate with senior रचनाधमê of our state 
through the medium of  Monday Musings'. Kudos to Praveen Sir for executing 
the idea of  short story fest so successfully! 

Namrata Pathania: The metaphor of  nakedness is beautifully presented in this 
story of  human struggle for existence. 

 



  

 

CONTRIBUTORS 

Abhyudita Gautam is Associate Professor in English, Government 
Degree College, Nagrota Bagwan, Dist. Kangra, Himachal Pradesh. 

Anil Wilson (1947-2009) taught at the Department of  English, 
Himachal Pradesh University, Shimla and various colleges of  the 
state. He also served as Principal of  the prestigious St. Stephen’s 
College, Delhi before taking over as Vice Chancellor, HPU, Shimla. 

Anu Jaidev is Assistant Professor of  English, Maharaja Agrasen 
College, University of  Delhi. 

Arun Bharti aka Hemanand Sharma (1952-2017) was an important 
creative signature from Himachal Pradesh. He belonged to the 
Dhami area of  Shimla. 

Baldev Singh Thakur superannuated as Associate Professor of  Hindi. 
He currently lives in District Solan of  Himachal Pradesh. 

Deepa Chauhan is Assistant Professor of  English, Government Degree 
College, Kaffota, Dist. Sirmaur, Himachal Pradesh. 

Devendra Gupta superannuated as Associate Professor of Hindi in the 
College Cadre, Himachal Pradesh. 

Dinesh Dharampal superannuated as Associate Professor of  Hindi. He 
is a foremost creative voice of  the state and is currently living in 
Mandi. 

Dipali Sharma Bhandari is Associate Professor of  English, Government 
College Poanta Sahib, Dist. Sirmaur, Himachal Pradesh. 

Girija Sharma was Dean of  Studies and Professor of  English, Himachal 
Pradesh University, Shimla. 

Gurmit Bedi is also an important creative signature of  contemporary 
times. He presently lives in Chandigarh. 

Hem Raj Bansal is Assistant Professor of  English at Central University 
of  Himachal Pradesh, Dharamshala. 

Irene Rattan is Associate Professor of  English, Jawahar Lal Nehru 
College of  Fine Arts, Shimla, Himachal Pradesh. 



Contributors a      237 

Jaidev (1949-2000) was Professor of  English, Himachal Pradesh 
University, Shimla. He remains a highly acclaimed scholar and a 
much-respected teacher. 

Janesh Kapoor is Principal, Government Degree College, Dhami, Dist. 
Shimla, Himachal Pradesh. 

Kamayani Vashisht is Associate Professor of  English, Government 
College Sanjauli, Shimla, Himachal Pradesh. 

Kulbhushan Sharma is Associate Professor of  English, Government 
College Seraj at Lambathach, Dist. Mandi, Himachal Pradesh. 

Kunwar Dinesh Singh is Associate Professor of  English, Government 
Degree College Arki, Dist. Solan, Himachal Pradesh. He is also the 
editor of  Literary Journal, Hyphen. 

Mahi Yogesh is Assistant Professor of  English, JLN Government 
College Haripur, Manali, Dist. Kullu, Himachal Pradesh 

Meenakshi F. Paul is Professor of  English-cum-Principal, Centre for 
Evening Studies, Himachal Pradesh University, Shimla. 

Pankaj K. Singh was Dean, Faculty of  Languages and Professor of  
English, Himachal Pradesh University, Shimla. 

Prakash Avasthi (1928-2020) taught Political Science in different 
colleges of  Himachal Pradesh and retired as Principal. A recipient of  
Sangeet Seva Samman by Yashpal Sahitya Parishad, he proved his 
acumen as an administrator, and left his mark in the fields of 
literature and music. 

Praveen Kumar superannuated as Principal (College Cadre), Himachal 
Pradesh. He presently lives in Panchkula, Haryana. 

Priyanka Vaidya is Associate Professor of  English, International Centre 
for Distance Education and Open Learning, Himachal Pradesh 
University, Shimla. 

Rajan Kaushal is Associate Professor of  English, Government College 
Nahan, Dist. Sirmaur, Himachal Pradesh. 

Rekha Vashisht is a widely acclaimed and well-recognized creative 
writer of  Himachal Pradesh. She lives in Mandi after superannuating 
as Principal (College Cadre). 

Roshan Lal Sharma is Professor of  English, Central University of  
Himachal Pradesh, Dharamshala. 



238      Let Us Tell a Story 

Sangeeta Singh is Associate Professor of  English, Netaji Subhash 
Chandra Bose Government College, Hamirpur, Himachal Pradesh. 

Som P. Ranchan (1932-2014) was Professor of  English, Himachal 
Pradesh University, Shimla. He had also taught at various Indian 
and American Universities and was a prolific writer. 

Suneela Sharma is Associate professor of  English, Rajeev Gandhi 
Government College, Shimla, Himachal Pradesh. 

Subhash Verma is Associate Professor of  English, Government College, 
Sarkaghat, Himachal Pradesh. 

Sunaina Jain is Assistant Professor of  English, MCM DAV College 
Chandigarh. 

Yogeshwar Sharma is a veteran creative writer of  Himachal Pradesh. He 
lives in Mandi after having taught English in several colleges of  the 
state. 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 



  

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

Painting by Neeraj Kapoor 





















Majorana Unitarity Triangle in Two-Texture Zero Neutrino Mass
Model and Associated Phenomenology

Surender Verma, Shankita Bhardwaj & Monal Kashav  

Conference paper First Online: 19 May 2021

347 Accesses

Part of the Springer Proceedings in Physics book series (SPPHY,volume 261)

Abstract

Non-zero value of  has, now, shifted the focus of the neutrino oscillation experiments

to measure leptonic CP violation. If neutrinos are Majorana particles, the mixing matrix

contains two Majorana-type CP-violating phases along with Dirac phase. In the present

work, we have established a possible relation between Majorana CP phases and

geometric parameters of Majorana unitarity triangle (MUT) in two-texture zero neutrino

mass model. Similar relations can, also, be derived for other theoretical and

phenomenological neutrino mass models. For two-texture zero models, we find that

Majorana CP phases depend on one of the interior angles of MUT. The non-trivial

orientation of MUT in complex plane and its non-vanishing area suggests that CP

violation is inherent in two-texture models.

Keywords

[spsdollar2dollarsps] Violation Unitarity Texture zeros

This is a preview of subscription content, access via your institution.

Chapter EUR   29.95
Price includes VAT (India)

Buy Chapter

eBook EUR   234.33

Softcover Book EUR   279.99 Hardcover Book EUR   279.99

Learn about institutional subscriptions

References

1. S. Verma, S. Bhardwaj, Phys. Rev. D 97, 095022 (2018)

2. I. Esteban, M.C. Gonzalez-Garcia, M. Maltoni, I. Martinez-Soler, T. Schwetz, JHEP 087,

1701 (2017)

DAE-BRNS High Energy Physics Symposium
High Energy Physics Symposium

Search Log in

DAEBRNS 2018, HEPS 2018: XXIII DAE High Energy Physics Symposium pp 995–1000

θ13

DOI: 10.1007/978-981-33-4408-2_144
Chapter length: 6 pages
Instant PDF download

Readable on all devices
Own it forever
Exclusive offer for individuals only
Tax calculation will be finalised during checkout

Your Privacy

We use cookies to make sure that our website works properly, as well as some ‘optional’ cookies to personalise content and advertising, provide social media features and analyse how
people use our site. By accepting some or all optional cookies you give consent to the processing of your personal data, including transfer to third parties, some in countries outside of the
European Economic Area that do not offer the same data protection standards as the country where you live. You can decide which optional cookies to accept by clicking on ‘Manage
Settings’, where you can also find more information about how your personal data is processed. Further information can be found in our privacy policy.

Accept all cookies Manage preferences

https://link.springer.com/bookseries/361
https://wayf.springernature.com/?redirect_uri=https%3A%2F%2Flink.springer.com%2Fchapter%2F10.1007%2F978-981-33-4408-2_144
https://www.springernature.com/gp/librarians/licensing/license-options
https://link.springer.com/conference/daebrns
https://link.springer.com/conference/heps1
https://link.springer.com/
https://link.springer.com/signup-login?previousUrl=https%3A%2F%2Flink.springer.com%2Fchapter%2F10.1007%2F978-981-33-4408-2_144
https://link.springer.com/book/10.1007/978-981-33-4408-2
https://link.springer.com/chapter/10.1007/978-981-33-4408-2_144/cover
https://link.springer.com/privacystatement




Chapter

Microbial Depolymerization

January 2018
DOI:10.1007/978-981-10-7413-4_4
In book: Waste Bioremediation (pp.61-103)

Authors:

To read the full-text of this research, you can request a copy directly from the authors.

Abstract

Depolymerization is a tertiary recycling technique which
represents the transformation of polymer chain into
monomer units along with oligomers. Depolymerization of
polymers with heterofunctional groups can be targeted by
microorganisms, especially by fungi. Polyethylene
terephthalate (PET), polyurethane (PU), polyester are
among such polymers. Hydrolysis is the main cause
behind microbial degradation, and hydrophobic surface
binding of involving enzyme is responsible for microscopic
description. Microbial participation techniques can be
modified by using a chemical-assisted hybrid technique,
and even halogenated polymer is dechlorinated by this
technique.

Discover the
world's research

20+ million
members

135+
million
publications

700k+
research
projects

No full-text available

To read the full-text of this
research, 

you can request a copy directly
from the authors.

Anvita Sheel Deepak Pant
Central University of Himachal Pradesh

Citations (9) References (225)

Join for free

Sponsored videos

Request full-text PDF

Citations (9) References (225)

Recruit researchers Join for free Login

Request full-text Download citation Copy link

http://dx.doi.org/10.1007/978-981-10-7413-4_4
https://www.researchgate.net/scientific-contributions/Anvita-Sheel-2132407483
https://www.researchgate.net/scientific-contributions/Anvita-Sheel-2132407483
https://www.researchgate.net/profile/Deepak-Pant-6
https://www.researchgate.net/profile/Deepak-Pant-6
https://www.researchgate.net/institution/Central-University-of-Himachal-Pradesh
https://www.researchgate.net/publication/321476219_Microbial_Depolymerization#citations
https://www.researchgate.net/publication/321476219_Microbial_Depolymerization#references
https://www.researchgate.net/signup.SignUp.html
https://www.researchgate.net/
https://www.researchgate.net/scientific-recruitment/?utm_source=researchgate&utm_medium=community-loggedout&utm_campaign=indextop
https://www.researchgate.net/signup.SignUp.html?hdrsu=1&_sg%5B0%5D=3k5OG2StYBNbUmpsXwgZLxsprjIN3yOpzD9PdfgcFrVQIVf32nqGPZbBBwnRyBBUWBGeTqLlMoRqf9Bo6AYJTog-Qm4
https://www.researchgate.net/publication/321476219_Microbial_Depolymerization/citation/download


Microfinance for achieving Sustainable Development Goals: Pondering Over Indian
Experiences for the Preservation of Magnificent African Natural Resources
Manpreet Arora (School of Commerce and Management Studies, Central University of Himachal Pradesh, Dharamshala, India) and Swati Singh
(Maharaja Agrasen University, India)

 
Source Title: Microfinance and Sustainable Development in Africa (/book/microfinance-sustainable-development-africa/264266)
Copyright: © 2022
Pages: 21
DOI: 10.4018/978-1-7998-7499-7.ch004

OnDemand PDF
Download: $29.50

()
Current Special Offers

 Available 

Top

Abstract
This chapter focuses on the possibilities of exploring the areas where credit intervention can be done by the government in the form of schemes which
are dependent on sustainable business practices. Nature has provided us abundance of raw material which if used wisely can help to remove poverty
across the globe; on the same hand we can preserve the natural resources also if we use sustainable practices. In the current scenario where the
world is facing pandemic and natural calamities, the time has to come to focus on sustainable rural micro financing activities which can not only solve
the problem of linking the deprived sections of society with the mainstream, but it can also help them to improve their standard of living, and
simultaneously, it can take care of various environmental issues too.

Chapter Preview

Background
Various studies and researches provide evidence that the formal financial institutions used to fail to reach to the poorer sections of the society
(Ledgerwood, 1998; Ananth & Öncü, 2013) especially to the rural people because there is information asymmetry and there are certain issues
relating to enforcement of various programmes initiated by the governments in order to reach to the poorest of the poor residing in the rural areas
therefore there is a dire need of having certain alternatives for the rural credit systems which can help us to solve the various problems relating with
the rural credits which can serve the marginalized and vulnerable sections of the society. Financial institutions are regarded as the saviors who can
help to solve various problems relating to the issues which generally the formal financial institutions or banking structures face while reaching to the
deprived sections of the society. The concept of group lending phenomenon, joint liability system and mentored credit help us to solve various
problems relating with the issues which generally are pertaining to the formal banking structure (Bangoura, 2012).

Key Terms in this Chapter
Microfinance (/dictionary/microfinance/49064): Microfinance refers to the financial services provided to low-income individuals or groups who are
typically excluded from traditional banking.

Sustainability (/dictionary/sustainability/28851): Sustainability means meeting our own needs without compromising the ability of future generations to
meet their own needs.

Sustainable Development Goals (/dictionary/sustainable-development-goals/62674): The Sustainable Development Goals are the blueprint established
by United Nations to achieve a better and more sustainable future for all.

Sustainable Practices (/dictionary/sustainable-practices/78504): Sustainable practices are the processes services employ to maintain the qualities that
are valued in the physical environment. Living sustainably is about living within the means of natural systems (environment) and ensuring that our
lifestyle doesn't harm other people.
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Affiliated to Osmania University, Accredited with ‘B++’ Grade by NAAC 

Narayanguda, Hyderabad 

INTERNAL QUALITY ASSURANCE CELL (IQAC) 

NAAC Sponsored Two Day National Seminar (Online Mode) 

on “Promoting Quality Research & Innovation in Higher Educational Institutions” 

[4
th 

& 5
th

 March 2022] 

 

SUMMARY OF  THE PROCEEDINGS 

With the encouragement and support from the NAAC, Bengaluru, the IQAC of RBVRR 

Women’s College organized a Two Day Virtual Seminar on “Promoting Quality Research & 

Innovation in Higher Educational Institutions” on 4
th

& 5
th

 March 2022. Around 300 

participants, comprising of Principals, Professors, Associate Professors, Assistant Professors 

IQAC coordinators and Research Scholars from various Colleges and Universities allover India 

participated in this Seminar. 

The objectives of the seminarwere: 

1. To create awareness on Quality Research among faculty and students 

2. To inculcate research culture in HEI’s  

3. To know about contribution of Research and Innovation in the Nation/Society 

development 

4. To create awareness on ecosystem for fostering innovation 

5. To generate measures to promote research and innovation HEI’s 

 

The Inaugural began with the tradition of Lighting the Lamp and Prayer Song. The Program was 

presided by Prof. G. Sudarshan Reddy, Secretary cum Correspondent. Dr. J. Achyutha Devi, 

Principal welcomed the guests and shared a few details about the college. Dr. B. Anupama, 

Program Convenor and Coordinator, IQAC has welcomed Guests and spoke about the Seminar.  

 

 

[Estd: 1954] 
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INAUGURATION FUNCTION: 

Chief Guest: Prof. R. Limbadri, Chairman, Telangana State Council of Higher Education 

has released the proceedings of the Seminar. He discussed about quality research and innovation 

and its need in contemporary situations. 

Guest of Honour and Keynote Speaker: Dr. M. S. Shyamasundar, Adviser, NAAC, Southern 

Region has given Keynote Lecture on Innovation and Research Culture. He has made discussion 

on two dimensions - one on digital transformation and other on Green renewable energy. 

 
Chief Guest: Prof. R. Limbadri, Chairman, TSCHE - Seminar Proceeding Release  

 
Guest of Honour & Keynote Speaker: Dr. M. S. Shyamasundar, Adviser, NAAC, 

 Southern Region 
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THE TECHNICAL SESSIONS ON VARIOUS THEMES BEGAN WITH THE 

FOLLOWING EMINENT SPEAKERS: 

Session 1: “NAAC A&A Methodology”  

Pahade Peeyush Manohar, Coordinator, IQAC & Head, Dept. of Zoology, H V. Desai College, 

Pune, has highlighted the changes in SSR preparation such as decreased time in preparation, 

Fragmented authority, NAAC SSR framework, 7 criteria’s , key indicators and metrics.  

 

Session 2: “Research Methodology & Goals of Research” 

Prof. Veena Soraganvi, Dean (R &D) Basaveshwar Engineering College (Autonomous), 

Bagalkot has enlightened on meaning of research, its significance, goals, types and role of 

research in science and technology.   She emphasized on research problem formulation, 

identification of a problem, selection, statement of a problem, steps involved in literature review, 

formulate working hypothesis, research design, interpretation and report writing. 
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Session 3: “Contribution of research & Innovation in the development of Society/ Nation” 

Shri. Manoj Kumar Bada Ghar Wala, Founder & Director, Badgharwala Technologies Pvt 

Ltd, Hyderabad has elaborated on impact of research and innovation in day-to-day life, 

changing technologies, different areas like Agriculture, irrigation, health and wellbeing, 

education, environmental studies and waste management. He highlighted the Grass root 

innovation which helps to solve local community problems and achieve sustainability. 

 

Session 4: “Innovation in ways of Linking Research with Teaching” 

Shri. Ravi Pandey, Research Establishment Officer (IP & Tech Transfer)Start-up 

Incubation and Innovation Center,  IIT Kanpur, UP , has discussed about concepts linking 

innovations and research with teaching such as entrepreneurship, government initiatives for 

entrepreneurship, illustrations of innovation promotion in an organization. He has interacted with 

participants on innovations in organizations such as PRFAQ, Alexa, converting non smart TV 

into smart TV, and how to connect teaching with corporate.  He has briefed about the different 

government initiatives for Incubation, patents, funding agencies for Incubation and IP in Q & A 

session. 
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Session 5: “Research Ethics” 

Prof. Joseph Dorairaj, Professor of English, School of English and Foreign Languages, 

Gandhigram Rural Institute, Gandhigram, Tamilnadu, has elaborated on schemes of 

research, characteristics of good research work, what is ethics, academic ethics, research ethics, 

academic integrity. He has highlighted the 25 crucial issues in research practices and illustrated 

the unethical practices that are followed by researchers, academicians and students in their thesis, 

research articles and projects. He has enlightened on research misconduct in India, and measures 

taken to overcome these issues. 

 

Session 6: “Inculcating Research culture through Curriculum Design”   

Prof. Suresh H. Jangamshetti, Head, Dept. of EEE , Basaveshwar Engineering 

College(Autonomous), Bagalkot , has discussed about research activities and stages of research 

process. He explained about three attributes of quality research i.e. research infrastructure, 

research idea (guide) and research scholar. He has elaborated about research culture, quality 

research and outcomes of research and also briefed about how research is inculcated through 

curriculum design and development by including case studies. 
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TECHNICAL PRESENTATIONS SESSION: 
 

Abstracts/Full Papers are invited for Presentation on the following Sub-Themes:  

1. Strategies to promote quality Research & Innovation in Education.  

2. Role of Research and Innovation in Nation building  

3. Technology in Research & Innovation  

4. Ecosystem for Fostering Innovation  

5. Research Ethics  

6. Innovation in HEI’s 

 

Hundred(100) abstracts are received for paper presentations on various themes such as “Role Of 

Research and Innovations in Nation Building”, “National Education Policy (2020): A Boost For 

Innovation In Education”,“Strategies to Promote Quality Research and Innovation in Education” 

“A Study on Ethical Practices in Research” and  “Research Promotion Ideas  

For Higher Education” from all over India.  

Sixty Three(63) articles were presented from various states across the India. 
 

PAPER PRESENTATIONS 
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VALEDICTORY FUNCTION: 

The Valedictory session began with the valedictory address by Dr. J. Achyutha Devi, Principal, 

RBVRR Women’s College. The session was presided by Prof. G. Sudarshan Reddy, Secretary 

cum Correspondent, RBVRR Women’s College. Prof K Muthyam Reddy, Secretary, HMVS 

addressed the gathering during the valedictory session. Seminar Report was presented by Dr. B. 

Anupama, Convener of the event and IQAC Coordinator, RBVRR Women’s College. The Chief 

Guest of the session was chaired by Prof. G. Gopal Reddy, Pro Vice Chancellor, Mahatma 

Gandhi Central University,Bihar, and the Guest of Honour was Dr Rama Kondapalli, Adviser, 

Higher Education Councils and Central Universities. Announced Best Paper Presentations and 

collected Feedback from the participation. The session ended with a vote of thanks by Dr. A. 

Lalitha Praveena, member, IQAC and Assistant Professor, Department of Business Management, 

RBVRR women’s college. 

 
Chief Guest- Prof. G.Gopal reddy, Pro. Vice Chancellor,                                                                 

Mahatma Gandhi Central University, Bihar 
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Guest of Honour: Dr. Rama Kondapally, Advisor,  

Higher Education Council of States and Central Universities. 

 

 
Valedictory Session 

      

                                                                                    
            Dr. B. Anupama                                                                                      Dr. J. Achyutha Devi 

Program Convenor & Coordinator,IQAC,RBVRRWC                                       Principal, RBVRRWC 
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298 Accesses
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Abstract

The present data from KamLAND detector experiment for Solar and Geo-neutrinos

detection has assured its magnificent performance in the low energy region upto 2–

3 MeV energy scale. KamLAND confirms that Large Mixing Angle (LMA) is the leading

solution to the Solar Neutrino Problem (SNP), but there is possibility of time modulation

of the low energy solar neutrino flux, which can also be related to solar magnetic

activity. In continuation to our previous work, we re-investigate our model predictions

done for  neutrino signal variation in KamLAND. We examine the recent  solar

neutrino data of KamLAND solar mode and search for sterile neutrino signal, as a

consequence of solar neutrino flux modulation due to solar magnetic field variation.

Keywords

Solar neutrinos Sterile neutrinos Time modulation RSFP
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Women Empowerment has been a subject of debate since 

long. It is during last 50 years this subject became the central 

point of discussion among academicians, politicians and 
administrators. The policy planners started focusing on the issue 
and started launching various schemes for the upliftment of 
weaker sex and bring this issue to the centre of debate. All 
started talking of action plans which enhances the women share 
and give them a respectable place in the society. The present 
book is endeavour on the part of the editors to present the issue 

of women empowerment more seriously in a systematic manner. 

India attairned independence on 15th August 1947 and the issue of 

women conditions and their empowerment still remains a matter 
of concern for all of us. No doubt, the government has taken a 

number of policy measures to uplift the status of the women in 
the society and bring that at par with their male counterpart. 
They constitute nearly 50 percent of the total population hence 
the subject of women empowerment becomes much more 

important. 
The issue of empowerment of women is drawing attention 

all over the world including India since last few decades. United 
Nations in their reports and through their agencies have 
accentuated that gender issue is vital and needs priority. It has 
been realized that women cannot be expected to wait for any more impartiality. 

The status of women all across the world has risen in the 
twentieth century. In India women have mostly lived in the four 
walls of their household and they were treated like objects. They have shown their dependence on males for most of the issues 
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INTRODUCTION 

Former United Nations Secretary-General Kofi Annan once 
said, "There is no tool for development more effective than the 
empowerment of women," (UNNC, 2005). Without empowered 
women, a nation cannot see its distant dream, as women are the 

mothers who create the future of a generation. The term 
empowerment is a multidimensional social process that supports 
people in attaining control over their own lives and fully 
participating in the processes and decisions that shape their 
lives. It refers to increasing the economic, political, social, 
educational, gender, or spiritual strength of individuals and 

11 
Women Empowerment and 

Gender Equality in India 

communities. 
Now the question, which arises, is that what it means by the 

term women's empowerment. In simple words, it is the creation 
of a social environment, where women can make independent 

decisions on their personal development as well as shine as 

equals in society. Women empowerment is essential to guarantee 
such human dignity. "Women's empowerment is a process of 

personal and social change through which they gain power, 
meaningful choices and control over their lives" (O°Neil, 
Domingo & Valters, 2014). However, most unfortunate thing is 

that women today are not empowered in this way. Despite the 
principles of gender equality enshrined in the constitution, 

women of India continue to withstand the most horrible societal 

discrimination, and even today nation require scthemes like 'Beti 
Bachao Beti Padhao'. Base of all democracies is equal 
opportunities to all but, men and women differ in their access to 
honour, stature, and power. 

Women make almost half of the world natives but society 
too often muzzles, marginalizes, or circumscribes the voice of 
this half of the population (Mayor, 1999). Traditionally, men 

have been always first in queue when it arises to who gets what, 
when, and how. Social-conflict analysis elucidates contemporary 
sex roles in terms of authority, subordination, and sexism. 
Women of India are in very pathetic state of affairs, whether it is 
their well-being, economic status, education, political situations, 
mortality rate or any other development parameter. Starting 
from the birth to death, females are under the grasps of copious 
evils acts such as violence, discriminations, cruelties, etc. 

A Myth or Reality? 
ARCHNA KATOCH 

ABSTRACT 

The purpose of this paper is to determine whether women's 

empowerment is becoming a reality or not in India by focusing on 

gender disparities and current social status of women. Education 
is the keystone of women's empowerment because it enables 

them to change their lives by increasing their self-confidence and 
facilitating them to make informed decisions about their lives. 

The situations of women's life have certainly improved to some 

extent but they still face all types of violence and gender injustice 
They cannot be empowered by just enacting laws without any 

public awa reness and support to empower women. 

Constitutional and legal reforms, proper policy measures for 
women's empowerment in the social, educational, economic and 

political fields, and changing the mind-set of orthodox, 
patriarchal, stereotypical society are significant ways to achieve 
women's empowerment in India. 

Keywords: Disparities, gender injustice, patriarchal, public 
opinion. 
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